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Abstract

This dissertation studies local and asymptotic properties of distributions (gen-
eralized functions) in connection to several problems in harmonic analysis, ap-
proximation theory, classical real and complex function theory, tauberian theory,
summability of divergent series and integrals, and number theory.

In Chapter 2 we give two new proofs of the Prime Number Theory based on
ideas from asymptotic analysis on spaces of distributions.

Several inverse problems in Fourier analysis and summability theory are studied
in detail. Chapter 3 provides a complete characterization of point values of tem-
pered distributions and functions in terms of a generalized pointwise Fourier in-
version formula. The relation of the Fourier inversion formula with several summa-
bility procedures for divergent series and integrals is established. This work also
provides formulas for jump singularities, that is, detection of edges from spectral
data, which can be used as effective numerical detectors. Chapters 5 and 6 in-
troduce new summability methods for the determination of jump discontinuities.
Estimations on orders of summability are given in Chapter 8.

Chapters 4 and 9 give a tauberian theory for distributional point values; this
theory recovers important classical tauberians of Hardy and Littlewood, among
others, for Dirichlet series.

We make a complete wavelet analysis of asymptotic properties of distributions in
Chapter 11. This study connects the boundary asymptotic behavior of the wavelet
transform with asymptotics of tempered distributions. It is shown that our taube-
rian theorems become full characterizations.

Chapter 10 makes a comprehensive study of asymptotic properties of distri-

butions. Open problems in the area are solved in Chapter 10 and new tools are

X



developed. We obtain a complete structural description of quasiasymptotics in one
variable.

We introduce the ¢p—transform for the local analysis of functions, measures, and
distributions. In Chapter 7 the transform is used to study distributionally regulated
functions (introduced here). Chapter 12 presents a characterization of measures in
terms of the boundary behavior of this transform. We characterize the support of
tempered distributions in Chapter 13 by various summability means of the Fourier

transform.



Introduction

The theory of Schwartz distributions, and other types of generalized functions,
is a very powerful tool in analysis and applied mathematics. There are several
approaches to the theory of distributions, but in all of them one quickly learns
that distributions do not have point values, as functions do, despite the fact that
they are called “generalized functions.” Interestingly, many common objects in
analysis do not have point values, even though they are referred as “functions”:
If f € L'(R), what is f(0)? Recall that the elements of L' (R) are equivalence
classes of functions equal almost everywhere, and thus one may change the values
on any set of measure zero, as {0} for instance, without changing the element of
L' (R). Nevertheless, point values are a fundamental necessity in most problems
of analysis, and this makes analysts look for substitutes, for example the notion of
Lebesgue points, which is the actual concept used for point values of LP—functions.

In a seminal work, Lojasiewicz [128, 129] was the first to give a satisfactory defi-
nition of the value of a distribution at a point, which when applied at points where
the distribution is locally equal to a continuous function gives the usual value,
but can also be applied in more complicated situations (Lebesgue points, Denjoy
integrable functions, Peano differentials [34, 128], de la Vallée Poussin derivatives
[256], among others). Once a notion of point value is introduced, one can start to
ask questions about its relation with other concepts in analysis where pointwise
problems play a fundamental role. The concept of Lojasiewicz point value has been
shown to be very useful in several areas, such as abelian and tauberian results for
integral transforms [139, 149], spectral expansions [47, 236, 237], the summability
of cardinal series [239, 240], wavelet analysis [241, 242, 188], or partial differential

equations [54, 235]. The idea of Lojasiewicz has been extended to other asymp-



totic notions which can be used to measure the pointwise behavior, or asymptotic
behavior at infinity, of a generalized function.

Asymptotic analysis is an old subject and, as distribution theory, it has found
applications in various fields of pure and applied mathematics, physics, and en-
gineering. The requirements of modern mathematics, and mathematical physics
(61, 231, 234, 249], have brought the necessity to incorporate ideas from asymp-
totic analysis to the field of generalized functions, and reciprocally.

During the past five decades, numerous definitions of asymptotic behavior for
generalized functions have been elaborated and applied to concrete problems in
mathematics and mathematical physics. Some of the main features of these theories
and their applications have been collected in various monographs [61, 139, 160,
231].

The core of this dissertation lies in the study of local and asymptotic properties
of Schwartz distributions and their interactions with other areas of analysis such
as harmonic analysis, asymptotic analysis, classical theory of real and complex
functions, summability of divergent series and integrals, tauberian theory, analytic
number theory, and applied mathematics. We will use tools from functional analy-
sis and integral transform methods, especially of abelian and tauberian nature, to
investigate several problems in the above mentioned areas. Interestingly, a distri-
butional point of view can lead to generalizations of many important theorems in
classical analysis which very often can be used to recover the classical result and
reveal new information to the problem itself.

In the course of this doctoral investigation, many of my results have appeared
published. This dissertation is based on 15 of my articles ([212]-[228]), 12 of which
have been already published or accepted for publication. The intention of this

document is to explain such contributions in detail. The exposition may differ from



that given in the individual articles and I have tried to make it more complete and
accessible to non-specialists. I have also added a preliminary chapter (Chapter 1)
where the reader can find some background material and references to it, I hope
this be useful for the reader.

In the following, I specialize the discussion to the main subjects of interest.
Although the study is unified by technique and scope, the topics and applica-
tions covered are somehow broad. Therefore, I have decided to divide the rest of
this introduction into three categories which better enclose the character of each
individual problem and topic. These categories are inverse problems in Fourier
analysis, generalized asymptotics, and tauberian and abelian theory. In addition,
most of the chapter have their own independent introductions where the reader

can find further bibliographical comments.

Inverse Problems in Fourier Analysis
The study of the relationship between the local behavior of a function (or general-
ized function) and the convergence or summability properties of its Fourier series
or Fourier transform is a very rich problem. It has a long tradition and history
(62, 63, 89, 105, 131, 184, 236, 256]. Furthermore, it is still a subject of active
research [23, 47, 71, 74, 164]. These types of problems have constantly been a new
source of ideas for analysts for more than two centuries. They are also of great
importance in applied mathematics, since they can be used as the base of many
important computational algorithms.

There is an intimate and interesting relation between the value of a periodic dis-
tribution and its Fourier series. It was shown in [47] that if a 27-periodic distribu-
tion f has Fourier series Y >2 _ ¢,e™ and xg € R, then f(xq) = ~y distributionally

(i.e., in the sense of Lojasiewicz [128]) if and only if there exists & such that

lim Z cne™ =vy  (Ck), (0.0.1)

—zx<n<lax



for each a > 0, where (C, k) means in the Cesaro sense of order k [61, 85]. Observe
that the characterization holds in terms of the slightly asymmetric means of (0.0.1);
the summability of symmetric partial sums (i.e., the series in cosines-sines form)
is not enough to conclude the existence of the point value.
The characterization (0.0.1) and its extensions is the starting point of our incur-
sions into Fourier inverse problems. 1t is natural to ask whether there is an analog
0 (0.0.1) for the Fourier transform. The answer to this question is positive. It will
be the subject of Chapter 3, where a generalized pointwise Fourier inversion for-
mula will be presented. Such a contribution appeared published in [215, 216]. This
pointwise Fourier inversion formula has a general character, it is applicable to very
general tempered distributions, i.e., elements of the space S’(R) [180], and is valid
at every point where the distribution has a distributional point value. The formula
depends on the concept of e.v distributional evaluations in the Cesaro sense, intro-
duced by R. Estrada and myself also in [216]. This result is stated as follows. Here
f stands for the Fourier transform of f. I refer the reader to Chapter 3 for the
notation used in the statement. For a tempered distribution, we have f(xq) = 7,

distributionally, if and only if there exists a k € N such that

~

cev (F) ey =5 Q) (0.0.2)

It is remarkable that no such characterizations have been given for classical func-
tions. The notion of e.v. distributional evaluations uses asymmetric differences of
the primitives of e/*0® f , just as in the previously mentioned case of Fourier series.
Moreover, it includes as immediate corollaries the case of Fourier series and other

cases of interest; for instance, if f coincides with a locally integrable function, then

(0.0.2) reads

lim —/ f(t)e™otdt = (C,k), foreacha>0. (0.0.3)



Therefore, this theory provides a novel unifying approach to pointwise problems in
Fourier analysis; indeed, it considers Fourier series and integrals at the same time!
It also includes “trigonometric integrals” of distributions. One may also apply this
result to non-harmonic series, and characterize distributional point values in terms
of Riesz typical means (see Chapter 3 or [85] for the definition of Riesz typical
means).

It is worth to say some words about the technique employed to prove (0.0.2) and
its relation with some problems we will discuss later. The technique motivated the
creation of some new tools in generalized asymptotics by the author and S. Pilipovi¢
[227]. When proving (0.0.2), we were led to study the structure of a distributional

quasiasymptotic relation of the form (see Section 1.8.1 for quasiasymptotics)

g(\z) ~ 75@, A= 00 (0.0.4)

in the space D'(R), where 0 is the Dirac delta distribution. The difficulty to study
the structure of these types of relations was pointed out in [153, 156, 160, 192],
and a structural characterization remained as an open question in generalized
asymptotics. We basically solved this open question in [216] for the asymptotic
relation (0.0.4).

Another interesting related question is that of convergence of Fourier series and
integrals in the presence of distributional point values; namely, conditions to ensure
convergence, not just the (C) summability, of (0.0.1) and (0.0.3). It is obvious that
one needs to impose extra conditions to deduce convergence, that is, so called
tauberian conditions. It is important to mention that, in particular, any of such
tauberian results implies a tauberian theorem for ordinary Cesaro summability of
series and integrals. We found in [216] some general conditions over the tails of
series (and integrals) to guarantee convergence in this context. In Chapter 3, these

results will be discussed in detail.



We will address in Chapter 8 the study of the order of summability in the point-
wise Fourier inversion formula (0.0.2). While the results from Chapter 3 provide
characterizations of distributional point values, they do not say anything about
the order of summability. It is a fundamental discovery of Lojasiewicz that dis-
tributional point value is actually an average notion, in the sense that it can be
described by taking certain (sufficiently large) number of averages [128]. Therefore,
one can assign an order to distributional point values. In [223], we slightly modified
Lojasiewicz definition and related it with the order of summability of (0.0.2). We
obtained the order of summability of the Fourier inversion formula upon knowledge
of the order of the point value, and conversely. Our results can also be connected
with the classical Hardy-Littlewood problem of the symmetric (C) summability of
a trigonometric series (see [256, Chap.XI] and references therein). We formulated
and solved an analog to this problem in our distributional setting using the concept
of symmetric (distributional) point values [223]; it can be used to obtain the clas-
sical results for trigonometric series, but also can be applied to more complicated
cases of interest. Those results will be presented in Chapter 3 without informa-
tion about the order of summability; the order of summability will be obtained
in Chapter 8. These estimates on the order of summability are also important for
determination of jumps of functions and distributions [218, 222, 223], as explained
below.

One can also apply these ideas to the study of jump singularities of functions
(or generalized functions), that is, detection of edges from spectral data. This sub-
ject has had recent attention because of its potential applications in numerical
algorithms for reconstruction of functions. For example, one has the case of peri-
odic functions. In the spectral data context, one is interested in reconstructing a

function f from its Fourier coefficients. While when f is sufficiently smooth the



straightforward approximation by the partial sums of the Fourier series provides
a highly accurate reconstruction, the situation is radically different for piecewise
smooth functions, mainly due to the Gibbs phenomenon. There are several ap-
proaches to overcome the difficulties presented in the presence of edges (for in-
stance, [77, 134, 211]). However, all these recovery procedures require a priori
knowledge of underlying jump discontinuities of the function or its derivatives.
Thus, detection of edges is a critical issue in the problem. Detection of edges is
also fundamental in a variety of computational algorithms, from spectral accurate
schemes for capturing shock discontinuities [133] to image compression [4].

The model results for the determination of jumps by spectral data are those of
Fejér and Lukdcs [63, 131, 256], and many modern works still follow their ideas.
Therefore, it is convenient to state their formulas. Let f be a 27-periodic function
with Fourier series ag/2+> .~ (a, cos nz+sin b,z). Then, the classical Lukécs and
Fejér theorems use the conjugate series [256] to calculate the jump of a function,

say [flz=z,, the first one by

RS ]
A}Lngo Tog N 321 (a, sinnxg — b, cosnrg) = — jr:zo , (0.0.5)
and the second one by the formula
- /]
. . o T=x0
]\}1_{1(1)0 N ngl n(a,sinnz — b, cosnx) = - (0.0.6)

One may say that the numerous recent extensions of (0.0.5) and (0.0.6) in the
literature ([9, 54, 66, 67, 70, 165, 186, 187, 218, 222, 244, 248, 253], [118]-[121],
[140]-[142]) go into three directions: enlargement of the class of functions, exten-
sions of the notion of jump, and the use of different means to determine the jump.
Also an important matter, having much relevance in applications, is that of finding

higher accurate formulas; here one usually has to sacrifice generality and ask for



more from the function (often hypotheses such as piecewise smoothness or so). We
will address the first three questions in Chapters 5, 6, 7, and 8.

In [215, 218, 222, 223], we have initiated a distributional comprehensive ap-
proach to the problem. Such results will be the subjects of Chapters 5, 6, and
7. This scheme is still in progress, but promises many improvements to the cur-
rent results, including numerical ones. We have left the usual classes of classical
functions, and obtained results for very general distributions and tempered dis-
tributions. Using the concept of the quasiasymptotic behavior (see Section 1.8.1),
we extended the usual notions for jumps to distributional notions for pointwise
jumps, namely, the jump behavior and the symmetric jump behavior (Section 5.2).
A complete characterization of the distributional jumps is given in Chapter 5. The
distributional jumps include those of classical functions; hence one gains generality
considering at the same time all those functions inside the large space of distri-
butions, and most notions for jumps at individual points used in analysis. These
concepts being applicable to arbitrary tempered distributions, they also provide a
way to treat formulas in terms of Fourier series and integrals in just one approach.
The distributional jumps only use very local information from functions and distri-
butions, thus, one can remove global assumptions from the analysis of the problem
that have been classically imposed to the functions.

In the case of tempered distributions, we will study the analogs to (0.0.5) and
(0.0.6) in Chapter 5 and Chapter 6, respectively. These formulas determine the
jumps of distributions in terms of higher order Cesaro averages of the distribu-
tional Fourier transforms. In the first case, we use a logarithmic-Cesaro average
[218]. We have estimated the order of summability in [223], this result will be pre-
sented in Chapter 8. For the distributional generalization of (0.0.6), we introduced

in [222] what we named differentiated means in the Cesaro and Riesz sense in order



to find formulas for jumps. For instance, the differentiated means of order 0 in the
Cesaro sense of a series coincide with (0.0.6). When one deals only with distribu-
tions in D’(R) [180], thus one does not have the Fourier transform available, the
jump can still be found by using differentiated Abel-Poisson means, that is, the
jump can be calculated in terms of the asymptotic behavior of harmonic, harmonic
conjugates, and analytic representations, as shown in [218, 222]. In [215], we also
gave formulas for the jump in terms of the asymptotic behavior of partial deriva-
tives of the ¢—transform (see Chapter 7), which in particular provide formulas in
terms of the asymptotic boundary behavior of solutions to certain partial differ-
ential equations on the upper half-plane. The approach we have taken has also a
numerical advantage with respect to others. Making a clear distinction between
the jump and symmetric jump behaviors (usually obscured in the literature), one
realizes that for the jump behavior one only needs a portion of the spectral data
(either the positive or negative part of the spectrum) to recover a jump.

It is important to mention two problems which will not be studied here, higher
accurate formulas and multidimensional problems. Gelb and Tadmor [66, 67] in-
troduced the so called concentration factors in order to accelerate the convergence
rate for the unacceptable slow error O(1/log N) provided by Lukécs approximation

(0.0.5). Their idea is to consider approximations of the form

N
Z o (%) (an sinnzxg — b, cosnzg) . (0.0.7)

n=1
Imposing conditions over o, they obtained a considerable better error, O (1/N),
for certain classes of functions. In [187], Sjolin has shown that this method is also
effective to approximate jumps of functions by generalized conjugate partial Fourier
integrals. Some variants and improvements, in the case of Fourier series, have been

recently given in [244], where imposing more regularity restriction they obtained an



error of order O(1/N?). I strongly believe that the distributional method can lead
to formulas that provide accuracy as o (1/NP), if one assumes the analyzed function
satisfies regularity conditions as being piecewise C*. For the multidimensional case,
F. Méricz [142] has shown analogs to Lukécs theorem for functions in two variables
in terms of Abel-Poisson means. It is my belief some of the ideas of this dissertation
can be pulled up to multidimensional problems in edge detection.

The problems we have discussed so far are of local nature. In Chapter 14 we
deal with global estimates for integral transforms of a certain class of differentiable
functions. These results extend those of R. Berndt’s dissertation [13, 14] which were
used to study singular integrals with new singularities (suitable generalizations of
the Hilbert transform). Berndt’s result is only applicable to the sine transform. We
shall extend his result in three directions. We first generalize the global estimates
to wider classes of oscillatory kernels rather than sine. We then relax Berndt’s
hypotheses for the sine transform case and obtain estimates for the transform of
certain distributions which are regular off the origin but singular at the origin.
Finally, we obtain similar results for the Laplace transform.

We now turn our attention to problems in several variables. In recent studies,
there have been serious efforts to characterize the support of tempered distributions
by summability of the Fourier transform. In the spirit of some results of Kahane and
Salem, who studied the case of periodic distributions in [105], Gonzalez Vieli and
Graham have given several characterizations of the support of certain tempered
distributions in several variables in terms of uniform convergence of the symmetric
Cesaro means of the Fourier inversion formula [72, 74, 75, 78, 79]. They proved that
for tempered distributions whose Fourier transforms are functions, i.e., f € S'(R")
and f is a function of polynomial growth, if for some k € N

lim f)e™du=0 (Ck), (0.0.8)

"0 Ju|<r
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uniformly on compacts of an open set 2 C R”, then 2 C R™\ supp f, and con-
versely.

We have characterized the support of any tempered distribution in [221]; there-
fore, we extended the result just described. This result will be the subject of Chap-
ter 13. Our characterization presents three important aspects. First, it only asks
for a pointwise verification of (0.0.8) plus L!'—boundedness over compact subsets
of €, rather than the much stronger hypothesis of uniform convergence. Second,
it holds in terms of several summability methods for the pointwise Fourier inver-
sion; that is, Abel-Poisson means, Cesaro means, and the ®)—means (introduced
in [221]). Finally, our summability means are applicable to the Fourier transform
of any tempered distribution; having solved a difficulty shown in previous works,
where the Fourier transform had to be assumed to be a function, mainly because
of the unavailability of summability methods for arbitrary distributions.

Problems in multidimensional Fourier analysis are, in general, much more dif-
ficult than in one dimension. Even the summability procedures for Fourier series
are hard to handle [184]. The difficulty often comes from choosing the right ar-
rangement of the lattice points to take the summability. One encounters the same
problem for Fourier integrals. Classically, the popular method has been that of
Bochner-Riesz summability [16, 184]; it corresponds, in the one dimensional case,
to the Cesaro means of the symmetric partial sums. Therefore, as the one dimen-
sional case suggests, it is to be expected that Bochner-Riesz summability is not
good enough to characterize distributional point values in several variables. While
the results of this dissertation provide a complete characterization of point val-
ues in one variable, the corresponding multidimensional problem is still an open
questions. The solution to such a problem can be a great step forward in the un-

derstanding of local properties of functions and distributions of several variables. I
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invite the interested reader to study the following open problem: To extend (0.0.2)
to several variables, that is, to find a characterization of distributional point values
for a tempered distribution (in several variables) in terms of the summability of its
Fourier transform. Intuition suggests the characterization should be in terms of
one dimensional Cesaro-Riesz means of averages of the Fourier transform over dila-
tions of certain family of sets; so, the fundamental problem here is to find a suitable
family of sets to obtain the desired characterization. Obviously, there many other
related open problems in several variables raised by the present doctoral thesis.
For instance, the analogs to the results from Chapters 5, 6, 7, and 8 to several

variables can be considered as open questions.

Generalized Asymptotics
The term generalized asymptotics refers to asymptotic analysis on spaces of gener-
alized functions. For more than five decades, many approaches have appeared and
considerably evolved. A survey of definitions and results up to 1989 can be found
in [160]. Perhaps, the most developed approaches to generalized asymptotics are
those of Vladimirov, Drozhzhinov and Zavialov [231], and of Estrada and Kanwal
[61]. This work makes extensive use of two asymptotic notions for Schwartz dis-
tributions: quasiasymptotics [231] and the Cesaro behavior [49, 224]. Actually, the
Cesaro behavior is a particular case of the quasiasymptotic behavior, but it is of
practical value to make the distinction between them. We will employ a third no-
tion, though with a much more modest use, that of S—asymptotics, widely studied
by the Novi Sad School [155, 156, 157, 158, 160, 193, 194].

