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Notations

Linear codes

@ Let C be a linear [n, k, d]-code with generator matrix G and
parity check matrix H.

A linear [n, k] code has minimum distance d if and only if every
d — 1 columns of H are linearly independent and there exists d
linearly dependent columns.
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Notations

The Singleton bound

Theorem (Singleton bound)
Let C be a g-ary (n, M, d) code. Then M < q"~9+1,
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Notations

The Singleton bound

Theorem (Singleton bound)
Let C be a g-ary (n, M, d) code. Then M < q"~9+1,

Let C be a linear [n, k,d]-code. Thenk < n—d+1.

Definition

A linear [n, k, d] code C over Fq is an MDS code if it satisfies
k=n—d+1.
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Notations

Special sets of vectors

An MDS code of dimension k and length n is equivalent with a
set S of n vectors of Fg with the property that every r vectors of
S form a basis ofIFg, withr = n— k.
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Arcs of vector spaces

Definition — Examples

Definition
An arc of a vector space [y, is a set S of vectors with the
property that every r vectors of S form a basis of g,

Q Let {ey,..., e} be abasis of Fj. Then
{e1,...,er,e1 + e +---+ e} isanarcof size r + 1.
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Arcs of vector spaces

Definition — Examples

Definition
An arc of a vector space [y, is a set S of vectors with the
property that every r vectors of S form a basis of g,

Q Let {ey,..., e} be abasis of Fj. Then
{e1,...,er,e1 + e +---+ e} isanarcof size r + 1.

Q LetS:{(1,t,t2,...,tf—1)||teFq}u{(O,O,...,O,1)}CIFQ,.
Then Sis an arc of size g + 1.
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Arcs of vector spaces

One of the first results

Theorem (Bush 1952)

Let S be an arc of size n ofIFg, r>q. Thenn<r+1 andif
n=q+ 1, then S is equivalent to example (1)
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Arcs of vector spaces

One of the first results

Theorem (Bush 1952)

Let S be an arc of size n ofIFg, r>q. Thenn<r+1 andif
n=q+ 1, then S is equivalent to example (1)

From now on we may assume r < q.
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Arcs of vector spaces

The (linear) MDS conjecture

Letr < q. ForanarcofsizeninF,,n<q+ 1 unlessr =3 or
r=q—1andqiseven, in whichcasen<q+1.
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Arcs of vector spaces

Questions of Segre (1955)

(i) Given m, g, what is the maximal value of / for which an
l-arc exists?
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Arcs of vector spaces

Questions of Segre (1955)

(i) Given m, g, what is the maximal value of / for which an
l-arc exists?

(i) For which valuesof r—1,q9, 9 >r—1,is each (q+ 1)-arc
in PG(r — 1, q) a normal rational curve?
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Arcs of vector spaces

Questions of Segre (1955)

(i) Given m, g, what is the maximal value of / for which an
l-arc exists?

(i) For which valuesof r—1,q9, 9 >r—1,is each (q+ 1)-arc
in PG(r — 1, q) a normal rational curve?

(i) Foragivenr—1,q, g > r, which arcs of PG(r — 1, q) are
extendable to a (q + 1)-arc?
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Arcs of vector spaces

Early results

In the following list, g = p”, and we consider an /-arc in
PG(r—1,q).
@ Bose (1947): I <q+1ifp>r=3.
@ Segre (1955): a (g + 1)-arc in PG(2, @), g odd, is a conic.
@ g =2, r = 3: hyperovals are (g + 2)-arcs.
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Arcs of vector spaces

more (recent) results

@ Conjecture is known to be true for all g < 27, forall r <5
and k >g—3andforr=6,7,q—4,q — 5, see overview
paper of J. Hirschfeld and L. Storme, pointing to results of
Segre, J.A. Thas, Casse, Glynn, Bruen, Blokhuis, Voloch,
Storme, Hirschfeld and Korchmaros.

@ many examples of hyperovals, see e.g. Cherowitzo’s
hyperoval page, pointing to examples of Segre, Glynn,
Payne, Cherowitzo, Penttila, Pinneri, Royle and O’Keefe.
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Arcs of vector spaces

more (recent) results

@ An example of a (g + 1)-arc in PG(4, 9), different from a
normal rational curve, (Glynn):

K={(1,t, 2408 2, t4) | t € Fg,n* = —1}U{(0,0,0,0,1)}

@ An example of a (g + 1)-arc in PG(3, q), g = 2",
ged(r, h) = 1, different from a normal rational curve,
(Hirschfeld):

K={(,t, )| t € Fg} U{(0,0,0,1)}

Jan De Beule MDS codes



Arcs of vector spaces

Observations

Let S be an arc of size n of Fy. Let Y C S be of size r — 2.
There are exactly t = q + r — 1 — n hyperplanes of F with the
property that HNS=Y.

An arc of F§ has size at most q + 2.