In this work the reader will be introduced into the ideas of generalized asymp-
totics right from the beginning. In Chapter 2, two quick new distributional proofs
of the celebrated Prime Number Theorem are provided. The exposition is based

on [220], a collaborative work with R. Estrada. The proofs are direct applications
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of the theory of asymptotic behaviors on spaces of distributions, specifically, of
the concepts of quasiasymptotics and S—asymptotics. In view of such results, it
is then interesting to ask whether techniques from generalized asymptotics could
be applied to other problems in number theory. Expected fields where these tech-
niques could be used seem to be in asymptotic estimations for sums of additive
functions [102], or in estimates of sums involving prime lattices in R"; however,
these possibilities have been totally unexplored until now (as far as I know). I hope
that this first incursion of methods from generalized functions in analytic number
theory serves as a motivation for further developments.

The reader will find throughout the first nine chapters of this dissertation how
useful the quasiasymptotic behavior is to measure the local behavior of functions
and generalized functions. This fact will be enough motivation to devote a full chap-
ter, Chapter 10, to the study of theoretical questions in quasiasymptotic analysis.
Chapter 10 makes a major contribution to the one-dimensional quasiasymptotic
analysis and can be considered as one the main achievements of my doctoral work.

The introduction of the quasiasymptotic behavior of distributions was one of
major steps toward the understanding of asymptotic properties of distributions.
The concept is due to Zavialov [249]. The motivation for its introduction came
from theoretical questions in quantum field theory, where it was later effectively
applied [231, 233, 234]. Roughly speaking, the idea is to study the asymptotic
behavior at large or small scale of the dilates of a distribution. So, given a function

or a generalized function, one looks for asymptotic representations of the form

fQx) ~ p(Ng(x)

where the parameter \ is taken to either co or 0. One can show [61, 160, 231] that
the comparison function p must be regularly varying in the sense of Karamata

[111, 112]. It brings into scene the well developed and powerful theory of regular
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variation [15] which has important applications to analytic number theory, the
theory of entire functions, differential equations, and probability theory [15, 64,
136].

The study of structural theorems in quasiasymptotic analysis has always had a
privileged place in the theory [128, 153, 156, 160, 192, 231]. In general, the word
structural theorem refers in distribution theory to the description of convergence
properties of distributions in terms of ordinary convergence or uniform convergence
of continuous functions. Experience has shown that the structure of quasiasymp-
totics, and other asymptotic notions, plays a very important theoretical role in the
application of the notion to other contexts, this makes its study a fundamental
problem in the theory. Vladimirov and collaborators gave the first general struc-
tural theorems in [231]. Although their results describe the quasiasymptotics for
a wide class of tempered distributions, they need to impose restrictions over the
support of the distributions. For instance, in the one dimensional case, their results
are only applicable to distributions with support bounded at the left. Thereafter,
many authors dedicated efforts to extend the structural characterization and re-
move the support type restrictions [160]. The necessity of a complete solution for
this problem has been recognized in several articles [153, 156, 192, 216]. In a se-
ries of papers [212, 213, 227], I have solved a question which remained open for
long time: a complete structural characterization for quasiasymptotics of Schwartz
distributions (in one dimension).

Having solved the structural question for the particular quasiasymptotic behav-
ior (0.0.2), I took over, in collaboration with Pilipovié¢, the general open problem
of the characterization of all one dimensional quasiasymptotics at the origin. We
succeeded in our goal, the completed solution is presented in [227]. In our solution

to this problem, we introduced new tools in the area: asymptotically and associate
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asymptotically homogeneous functions (with respect to slowly varying functions).
Later, T applied the same technique in [212] to completely describe the case at
infinity. In addition, I have also investigated [213], in the one dimensional case,

quasiasymptotic boundedness, i.e., relations of the form

fx) = O0(p(N)) ,

where p is a regularly varying function (in the sense of Karamata). All these results
will be the main body of Chapter 10.

Finally, I would like to point out some important open questions in the area.
While the complete structure of quasiasymptotic is now known for the one di-
mensional case, the problem still remains open in the multidimensional case. Open
question: To describe the structure of (multidimensional) quasiasymptotics and
quasiasymptotic boundedness. Some partial results have been already obtained by
Zavialov and Drozhzhinov [42, 43]. Their results suggest that spherical represen-
tations could be a path to be followed in order to obtain the desired structural
description. They have described the structure except for the so called critical de-
grees. The techniques of Chapter 10 are specially effective analyzing critical degrees
in the one dimensional case, so one might expect that they give new insights in
the multidimensional problem. Finally, it would be interesting to try to apply the
same sort of ideas to asymptotic analysis on other spaces of generalized functions
such as spaces of ultradistributions, Fourier hyperfunctions, Colombeau general-
ized functions, and regular convolution quotients [158, 161, 193, 194], where the

structural description of asymptotic notions is far from being complete.

Abelian and Tauberian Theory
The name abelian (or direct) theorem usually refers to those results which obtain
asymptotic information after performing an integral transformation to a (general-

ized) function. On the other hand, a tauberian (or inverse) theorem is the converse
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to an abelian result, subject to an additional (often surprising!) assumption, the so
called tauberian hypothesis. In general, tauberian theorems are much deeper and
more difficult to show than abelian ones.

Tauberian theory is interesting by itself, but the study of tauberian type results
has been historically stimulated by their potential applications in diverse fields
of mathematics. It provides striking methods to attack very hard problems! Its
applications in number theory are vast [15, 102, 115, 246], for instance, one could
mention the famous short proof of the Prime Number Theorem by using the clas-
sical Wiener-Tkehara tauberian theorem [115]. Numerous applications are found
in the area of complex analysis [15]. The great potential of tauberian theory for
probability was realized more than 40 years ago by W. Feller [64]. Tauberian the-
ory has shown to be of importance in partial differential equations for the study
of asymptotics of solutions of Cauchy problems [7, 40, 41, 231]. Even mathemat-
ical physics has pushed forward developments of the subject; indeed, theoretical
questions in quantum field theory have motivated the creation of many multidi-
mensional tauberian tools [231, 233, 234].

In the case of functions and measures (Stieltjes integrals) in one variable, taube-
rian theory is rather advanced. The results of the first half of the last century were
gathered by the extensive work of Wiener [246] and the classical book of Hardy
[85]. More recent accounts are found in the excellent monographs by Bingham et
al [15] (also devoted to regular variation) and Korevaar [115].

The study of abelian and tauberian type results has also attracted the attention
of many researchers in the area of generalized functions, and has produced sev-
eral important generalizations of classical results. Everyone familiar with tauberian
theory would absolutely agree to say that Wiener tauberian theory [246] and Kara-

mata theory of regular variation [15, 109, 110] have had a predominant role in classi-
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cal tauberian theory. It is then important to mention that these two theories admit
extensions to the setting of generalized functions; moreover, we emphasize that the
tauberian theorems for generalized functions contain as particular cases those for
classical functions and measures. The Wiener tauberian theorem has been extended
for distributions in [39, 149, 157]. Perhaps, the most representative and robust work
in an tauberian direction is that of Vladimirov, Drozhzhinov, and Zavialov started
in the earlies 70’s (see [231] and references therein); their multidimensional taube-
rian theory for the Laplace transform of distributions is a natural extension of
Karamata theory [37, 229, 231]. Tauberian theory for generalized functions also
provides a well established machinery for applications to areas such as mathemati-
cal physics and partial differential equations [40, 160, 235, 231, 233]. The tauberian
and abelian type results for generalized functions have also received an great im-
pulse from the study of various integral transforms [39, 123, 124, 139, 160, 176].
A great part of this dissertation is dedicated to the study of abelian and taube-
rian type results for functions and generalized functions. Part of it has already been
mentioned in detail; for example, many of problems in connection with Fourier in-
verse problems are of abelian nature. On the other hand, Chapters 2, 4, 9, and
11 deal with some tauberian problems. This study provides abelian and tauberian
theorems for distributions in terms of analytic and harmonic representations, the
Fourier transform, the Laplace transform, the wavelet transform, and the so called
¢—transform (explained below). It is essential that tauberian type results for gen-
eralized functions should contain those for functions and measures, or which is the
same the theory must provide systematic tools to obtain in a lucid way the classical
results. In this work, I have tried to take care of this aspect by developing some
tools to link generalized functions to classical tauberian theorems for functions and

Stieltjes integrals.
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Tauberian theorems in which complex-analytic or boundary properties, usu-
ally of global character, of the transform play an important role are called com-
plex tauberians [115]. In Chapter 2 a complex tauberian theorem is obtained as a
natural consequence of our method for showing the Prime Number Theorem. It
is apparently a weaker version of Wiener-Ikehara theorem, though good enough
for many applications in number theory. Actually, the same result was obtained
by Korevaar in [117] via Newman’s contour integration method, and he showed
that Wiener-Ikehara theorem may be deduced from it. So, in essence, the com-
plex tauberian theorem from Chapter 2 is as strong as Wiener-Ikehara tauberian
theorem. Recently, Korevaar has proposed new distributional versions involving
pseudofunction boundary behavior for important complex tauberians [116, 115]. Tt
is my opinion that a combination of the ideas from Chapter 2 and Korevaar’s new
distributional perspective can lead to improvements in complex tauberian theory
and tauberian remainder theory.

Chapters 4 and 9 are dedicated to the study of tauberian theorems for distri-
butional point values. The exposition is based on the results from [217, 226]. A
tauberian theorem for distributional point values in terms of the boundary be-
havior of analytic representations is given in Chapter 4. The tauberian hypothesis
is provided by distributional boundedness at a point [26, 254]. This theorem is
then used to give a new (and simple) proof of the celebrated Littlewood’s theorem
[85, 127]. Actually the method is good enough to give the more general version of
Ananda Rau for Dirichlet series [5]; this method is a combination of our taube-
rian theorem for distributional point values and arguments previously applied in
[216] to the study of tauberian conditions for convergence of Fourier series (the
latter discussed also in Chapter 3). The study is enlarged in Chapter 9, where a

more comprehensive approach is taken. A tauberian theory for distributional point
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values is developed parallel to Tauber’s second tauberian theorem. The Cesaro be-
havior becomes crucial in Chapter 9, where it shows to be the natural framework
for applications to classical tauberians for Dirichlet series and Stieltjes integrals.

Chapter 11 makes a complete wavelet analysis of quasiasymptotic properties of
distributions via abelian and tauberian theorems. Wavelet analysis is a powerful
method for studying local properties of functions [95, 96, 104, 138]. It is also a
very convenient tool for the study of local properties of generalized functions. The
local asymptotic behavior of distributions in terms of orthogonal wavelets has been
studied in [163, 162, 177, 188, 241]. Relations between the wavelet transform and
pointwise regularity of certain classes of distributions were explored in [209]. In
recent articles [174, 175, 176], Saneva and Buckovska have studied abelian and
tauberian results for the quasiasymptotic behavior of tempered distributions in
terms of the wavelet transform. They also pointed out the importance of a more
complete tauberian study for this transform. The results of Chapter 11 provide
such a complete wavelet analysis. It is remarkable that these results are more
than tauberian theorems in various cases; indeed, they are full characterizations of
quasiasymptotic properties, at least module polynomials.

I end this discussion with some comments about an integral transform which
has been widely use throughout this dissertation. We introduced in [215, 219, 221]
the distributional ¢—transform in relation with the study of local properties of
distributions. This is not a new object; in fact the ¢—transform is nothing else
than a approximation of the unity used for long time in analysis. However, our
perspective is apparently new. Given f € D'(R™) and ¢ a test function, with
Jgn O(x)dz = 1, its ¢—transform Fy is defined as the C*°-function on H"™' :=

R™ x Ry

Fy(x,t) = (f(x + ty), ¢(y)) ,  fort>0,
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where the evaluation is with respect to y. We have used this transform as a tool
for several purposes. In [215], we use it to find formulas for jumps of functions and
distributions (Chapter 7). We applied the ¢—transform to characterize the support
of a tempered distribution by the summability of its Fourier transform (Chapter
13). This transform is also an important tool in the passage from local properties to
global ones. For example, we made use of it to show that distributionally regulated
functions [215] can only have jumps at most in a countable set; this result will be
proved in Chapter 7. In the same chapter, we will study many important properties
of the ¢—transform of distributions in one variable. In Chapter 12, we will study
this transform in the multidimensional setting; as an application, a characterization
[219] of a positive measure by the behavior of its ¢p—transform over cones at points
of the boundary will be given.

It is worth to mention the potential applications of the ¢—transform to study
certain classes of partial differential equations. The work of Drozhzhinov and Za-
vialov is important in this direction [40, 41]. They used the ¢—transform (called
standard average there) for tempered distributions with respect to a rapidly de-
creasing ¢ with values in Banach spaces to study the Cauchy problem for the heat
equation. They also applied their results to problems in mathematical physics. The
key point is the flexibility of the ¢—transform, for example ¢ can be the Poisson
kernel, in such a case one obtains results for harmonic functions [225], or ¢ can
be any other kernel associated to a boundary value problem or Cauchy problem for
a PDE [40, 41, 215]. In this approach a problem of vital importance is that not
always the interesting test functions ¢ are in a standard space of test functions
such as D or §. We have worked [215, 219, 221] in obtaining natural growth condi-

tions over a distributions in order to define its ¢p—transform with respect to wider
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classes of test functions; those results can be found in Chapter 7 (in one variable)

and Chapter 12 (in several variables) of this dissertation.
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Chapter 1

Preliminaries and Notation

In this chapter we collect some notions and tools to be employed in the future.
In addition, we comment and fix the general notation to be used in the subse-
quent chapters. We pay special attention to function and distribution spaces and
related concepts. The material to be discussed in Sections 1.2-1.6 can be found in
any standard textbook on distribution theory, so readers familiar with distribution
theory can skip those sections. In Section 1.8 we introduce some asymptotic no-
tions for Schwartz distributions, they will play a crucial role in our study; further

asymptotic concepts will be introduced and developed later.

1.1 Generalities

The set of positive and negative integers are denoted by Z, and Z_, respectively;
we will include 0 in the set of natural numbers N. If z € R, then [z] denotes its
integral part. The sets of positive and negative real numbers will be denoted by
R, and R_, respectively.

Points in the n-dimensional euclidean space R™ are denoted by bold fonts. We
use the notation x e y for the standard euclidean inner product between x and y.
The euclidean norm is simply denoted by |x|. The set H" denotes the upper (n+1)-
dimensional half-space, that is, H" = R™ x R, .; whenever the context presents no
ambiguities, we just write H for H". Given a complex number z = z + iy € C, we
write Re z = x and Sm z = y. When n = 1, we often refer to H as “ the subset
Sm z > 0 7. The complex conjugate of z is Z = x — 7y.

The notation A is used for the closure of a set A in a given topological space.
Given a continuous complex-valued function g we denote the support of the func-

tion by supp g, i.e., the closure of the set where the function does not vanish.
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A multi-index is an element m € N". The length of the multi-index is the sum
of its coordinates, that is, |m| = my +mao+- - -+ m,, where m = (my, mo, ..., my,).
Notice that we employ the same notion for the length of multi-indices as for the
euclidean norm, but the distinction should be always clear from the context. We

mi . m2

use the notations m! = mylmsy!...m,! and x™ = 2"z5? ... 2", where x =

(21,2, ...2,). The differential operators D™ = D" D3 ... D", where each D;
is partial differentiation in the i*" variable. For the one variable case, we use the
usual calculus notation for derivatives.

Let 2 C R"™ be an open subset. The space of complex-valued continuous functions
on 2 is denoted by C(£2); the space of k-times continuously differentiable functions
by C*(Q), that is, ¢ € C*(Q2) if D™¢ € C(2), for all |m| < k. If k = oo, we also
use the notation £(Q) := C=(f2). The space C*(Q) is the subspace of C*(Q)
consisting of those elements ¢ for which D™¢ admits a continuous extension to
Q, for all |m| < k. The space C¥(Q) consists of those elements of C*(Q) with
compact support; when k& = oo, we always denote it by D(Q) := C>®(Q). If Q is
compact, then C.(Q) is the subspace of functions in C*(Q) which vanish on 95,
the boundary of 2.

We assume the reader is familiar with measure theory and integration theory,
for which we refer to the excellent monographs [76, 173]. Measurability and inte-

grability is always taken with respect to the Lebesgue measure, unless explicitly

specified. The (Lebesgue) integral of g over an open set 2 C R" is given by

/Qg(X)dX :

The classical Lebesgue spaces over ) are denoted by LP(€2), 1 < p < co. We say
that a (complex-valued, measurable) function ¢ is p-locally integrable in Q (for

p = 1 we say it is locally integrable) if ¢ € LP(K), for any compact subset K

p
loc

of 2. We denote the set of p-locally integrable functions by Li. (€2). Occasionally,
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we shall also consider the more general integral in the sense of Denjoy-Perron-
Henstock; again, we refer the reader to [76, 173] for definitions and properties.

Techniques from functional analysis will be extensively used in this study. In
particular, the theory of locally convex topological spaces and duality. We assume
the reader has experience working with Fréchet spaces as well as projective and
inductive limits of such spaces. For the fundamental definitions and results we
refer to [99, 208] without further comments. The Hahn-Banach [208, p.181] and
Banach-Steinhaus [208, p.346] theorems will be very important tools for us.

We shall make use of the Landau order symbols. Let g and h be two complex-

valued functions defined in a pointed neighborhood of xy. We write
g9(x) = O(h(z)) , = — o,

if there exists a positive constant M such that |g(z)| < M |h(z)], for all z suffi-

ciently close to xg. We write
g(x) =o(h(x)), = —xo,

if for any € > 0 there exists a pointed neighborhood of z such that |g(x)| < e |h(z)],
for all values in that pointed neighborhood. We also allow xg to be infinity. We say

that ¢ is asymptotic to h as © — zq if g(x) = h(z) +o(h(z)). In this case, we write
g(x) ~h(x), x—x),

When A is non-zero near xg, it means that

If we write g(z) ~ Ch(z), the constant C' might be 0, in that case the asymptotic
relation is interpreted as g(xz) = o(h(x)). Suppose that {h,}, -, is a sequence of

functions defined on a pointed neighborhood of x4 such that h,,1(z) = o(h,(x)), as
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x — xo. We say that g has an asymptotic expansion with respect to {h, } _ if there
exists a sequence of complex numbers {¢, },, such that g(x) — ij:o ent1hn () ~

cni1hny1(z), for each N. In such a case we write

[e.9]

g(x) ~ chhn(m) , T — X,

n=0
The right hand side of the last relation is called an asymptotic series. Of course,

there is no assumption of convergence for asymptotic series.

1.2 Spaces of Test Functions and Distributions
We now present a brief summary of basic definitions and properties of the main
spaces of functions and generalized functions (Schwartz distributions) to be em-
ployed in the sequel. For further details about the theory of Schwartz distributions
and other types of generalized functions we refer to [6, 24, 26, 30, 61, 97, 99, 107,
108, 139, 144, 146, 180, 197, 208, 230, 251, 252].

Let 2 C R™ be an open set.

Radon Measures

Let K C Q be a compact set with non-empty interior. We equip the space C.(K)
with the topology of uniform convergence. A Radon measure on € is a continuous
(complex) linear functional over the space C.(f2), equipped with the natural in-
ductive limit topology generated by the spaces C.(K) [208, Chap.21]. Let u be a
Radon measure, by the Riesz representation theorem, we can always associate to
it a regular Borel measure which is finite on compacts of €2; we denote both the

measure and the functional by p, so that the action of u on ¢ € C.(2) is given by

(1, 6) = / o(x)dp(x)

Every positive linear functional on C,(f2), i.e., one such that (i, ¢) > 0 whenever

¢ > 0, is a Radon measure. Observe that if f € L (Q), it can be viewed as the

loc
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Radon measure
p) = o(x) f(x)dx .

In the one variable case, given an arbitrary Radon measure p on (a,b), there is
a function of local bounded variation s, such that ;o = ds,, that is, the action of

w1 on a function ¢ € C.(a,b) can be computed as a Stieltjes integral,

b
(1,6) = / o(2)ds,(z)

The Space of Distributions

Let K C Q be compact set with non-empty interior. We endow the space C°(K)
with its canonical Fréchet space topology, i.e., the one of uniform convergence of
all partial derivatives [99, 180, 208]. The Schwartz topology of D(f2) is given by the
inductive limit topology of the spaces C°(K); the space D(£2) has the structure
of an LF-space [208]. It is a montel space, and hence it is reflexive [208].

A distributions on € is a continuous (complex) linear functional over D(€2), the
space of distributions is denoted by D’(2). Therefore a linear functional over D(£2)
is a distribution if its restriction to each C¢°(K) is continuous. Distributions will
be denoted by either f or f(x); the variable x makes no allusion to a point value
(unless specified), it only plays the role of a “variable of evaluation” just as the
calculus use of variables of integration. The evaluation of f € D'(Q)) at a test

function ¢, that is, an element of D(f), is denoted by

(f,9) = (f(x),¢(x)) .

Any Radon measure on € can be viewed as a distribution. Therefore L} () C
D'(©2). We call regular distributions to those which arise from locally integrable
functions. Furthermore, any positive distribution, i.e., one such that (u,¢) > 0

whenever 0 < ¢ € D(2), is a positive Radon measure [180, 208].
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We will equip D’(2) with two main dual topologies [180, 208]: the weak topology
of pointwise convergence over elements of D(€2), and the strong topology of uniform
convergence over bounded sets of D(€2). The use of the corresponding topology will
depend on the context. Since D({2) is a barrelled space [208], it follows from the
Banach-Steinhaus theorem [208, Chap.33] that weak boundedness, strong bound-
edness, and equicontinuity are equivalent for subsets of distribution spaces. It has
the following useful consequence: for sequences { f,,}.-, or more generally for filters
with a countably basis in D'(£2), weak and strong convergence are equivalent. The
last fact follows in view of the Montel property of D(2) and the Banach-Steinhaus
theorem [208, p.348].

Let f € D'(2), the restriction of f to an open subset U C () makes sense as the
transpose of the canonical inclusion D(U) — D(2) [208, Chap.23]. A distribution
g € D'(U) is called extendable to €, if there exists f € D'(€2) whose restriction to
U is exactly g. In general, not all distribution defined on U is extendable to §2.

A distribution f € D'() is said to vanish on an open subset U C Q if (f, ¢) for
all € D(U). The support of f, denoted by supp f, is the complement in 2 of the
largest open set where it vanishes. Observe that if f € L{ (£2), then the support of
f as a distribution is precisely the essential support of f, this justifies the equality

supp f = esssupp f.
Let m be a multi-index and g € D'(€2). The distribution D™g is defined by

(D™g,¢) = (—1)™ (g, D™¢)

Given any multi-index and f € D/(Q2), there exists a distribution g such that
D™g = f [180]. We will say that g is an m-primitive of f.

We now focus in structural properties of distributions and distributional conver-
gence. We discuss Schwartz characterization theorems of boundedness and conver-

gence of distributions [180, 230]. Suppose that B C D'(Q2) is a bounded set for the
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weak (or strong) topology. Then for any given open subset U C 2, with compact

closure in 2, there exists a multi-index my such that any f € B satisfies
f=D"F; (onU),

where each F; € C(U) and the family {F;} fess 1s uniformly bounded on U. Con-
versely, if the last property is satisfied for each such an open subset U, then B is
bounded in the strong topology of D'(€2). In particular, any distribution is locally
equal to the distributional derivative of a continuous function. The description for
convergence is similar, suppose that f; — 0 as n — oo in the weak topology, then
for each open U with compact closure there exists m; and a sequence of continuous
functions F; € C(U) such that f; = D™V F};, on U, and F; — 0 uniformly over U.
Naturally, the converse is also true. Obviously, j may be replaced by a continuous
parameter A € R in the last statement and the result would still be valid.

We now discuss some other operations with distributions. Let ¢ € £(€2) and
f € D'(Q), the multiplication ¢ f is the distribution given by (¢ f, #) := (f, po).
The multiplication of two distributions is an irregular operation [6], it cannot be
defined in general within the framework of the theory of distributions [179], unless
additional conditions be imposed [30, 97, 106, 146, 230]. The change of variables
is defined as follows. Let f € D'(Q2) and ¥ : U —  be a C*-diffeomorphism,

the distribution f(¥(x)) € D'(U) is given by

(FU(x), 6(x)) i= <f<y> Y () >

e (U (y))]
where Jy(-) = det(dW(-)) is the jabobian of the transformation, so that it is con-

sistent with the change of variables for regular distributions. If A is an invertible

linear transformation and xg € R", we obtain

1

<f(AX+XO))7¢(X)> = |detA|

(f(y),o(A™ (y —x0))) -
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If feD(2)and g € D'(), their tensor product (or direct product) [180, 230] is

the distribution f ® g € D'(2 x 1) generated by

(f@g,009)=(f0){9Y¥)
where ¢ € D(2) and ¢ € D(§).

Other Spaces
We need to consider other spaces of distributions.

The space £(2) = C*(Q) is equipped with its usual Fréchet space structure
of uniform convergence of all partial derivatives over compact subsets of €. Its
dual space, £'(Q2) coincides then with the distributions of compact support in 2
[180, 208].

The space S(R") is the Schwartz space of rapidly decreasing smooth test func-
tions, that is, those functions in ¢ € £(R™) for which there are constants My m

such that

[x|" ID™$(x)] < My

for all x € R", k € N, and m € N". It is topologized in the usual way [180, 208, 230].
Its dual, the space of tempered distributions, is denoted by &’(R™). The structure
of tempered distributions is simple: f € S'(R™) if and only if there exist k € N,
m € N” and a continuous functions F such that D™F = f and F(x) = O(|x/["),
|x| — oo. Clearly, &'(R") ¢ S'(R") Cc D'(R") .

We now consider spaces of type K and KCg [61, 82]. We first need the following

definition.

Definition 1.1. Let ¢ € E(R") and B € R. We say that

o(x) = O(|x|”) strongly as |x| — o , (1.2.1)
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if for each m € N
D™¢(x) = O(|x/”™)  |x| - oo . (1.2.2)

The set of test functions ¢ satisfying Definition 1.1 for a particular 3 forms the
space Kg(R™). It is topologized in the obvious way [61], having a Fréchet space
structure. These spaces and their dual spaces are very important in the theory of
asymptotic expansions of distributions [61]. we set IC(R™) = |J Ks(R™) (the union
having a topological meaning), and K'(R") = (K's(R") (with projective limit
topology) is the space of distributional small distributions at infinity [49, 61]. We
have the inclusion £'(R™) C S&'(R").

We now turn our attention to some other spaces in one variable. Let a € R, the
spaces D[a, 00) and S[a, 00) consist of restrictions of elements of D(R) and S(R),
respectively, to the interval [a,00). They are provided with the inhered canonical
topology. Their dual spaces are D'[a,00) and S’'[a, 0); they coincide [230, 231]
with distributions and tempered distributions, respectively, supported in [a, 00).

When a = 0, we also use the notations 7’(R.) = D'[0,00) and S'(R,) = S’[0, c0).

Remark 1.2. In general the word distribution will be extrictly used for elements
(or subspaces) of spaces D'(2). However, in very few occasions (Chapter 11), the
author will commit abuse to such a terminology by calling “distributions” to ele-
ments of other duals spaces which are not necessarily contained in a distribution

space.

Convolution

The convolution of two distributions is an irregular operation and can only be
defined in some special circumstances. We shall make a very modest use of the
convolution (mostly in one variable) in the simplest cases. There are many defini-

tions in the literature which may be applied to more complicated situations, for

those we refer to [6, 106, 180, 230].
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If fe A(R") and ¢ € A(R"), where A =D, &, S, then f* ¢ € E(R") is given
by
frox) = (fy),o(x—y)) .
Naturally the above evaluation is with respect to y.

In the one-dimensional case, the convolution can always be defined for two dis-

tributions with support bounded at the left (see [230, Section 4]). So, for a,b € R
* : D'a,00) x D'[b,00) — D'a+b,0) ,

* : 8'[a,00) x 8'[b,00) — S'[a + b, 0) ,

are separately continuous bilinear maps [230]. In particular, the spaces D’[0, c0)

and S'[0, 00) are convolution algebras.

1.3 Special Distributions

In this section we discuss some particular examples of distributions over the real
line. These special distributions are more than examples, since they will often ap-
pear throughout all the chapters. Some properties and formulas are stated without
proof, we leave to the reader the verification of these well known facts (they may
also be found in [61, 68, 97, 230]).

The Heaviside function is the regular distribution H given by

(H(x), d(x)) = / " pla)de | (13.1)

The signum function is sgnx = H(z) — H(—x).

The Dirac delta distribution is the Radon measure defined as

(0(2), o(x)) = ¢(0) , (1.3.2)

observe that §(z) = H'(x) = (1/2)sgn’x. The k' derivative of §, the distribution

5% is then given by <5(’“)(3:), ¢(:L')> = (—1)k¢(k)(0).
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The distribution p.v.(1/x) is defined by the Cauchy principal value integral

(o (1) o) v [ 2
i ([ 0 [T 0)

e,

?

it is not a Radon measure. Notice that (log|z|)’ = p.v.(1/x).
If ¥e o > —1, the distribution z¢ is a regular distribution whose action on test

functions is given by the integral

(29, ¢(z)) = /000 z%¢(z)dz ; (1.3.3)

when Reaw < —1, a ¢ Z_, then z% is defined as

(xa—i-n) (n)

g +
= 1.34
MNa+1) T(a+n+1)’ (13.4)

where I is the Euler Gamma function and n = [—a]. Therefore, 2¢ is well defined
for € C\ Z_. The expression (1.3.4) is meaningful for « = —k € Z_; indeed

aan k—1

—t = 0" V(). 1.3.5
RCESI (z) (1.3.5)
Alternatively, we may have defined the distributions z§ by the Marcel Riesz an-
alytic continuation procedure [61, 68, 97] of (1.3.3). This analytic continuation

produces a family of analytic distributions on C \ Z_, having simple poles at the

negative integers with residues [61, p.65]

(1)
(k—1)!

Resq——1 2§ = ok (z) . (1.3.6)

The distributions 2 are defined as z® = (—)$ so that when Re a > —1,

(z%, ¢(x)) = /000 z%¢(—x)dx (1.3.7)
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they also form an analytic family of distributions on C\ Z_, with residues at the
negative integers given by

k=1 (z)

= (1.3.8)

Respe—i 2% =

Note that the distributions ®,(x) := 2% !'/T'(a) form an abelian group under
convolution, i.e., @, * Pg = P,y 5.

The distributions 7' /T'(a) can be used to define fractional derivatives and
primitives for distributions with support bounded at the left [60, 68, 230]. If f has

support bounded at the left, its a-primitive is defined as

a—1

(1.3.9)

Observe that the a-primitive is nothing else than the fractional derivative [230] of
order —a. So, f® the fractional a-derivative of f.

When f is no longer supported on an interval of the form [b, 00), we cannot in
general speak about fractional order primitives. However, if k € N, we say that F
is a k-primitive of f if F*) = f. Primitives of distributions always exist [180, 230].
When f is locally integrable, not necessarily with support bounded on the left, we
can still use the k-primitive given by formula (1.3.9) with o = k.

Let k € Zy. If k is an even positive integer, we define 7% := (2% + xi)‘a:_k;
on the other hand, if k is odd, 7" := (2§ —2)|___ . Due to (1.3.6) and (1.3.8),

we have cancellation of the poles and these distributions are well defined. Notice

that

p.v. (1) =zt (1.3.10)

Xz

we will use both notations for this distribution.
Another useful method for defining distributions out of divergent integrals is that
of Hadamard finite part [61, p.67]. Assume g is integrable on any compact subset

of (0,a], the Hadamard finite part at 0 of an integral [' g(x)dx is constructed as
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follows. Let
G(e) :/ g(x)dz . (1.3.11)

Suppose that G(¢) can be split into two parts as
G(e) = Gi(e) + Ga(e) (1.3.12)

where G is a linear combination of functions of the form e %(loge)? and 77,
a,7v > 0, and G5 has a finite limit as ¢ — 0*. We then define the finite part of the

integral as

F.p. /Oag(a:)dx = lim Gs(e) . (1.3.13)

e—0t

One can show [61, p.68] that

(%, ¢(z)) = F.p. /OOO z%¢(z)dx . (1.3.14)

We will also employ the distributions Pf(H(x)/2*) |, k € Z,, here Pf stands for

the word pseudo-function. They are defined as

(1 o) = [0 sy
One defines PE(H(—z)/2") as
<Pf (H (w‘,j”)) ,¢(g;)> — (~1)*Fp. /0 T, (1.3.16)
The formulas
ey v (1) aam
and (Pf ( H;?))' i (Zk(f1)> N %50@(@ | (1.3.18)

are readily verified [61, p.68].
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1.4 Homogeneous Distributions

A distribution g € D/(R"™) is said to be homogeneous of degree a € C if g(ax) =

«

a“g(x), for any a > 0. In terms of test functions, it means that
1 X o
(9(a%),6(0) = — (93,0 (2) ) = a*{g(x),6(x)) . (141)

for each a > 0 and ¢ € D(R"). One can find an explicit characterization of homo-
geneous distribution in [61, p.72] (see also [97, 68]).
In particular, we explicitly know all the homogeneous distributions over the real

line. So, if g € D'(R) is homogeneous of degree «, then either g has the form
g(x) =C_2® + Ciaf, ifa ¢ Z_, (1.4.2)
for some constants C_ and C', or
g(z) =" V(2) + Ba7", ifa=-keZ_, (1.4.3)

for some constants v and (3.
Notice that the distributions Pf(H (4)x)/x*) are not homogeneous. They are

rather associate homogeneous [68, 61, 185], that is, their dilates follow the formula:

H(£az)\ 1 H(+x) (=1)*1loga (k-1)
(ML) L (Man) L D e g

We finally remark that some interesting extensions of homogeneity can be found

in [83, 185].

1.5 The Fourier and Laplace Transforms
The Fourier transform is an isomorphism of S(R™) onto itself [68, 180, 197, 252,
230]. It is a very well known tool in analysis, and we assume the reader is familiar
with it. We fix the constants so that the Fourier transform of ¢ € S(R") is given
by

Fo)w) = dfu) = [ e oxpix. (151

n
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then the Fourier inversion formula becomes

1 ixeu 7
o(x) = Gn) /n e p(u)du . (1.5.2)

The Fourier transform is defined on §’(R™) by duality, i.e., if f is a tempered

distribution, then
(F60,000)) = (£(x). 6(x)) - (1.5.3)

We use the notation F~! for the inverse Fourier transform.

Only in Chapter 2 we will make a different choice of the constants in the Fourier
transform which better fit to our purposes.

We will follow the definition of the Laplace transform due to L. Schwartz [11,
180, 230, 231]. Tt is equivalent to the one given in [251, 252]. We will only consider
the Laplace transform of distributions in one-variable. A distribution f € D'(R)
is said to be Laplace transformable [180] on the strip a < Re z < b if e 51 f(t) is a
tempered distribution for a < £ < b; in such a case its Laplace transform is well

defined on that strip and can be computed by the evaluation
L{f;z}=(f{t),e™) , a<Rez<b. (1.5.4)

In particular if the support of f € S’(R) is bounded at the left, then its Laplace
transform is well defined on Re z > 0 and is given by (1.5.4). When the support of

f is bounded at the right, formula (1.5.4) is applicable but for Re z < 0.

1.6 Analytic and Harmonic Representations

Any distribution f € D'(R) may be seen as a hyperfunction [144, 107], that is,
f(z) = F(x 4 1i0) — F(x —i0), where F' is analytic for Sm z # 0; moreover, this

representation holds distributionally in the sense that

f(z) = lim (F(x+1iy) — F(z —1iy)) , (1.6.1)

y—0t
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where the last limit is taken in the weak topology of D/(R) [24]. It means that for

each test function ¢ € D(R)

(f(z), ¢()) = lim, - (F(z +1y) — F(z —iy)) ¢p(x)dx . (1.6.2)
In such a case, we say that F' is an analytic representation of f on C\R. Note that,
initially, we are not assuming that the limits lim, o+ F(x & iy) belong to D'(R)
separately, but that their difference does; however, it is shown in [48, Section 5]
that the existence of the distributional jump of F' across the real axis implies the
existence of lim, o+ F'(x+iy), separately, in D'(R). We write F'(x=£10) to represent
these distributional boundary values.
A necessary and sufficient condition [48, 97] for a function F', analytic on a region

((a,b) x (=R, R)) \ R, to have a distributional boundary values on real line is the

existence of constants My and nx such that

Mg

|F(z+iy)| < R

O<ly <R, zekK, (1.6.3)

for each compact subset K C (a,b).

We recall the well known edge of the wedge theorem [24, 11] (in one-dimension).
Suppose that Fy and F_ are analytic in some rectangular regions (a,b) £ (0, R),
respectively, and that both have distributional boundary values on the real axis.
If Fy(z+10) = F_(x —10), in D'(a,b), then there exists a function F', analytic on
(a,b) x (—R, R), such that F(z) = Fy(z), for £3mz > 0. So, they are the analytic
continuation of each other across the interval (a,b).

There are various standard methods to construct analytic representations for
certain distributions. Let us start with distributions from £'(R). If f € £&'(R) is a

distribution with compact support, then the Cauchy transform is given by

1

F(z)=F{f;z} = 2im<f(t)’:> , Rezé¢suppf . (1.6.4)
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One can then show [24] that f(z) = F(z +i0) — F(z — i0). For example,

(—1)F+1!

Fe) = i
is an analytic representation of §(%).

When f € S'(R). We can use the Fourier transform to produce an analytic
representation. Decompose f = f_ + f., where supp f_ C (—o0, 0] and supp fiC
0, 00), respectively. Then [24],

i<f+(t),em>, Smz>0,
F(z)=9q 2™\ ‘ (1.6.5)
~5- <f_(t),em> , Smz<0,
is an analytic representation of f. So, F(z) = ££ {fi; :Fiz}, if £8m 2z > 0. We
call this analytic representation the Fourier-Laplace representation.

Notice that if f has compact support, then f is locally integrable; it is actually
the restriction to the real axis of an analytic function of exponential type, by
Schwartz-Paley-Wiener theorem [97, 208]. If we choose fi to be locally integrable
functions, then it is not hard to see that (1.6.4) and (1.6.5) give the same analytic
function.

Next, we consider representations of distributions by harmonic functions. We
say that U(z), harmonic on Sm z > 0, is a harmonic representation of f € D'(R)
if

lim U(z +1iy) = f(z), in D'(R), (1.6.6)

y—0F
in the sense that

o0

(f(z),6(x)) = lim Uz +1y)p(x)dx .

y—0T J_
We write f(z) = U(z + i0). Any distribution admits a harmonic representation.
Indeed, let F' be an analytic representation on C \ R, then U(z) = F(z) — F(2) is

harmonic on Sm z > 0 and f(x) = U(z +40).
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Suppose that U(xz +i0) = 0 in D'(a, b); then by applying the reflection principle
to the real and imaginary parts of U ([11, Section 4.5], [207, Section 3.4],[32]), we
have that U admits a harmonic extension to a (complex) neighborhood of (a, b). We
will refer to this result as the distributional reflection principle (or just reflection
principle).

Recall [32, 207] that V' is called a harmonic conjugate to U if they satisfy the

Cauchy-Riemann equations,

ou 9V ou 9V

or Oy Oy Oz’
then, U + iV is analytic. Observe that, because of the results from [56] and [48,
Section 5], one has that if a harmonic function on the upper half-plane admits
distributional boundary values, then any harmonic conjugate to it admits distri-

butional boundary values.

1.7 Slowly Varying Functions

Slowly varying functions will be important in several parts of our study. We only
comment some basic properties, we will come back to slowly varying functions in
due course.

They were introduced by J. Karamata in [111, 112]. The associated theory is
usual referred as Karamata theory of regular variation. It was later refined by him
and others. The standard references to the subject are [15, 183], the first being
the most comprehensive one. Both books are a rich source of historical facts about
the theory. We also comment the important role that regular variation have had
in the modern and classical developments of tauberian theory [15, 109, 110, 115,
160, 231, 232].

We start with regularly varying functions at infinity. We say that a function

p, measurable, positive and defined on an interval of the form [A, co) is regularly
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varying at infinity if

tim 29 ), (1.7.1)

exists and is finite for each a > 0. One can then show [15, 183] that h(a) = a®,
for some «. The number « is called the index of regular variation. If a = 0, then
the function is called slowly varying function at infinity; the letter L is commonly
used for denoting slowly varying functions, we should follow this convention. Note
that p is regularly varying if and only if it can be written as p(x) = x*L(z),
where L is slowly varying. Hence, it is enough to explore the properties of slowly
varying functions in order to study those of regularly varying functions. We remark
an important result [15, 183], as long as (1.7.1) holds for each a > 0 in a set of
positive measure, then it holds uniformly on any compact subset of (0, 0).