Theorem (Segre)

An arc of IF?,, g odd, has size at most q + 1, in case of equality,
it is equivalent with example (2).
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Arcs of vector spaces

arcs in PG(2, q)

tangent lines through

p1 = (1’070): Xi = aiXo
p2 = (0,1,0): Xo = b;Xo
P3 = (0’03 1): Xo = ciXi
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Arcs of vector spaces

arcs in PG(2, q)

tangent lines through

p1 = (1’070): Xi = aiXo
p2 = (0,1,0): Xo = b;Xo
P3 = (0’03 1): Xo = ciXi

Lemma (B. Segre)

t
H a,-b,-c,- = -1
i=1
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Polynomials

Tangent functions

@ Let Sbe an arc of size n of Iy,

@ Choose aset AC Sofsizer—2.

@ Then there are t = g+ r — 1 — ntangent hyperplanes on A
to S.

@ Let f} be t linear forms on g such that ker(f}) are these t
tangent hyperplanes

Definition
For a subset A C S of size r — 2, define its tangent function as
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Polynomials

Generalization

Lemma (S. Ball, [1])
Let S be an arc of IF’C‘,. For a subset D C S of size k — 3 and
{x,y,z} ¢ S\ D,
Fougxy (V) Fougyy (2)Fougzy (X) =
(=) Fougx (2) Fougyy (X) Fougzy (¥)
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Polynomials

Interpolation

For a subset E C Fq of sizet+ 1 and f € F4[X], a polynomial of

degree t,
X —
) =>1e) T -
ecE yeE\{e} y
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Polynomials

Interpolation

Lemma

For a subset E C ]’Ff7 of size t + 1 with the property that

(U1, U), (1, y2) € E implies up # 0, yo # 0 and & # % and
f € Fq[ X1, X2], @ homogenous polynomial of degree t,

Yo X1 — y1 X2
f(X1,X2) = Z f(e1,92) H m
(e1,82)€E 1.y2)eEN{(e1,€2)}
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Polynomials

Interpolation

Corollary

For a subset E C FZ of size t + 2 with the property that
(ut, ), (y1,¥2) € E implies up # 0, y» # 0 and il # % and
f € Fg[X1, Xo], @ homogenous polynomial of degree t,

> fax) 11 (X1 —y1x) ' =0

(x1,x2)€E Y1.Y2€E\{(x1,%2)}
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Polynomials

Interpolation of tangent functions

Lemma

Let S be an arc ofIFg. Let A C S be a subset of size k — 2.
Then for every subset E C S\ Aofsizet+ 2,

> Fax) ] det(x,y,A) =0

xeE yeE\{x}
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Lemma of tangents

Generalization

Lemma (S. Ball, [1])
Let S be an arc of IF’C‘,. For a subset D C S of size k — 3 and
{x,y,z} ¢ S\ D,
Fougxy (V) Fougyy (2)Fougzy (X) =
(=) Fougx (2) Fougyy (X) Fougzy (¥)
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Lemma of tangents

Using the generalization

Lemma

Let S be an arc of IF’C‘,. For a subset D C S of size k — 4 and
{X1, X0, X3,21,20} C S\ D, switching x; and x», or switching x»
and xs, or switching zy and z» in

FDU{Z1 ,22} (X1 )FDU{ZQ,X] } (XZ)FDU{X] ,Xg} (X3)
FDU{zz,x1 }(21 )FDU{X1 ,xz}(ZZ)

changes the sign by (—1)*1.
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Lemma of tangents

The Segre product

@ Letre{1,... ., k—2}.
@ LetDC Sofsizek—2—randlet A= {xy,...,x+1}and
B={z,...,z} be disjoint.

Definition

Pp(A, B) :=

FDU{Z, ,,,,, 11}(’(1 )FDU{zr ,,,,, 22,)(1}()(2)' e FDu{z,,x,71.A.,X1}(Xr)FDU{x, ,,,,, x1}(Xr+1)

FDu{z,,...,zz,x1 }(21) T FDU{Z,—,X,71 cooo] }(Zr—1)
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Lemma of tangents

Exploiting the lemma of tangents

LetDC Sbeofsizek—2—randletA={xq,...,Xr11} OrF
A={xy,...,x,} and B={z,...,z/} be disjoint subsets of
S\ D. Switching the order in A (or B) by a transposition
changes the sign of Pp(A, B) by (—1)11.
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Lemma of tangents

One more notation

For any subset B of an ordered set L, let o(B, L) be (t + 1)
times the number of transpositions needed to order L so that
the elements of B are the last | B| elements.
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The upper bound

Exploiting the Segre product

Lemma

Let Aofsize n, L of size r, D of size k — 1 — r and Q2 of size
t +1 — n be pairwise disjoint subsequences of S. If
n<r<n+p-1andr<t+2, where q=p", then

> (=17 BDPpy gy (A B) ] det(z,A L\B D) =
|g|gL zeQuUB
=N

(—1)=mtens) S praua L) [ det(z,AA, D)

| A|g2 ze(Q\A)UL
Al=r—n
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The upper bound

Theorem (S. Ball, [1])
Ifk <pthen|S|<q+1.

Proof.
@ We may assume k +t < g + 2.

@ Apply previous lemma withwithr=t+2 =k — 1 and
n =0 and get

[[ det(z,)"" =0,

zeN
which is a contradiction.

O
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The upper bound

A generalization

Theorem (S. Ball and JDB, [2])
If g is non-prime and k < 2p — 2, then |S| < q + 1.
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The upper bound
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