One of the most basic (and most important) results in the theory of slowly
varying functions is the representation formula (see first two pages of Seneta’s
book [183]). Furthermore, the representation formula completely characterizes all
the slowly varying functions; L is slowly varying at the infinity if and only if
there exist measurable functions v and w defined on some interval [B, c0), u being
bounded and having a finite limit at infinity and w being continuous on [B, c0)
with w(x) = o(1), such that

L(z) = exp (u(:c) +/x wdt) 2€[B ). (1.7.2)

B t

This formula is important because it will enable us to obtain some useful esti-

mates for L. For instance, it is clear that if ¢ > 0, then

L(z) = o(z°), and ﬁ =o(z?), x—o00.

The above estimates have a valuable consequence to keep in mind: regularly

varying functions at infinity are tempered distributions for large values of x.
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With the obvious modifications, we define regularly varying and slowly varying
functions at the origin. In particular, L is slowly varying at the origin if and only if
L(1/x) is slowly varying at infinity, hence a representation formula of type (1.7.2)
holds for L with the interval of integration being [x, B]. We also remark that slowly

varying functions at the origin are regular distributions for small arguments.

1.8 Asymptotic Behavior of Generalized
Functions

There are several ways to define the asymptotic behavior for generalized functions.
We will consider the three most important asymptotic notions for Schwartz dis-
tributions, they will be the natural framework in our future investigations of the
local behavior of distributions. We will refer in the future to the asymptotic notions

presented in this section as generalized asymptotics.

1.8.1 Quasiasymptotics

The quasiasymptotic behavior of distributions was introduced by Zavialov [249] as
a result of his investigations in Quantum Field Theory, and further developed by
him, Vladimirov and Drozhzhinov [231]. It is fair to mention the contributions of
the Novi Sad (Serbian) School to the field [160]. We only consider here Schwartz
distributions, but we point out that the quasiasymptotic behavior can also be
defined for other classes of generalized functions, the interested reader might want
to consult [158, 161, 40, 41].

It is our intension in this section to give a very brief introduction to the subject,
paying special attention to some particular cases and properties that will be abso-
lutely necessary requirements for the first chapters of this treatise. We will retake
the subject in Chapter 10, where we will make a major contribution toward the

understanding of quasiasymptotic properties of distributions in one variable.
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In general, we cannot talk about pointwise behavior of distributions, therefore,
if we want to study asymptotic properties of distributions, we should usually intro-
duce new parameters in order to give sense to asymptotic relations. The idea of the
concept of quasiasymptotic behaviors of distributions is to look for asymptotic rep-
resentations, at either small scale or large scale, of the dilations of a distribution.

Specifically, we look for asymptotic representations of the form
f(hz) ~ p(h)g(z), ash— 0", or h — oo, (1.8.1)

in the distributional sense, that is, holding after evaluation at each test function

(f(hx), o(x)) ~ p(h) (g(x), d(x)) - (1.8.2)

We now define the concept of quasiasymptotic behavior and quasiasymptotic

boundedness of distributions at infinity.

Definition 1.3. A distribution f € D'(R™) has quasiasymptotic behavior at infinity
in D'(R™) with respect to a real function p, which is assumed to be positive and

measurable near infinity, if

lim <f<AX),¢(x)> (1.8.3)

A—00
exists (and is finite) for each ¢ € D(R™) .

We refer to quasiasymptotic behavior also as quasiasymptotics. Observe that,
because of Banach-Steinhaus theorem, there must be a distribution g € D’(R")
such that the above limit (1.8.3) is equal to (g(x), ¢(x)), for each ¢ € D(R").
One can show that p and g cannot be arbitrary. Indeed, if one assumes that g
is a non-zero distribution, then relation (1.8.5) forces p to be a regularly varying
function and g a homogeneous distribution having degree of homogeneity equal to
the index of regular variation of p [61, 160, 231]; we will not need this fact until

Chapter 10, where we reproduce a proof of it.

42



Definition 1.4. A distribution f € D'(R") is called quasiasymptotically bounded
at infinity in D'(R™) with respect to a function real function p, which is assumed
to be positive and measurable near infinity, if f(Ax)/p(\) is bounded in the weak

topology of D'(R™) for large values of A, i.e.,

fox) N\ o
<W,¢(x)> —0(1), A . (1.8.4)

The quasiasymptotics at finite points are defined in a similar manner.
Definition 1.5. Let xq € R". A distribution f € D'(R) is said to have quasiasymp-

totic behavior in D'(R™) at the point x = xy with respect to a function p, which is

assumed to be measurable and positive near the origin, if there exists g € D'(R™)

such that
lim % (f (x0 +ex),9(x)) = (9(x),¢(x)) , V¢ € D(R") . (1.8.5)

Definition 1.6. Let xo € R™. A distribution f € D'(R) is said to be quasiasymp-
totically bounded in D'(R™) at the point x = xy with respect to a function p, which
is assumed to be measurable and positive near the origin, if f(x¢ + €x)/p(e) form

a weakly bounded set for e small enough.

We now discuss some basic properties of the quasiasymptotics. Let us start with
the case at points. Our first trivial observation is that, by shifting to xg, in most
cases is enough to consider xy = 0. In addition the quasiasymptotics at a point
are local properties; in the sense that if f and h are equal in a neighborhood of
xo and f has quasiasymptotic behavior (or is quasiasymptotically bounded), then
h has the same quasiasymptotic behavior (or quasiasymptotic boundedness) at
the point. Hence, to talk about the quasiasymptotic behavior or quasiasymptotic
boundedness at x = X, the distribution only needs to be defined in a neighborhood

Of Xp-
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We may also talk about quasiasymptotics or quasiasymptotic boundedness in
other spaces of distributions, say A" the dual of the suitable space of functions
A. For quasiasymptotics, it means that f € A" and the test functions in (1.8.1),
resp. (1.8.2), can be taken from A. In the case of quasiasymptotic boundedness, it
means that the corresponding set is weakly bounded in A’. For instance, we will
make extensive use of quasiasymptotics in S’(R). There is an obvious dependence
on the space of distributions to be employed, so to denote the quasiasymptotics at

infinity, we will indistinctly use the two convenient notations
fAx) ~ AX*L(N)g(z) as A — oo in A, (1.8.6)

and

f(Az) = X*L(N)g(x) + o(A*L(\)) as A — oo in A" . (1.8.7)
For quasiasymptotic boundedness, we use the notation
fx) =0O(\*L(\)) as A — oo in A" . (1.8.8)

Likewise, an analogous notation will be used at finite points.
In the following, we focus in the one-dimensional case.
One can also consider asymptotic expansions in the sense of quasiasymptotics,

that is, expansions of the form

FOx) ~ ) " en(Ngn(z) in A (1.8.9)

in the weak topology of A’, i.e., for each test function ¢ € A

(fO2), (x)) ~ Y en(N) (gn(2), $l)) in A’ (1.8.10)

n=

The asymptotic expansion (1.8.9) is called asymptotic separation of variables or
quasiasymptotic expansion [61, 160, 231]. As an example of (1.8.9), we have the

Estrada-Kanwal moment asymptotic expansion [57, 61]

o0
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where p, = (f(z),2") . This expansion is valid in the space K'(R), for any f €
K'(R) [61].

Since &'(R) € K'(R), any distribution of compact support satisfies the moment
asymptotic expansion. Actually, for f € £&'(R), the moment asymptotic expansion
(1.8.11) holds in the space &'(R). Therefore, contrary to the case at points, the
quasiasymptotic at oo is not a local property.

An advantage of quasiasymptotic relations is that differentiation is permitted,
since the derivative is a continuous operator on spaces of distributions. From now
on, we will make use of this fact without further comments.

We now discuss some basic facts of quasiasymptotics in the case when p is a
power function and ¢ is a homogeneous distribution. The first result is very well
known [61, 160, 231], but we state it and prove it for the convenience of the reader;
it relates the ordinary asymptotic behavior of functions and the quasiasymptotic

behavior of distributions.

Proposition 1.7. Let f be a locally integrable function with support on an interval
[b,00). Suppose that f(x) = O(z®), x — 00, where o > —1, then f(Ax) = O(\%)
as A — oo in S'(R). Furthermore, if f(z) ~ Cz®, © — oo, then f(Az) ~ C(Ax)$

as A — oo in S'(R).

Proof. We can assume that supp f C [1,00). Otherwise, decompose f = fi + fa,
where f5 is supported on [1,00) and f; has compact support; since f; satisfies the
moment asymptotic expansion (1.8.11), then fi(Ax) only contributes to f(Ax) up
to an O(A™!) term, thus, we may assume that f = f,. Next, pick M such that
|f(z)] < Mz®, the same argument we just applied allows to assume that the last
inequality holds for all z > 1. Take ¢ € S(R). So we have

R e

% |p(x)| de < MY /000 x| p(z)| de.
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If now f(z) ~ Cx®, we can apply Lebesgue dominated convergence theorem to

conclude that

lim — (f(A\z),¢(z)) = lim /100 %xaﬂx)dx = C/OOO z%¢(z)dx .

A similar result holds for functions with support bounded at the right.
We now present the structural theorem for quasiasymptotics of distributions in

D'[0, 00). The result was basically obtained in [37].

Proposition 1.8. A distribution f € D’[0,00) has quasiasymptotic behavior
as A\ — oo in D'(R) (1.8.12)

if and only if f € §'[0,00) and there exists a non-negative integer k > —a —1 such
that fF) is an ordinary function and
:L‘i—’—k

(_k) ~ _— —
fo(x) CF(a—I—k+1) , T — 00, (1.8.13)

in the ordinary sense. Moreover, the quasiasymptotic behavior (1.8.12) holds actu-

ally in 8’0, 00).

Proof. The converse follows directly from Proposition 1.7. The Banach-Steinhaus
theorem, the quasiasymptotic behavior (1.8.12) and the definition of convergence
in D'[0, 00) imply that there exists n, sufficiently large, such that the evaluation
of fat ¢,(t) == (1 —t)"(H(t) — H(t — 1)) makes sense and (1.8.12) holds when

evaluated at ¢,,. Here H is the Heaviside functions. Put k = n+1, then, as x — oo,
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X

U] (fxt), dn (1))
ka-i—oz 1
~ Fop. [ t*(1—t)fde
k—DT(a+1) 7 /0 (1-1)
Cka-i-a
Na+k+1)
L]
Likewise one shows.
Proposition 1.9. A distribution f € D'[0,00) satisfies
fx) =0(\*) as A — oo in D'(R) (1.8.14)

if and only if f € §'[0,00) and there exists a non-negative integer k > —a —1 such

that fF) is an ordinary function and
fE(z) = 0@k, = — o0, (1.8.15)

in the ordinary sense. Furthermore, (1.8.14) holds actually in S'[0, 00).
We end our discussion about quasiasymptotics with a bibliographical remark.

Remark 1.10. In [249, 281] the original definition for the quasiasymptotic be-
haviors at infinity is given only for f € S8'[0,00); there the function p is called an
automodel function but we will not follow this terminology. In [150, 151, 152, 153],
the definition is extended to the form just presented here. Sometimes, it is also as-
sumed that g # 0; nevertheless that assumption is not essential for us, and we do

allow g to be 0.
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1.8.2 The Cesaro Behavior

Let us define the Cesaro behavior of a distribution at infinity. We follow closely
the expositions from [49, 61]. At this point, we shall confine ourselves with the
definition for integral Cesaro orders and comparison with respect to power func-
tions; however, we point out that the Cesaro behavior of distributions can also be
defined for fractional orders [223, 224, 226] (see also Chapters 8 and 9 below), in
addition, regularly varying functions may be included in the theory [224].

It is studied by using the order symbols O (z%) and o (z*) in the Cesaro sense.

Definition 1.11. Let f € D'(R), m € N, and a € R\ Z_. We say that f(z) =

O (z%) as © — oo in the Cesaro sense of order m (in the (C,m) sense) and write
flz)=0 (%) (C,m), x— o0, (1.8.16)

if each primitive F of order m, i.e., F™ = f, is an ordinary function for large

arguments and satisfies the ordinary order relation
F(z) = p(z) + O (z**™) , & — o0, (1.8.17)

for some suitable polynomial p of degree at most m — 1, which in general depends
on F. Similarly for the little o symbol. We say that [ is asymptotic to Cz® as

xr — oo in the Cesaro sense of order m and write
flx)~Cxy (C,m), z— o0, (1.8.18)

if we have f(z) — Cx$ = o(z*) (C,m), x — oo.

Notice that if a > —1, then the polynomial p is irrelevant in (1.8.17). A similar
definition applies when © — —oo. One may also consider the case when a =
—1,—-2,-3,... [61, Def.6.3.1], but we shall not do so here. Obviously, if f vanishes

for large arguments, then f(z) = o(z®) (C,m), for any m and o. When we do not
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want to make reference to the order m in (1.8.16) or (1.8.18), we simply write (C),
meaning (C, m) for some m.

For a = 0, we obtain the notion of Cesaro limits at infinity.

Definition 1.12. Let f € D/(R) and m € N. We say that f has a limit { at

infinity in the Cesaro sense of order m (in the (C,m) sense) and write

lim f(x)=¢ (C,m),

if we have that f(z) =€+ o(1) (C,m), z — 0.

We want discuss the close relation between Cesaro asymptotics and the quasi-
asymptotic behavior. For further properties, we refer to [61].

The next theorem shows that the Cesaro behavior, in the case a > —1, is totally
determined by the quasiasymptotic properties of the distribution on intervals being

bounded at the left.

Proposition 1.13. Let f € D'(R), m € N, and o > —1. Let f, be any distribution
supported on an interval of the form [a,00), a € R, coinciding with f for large
arguments, i.e., i some open interval with finite left end point. Then, we have the

next equivalences.

(i) The following two conditions are equivalent,

fl@)=0@%) (C), z— o0, (1.8.19)

and fy belongs to 8'(R) and is quasiasymptotically bounded of degree a, i.e.,

f+(Az) =0(\*) as A — o in S'(R) . (1.8.20)

(i1) The conditions,

flx)~CzS (C), o —o00, (1.8.21)
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and f. € S'(R) has the quasiasymptotic behavior
f+(Az) = CXYz§ +0(A) as A — o0 in S'(R) (1.8.22)
are equivalent.

Proof. We can assume that f = f, and that f € D’[0,00), and so the equiva-
lence between (1.8.19) and (1.8.22) is precisely the structural theorem for quasi-
asymptotic boundedness (Proposition 1.9) in this space. On the other hand, the
equivalence between (1.8.21) and (1.8.22) is precisely the content of the struc-
tural theorem for quasiasymptotic behavior of degree o > —1 (Proposition 1.8) in

D'0, 00). O

When a < —1, we do not exactly obtain a characterization in terms of quasi-

asymptotics because delta terms could appear in the expansion.

Proposition 1.14. Let f € D'(R), m € N, and « < —1, a ¢ Z_. Let f. be any
distribution supported on an interval of the form |a,0), a € R, coinciding with f

for large arguments. Then, we have the next equivalences.
(i) The following two conditions are equivalent,
fl)=0(2%) (C), z— o0, (1.8.23)

and there exist n > —a constants ag, . ..,a,_1, in general depending on f.,

such that fy has the asymptotic expansion

o506
fr(Az) = Zaj(s)\j—g) +O0(\*) as A — o in S'(R) . (1.8.24)
=0

(i) The conditions,

flx)~CzS (C), o —o00, (1.8.25)
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and the existence of constants n > —a constants ag,...,a,_1, in general

depending on f, such that
n—1 ;
o e 5 (2 N _
f+(Ax) = CA%zg + Zaj% +0o(A*) as A — o0 inS'(R), (1.8.26)
j=0
are equivalent.

Proof. We can assume f = f,. We only show (ii), the proof of (i) is similar to this
case and is left to the reader. Assume (1.8.25), then there exist Gy, Gg, m > —a—1,
and m constants cy, ..., ¢,_1 such that f = G + G5, G; has compact support, G,

is a locally integral functions with support on [, c0), and

m—1 j I 1
2 (a+1)

m—+o m+ao
J! F(m—l—oz—i—l)x +ola™™)

r — o0. Since G has compact support, then G;(A\z) = O(A™!), in §'(R), and so
G (Ax) = O(A™™1) = o(A%); then, since it does not contributes for (1.8.26),
we can assume that GG; = 0. On the other hand, by Proposition 1.7, the ordinary

asymptotic expansion of G5 implies

m—1
Go(Ax) = cj (A

=0

['(a+1)
L(m+a+1)

SC)Z,_ +C ()\x)m+a+0()\m+a)
j! +
in §'(R). Differentiating m-times the above asymptotic formula, and discarding

the irrelevant constants, we obtain (1.8.26) with a; = ¢,,,—1—;. The converse follows

from the structural theorem, Proposition 1.8, applied to f, — Z;:ol c; o ), O]

1.8.3 S—asymptotics

The final asymptotic notion we shall need is that of S-asymptotics, it stands for
shift-asymptotics. They were introduced by Pilipovi¢ and Stankovié¢ in [155] in-
spired by previous notions from [6, 25, 180]. We only state the definition, since we
will not make use of any deep result about S—asymptotics, besides basic properties

which follow directly from the definition. For a complete account we refer to [160];
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for S—asymptotics in other spaces of generalized functions the reader may consult

158, 193, 194].

Definition 1.15. A distribution f € D'(R) is said to have S-asymptotic at infinity
in D'(R™) with respect to a real function p, which is assumed to be positive and

measurable near infinity, if there exists g € D'(R) such that

| f(:v + h) = T T — 00
tim (T 60)) =)o) . bl 8D
for each ¢ € D(R).
We use the notations
f(x+h)~p(h)g(z) ash — oo in D'(R), (1.8.28)
flx+h)=ph)g(z) +o(p(h)) as h— oo in D'(R) , (1.8.29)

for S-asymptotics. Obviously, we can consider S-asymptotics in other spaces of
distributions with a clear meaning. As quasiasymptotic relations, S-asymptotic
relations still hold if we differentiate them. Observe also, that this asymptotic

notion is a local one at infinity.
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Chapter 2

A Quick Way to the Prime Number
Theorem

2.1 Introduction

This first short chapter serves as a motivation for our further study of local and
asymptotic properties of Schwartz distributions. We obtain a non-trivial appli-
cation of generalized asymptotics. We give two new distributional proofs of the
celebrated Prime Number Theorem (in short PNT). Of course, the word distribu-

tional refers to Schwartz distributions. So, we show that

T

71-(;(;) T — 00, (2.1.1)

~ logx ’

where

m@)= > 1. (2.1.2)

p prime, p<x

We provide two related proofs. It is remarkable that both proofs are direct and
do not use any tauberian argument. Our arguments are based on Chebyshev’s

elementary estimate [101, p.14]
m(x) =0 (z/logx) , = — o0, (2.1.3)

and additional properties of the Riemann zeta function on the line Re z = 1.

The author hopes that this first incursion of generalized asymptotics into number
theory encourages a future exploration of the range of applicability of techniques
from distribution theory to other problems from analytic number theory.

The result of this chapter have already been put into article form [220], but we
add to the exposition from [220] a complementary tauberian theorem of Wiener-

Ikehara type, this is done in the last section of the chapter.
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2.2 Special Functions and Distributions Related
to the PNT

In this section we briefly explain some special functions and distributions related
to prime numbers.
Throughout this article, the letter p stands only for a prime number. We denote

by A the von Mangoldt function defined on the natural numbers as

.

0, ifn=1,
A(n) = logp, if n=p™ with p prime and m > 0, (2.2.1)
kO , otherwise .

As usually done, we denote by 1 the Chebyshev function

Y(r) =Y logp=> An). (2.2.2)

mlx n<x

It follows easily from Chebyshev’s classical estimate (2.1.3) that for some M > 0
Y(r) < Mx . (2.2.3)

It is very well known since the time of Chebyshev that the PNT is equivalent to
the statement
U(x) ~x . (2.2.4)
Our approach to the PNT will be to show (2.2.4).
Our proof of the PNT is based on finding the distributional asymptotic behavior

of ¢/(x) (the derivative is understood in the distributional sense, of course); observe

that
W(z) =) An)d(z—n), (2.2.5)

where 0 is the well known Dirac delta distribution (Section 1.3). For this goal, we

shall study the asymptotic properties of the distribution

v() =) @5@ —logn) ; (2.2.6)
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clearly v € §'(R).

Consider the Riemann zeta function

qa_E:%wywz>1. (2.2.7)

n=1

Let us first take the Fourier-Laplace transform of v, that is, for Sm 2z > 0

t / 1 _
ZZ> Z nl iz C 1 _ Zzz)) ) (228)

a formula that Riemann obtained by logarithmic differentiation of the Euler prod-

uct for the zeta function ((z) = [[,1/(1 —p~7).
Taking the boundary values on the real axis, in the distributional sense, we

obtain the Fourier transform of v ,

¢'(1 —ix)
C(1—iz)

Notice that we are not saying that the right hand side on the last relation is a

i(z) = — (2.2.9)

function but rather that it is a tempered distribution. We shall always interpret

(2.2.9) as equality in the space §’(R), meaning that for each ¢ € S(R)

. (’ (1 —iz+y)
li dzx . 2.2.10
(@), o(o) = = Jim [~ o) G o (22.10)
It is implicit in (2.2.9) that the Fourier transform we are using is
a@:/ () dt | for ¢ € S(R) .

We discuss some properties of the distribution . From the well known properties

of ¢, we conclude that on R\ {0} v is a locally integrable function. Indeed,

1
z—1

¢(z) — (2.2.11)

admits an analytic continuation to a neighborhood of Rez = 1, as one easily proves
by applying the Euler-Maclaurin formula [61]; in addition, ((1 +ix), x # 0, is free
of zeros [103, 115]. It follows then that

i 1

0 — L
U(Z’) (ZL‘—FZO) S loc

(R) (2.2.12)
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where here we use the notation 1/(z +40) for the distributional boundary value of
the analytic function 271, Sm z > 0.

The property (2.2.12) together with Chebyshev’s estimate (2.2.3) will be the key
ingredients for the proof of the PNT given in Section 2.5.

The proof to be given in Section 2.4 makes use of additional information of
the Riemann zeta function on the line Re z = 1; we shall take for granted that
0 has at most polynomial growth as |z| — oo. In fact, more than this is true:
o(x) = O(log”(z)) as  — oo, for some # > 0. The reader can find the proof of

this fact in [101, Chap.2] (see also [122]). Summarizing, we have that
(R) and has polynomial growth . (2.2.13)

2.3 Notation from Generalized Asymptotics

The purpose of this section is to clarify the notation to be used in the following
two sections. It was basically explained in Section 1.8, but we choose to make
some comments. Besides the notation, we do not make use of any deep result from

generalized asymptotics.

Let f € D'(R), a relation of the form
hlim flx+h)=p, imnDR), (2.3.1)

means that the limit is taken in the weak topology of D'(R), that is, for each test

function from D(R) the following limit holds,

h—o00

lim (f(x + h),d(x)) = 5/00 o(z)dx . (2.3.2)

The meaning of the expression limy, o, f(z+h) = §in S’(R) is clear. Observe that
relation (2.3.1) is an example of the so-called S-asymptotics, introduced already in

Section 1.8.3.
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On the other hand, we will study in connection to the PNT a particular case of

the quasiasymptotic behavior (Section 1.8.1), namely, a limit of the form
/\lim f(x)=pH(z), inD'(R), (2.3.3)

where H(x) is the Heaviside function (Section 1.3). Needless to say that (2.3.3)
should be always interpreted in the weak topology of D’(R). We may also talk about
(2.3.3) in other spaces of distributions with a clear meaning. For instance, we will
consider (2.3.3) in D'(0, 00), not in D’(R), which means that we are, initially, only

in the right to evaluate (2.3.3) at test functions with support in (0, c0).

2.4 First Proof of the PNT

Our first proof is based on (2.2.3) and (2.2.13). We begin with the distribution v
given by (2.2.6).

Our first step is to show that

lim v(z+h)=1, inS(R). (2.4.1)

h—o00

Recall that H(z) denotes the Heaviside function. Let ¢ € S(R). Consider ¢; €

S(R) such that ¢ = ¢, ; then as h — oo

(w(z + h), b /¢> Jdz + (v(z + h) — H(z + 1) , 6(x))

:/ o)t + (i) - o 0 (o))
= /_ ) o(x)dx + /_ Z e My () <ﬁ(az) — (:cjm)) da

= /00 ¢(x)dr +0(1), h— oo,

where the last step follows in view of (2.2.13) and the Riemann-Lebesgue lemma.
This shows (2.4.1).

The second step is to show that

hm ' (A\x) hm ZA (M —n)=H(x), inD'(0,00), (2.4.2)
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here again H (z) is the Heaviside function and ¢ is the Chebyshev function. Indeed
(2.4.1) implies that e v(t +h) ~ '™ as h — oo, in the weak topology of D’'(R),

which readily implies that for each ¢ € D(R)

ZA(n)¢(logn —h) ~ el /OO ¢(logz)dr , h— oo .
n=1 0

If 1 € D(0,00), it can be written as ¢;(x) = ¢(logz) with ¢ € D(R), changing
A = e’ in the above relation we obtain (2.4.2).

Here comes the final step in our argument, we evaluate (2.4.2) at suitable test
functions to deduce that 1(x) ~ z. Let o > 0 be an arbitrary number; find ¢; and
¢2 € D(0, 00) with the following properties: 0 < ¢; < 1, supp¢; C (0,1], ¢1(z) =1
on [0,1 — o], supp ¢ C (0,1 + o], and finally, ¢o(z) = 1 on [, 1]. Evaluating ¢, in

(2.4.2) and using (2.2.3), we obtain that

A—r00 n<A A—r00 n<o\ n=0
< Mo+ 1 1i/\( )é <n>

g m — n -

=00 A n=0 i A

:M0+/ Po(x)dr <1+o(M+1).
0
Evaluating at ¢, we easily obtain that

|
1—20§11/\Hig01fXZA(n) :

n<A

Since o was arbitrary, we conclude that ¥)(A) ~ A and the PNT follows immediately.

2.5 Second Proof of the PNT

The second proof is based on (2.2.3) and (2.2.12). We present a variant of the
proof discussed in Section 2.4. In fact, we show how to avoid the use of the growth
properties of ((z) on Re z = 1.

We begin by observing that it is enough to establish (2.4.1). Indeed, once (2.4.1)

is obtained, one can proceed identically as in the Section 2.4 and prove the PNT.
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Therefore, we shall derive (2.4.1) from (2.2.3) and (2.2.12). In view of (2.2.12) and
the argument from the last section involving the Riemann-Lebesgue lemma, we

can still deduce that for each test function ¢ with suppg% compact

T {(v(a + h), 6(x)) = /Z o(x)da . (25.1)
The set of test functions having this property is dense in S(R). Then, if one were
able to show that v(z + h) = O(1) in S§'(R), that is, that the set of translates of
v is a weakly bounded set, then (2.4.1) would follow from the Banach-Steinhaus
theorem and the convergence over a dense subset of S(R). We now show this last
property. Let g(x) = e " (e”). Because of (2.2.3), we have that g(x + h) = O(1)
in the weak topology of S’(R). Consequently, we also have that ¢'(x + h) = O(1)
in §'(R). Hence, v(x+h) = ¢'(x+ h) + g(x+ h) = O(1) in S'(R), as required. The

boundedness of v(z + h) together with (2.5.1) imply the PNT.

2.6 A Complex Tauberian Theorem
Our arguments given in the past two sections may be used to show the following
complex tauberian theorem. The proof is basically the same as our second proof

of the prime number theorem, but we give it for the sake of completeness.

Theorem 2.1. Let s be a non-decreasing function supported on [0,00) satisfying

the growth condition s(x) = O(e*). Hence, the function

G(z) = /000 e *tds(t) (2.6.1)

is analytic on Re z > 1. If there exists a constant § such that

G(z) — (2.6.2)

z—1
admits a boundary distribution on the line Re z = 1 which belongs to L (1 +iR),

then

s(x) ~ pe*, x—o00. (2.6.3)
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Proof. By subtracting s(0)H (z), we may assume that s(0) = 0, so the deriva-
tive of s is given by the Stieltjes integral (s'( fo . Let M >0
such that s(z) < Me*. Define v(z) = e *s'(x). We have that e *s(z) is a tem-
pered distribution and its set of translates is, in particular, weakly bounded; since
(e7*s(z)) = —e *s(x) + v(x), we conclude that v € §'(R) and v(z+ h) = O(1) in

S’'(R). The Fourier-Laplace transform of v on Sm z is given by

o(t),e™) = / e Vids(t) = G(1 —iz)
0

Hence, ©(z) —i3/(x+10) is locally integrable, therefore e="*(i(x) —i3/(x +i0)) =
o(l) as h — oo in D'(R). Taking Fourier inverse transform, we conclude that
v(x+h) = F+o0(l) as h — oo in F(D'(R)), the Fourier transform image of D’'(R).
Using the density of F(D(R)) and the boundedness of v(x + h), we conclude that
v(z+h) = B+o(1) actually in §'(R). Multiplying by e*™, we obtain s'(x+h) ~ e
in D'(R). Let g(z) = s(logz), then lim, . ¢'(A\x) = BH(x) in D’'(0, 00); indeed,

(G O0), 0N = 55 [ stiogm)e () de

0

= —% /00 s(t +log \)e'¢' (e')dt

We now choose g, ¢1, and ¢, as in Section 2.4. Evaluating ¢, at the quasiasymptotic

limit of ¢/, we obtain that

A o)
lil)r\ris;jp @ = lir)\risolip %/0 dg(t) < lir;:solip <g(i/\) + ;/0 b2 (;) dg(t))

< Ma+)\lim (¢'(\x), d(x)) = Ma+ﬁ/oo Po(z)de < B+ o(M+ ) .
o 0
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Evaluating at ¢, we easily obtain that

(M)

B < timinf I
6 —203 < 11)1\1_1> g)lf 3
Since o was arbitrary, we conclude (2.6.3). O

Theorem 2.1 implies the following result for Dirichlet series. It was obtained by
Korevaar [117] via purely complex variable methods; here we use purely distri-
butional methods! We remark that this result was used in [117] to conclude the

classical Wiener-lkehara theorem.

Theorem 2.2. Let Y > | ¢, be a series with terms terms bounded from below, i.e.,
there exists K > 0 such that ¢, > —K for all n. Suppose that the partial sums
satisfy SN ¢, = O(N). Let

G =S (2.6.4)

it is analytic on Re z > 1. If there exists a constant 3 such that the distributional

boundary value of

— 2.6.

6 - 2= (265
on the line Re z = 1 belongs to L} (1 +iR), then

N

ch ~pBN, N-—oo. (2.6.6)

n=1
Proof. Set s(x) =), _..(cn + K). Then s(x) = O(e®), and

/ e #ds(t) = K((2) + Z % ;
0 n=1
thus, s satisfies the hypothesis of Theorem 2.1, and so
s(a) ~ (0 + K)e”,

from where (2.6.6) follows. O
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Naturally, Theorem 2.2, applied to Y >° ; A(n) directly, implies the PNT; further-
more, the proof, as has been given here, is essentially the same as our distributional

method for the proof of the PNT itself.
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Chapter 3

Summability of the Fourier Transform
and Distributional Point Values

3.1 Introduction

The study of the relationship between the local behavior of a periodic function and
the convergence or summability of its Fourier series is an old and interesting prob-
lem. It has a long tradition [62, 256, 93, 92]. Since the convergence fails in many
interesting cases, the study is usually carried out by means of summability meth-
ods. In the famous monograph [256], it was said by A. Zygmund that the problem
of summability of Fourier series of classical functions at individual points could be
considered as a closed chapter in Mathematics. However, since the introduction of
the so called Generalized Functions, new problems were opened.

Interestingly, one can extend many results from the classical theory of Fourier se-
ries of functions to Fourier series of distributions. For example, one of the most basic
results in the classical theory is that of L. Fejér which asserts that the Fourier series
of a continuous functions, although not necessarily convergent, is (C, 1) summable;
furthermore, if f € L'[0, 2] then its (symmetric) Fourier series is (C, 1) summable
at every Lebesgue point [62, 93, 256]. This admits an extension. The first extension
to periodic distributions was given by G. Walter [236, 237].

A distributional point of view of Fourier series is sometimes more convenient be-
cause it provides new interpretations of summability of trigonometric series that the
classical point of view hides in somehow. For instance, it is possible to completely
characterize the value of periodic distributions at a point in terms of summability
of the Fourier series. For periodic distributions, that is, elements f of D' (R), it

was shown in [47] that if f has Fourier series Y - _ ¢,e™” and zy € R, then

o0
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f(xg) = v, distributionally, if and only if there exists k& such that

lim Z cne™ =~ (C, k), (3.1.1)
—rx<n<ar

for each a > 0. It should be stressed that the characterization holds in terms of the
slightly asymmetric means of (3.1.1), but it is not true for symmetric sums, i.e., if
we just take a = 1, leading to consider, as has been classically done, the cosines-
sines series. The characterization also fails if we consider the means ) o, . Cp €m0
and ) <n<0 e separately. It is remarkable that such a type of characteriza-
tion has not been given for classical functions but for generalized functions.

It is also to be observed that the characterization holds for the distributional
point value. The notion of the value of a function at a point is somewhat com-
plicated. Indeed, while it is clear what f (z¢) is if f € C'(R), the same question
becomes hard to answer if f € LP(R) since the elements of this space are not
functions but equivalence classes of functions equal almost everywhere. If f is a
distribution, the problem seems hopeless since distributions are not defined point-
wise, but are the elements of certain dual spaces, that is, global objects. It is
therefore very interesting that there is a notion of point value for distributions,
introduced by Lojasiewicz in [128], that not only reduces to the usual one for
distributions locally equal to continuous functions, but that has many interest-
ing and useful properties. The concept of distributional point value has shown to
be of importance in several areas, such as abelian and tauberian results for inte-
gral transforms [139, 149, 231, 243], the study of local properties of distributions
(72, 74, 75, 78, 79, 215, 217, 223|, spectral expansions [61, 216, 223, 236, 237,
the boundary behavior of solutions of partial differential equations [54, 238], the
summability of cardinal series [239, 240], or pointwise convergence of wavelet ex-

pansions [241, 242].

64



In the case of Fourier integrals of classical functions the situation is similar to
that of Fourier series, summability methods must be employed as well. One has
also a Cesaro summability version for the Fourier inversion integral formula in
a theorem due to Plancherel [166, 206]. Other methods of summability are also
studied in classical books [17, 19]. Actually the approach given in [17, 19] is very
close to distributional point values. Indeed, what they do is to consider pointwise

inversion formulas of the type

JEEOTT / f ”%( > = $(0)f (o) . (3.1.2)

which is what one usually does in distribution theory when dealing with distribu-
tional point values.

The scope of this chapter is to investigate extensions of (3.1.1) to general tem-
pered distributions and their Fourier transforms. We will take a comprehensive
approach, it includes at the same time Fourier series and integral, and more gener-
ally, the Fourier transform of arbitrary tempered distributions. Therefore we first
show that the distributional point values of a tempered distribution are character-
ized by their Fourier transforms in a way similar to those of periodic distributions
are characterized by their Fourier series as in (3.1.1), that is, we show that they are
determined by a generalized Fourier inversion formula. In particular, it will follow
from our analysis that if f € &' (R) and zy € R, and f is locally integrable, then

f(zo) = 7 distributionally if and only if there exists k such that

— hm/ ft)e™tdt = v (C,k), (3.1.3)

2T 2—00
for each a > 0.
It is worth to mention that these ideas are related to the classical problem of (C)
summability of Fourier series (see [256, Chap.XI| and references therein). The first

to formulate the problem were Hardy and Littlewood [89, 90]. It basically aims to
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characterize trigonometric series such that their sines and cosines series,
a oo
0 :
5 + g (an cosnxg + by, sinnzg) ,
n=1

are Cesaro summable at a given point xy and whose coefficients are of slow growth
(hence they are tempered distributions!). If we do not care about the order of (C)
summability, then distributional point values provide an easy and quick solution
to this problem [61, Thm.6.14.5]. A classical approach to this problem is presented
in [256, Chap.XI], where the problem of (C) summability of the symmetric partial
sums is investigated with generalized symmetric derivatives in the sense of de la
Vallée Poussin (notion which can be interpreted as distributional symmetric point
values as shown in Section 3.10).

We will also study conditions which allow us to conclude that the asymmetric
means in (3.1.1) converge to v. In case of series of the power series type such
results are the so-called tauberian theorems. We show that in case the sequence
{en )02 belongs to the space [P for some p € [1,00) and the tails satisfy the
estimate 37 v [en|” = O (N'7P)  as N — oo, then the asymmetric partial sums
converge to f(xg) at any point z, where the distributional point value exists.
We also give several other conditions that guarantee the convergence in (3.1.1).
We then proceed to obtain results on the convergence of the asymmetric partial
integral when f belongs to LP (R) and in other cases.

The author would like to mention that the main results of the chapter are al-
ready published by the author and R. Estrada in [216]; however, the exposition
presented here is more complete and contains some complementary results which
naturally arise from the context of our investigations of distributional point values
and summability of the Fourier transform.

The plan of the chapter is as follows. In Section 3.2 we review the Lojasiewicz

notion of distributional point values and some of its properties. Section 3.3 is
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of preliminary character, we discuss several summability procedures for divergent
series and integrals; we then discuss how to extend the summability method to
distributional evaluations. The main results of the chapter are found in Sections
3.4 and 3.5, where we prove the characterization of the point values of tempered
distributions in terms of asymmetric evaluations of their Fourier transforms. The
crucial argument to obtain such a result is the structural characterization of the
quasiasymptotic behavior g(Az) ~ vd(Ax). We also show that the correspond-
ing results for the symmetric evaluations or for the separate evaluations over the
positive and negative parts of the spectrum do not hold. The results for the con-
vergence of asymmetric partial sums of Fourier series are given in Section 3.6. Next
we show in Section 3.7 that our results have direct applications to the convergence
of asymmetric partial sums of lacunary Fourier series; in particular we show how
we can construct continuous functions whose derivatives do not have distributional
point values at any point. In Section 3.8 we extend the results of Section 3.6 to
the convergence of asymmetric partial integrals in the Fourier inversion formula.
Abel summability of the Fourier inversion formula is investigated in Section 3.9.
Finally, we formulate and solve the Hardy-Littlewood (C')-summability problem
for tempered distributions in Section 3.11; this is done in terms of distributional

symmetric point values, which will be introduced in Section 3.10.

3.2 Distributional Point Values

The notion of the of the value of distribution at point was introduced by S.
Lojasiewicz in [128]. He defined the value of a distribution f € D'(R) at the
point x = x( as the limit

v = llir(l] f(xo +ex), (3.2.1)

if the limit exists in the weak topology of D'(R), that is, if

lim (f (20 + ca), 6(a)) = limy <f<x>, Ls ( - )> — [ otwas, (22

e—0 g 15
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for each ¢ € D(R). In such a case, one declares f(xg) := .

Observe that distributional point values in the sense of Lojasiewicz forms part
of a more general notion of behavior of a distribution at a point, the notion of
quasiasymptotics, as defined in Section 1.8.1. In particular, this is a local concept.

So, in the notation of quasiasymptotics, the limit (3.2.1) may be written as
fxo+ex)=v+0(l) ase— 0in D'(R). (3.2.3)

We will refer to Lojasiewicz point values as distributional point values, and will use
the following notation for the existence of the distributional point value at z = x¢

with value -,

f(zg) =, distributionally. (3.2.4)

Lojasiewicz gave himself a structural characterization of distributional point
values. It was shown by him [128] that the existence of the distributional point
value f(z¢) = =, distributionally, is equivalent to the existence of n € N, and a
primitive of order n of f, that is, F™ = f, which is continuous in a neighborhood

of zg and satisfies

|
lim nF(m)n
z—zo (T — Xp)

=. (3.2.5)
Therefore, the existence of a distributional point value is actually an average no-
tion. Such a structural characterization allows us to relate distributional point
values with the the classical concept of Peano differentials ([34],256, Chap.XI]. In-

deed, if F} is another n-primitive of f, different form F', then there exist n constants

ag, ai, . .., a,-1 such that

Fi(z) = apt+a(x—x0)+- - -+an_1(a:—xo)”_l+%(x—xo)"+o(\x —z0|"), x®— .

Hence, any n-primitive of F; admits a Peano n-differential, and its Peano n-

derivative is actually equal to ~.
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A priori, relation (3.2.2) is only assumed to hold for ¢ € D(R). Suppose now
that f € S'(R) and f(x¢) = v, distributionally; initially, (3.2.2) does not have to
be true for ¢ € S(R). However, it is shown in [54, Corollary 1] and [153] that if
(3.2.2) holds for ¢ € D(R), it will remain true for ¢ € S(R). Actually, this fact
holds for any quasiasymptotic behavior, as will be seen in Chapter 10.

Let us provide some examples.

Example 3.1. (Lebesgue points) Recall the classical definition of Lebesgue points.

Let f € L (R). We say that f has a Lebesque point at x = g if

loc

i 1
hli%h

xo+h
xo
for some constant ~y,,. Then, one can show [256] that f(x¢) = Yz, a.e.; we refer to
the set of points where Lebesque points exist as the Lebesqgue set of f. Observe that at
a Lebesque point, we have that f(xo) = Ya,, distributionally. Hence, distributional

point values include the Lebesque points, which is actually the notion of point value

used by analysts for LP-functions.

Example 3.2. The functions z“e’/*, where o € R, have reqularizations f. €
D' (R) that have distributional point values at x = 0, and, in fact, f, (0) = 0,
distributionally. This fact was established by Lojasiewicz in [128]. Observe that if

a < 0 then f, is unbounded near x = 0 in the ordinary sense.

Example 3.3. In general the behavior of distributional point values with respect to
non-linear operations could be very complicated. If f (x) = sinz™!, then f(0) =0
distributionally, but f*(x) = (1 — cos2x™1)/2, and thus f?(0) = 1/2 distribution-
ally. If g (x) is the usual reqularization of v~ sinz~! then g (0) = 0 distributionally,
but g* (0) does not exist. It is not known if such behavior occurs at a small set of
points only. It would be very interesting to study the relationship of distributional

point values and the non-linear theories of generalized functions.
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3.3 Cesaro and Abel Summability

It is the intension of this section to introduce two methods of summability for
distributional evaluations. The are defined via the Cesaro behavior (Section 1.8.2).
We are only interested in the one-dimensional case; for the multidimensional case
we refer to Chapter 13 (see also [221]).

We start by presenting a very brief introduction to summability of divergent
series and integrals. It will serve as a motivation to the study of more general
notions applicable to Schwartz distribution. There is a very rich and extensive
literature on this traditional subject; for instance, the reader is referred to [28, 85,
91]. See also [93, 206, 256] for connections with Fourier series and integrals.

We will then discuss the Abel and Cesaro methods for distributional evaluations.

For the second part, we follow closely [61].

3.3.1 Cesaro, Riesz, and Abel Summability of Series and
Integrals

We shall discuss the summability methods by Abel, Cesaro and Riesz means for
series and integrals.

Let us start with Cesaro summability. In general we say that a numerical series
Y o o Cn, possibly divergent, is summable to a complex number «y in the average,
or Cesaro sense of order 1, if the averages of its partial sums converge to v, that
is,

. Sot+sit+sat-+ s,
lim
n—00 n+1

=7, (3.3.1)

where s, =37 ¢;, in such a case one writes

Y e=7 (C1). (3.3.2)

It is elementary to check that if the series is convergent, then it is summable by

the (C, 1) method, but the converse is naturally false. For example, one may take
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> o(=1)™, which is evidently divergent; but its average converges to 1/2, hence
S (-1 =172 (C.1).

The Cesaro method of summability is important in the analysis of several series
expansions of functions and generalized functions; in particular for Fourier series.
In fact, it is a famous result of Fejér that the Fourier series of a continuous function,
although not necessarily convergent, is (C, 1) summable to the value of the func-
tion at any point [62, 93, 256]. Furthermore, Kolmogorov proved [256, Chap.VIII]
that there are functions in the class L'[0, 27] whose Fourier series diverge every-
where; therefore, even in the case of classical functions, it is imperative the use of
summability methods for the pointwise analysis of trigonometric series. In Section
3.5, we will generalize Fejér’s classical result to include periodic distributions, for
that we will use higher order Cesaro means.

We can extend the (C, 1) to higher order average means. There are several ap-
proaches, and all of them are equivalent. Perhaps the simplest, but analytically
inadequate, is that of Holder means. We can define recursively the sequences,

sy = (220, si1)/(n + 1), with % := s, = >t _o¢j Then, we call s} the Holder
means of order k of the series, and say that > >~ ¢, = (H, k), if s& — ~ as
n — 0o. As we remarked before, Holder means present serious difficulties associ-
ated with their analytical manipulation [85], we shall therefore avoid their use in
the future.

Another approach to the extension of (3.3.1) is via higher order Cesaro means.

Given a series )~ ¢, we define its Cesaro means of order 3, § > —1, by

Ch = % zn: (B;j) Cni (3.3.3)

=0

then we say that the series is Cesaro summable of order 3 to v, and write >~ ¢, =

v (C,B), if C# — v as n — co. An interesting example is Y>> (—1)"n®, a > —1,
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which is (C, #) summable whenever 3 > «, oscillates finitely when § = «, and
oscillates infinitely for 5 < «; we refer to [85] for a proof of this fact.

We shall also discuss the method of Marcel Riesz by typical means [28, 85, 91,
172]. Actually, the Riesz method will be the most important for us in the sub-
sequent sections. Let {A,} -, be an increasing sequence of non-negative numbers
such that A\, — oo as n — oo. We say that a series is summable by the Riesz
means, with respect to {\,}, of order 5 > 0 if

B
lim Z Cn (1 — %) =7, (3.3.4)

0<A\p<z

and then we write
n=0

These three methods of summability can be compared. If 3 = m € N, then the
(H,m) and the (C, m) methods are equivalent [85]. While if 5 > 0 and A,, = n, the
(C, ) and the (R, {n}, ) methods sum the same series to the same value, and so
they are also equivalent [100, 85, 94, 172]. Here the use of a continuous variable
in (3.3.5) is absolutely necessary for the equivalence [85]. The Riesz method has
an advantage over the other two methods, it is easily generalizable to integrals,
even to distributions as we shall see later in Section 3.3.2. Therefore, we advise the
reader that whenever we talk about Cesaro summability, even if we write (C, 3),
the means should be thought as Riesz means.

Let now f be a locally integrable function supported in [0, 00). Let 8 > 0. We

write
Tim f(z) =7 (C,f), (3.3.6)
if
x ¢ B—1
lim g [ f(t) (1 - —) dt =~ . (3.3.7)
T—00 0 Xz
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Note that (3.3.7) basically says that f~#(x), the B-primitive of f, is asymptotic
to vz /T(B + 1) as  — o0. So (3.3.6) coincides with Definition 1.12, which is
applicable to distributions. Suppose that f is a function of local bounded variation,
then its distributional derivative is a Radon measure, a continuous linear functional
over the space of continuous functions with compact support, say f' = p. Hence

integration by parts in (3.3.7) shows that it is equivalent to

lim Ox <1 _ f)ﬁdw) . (3.3.8)

T—00 €T

The latter can be taken as the definition of the relation

| au@r = .. (3:3.9)

Observe that (3.3.5) holds if and only (3.3.9) holds for the Radon measure p =
D om0 Cn0(+ = An).

We end this discussion by considering Abel summability of series [85]. For a series
> > o Cn, we consider its Abel means, that is, the power series Y ¢,r™. We say
that the series is Abel summable to v, if > ° ¢, is convergent for |r| < 1 and

the power series approaches to the limit v at the boundary point r =1, i.e.,

o0

rlgfl_ z_% "t =1, (3.3.10)

we write
=7y (A). (3.3.11)
n=0

It will be more convenient for us to write r = e ¥, so that the power series becomes
a Dirichlet series. So, we have a natural extension for measures supported in [0, c0)
in terms of the Laplace transform. We say that fooo dp(z) is Abel summable to v

and write

/000 du(z) =~ (A), (3.3.12)
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if for any y > 0 the integral fooo e Y'du(t) exists as an improper integral, and

[e.e]

lim e Vidu(t) = 7. (3.3.13)

y—0T Jo

When the Radon measure is given by >~ c,0(x — A,,), we write

=7 (A {ND), (3.3.14)

if (3.3.13) holds, that is, if the Dirichlet series >~ c,e %" is convergent for y > 0
and it tends to v as y — 07,

We finally comment some inclusion between the Cesaro and Abel method of
summation, if (3.3.9) holds then (3.3.12) is satisfied, this fact is actually recovered
below (Corollary 3.10). In the case of power series this fact is the well known
Abel’s theorem [85]. Naturally, the converse is not true. The reader may wish to
verify that the series whose coefficients are given by those of the power series

e = > o car™ is an explicit example of a series which is (A) summable but not

(C, 8) summable [85], no matter what value of 3 be taken. Furthermore, in [52],
it is constructed a series which is Abel summable with coefficients ¢, = O(n™),
but it is not (C, ) summable for any (. The study of additional hypotheses to
ensure the converse of Abel’s theorem motivated the beginning of the tauberian
theory. For instance, Littlewood tauberian condition ¢, = O(1/n) together with
Abel summability imply the convergence of the series [127, 85]. We will obtain a
simple and quick proof of Littlewood’s theorem in Section 4.4 of Chapter 4, as a
direct consequence of our distributional methods. In Section 3.6, we discuss some

tauberian conditions for Cesaro summability.

3.3.2 Summability of Distributional Evaluations
We now study two methods of summability for distributional evaluations, the two-

sided Cesaro method, and Abel summability. Two more methods will be introduced

in Sections 3.5 and 3.11 (Definitions 3.18 and 3.59).
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We start with summability in the Cesaro sense. First we assume that our dis-
tributions have support bounded at the left. Recall that H denotes the Heaviside

function (Section 1.3), i.e., the characteristic function of (0, co).

Definition 3.4. Let f € D'(R) have support bounded at the left. Let ¢ € E(R) and
m € N. We say the evaluation (f(x),¢(x)) has a value v in the Cesaro sense of

order m, and write
(f(x),0(z)) =~ (C,m) (3.3.15)
if F = (of)Y = (¢f) * H, the first order primitive of ¢f with support bounded

at the left, satisfies lim, .o F(z) =~ (C,m).

Example 3.5. Let i be a Radon measure with support on [0, 00). Then [;° du(z) =

v (C,m) if and only if (u(x),1) =~ (C,m). In particular

Z Cn =7 <R7 {An} 7m)

of and only iof
<Z nd(z — Ay), 1> =~ (C,m).
n=0

If f has support bounded at the right then we say that (f(x),¢(z)) (C) exists
if and only if (f(—z),#(—x)) =7 (C) exists and we define (f(x), p(z)) =~ (C).
The distributional evaluations with respect to compactly supported distributions

can always be computed in the (C) sense, actually with order m = 0.

Lemma 3.6. Let f € &'(R) and ¢ € E(R). Then (f(z),d(z)) (C,0) always exists.

Proof. We can assume that ¢ = 1. Consider f(=V, it is obviously constant for
large arguments, we must show that satisfies f(-Y = (f(z),1) (a constant distri-
bution) on certain interval (a, 00). Decompose f~V(z) = g(z) + cH(x — a), where
g has compact support and ¢ and a are constants. Then (f(x),1) = (¢'(z),1) +

(cH'(x —a),1) =0+ c(0(x — a),1) = ¢, from where the result follows. O
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We now define two-sided Cesaro evaluations

Definition 3.7. Let f € D'(R), ¢ € ER), and m € N. We say the evaluation
(f(x),¢p(z)) exists in the Cesaro sense of order m if there is a decomposition f =
f-+ fu, supp fo C (—00,0] and supp f1 C [0,00), such that both evaluations

(fe(x),0(x)) =~v+ (C,m) exist. In this case we write

(f(x),0(x)) =~ (C,m), (3.3.16)

where v = vy_ + V4.

We must check the consistence of Definition 3.7. Let f = fi+ fo = g1+ g be two
decompositions such that f; and g, have supports bounded at the left, respectively,
f1 and g; have supports bounded at the right. Then h = ¢g; — fi = fo — g2 has
compact support. If both (f;(z),¢(x)) = v; (C,m) exist, then, by Lemma 3.6,
both (g;(x), ¢(x)) = B; (C,m) exist, and we have the two equalities /1 = v +
and By = v2 — 3, where 8 = (f;(z), ¢(z)). Hence the number v = v+, = 1 + (2
is independent on the choice of the decomposition.

Let us now define Abel summability for distributional evaluations.

Definition 3.8. Let f € D'(R) and ¢ € E(R). We say the evaluation (f(x), p(x))
exists in the Abel sense if there is a decomposition f = f_+ f, supp f_ C (—o0, 0]

and supp f1 C [0,00), such that both e™¥*¢(x) fr € S'(R), for each y > 0, and

lim ((¢(z)f-(2), ") + (p(2) fs(2), 7)) =7, (3.3.17)

y—0t
in this case we write (f(x),¢(x)) =~ (A) .

The notion of distributional evaluations in the Cesaro sense admits a character-

ization in terms of the quasiasymptotic behavior.

Proposition 3.9. Let f € D'(R) and ¢ € E(R). Then (f(x),¢(z)) =~ (C) if

and only if there exist a decomposition f = f_ + fi, where supp f- C (—o0,0]
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and supp f+ C [0,00), and a constant 3 such that the following quasiasymptotic
behaviors hold

5( 1

S(0) f+(\x) = (% + /3) Tx) to (X) as A — oo in S'(R) (3.3.18)

and

S()f- (M) = (% - 5) @ +o G) as A — oo in S'(R) .  (3.3.19)

In particular, we obtain that ¢f € S'(R) and it has the quasiasymptotic behavior,

d(Ax) f(Az) = ’y@ +o (%) as A\ — oo in S'(R) . (3.3.20)

Proof. We may assume that ¢ = 1. Put fﬁ_l) equal to the primitive of f_(—x)
with support on [0,00). Because of the assumptions on the supports, note that
(3.3.18) and (3.3.19) are equivalent to limy . f1 " (Az) = ((v/2) + B)H(z) in
S'(R). By Proposition 1.13, the latter are equivalent to limy_, fj(_fl)(:c) = (v/2)+
B (C), which are equivalent to (fy(z),1) = (v/2) £ 5 (C). And so we obtain the

equivalence with (f(z),¢(z)) =~ (C). O

We can use Proposition 3.9 to obtain Abel’s theorem in the context of distribu-
tional evaluations. The converse is false [52].
Corollary 3.10. Let f € D'(R) and ¢ € E(R). Suppose that (f(x), p(z)) =~ (C),
then (f(x), p(x)) =~ (A).
Proof. Using Proposition 3.9, we obtain that, as A — oo,
($(2)f-(x),€3) + (D) f1(2),e3) = Mg (M) f- (M), €)
+ 2 {6 () fr (M), o)
= (3 -8) (@), e)
+(248) (3@),e) +o(1)
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3.4 Distributional Point Values and Asymptotic
Behavior of the Fourier Transform

It is our intension to characterize distributional point values by summability of
the Fourier transform, to this end, we shall study in the present section the close
connection between the value of a distribution at a point and the quasiasymptotic
properties of the Fourier transform. The desired characterization will be given in
the next section, Section 3.5, by means of a pointwise Fourier inversion formula.
Let f € S'(R) have distributional point v at xo. Then, we have the following

quasiasymptotic behavior.
f(zg+ex)=7v+0(l) ase— 0" D'(R) . (3.4.1)

As pointed out in Section 3.2, this quasiasymptotic behavior actually holds in
S'(R). Therefore, we can take Fourier transform in (3.4.1) and obtain the equivalent

quasiasymptotic expression

P07 f(\z) = QWWQ +o0 (%) as A — oo in S'(R) . (3.4.2)

Let us state this simple, but useful, observation as a lemma

Lemma 3.11. Let f € S'(R). Then, f(xo) =7, distributionally, if and only if the

Fourier transform satisfies the quasiasymptotic behavior (3.4.2).

Therefore, on the Fourier side, distributional point values look like (3.4.2). Since
our ultimate goal is to characterize distributional point values by certain type of
summability of the Fourier transform, it is clear that our summability method

should provide a characterization of the quasiasymptotic behavior

g(A\x) = ’y@ +0 (%) as A — oo in §'(R) . (3.4.3)

We now study the structure of (3.4.3). Before to go on, the author would like to
make some comments. In [231], many structural theorems are provided for quasi-

asymptotics. Actually, we already faced one of such results in Proposition 1.8,
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applicable to one-sided quasiasymptotics. However, the results of ([231]) do not
cover the case which we are interested in. Moreover, the general structural de-
scription of quasiasymptotics remained as an open question for long time. In this
section, we basically solve this question for (3.4.3), the solution was obtained by
the author and R. Estrada in [216]. Moreover, the method to be given, was actually
extended by the author in [212, 213, 227] in order to give a complete answer to the
structural problem for quasiasymptotic properties of distributions; we will discuss

this in detail in Chapter 10.

3.4.1 Asymptotically Homogeneous Functions
The concept of asymptotically homogeneous functions of degree zero will be needed
for the next theorems.

We say that a measurable function ¢, defined in an interval of the form [A, c0) C

(0, 00), is asymptotically homogeneous of degree 0 if for each a > 0, we have

clar) = c(x) +0o(l) asx — 0. (3.4.4)

No uniformity on a is assumed. Such functions were used in [47] to characterize
distributional point values of Fourier series, and by the author and collaborators
to study the structure of quasiasymptotics [212, 213, 216, 227|. These functions
are also known as de Haan functions [15]. This class has been very well studied
for several authors; however, the author was not aware of this fact and learned
recently about the existence of such results. In the meantime, he rediscovered by
himself some already known results. Some of which are presented in this section.
We will extend this class of functions in Chapter 10.

Suppose c satisfies (3.4.4) for each a > 0, we may assume that c is real valued,

otherwise we consider its real and imaginary parts separately. Then L(x) = ec(@)
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is positive and measurable on [A, co) and for each a > 0

. L(ax)
T

~1. (3.4.5)

Therefore, L is a slowly varying function. It is very well known that (3.4.5) must
hold uniformly for a in compact subsets of (0, 00) [183], so should (3.4.4). Actually,
if one only assumes that (3.4.4) holds in a set of positive measure, then it holds
for every a > 0; we will use this property implicitly sometimes in the future. From
the very well known representation formula for slowly varying functions (Section

1.7), we obtain two estimates for the growth of ¢, first,

c(x) =o0(logz) , asx — o0 ; (3.4.6)
secondly, there are two constants Ag and A; such that

lc(az) — c(x)| < Ag|logal + Ay, (3.4.7)

for x > B and ax > B. The last inequality implies the following lemma.

Lemma 3.12. Let ¢ be an asymptotically homogeneous function of degree 0 defined
on (0,00). Let g be a function such that g(t)(1 + [logt|) is in L'(0,00). Suppose
that at least one of the following two condition is satisfied:

i) ¢ is bounded in each finite subinterval of (0,00)

i) ¢ € L ([0,00)) and g is bounded near the origin

loc

then we have that

/000 c(xt)g(t)dt = c(x) /OOO g(t)dt +o(1) , asx — oo .

Proof. Choose B as in (3.4.7), we keep > B. Consider

/000 (c(xt) — c(z)) g(t)dt = Jy(x) + Jo(z) — J5(2) |
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where Ji(z) = f;x (c(xt) — c(x)) g(t)dt, Jo(z) = fOB/I c(zt)g(t)dt, and J3(z) =
c(x) OB/m g(t)dt. Because of (3.4.7) and the assumption over g, we can apply
Lebesgue Dominated Convergence Theorem to conclude that Ji(z) = o(1) as

x — 00. That Jo(z) = o(1) as  — oo follows easily from the assumptions. Finally,

by using (3.4.6), we obtain that

‘C<:[)| /
< 1+ |1 dt = o(1 — 00 .

In particular, we obtain

Corollary 3.13. Let ¢ € L. (R). Suppose that c is asymptotically homogeneous

loc

of degree 0. Then
c(Ax)H(z) = c¢(M)H(z) +0o(1) as A — oo in S'(R) .

Let us show that, when we are only interested the behavior for large arguments,

then ¢ can be assumed to be C*.

Lemma 3.14. Let ¢ be an asymptotically homogeneous functions of degree zero.
Then there ezists ¢; € C*[0,00) such that c(z) = c1(x) + o(1), © — oo. In

particular, ¢y is also asymptotically homogeneous functions of degree zero.

Proof. Suppose that ¢ is defined and locally bounded on [A, 00), redefine ¢ as 0 on
[0, B). Take ¢ € D((0,00)) with integral equal to 1. Set ¢i(x) = fg;x c(xt)p(t)dt,

then, by Corollary 3.13, ¢; satisfies the requirements. m

Another tool that we will use is the behavior at infinity of a continuous function

defined in an interval of the form [A, c0), with A > 0, satisfying

T(azx) = a®7(z) +o(1), x — oo,
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for each a > 0. They are called asymptotically homogeneous of degree a.. One can
show that if 7 satisfies the last condition with a@ < 0, then 7(z) = o(1), x — oo (for
the proof see [61, Lemma 6.15.1]). We will show a more general result in Chapter

10 (Proposition 10.16).

3.4.2 Structure of g(\x) ~ vd(\z)
In the next lemma, we study the asymptotic properties of the primitives of distri-

butions in D'(R) satistying f(Az) = o (1/A).

Lemma 3.15. Let fo € D'(R). For each n € N, pick an n-primitive of f, f, in
D'(R). Suppose

foO0) = o (i) 45 A — o0 in D'(R). (3.4.8)

Then there exists an asymptotically homogeneous function of degree 0, ¢ such that

A lpn=le())

fn(A) = (n—1)!

+o(A") as A — o0 (3.4.9)

in D'(R) for each n > 1. There ezists ng such that the convergence in (5.4.9) is
uniform on [—1,1] for n > ny. Conversely, if (3.4.9) holds for some n > 1, then

(3.4.8) holds in D'(R).

Proof. Suppose fo(Ax) = 0(1/)). Then there exists a smooth function ¢(\) such
that fi(Az) = ¢(A\) + o(1) as A — oo in S'(R). Replacing Az by Aza and grouping
in two different ways, we obtain c¢(a\) = ¢(A) + o(1), as A — oo, for each a > 0.
Thus c¢ is asymptotically homogeneous of degree 0. Hence (3.4.9) holds for n = 1.
Suppose now, it holds for some n > 1. Then integrating again we obtain f,1(x) =
Atx™e(N)/n! + p(A) + o(A™), A — oo, for some function p. Evaluating at Aa, this
yields p(Aa) = p(A) 4+ o0(A\") and thus the function 7(\) = A""p(\) satisfies 7(a\) =
a "T(A)+o(1) as A — oo; it follows that 7(\) = o(1) as A — oo, thus p(A) = o(\"),
and hence (3.4.9) is obtained for n + 1. That the convergence in (3.4.9) holds

uniformly on [—1,1] sets if n is large enough follows from the definition of the
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convergence of distributions. The converse is obtained by differentiating (3.4.9)

n-times with respect to x. O

We now aboard the general case. Let us state and proof the structural theorem

for the quasiasymptotic behavior (3.4.3).
Theorem 3.16. Let g € D'(R), then,

g(\r) = 7&;) +o0 (%) as A\ — oo in D'(R) , (3.4.10)

if and only if there exist m € N and an (m-+1)- primitive G,,41 of g, i.e., G =
g, which is locally integrable for large positive and megative arguments, and an

asymptotically homogeneous function ¢ of degree zero, such that

_ysgnz x™ m
Gmai(x) = T & +c(|x!)%+o(|x| ), |x| — o0, (3.4.11)

in the ordinary sense. Furthermore, (3.4.11) is equivalent to the limits

lim (G(az) — G(—x) =~ (C,m) . (3.4.12)

r—00

for each a > 0. We also have that g is a tempered distribution and (3.4.10) holds

in §'(R).

Proof. That (3.4.10) implies (3.4.11) follows from Lemma 3.15 applied to fy =
g — 6 by taking m + 1 = ng, Gp1(z) = (y/2mD)a™sgnz + frp1, © = £1
and replacing A by x. The converse follows from Corollary 3.13, Lemma 3.14, and
(m + 1)-differentiations. The same results used for the equivalence show that g
is tempered and that the quasiasymptotic holds in S’(R). Let us now show the

equivalence between (3.4.11) and (3.4.12).
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Set F(a,x) = a " Gpy1(ax) — (—1)"Gpy1(—x), observe it is an m-primitive

of G(ax) — G(x). Assume (3.4.11), then

Fnla,2) = a™"Grpa(ax) = (=1)" Gy (—2)

ysgn(z)r™  ysgn(r)z™
= -
2m)! 2m)!

+o(z™)

uniformly for a in compact sets. From where we obtain (3.4.12).

Conversely, suppose that (3.4.12) holds. So for each a

F(a,
lim m!M = .
T—00 xm

Define c¢(z) = mla™™Gpy1(x) — 7, for & > 0. A direct calculation shows that ¢ is

asymptotically homogeneous of degree zero and that (3.4.12) holds. [

3.5 Characterization of Distributional Point
Values in S'(R)

In this section, we characterize the distributional point values of arbitrary tempered
distributions by proving the Fourier inversion formula in a generalized sense. This
is a pointwise inversion formula for the Fourier transform which holds at any point
where the tempered distribution has a point value in the distributional sense.

We want to find a suitable summability method for the Fourier transform which
characterizes distributional point values. Because of Lemma 3.6, the problem re-
duces to characterize the quasiasymptotic g(Ax) ~ yd(Ax). A naive first attempt
to this problem might lead us to consider directly Cesaro summability. However,
Proposition 3.9 tell us that it is not going to work: Cesaro summability is too
strong to give a characterization. Let us be more precise on this matter. Observe
that if (g(z),1) = v (C), then Proposition 3.9 implies that g(Ax) ~ ~vd(Ax) .

However the converse is not true.
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Example 3.17. Consider the regular distributions g(x) = (1/(zlog|z|))H(|x|—3).

Note that for any m > 0, x — oo

/:D ! 1—t mdt—— ! +m/$1 (logt) 1—t mildt
3 tlogt x ~ 3log3 =z Jy B8 x

~ log(log x) .

Then, the evaluation (g(z), 1) does not ezist in the Cesaro sense. However, g(A\x) =

o(A™!) as X — oo in S'(R). In fact, if $ € S(R), then

(gO\), 6(x)) = %/m %dt —0 G) Ao oo,

3
Therefore, the Cesaro summability is not adequate for the characterization of
distributional point values. If we now think carefully, Theorem 3.16 implicitly
suggests the method of summability: it is implicit in (3.4.12). Hence, we have

found the right summability method!

Definition 3.18. Let g € D'(R), ¢ € E(R) and m € N. We say that the special
value of (g (x), ¢ (x)) exists in the Cesaro sense of order m (e.v. Cesaro sense),

and write
ev.(g(z),¢(z) =~ (C;m), (3.5.1)

if for some primitive G of ¢g, i.e., G' = ¢g, and each a > 0 we have

lim (G(az) — G(—x)) =~ (C,m) . (3.5.2)

T—00

As a corollary of Theorem 3.16, we obtain.

Corollary 3.19. Let g € D'(R), ¢ € E(R). Then

e.v.(g(x),¢(x)) =~ (C) (3.5.3)
if and only if
d(A\x)g(A\x) = ’y@ +o (%) as X\ — oo in S'(R) . (3.5.4)

In addition, we have that ¢pg € S'(R).

85



As expected, the Cesaro method is strictly stronger than e.v Cesaro summability

(see also Example 3.17).

Proposition 3.20. Let g € D'(R), ¢ € E(R). Any evaluation summable (C,m) is
also summable in e.v.(C,m) sense, that is, the evaluation (g (z),¢ (x)) =~ (C,m),
implies ev. (g (), ¢ (x)) =~ (C,m).

Proof. Let G be a first order primitive of ¢g. Decompose it as G = G_ + G, with

supp G_ C (=00, 0] and supp G_ C [0,00). Then, by Proposition 3.9,

lim £G4 (+) = %iﬁ (C,m) ,

T—00

for some 3. Thus

lim (G(az) = G(=2)) = lim (G (az) = G (=)

Y Y
:(54—5)—1-(5_5)

=~ (C,m).
]

In summary, we succeeded characterizing distributional point values in terms of

the summability of the Fourier inversion formula.

Theorem 3.21. Let f € §'(R). We have f(xo) = 7, distributionally, if and only

if there exists an m € N such that

1 A )
— e.v. <f (x) ,e””ox> =~ (C,m). (3.5.5)
2m
Proof. Combine Lemma 3.11 with Corollary 3.19. O]

In order to obtain further results, let us introduce some notation. Let g = pu be

a Radon measure. It convenient in this case to write

e.v. /OO o(z)dp(z) =~ (C,m) (3.5.6)
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for (3.5.1). When m = 0, we suppress (C,0) from the notation, and just write

ev. / Z o(x)du(z) = 7 .

In particular, if p =" _ ¢,0(+ —n) and ¢ = 1, we use the notation

n=-—o0o0 1

e.v. Z =2 (C,m), (3.5.7)

omitting again (C,0) when m = 0.

Observe that if we use the family of summability kernels

o) = (1+2)"(H(=z) - H(-1—2)) + (1= 2)" (H(z) - H(z - a)) , (35.8)

a

where H is the Heaviside function, then (3.5.6) holds if and only if

lim h on (%) o(t)dp(t) =~, foreacha>0. (3.5.9)

x—00 |

For series we obtain that (3.5.7) holds if and only if

xh_)rglo Z o (g) ¢, =7, foreacha>0. (3.5.10)

n=—oo

Let us now discuss some immediate consequences of Theorem 3.21.

Corollary 3.22. Let f € §'(R) be such that f = p is a Radon measure. Then, we

have f(xzo) =7y, distributionally, if and only if there exists an m € N such that

1 <
2—e.v./ e™*du(x) =~ (C,m), (3.5.11)
™ —o0
or which amounts to the same,
lim Dy e™tom | — ) du(t) =y, for eacha >0 . (3.5.12)
z—00 20 J_ x

The next corollary is a result of R. Estrada [46], the characterization of Fourier

series having a distributional point value.
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Corollary 3.23. Let f € S'(R) be a 2m-periodic distribution having Fourier series
fla)= > cie™ . (3.5.13)
Then, we have f(xg) = v, distributionally, if and only if there exists an m € N

such that

e.v. Z cne™ =~ (C,m) , (3.5.14)

n=—oo

or which amounts to the same,
(e%9) n '
I o (2) e =7, ha>0. 3.5.15
lim. nzzoo o — ) cae v, for each a ( )

Proof. We have that f(z) = 27 Yoo o nd(x —n), the rest follows from Corollary

3.22. [l

Let us state Corollary 3.22 when f € LI (R). A particular case is obtained if

loc

f e LP(R) with 1 < p < 2, since f € LI(R) with ¢ = p/(p — 1) [206, Thm.74].

Corollary 3.24. Let f € S'(R) be such that f € L. (R). Then, we have f(zo) = 7,

distributionally, if and only if there exists an m € N such that

1 > N
Q—e.v./ e f(z)de =~ (C,m) , (3.5.16)
™ —0o0
or which amounts to the same,
Y t\ vt 2
lim by o — e f(t)dt =y,  for eacha >0 . (3.5.17)
Tr—00 e — 0o €T

It is important to observe that the characterization of distributional point values
is given in terms of slightly asymmetric means and that the corresponding result
for symmetric means does not hold. The result for separate integration over both
the positive and negative parts of the spectrum does not hold either (we already

discussed the latter in Example 3.17). Let us provide two further examples.
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Example 3.25. If f € S'(R) and f(xo) = v, distributionally, then by taking a = 1
we obtain that the symmetric means converge to vy, in the Cesaro sense, so that,

in case f(t)e™" is locally integrable,

lim —/ f)e™tdt =~ (C,m), (3.5.18)

for some m. However, (3.5.18) does not imply, in general, the existence of the
distributional value f(xo). A simple example is provided by f (x) =6’ (x) at x = 0,

since f(t) = —it, so that (3.5.18) exists and equals 0, but f (0) does not exist.

Example 3.26. If f € S'(R), f € LL (R), and the two Cesaro limits

lim —/ f)e™tdt = v, (C,m), (3.5.19)
x—+o00 277
lim —/ f)eotdt =~ (C,m), (3.5.20)
z—+oo 277

exist then the distributional value f(xo) exists and equals v = v, + v_. However,
the existence of the distributional point value f(xq) does not imply the existence of

both Cesaro limits. For instance, if

*  ginaxtdt
f(w)zfo (2 a?) (3.5.21)

for some a > 1, then f is continuous and f(0) = 0, but we have that f(t) =
—mit~ (In (t* 4+ a?))7Y, and in that case both limits (3.5.19) and (3.5.20) give infi-

nite results, i.e., |y+| = |y-| = o0

There is one case in which the distributional point values can be characterized by
Cesaro summability of the Fourier inversion formula without using the asymmetric
means, that is, when the distribution has support on a half-ray. This result is an
earlier inversion formula for tempered distributions, essentially obtained in [243]

(with a different language from ours).
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Theorem 3.27. Let f € S'(R) have support bounded at the left . We have f(zg) =

v, distributionally, if and only if there exists an m € N such that

L <f(:z:) ,eix0x> =~y (C,m). (3.5.22)

o
Proof. The converse follows from Proposition 3.20. Let now F' be the primitive of
(1/2m)et*0® f with support bounded at the left. Then, by Theorem 3.21, we have
that

lim F(z) = (lim F(z) — F(—x))=v (C,m) .

T—00 T—00

O

Corollary 3.28. Let f € S'(R) be such that f = w18 a Radon measure supported

on [0,00). Then, we have f(xq) =7, distributionally, if and only if

1 o0

27 Jo

e du(z) =~ (C). (3.5.23)

We also obtain a corresponding result for Riesz summability.

Corollary 3.29. Let f(z) = Y o0, cpe™® in S'(R), where ), /" oo. Then, we

have f(xo) ==, distributionally, if and only if

D e =5y (R, {A}) . (3.5.24)

These ideas can be applied to study some types of multiple series. It is not our
scope to investigate problems in several variables in this chapter, but the next
theorem shows that some problems in summability of multiple series can be solved

using this theory. The next result is an example of that.

Theorem 3.30. Let f € S'(R) and p be a real-valued function defined on RY which

only takes non-negative values at points j € N%. Suppose that

f(x) = Z ;9 in S'(R).

jend
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Enumerate the image p(N?) by an increasing sequence {\,}-—,. Then, f(zo) =1,

distributionally, if and only if there exists an m € N such that

o0

Sl X g ) =5 (R AN m) (3.5.25)

n=0 \ p()=An

or equivalently,

A—00 -
p(J)<A

lim ) et (1 — @) =7. (3.5.26)

Proof. Tt follows immediately from Corollary 3.29, since

]

If in particular we take p(y) = |y|° (here y € R? and | -| is the standard
euclidean norm) in Theorem 3.30, we obtain that f(z¢) = =, distributionally, if

and only if the multiple series is Bochner-Riesz summable by spherical means [28].

3.6 Convergence of Fourier Series

We now analyze sufficient conditions under which the existence of the distributional
point value implies the convergence of the Fourier series at the point. Note that, in
particular, any result of this type gives a tauberian condition for Cesaro summa-
bility of series. The next theorem is our first result in this direction. We denote by

[, 1 < p < oo, the set of those sequences {c,} — _ such that > ° _ |c,|" < oc.

Theorem 3.31. Let f(x) = > 00 __c,e™ in S8'(R). Suppose that {c,} € I?,

n=—oo N

1<p<ooand

- 1
rvp= Y leal" =0 (Np_1> , N = o0. (3.6.1)
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Then, f(xq) =y, distributionally, implies

e.v. Z Cn€0 = 7y (3.6.2)
or which amounts to the same
lim Z €0 = (3.6.3)
—x<n<azx

for each a > 0.

Proof. If p = 1, it is trivial. Let us assume 1 < p < oo, and let us find ¢ so that

1 1
—+ - =1.1If f(x9) =, we have
b q

for each ¢ € S(R). Choose ¢ € D(R) such that 0 < ¢ < 1, and ¢(x) = 1 for
x € [—1,a]. Hence
Z cn€™0p(ne) = Z cne”“"%—z Cneiwonqﬁ(ns)%—z C_n€ " p(—ne)+o0(1),
n=—o0 ~L<nge g<n s<n
as € — 0T. Therefore,
limsup | Y c,e™ — | <limsup [ Y lea|[d(en)| + Y lenl[d(—en)|
e—0+ 7l<n§2 E—»OJ" E<TL l<n

But,

—
Q|-

doleallolen)l < 9D el 5 4> llen)” o

a a a
= <n = <n = <n

By (3.6.1), we can find M > 0 such that

Q=

S leal l6(en)| < Ma™1 {3 e Y [é(en)|?

a a
= <n = <n

Then,

1

imsup Jig 3 leol olen)] < b~ { [ lotpas )

a
= <n
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Similarly, 3M" > 0 such that

-1 o
. . _ < Mla s q
hmsngli%lJr g lc_n| |[p(—en)| < M'a {/ |p(z)] da:}

0o
len

£

Now, we are free to choose ¢ such that the right sides of the last two inequalities

are both less than /2. Therefore,

limsup lim E cpe" — | < o.
e—0+
—l<p<e

E— —E€

Since this can be done for each ¢ > 0, we conclude that

lim E cpe™ =1y,
Tr—00

—zr<n<lax

as required. O

As an example of the use of Theorem 3.31, let us obtain a classical tauberian

result of Hardy for Cesaro summability of series [85, p.121].

Corollary 3.32. Suppose that Y>> c, =7 (C). The tauberian condition nc, =

O(1) implies the convergence of the series to 7.

Proof. We associate to the sequence a Fourier series, f(z) = > 7 c,e™*. The
(C) summability to « implies f(0) = ~, distributionally. Now, Hardy’s tauberian
hypothesis obviously implies (3.6.1) for actually any p > 1, so Theorem 3.31 gives

the convergence. O

We can generalize Theorem 3.31 to other norms.

Theorem 3.33. Let f(x) =Y 2 _ c,e™ in S'(R). Suppose that

n=-—oo0 1

. 1
> el il =0 (55 ) (36,4

In|>N

for some r and p with 1 < p < oo. If f(x¢) =, distributionally, then

e.v. Z Cp€™0 =, (3.6.5)
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or which amounts to the same

lim Z Cpe™0 = (3.6.6)

—x<n<azx

for each a > 0.

Proof. Use the inequality

3
Q=

Y leallglen) < 4D lealn™™ > e(en)|”

a
= <n

and follow a similar argument as the one in the proof of Theorem 3.31. O

If we take 7 = (1/p) — 1 in the last theorem, we obtain the following Hardy and

Littlewood tauberian condition for (C) summability [88, p.140-141].

Corollary 3.34. If
d =7 (Ck), (3.6.7)
n=0

for some k € N, then the tauberian condition (p > 1)

[e.e]

Zn“l len]” < o0 (3.6.8)

n=0

implies that > " ¢, is convergent to 7.

Theorem 3.33 has an interesting generalization if we replace n” in (3.6.4) by a
regularly varying function of index r (Section 1.7).
Theorem 3.35. Let f(x) = Y o ce™ in S'(R). Let p be a regularly varying
function of index r. Suppose that

. ‘Cnlp
2 )P

— (p(n

1
=0 (Np(r+a)+p1

) , N — o0, (3.6.9)

for some p, 1 < p < oo, and o > 0. If f(xo) = 7, distributionally, then for any

fized € > 0,

N
, 1
chezxon:’y—FO(NUE) , N — 0. (3610)
n=0
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Proof. Pick ¢ € D(R) such that 0 < ¢ <1, ¢(z) =1 for x € [0, 1]. Then, we have

mg{; ol };{Z\d)( NG };

1 1
where ¢ is so that — + — = 1. Then, we can find M; > 0 such that

P q
ra (@)q} . (3.6.11)

Xl ()]l = s { Sl )

()

=

Set

L) = 2@

xr
then L is a slowly varying function; hence (Section 1.7), there exists a positive
number B such that for all x > B we have

L(x) = exp {u(x) + / ' @ dt} | (3.6.12)

B

where u is a bounded measurable function on [B, 00) such that u(z) — C (|C] <
o0), and w is a continuous function on [B,o0) such that w(z) — 0, x — oco. Let
Ms > 0 such that that |u(x)| < M,, V x > B. In addition, given € > 0 we can find
A > max {B, 1} such that |w(z)| < e, V 2 > A. Therefore, by (3.6.12), we have

that for x > A,

L(z) < exp {M2 + /A @ dt} at. (3.6.13)

B

Combining (3.6.11) and (3.6.13), we obtain that for A > A

o= GO

where Mz = M, exp (Mg + fB (t)/t) dt)

Q=

> lenl
A<n

M

limsup A ¢ Z len| |@

A—o0 n>\
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Now, since the right side of the last inequality holds for every ¢ € D(R) with

0<¢<1and ¢(x) =1 for x € [0,1], we conclude that

E Cnemon — 5

0<n<A

limsup A7™° =0,

A—00

and our result follows. O]

Observe, in particular, that the last theorem can be applied to functions such
as p(z) = 2" [Inz|*, which are regularly varying functions of index r.

Next, we would like to make some comments about the results we just discussed.
If {c,} €1 for1 < p <2 then f(z) = Y c,e™ belongs to L0, 2n], but the
converse is not true. Similarly, if f € LP[0,27], 1 < p < 2, then {¢,}, belongs to 1%,
but the converse is not necessarily true. Hence, the results for {c,} € ¥ with 1 <
p < 2 are about functions. However, for p > 2, these results are about distributions,
in general. For example, as follows from [256, Chapter V], if {c,} € I?\ [? for some
inw 3

p > 2 then for almost all choices of signs p,, = % the distribution Y °  p,c,e™ is

not locally integrable; or if {¢,} € [P\ [? is lacunary then Y 7 ¢,e™ is never a
regular distribution.

We conclude this section discussing a type of tauberian result in summability
of Fourier series of distributions, where the conclusion is not the convergence of
the series but the (C,m) summability for a specific m. As it has been mentioned
before, any result of this type gives a result in the theory of Cesaro summability
of series. Let us suppose that f is a periodic distribution of period 27, and f(z) =
S cpe™ . We want to find sufficient conditions under which the existence of

n=—0oo

f(zg), distributionally, implies that

lim > ™™ = f(zo) (C,m), (3.6.14)

T—00
—x<n<azx

for an specific positive integer m. A partial answer to this question is given in

Theorem 3.36.
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Theorem 3.36. Let f € S'(R) such that f(z) = Y00 c,e™®. Suppose that

n=—oo

f(xg) ==y, distributionally. If for a fized a

Y ™ =0(1) (C,m), (3.6.15)
—x<n<azx
then
lim Z cne™ =~ (C,m+1). (3.6.16)
—zr<n<azx

Proof. For x > 0, set

a (SL’) _ Z Cnein:po :

—x<n<azx

and put g,(z) = 0 for z < 0. Condition (3.6.15) means that there is an m-primitive

G of g,, such that supp G C [0, 00) and

In addition, since f(z¢) = 7y, we have that

G(\x) = 7)\:11.? +0(A™) as A — oo in D'(R),
i.e., for each ¢ € D(R)
o8] )\m oo
/0 GO)é(z) do = 'Ym—' /O 2é(z) dz + 0 (™) .

Pick ¢ € D(R) such that ¢(z) = 1 for € [—1, 1] and supp ¢ C [—1, 2]. Evaluating

G at ¢, we obtain

%/OA G(z)dx —1—%//\2/\ G(x)o <§> dx

I G e m
_(m—i—l)!+ - /1 z"P(x)dz + o (A™), X — oo,

which implies

‘%/jG(z)dx—'y‘
< o(1) +(m + 1)/12 2 (z) d + (mAm—t})!/jAW(x)W (%) da

:0(1)—|—{fy(m—|—1)+(m+1)!0(1)}/1 276 (2) dz, A — oo,
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. 2 .
since we can choose ¢ such that f1 x™¢(z) dz is as small as we want, we conclude

that

Aooo AL

n A
lim M/ Glz)dz =,
0
and the result follows. O

We obtain the following interesting corollary of Theorem 3.36, known as con-

vexity theorem [85, p.127].

Corollary 3.37. Let {c,}.—, be a sequence of complex numbers. Suppose that

Z cn =7 (C,m), (3.6.17)

for some m € N. If the m-Cesaro mean is bounded then

d =7 (Cm+1). (3.6.18)
n=0

3.7 Series with Gaps

In this section we apply the ideas of the last section to series with gaps. In particu-
lar, we shall find examples of continuous functions whose distributional derivatives

do not have distributional point values at any point.

Theorem 3.38. Let f(x) = > .- cne™, in S'(R). In addition, suppose that
{en )2y is lacunary, in the sense of Hadamard, i.e., ¢, = 0 except for a sequence
ng € N with ngy1 > any, for some a > 1. Then f(xo) =7, distributionally, if and
only if

cheimo =. (3.7.1)

n=0
In particular, ¢, = o(1), k — oo.

Proof. Let ¢ € D(R) such that 0 < ¢ < 1, ¢(z) = 1 for = € [0,1] and supp ¢ C

[—1,a]. Set b, = c,e™® for each n € N. We have that

M) = ank—i- Z bnkqb(%)—yzo(l), A— 00,

nE <A A<n<aA
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Note that given A > 0 there exists at most one k) such that A < k, < a\. Therefore
if A =n,,, we obtain

M(nm,) =o0(1), m — oo,

which is the same as
m

ank—fyzo(l), m — 00.
k=0

This completes the proof. O

Moreover, with a little modification of the last argument, we obtain the following

result.

Theorem 3.39. Let f(z) = Y o €™, in S'(R). Suppose that {c,},cq is

n=—oo N

lacunary in both directions; then, f(xq) =y, distributionally, if and only if

: inxrg __
lim E cpe =1,
T—00
—zr<n<azx

for each a > 0.

We obtain several interesting corollaries from the last two theorems. The second

part of the following corollary is a result of Kolmogorov [256].

Corollary 3.40. If f € L'(0,2n] and {c,},c, lacunary, then the Fourier series of
f converges to f(xo) at every point where f(xq) exists distributionally in the sense

of Lojasiewicz. In particular, it converges almost everywhere.

Proof. Indeed, the first part follows directly from Theorem 3.39, while the second
statement is true because f has distributional point values at every point of the

Lebesgue set of f. O]

Corollary 3.41. Let f(z) =Y 7 cne™, in S'(R). If {¢n},cq s lacunary, but

n=—oo N

cn # 0(1), then the distributional value f(xg) does not exist at any point x.
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The next corollary allows us to find examples of continuous functions whose

distributional derivatives do not have point values anywhere.

Corollary 3.42. Let {c,}, ., be a lacunary sequence such that ¢, # o(1) but
¢, = 0(1), |n| — oco. Then
Cn ing
g(x) = Z i (3.7.2)
is continuous but ¢'(x) does not have distributional point values at any point; in

particular, g is nowhere differentiable.

That ¢’ does not have distributionally point values at any point is stronger than
the fact that g is nowhere differentiable. For example, consider g(z) = zsinz™';
¢'(0) does not exist in the usual sense, but ¢’ has the value 0 at x = 0, distribution-
ally [128]. As we mentioned in Section 3.2, the existence of a point value in implies
the existence of a continuous n-primitive having an n-differential at the point in
the Denjoy sense [34, 128]; however, even if a distribution has distributional point
values everywhere (and hence a function can be associated pointwise to it) the dis-
tribution does not correspond to a classical function (at least as far as is known).
It is interesting to see how this problems of global existence of distributional point
values is related with alternative integrals like the Denjoy-Perron-Henstock inte-
gral [76]. For instance, it is clear that if g is a function such that ¢'(x¢) exists
(in the classical sense) for every xy € R, then ¢’ has distributional point values
at every point, however, the classical convention of declaring that a distribution
is a function if it corresponds to the distribution induced by a locally Lebesgue
integrable functions leads to the conclusion that ¢’ (as a distribution) is not a clas-
sical function, even though, ¢ is a function in a wide sense of the word! Therefore
the concept should be reinterpreted. On the other hand, if we use the convention

that a distribution is a function if it corresponds to the distribution induced by
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a Denjoy-Perron-Henstock integral, then ¢’ can be interpreted as the distribution
induced by this process of integration. Under the same circumstances, other inter-
esting questions can be asked, for example if it is known that ¢ is differentiable
for almost every point, is there any reasonable way to associate the distribution ¢’
to the function that assigns zo — ¢'(zo) which is an almost everywhere defined
function? Well, the answer to this question is unknown, since these conditions are
not sufficient to deduce the Denjoy-Perron-Henstock integrability of the function
¢'. In [215] (see also Chapter 7 below), we considered a global problem on the study
of distributions having distributional point values almost everywhere; furthermore,
the techniques employed there give some evidence of relation with Colombeau the-
ory of generalized functions. It seems that these kind of global problems in general
are extremely difficult and not too much is known about global properties of dis-
tributional point values. With this short discussion, the author’s intention is to
indicate some global problems in theory of distributional point values. We now
continue with our discussion of series with gaps.

A good illustration of Corollary 3.41 is obtained when we consider the two

Weierstrass functions

falz) = b7 cos(b"z) , (3.7.3)
and
ga(z) =Y b " sin(b"z) (3.7.4)

where b > 1 is an integer and « is a positive number less or equal to 1. Observe
that f, and g, are continuous. Weierstrass showed that for a small enough they
are nowhere differentiable. The extension to 0 < a < 1 was first proved by Hardy.
Using Corollary 3.41, we obtain a stronger result for it, namely, f/ and ¢/, do not

have distributional point values at any point.
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Sometimes, even if a distribution with a lacunary Fourier series does not have a
point value at a point, it is possible to obtain its local distributional behavior. For

example, we will find the behavior of

ho(z) =) " in S'(R), (3.7.5)
at x = 0, where a > 1.

Theorem 3.43. If h,, is given by (3.7.5), then

loge

ho(ex) = +0(1) ase— 0" in S'(R). (3.7.6)

_logoz

Proof. 1t will be enough if we show that

D> olea") = —11(?:2¢(0) +0(1), =07, (3.7.7)
n=0

for any fixed ¢ € S'(R); this is because if we replace ¢ by ¢ in the last relation,
we obtain the conclusion of Theorem 3.43. Fix a and set

F(z) = Z 1 =[logz/loga] =logz/loga+ O(1),

an<z

where [-] stands for the integral part. It follows that

log A\x

F(\x) = HMx—1)+0(1) as A — oo in §'(R) ,

log
where H is the Heaviside function. Differentiating the last relation, we obtain

1

xlog

/\i d(Ar—a") = HMx—1)+0(1) asA—ocoinS(R). (3.7.8)

Now, we take ¢ € S'(R) into (3.7.8),

i¢(o§>— L7900 h00), Ao

~ loga 1y

n=0
Replacing 1/X by ¢,

S otear = b [T gy L [0 —00,

x log x
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/1@0136—#0(1) — B 50) 4+ 0(1), = 0",

log log

Finally, if we replace ¢ by quS, we obtain

(ha(ez), d(z)) = logg/ é(z)dz +O(1), &— 0"

log a

for any ¢ € S'(R). O

Theorem 3.43 allows to find the radial behavior at z = 1 of the analytic function

on the unit disk given by

= i 2", (3.7.9)

n=0

when r — 1°.

Corollary 3.44. If G, is defined by (3.7.9), then

|log [log r||

Gol(r) = +0(1), r—1", (3.7.10)

log

where r 1s taken real.

Proof. From Theorem 3.43,

25 (x —ea™) = —112525(95) +0(1), e—0".

Define ¢(z) = e * for x > 0 and extend it to R in any smooth way so that

¢ € S'(R). Then,

N an 1
Ze‘m =— Og8+0(1), e— 0",
—~ log
Changing e~° by r, we obtain
llog |log || _
o ——— 1+ 0(1), 17,
golr) = BT o),y
as required. O
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3.8 Convergence of Fourier Integrals

We now extend the results of Sections 3.6 and 3.7 to Fourier integrals.

Theorem 3.45. Let f € S'(R). Assume that f € LP(R), 1 < p < oo, and

)
Tpax = /
[t|>x

Then, f(xo) =y, distributionally, if and only if

ap—1

f(t)‘pdtzO( ! ) T — 0. (3.8.1)

1 °
e, /_ et =, (3.82)

Proof. We only consider the case 1 < p < 00, since p = 1 is trivial. Assume that

f(xg) = =, distributionally. Fix a > 0. Taking Fourier transform in

f (3;0 + E) =v+4+o0(l) as A — oo, (3.8.3)
A
we obtain
) = 0 4 G) asA—ooinS(R).  (384)

Set g(x) = 7 f(x). Take ¢ € D(R), such that ¢(z) = 1 for z € [—1,a] and

1 1
0 < ¢ < 1. Take ¢ such that — + — = 1. Thus, we have
p g

/_A:g(t) dt — 2my = — /_O: g(t)¢ (é) dt — /:O g(t) G) dt +o(1),

as A — 0o. We show that

& t
lim g(t)o (—) dt =0, (3.8.5)
A—00 a\ )‘
and
)\h_{go i g(t)o (X) dt=0. (3.8.6)
We have
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Since { [*|#(t)|” dt}? can be made arbitrarily small, we conclude (3.8.5). Simi-

larly, (3.8.6) follows. O

Likewise, one can show.

Theorem 3.46. Let f € S'(R). Suppose that f is locally integrable and

J...

for some 1 <p < oo andr € R. Then, f(xg) =, distributionally, if and only if

f(t))pm_rpdt:O( ! ), T — 00.

xpr+p—1

1 °
%@v/;f@ammzy.

Theorem 3.47. Let f € S'(R) so that f is locally integrable with essential support

in [0,00). Let p be a reqularly varying function of index r. Suppose that

= || .
[ G =0 (o) - e

for somep, 1 <p < oo, r and o > 0. If f(xg) = 7, distributionally, and ¢ is any

positive number, then

x . 1
/ ft)e™tdt = 27y + o (x"—€> , T —00.
0

If we take r = (1/p) — 1 in Theorem 3.46, we obtain the next corollary.

A

Corollary 3.48. If f € S'(R), f is locally integrable, and

/wm“ﬂﬂwfﬁzou% (3.8.7)

—00

then, f(xo) =y, distributionally, if and only if
ie v /00 Flt)e™tdt = ~
Tl :

We conclude this section with a very simple result for integral with gaps, this

result generalizes Theorem 3.38.
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Theorem 3.49. Let f € S'(R). Let {\,},—, be a sequence of positive real numbers

such that
>\n+1 -0

n

>a>1,Yn>ng, (3.8.8)

for some a, ng and n > 0. Suppose that f = u, where p is a Radon measure

supported in a set of the form

o0

@)U [ D =M

n=N

where [a,b] is a compact interval in (0,00). If f(xo) =y, distributionally, then

IR
lim —/ et du(t) = 5.
0

n—oo A7

Proof. The proof is very easy; take ¢ € D(R) such that 0 < ¢ < 1, ¢(z) = 1 for

x € [0,1] and supp ¢ C [—1,a]. Thus, we have

i An ez‘xotd (t) + i /O{)\n ez’zot¢ i d (t) =+ 0(1)
27 J, a 2m Jy, An O =7 ’
as n — 0o, but f(£) = 0 on [\, a@\,]. O

3.9 Abel Summability

We now analyze Abel summability of the Fourier inversion formula in the presence
of distributional point values. Some of the results of this section were previously
obtained in [54] by studying the Poisson kernel. Our approach will be via the
Fourier transform.

Let us first state an interesting theorem, which we may be regarded as a decom-

position theorem for the quasiasymptotic behavior (3.4.3).

Theorem 3.50. Let g € S'(R). Then

g(\z) = 7@ +o (;) as A — oo in S'(R) (3.9.1)

if and only if there exist a decomposition g = g_ + g4, where supp g_ C (—o0, 0]

and supp g+ C [0,00), and an asymptotically homogeneous function ¢ of degree
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zero such that the following asymptotic relations hold

g+(Ax) = (% + c()\)) @ +o0 (%) as A — oo in S'(R) (3.9.2)
and
g-(A\x) = (% — c(A)) @ +0 <§> as A — oo in S'(R) . (3.9.3)

Proof. Theorem 3.16 implies the existence of an (m+ 1)-primitive of g, say G, such

that

m

Gla) = ysgn

L+ effa)

x m
oo +o(|z|™), |xr| — o0 (3.9.4)

Set G4 (z) = G(x)H (£x), where H is the Heaviside function. We have that (Corol-

lary 3.13),

c(Ax)H(z) = c¢(\)H(z) +0(1) as A — oo in S'(R) ,

which implies

A m
Gi(A\x) = (:I:l)mﬂ%()\x)l‘ + (il)mc()\)( x?i +0o(A™) as A — oo in S'(R) .
m! m!
If we set g = G(imﬂ), differentiating (m+1)-times the last two asymptotic expres-

sions we obtain (3.9.2) and (3.9.3). Conversely, setting h4 (x) = g+ (z)F(c(z)H (x))',
an application of the structural theorem for the quasiasymptotic behavior of degree

—1 with one-sided support to each hy implies that there exists m such that (3.9.4)

is satisfied, and hence (3.9.1) follows. O

Due to Corollary 3.19, Theorem 3.50 may also be stated in the following equiv-

alent form.

Theorem 3.51. Let g € D'(R) and ¢ € E(R). Then ev. (f(x),¢(x)) =~ (C) if

and only if there ezist a decomposition g = g_ + g, where supp g_ C (—o0, 0] and
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suppg+ C [0,00), and an asymptotically homogeneous function ¢ of degree zero

such that the following asymptotic relations hold

d(Ar)g, (\r) = (1 + c(A)) %@ (1) as A — oo in S'(R)  (3.9.5)

2 A A
and
d(A\x)g_(\x) = (% - c(/\)> @ +o0 (%) as A — oo in S'(R) . (3.9.6)

We can now obtain the next abelian result.

Proposition 3.52. Let g € D'(R) and ¢ € E(R). Suppose that e.v. (g(x), p(z)) =
v (C). Then, (g(z),d(x)) =~ (A). Moreover, Let g = g_+ g, be a decomposition

satisfying the support requirements of Theorem 3.51, then

lim ({9 (£), 6(H)) + (g, (1), B(£)™)) =7 . (3.9.7)

z—0
in any sector Im z > M |Re z|, with M > 0.

Proof. We may assume that ¢ = 1. We use (3.9.2) and (3.9.3). Write z = (1/X)(7+

i), so || < (1/M), hence, as A — oo,

<g_(t),ei2> + <g+(t),€iz> -\ (<g_()\t),e(”+1)t> + <g+(t)’e(i7'—1)t>)
= (3 =) + (3 +e) +o()

=7 +o(l),

with uniform convergence since {e D' H(t is compact in S0, 00). O

)}M|t\§1
So, we obtain the Fourier inversion formula in the Abel sense.

Corollary 3.53. Let g € S'(R). Suppose f(xo) = vy, distributionally. Then the

Fourier inversion formula holds in the Abel sense, i.e.,
1 A )
(F),emy =4 (A) . (3.9.8)

27
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Moreover, let f = f_ + f., with supp f_ C (—00,0] and supp fiC [0,00), then

lim 1 <<f_(t),ei5> + <f+(t), eiz>) =, (3.9.9)

z—z0 2T
in any sector Im z > M |Re z — xo|, with M > 0.
In the case of Fourier series, we obtain a result from [237].

Corollary 3.54. Let f € S'(R) be a 2m-periodic distribution having Fourier series
f(z) = Z cne™ . (3.9.10)
Suppose f(xo) = vy, distributionally. Then

lim <c0 +)  (cne ™ cneW)> =7, (3.9.11)

Z—x0
n=1

in any sector Im z > M |Re z — x|, with M > 0. In particular, if a, = c_, + ¢,
and b, = i(¢, — c_,), we obtain that

% + ; (a, cosnzg + by sinnzg) =~ (A) . (3.9.12)
Proof. Relation (3.9.11) follows directly form Corollary 3.53. If we set z = x¢ + iy

in (3.9.11), we obtain

lim (% + ; (ay cosnzy + b, sin nxg) e—ny) =5

y—0+

which gives (3.9.12) O

Let now f € D'(R) have f(zq) = 7, distributionally. We cannot longer talk about
Abel summability of the Fourier inversion formula, since the Fourier transform is
not available in D'(R). Nevertheless, there is a substitute of Abel summability, if
we interpreted it as the boundary limit at © = x of a harmonic representation

(Section 1.6).

109



Theorem 3.55. Let f € D'(R). Suppose that U is a harmonic representation of

f in the upper half-plane Sm z > 0. If f(xg) =y, distributionally, then

lim U(z) = v, (3.9.13)

z—xg

in any sector Im z > M |Re z — xo|, with M > 0.

Proof. We first see that we may assume f € S’(R). Indeed we can decompose
f = fi + fo where f5 is zero in a neighborhood of xy and f; € S'(R). Let U
and U, be harmonic representations of f; and fs, respectively; then U, represents
the zero distribution in a neighborhood of xy. Then by applying the reflection
principle to the real and imaginary parts of Us ([11, Section 4.5], [206, Section
3.4]), we have that U admits a harmonic extension to a (complex) neighborhood
of zp, and so it is real analytic, therefore, U(z) — Uy(z) = Us(2) = O (|z — z¢))
as z — . Additionally, fi(xq) = 7, distributionally, thus, we can assume that
f = fi. The same argument with the reflection principle shows that (3.9.13) is
independent of the choice of U. Therefore, we can assume that U is the Fourier-
Laplace representation [24] of f, that is, let f= f+ + f_ be a decomposition such

that supp f- C (—o0,0] and supp f; C [0,00), we can assume that

U(z) = — (<f_(t),ei2> n <f+(t), e>> . Smz>0.

" or

But in this case, Corollary 3.53 yields (3.9.13) O
Naturally, the converse of Theorem 3.55 is not true.

3.10 Symmetric Point Values
This section is devoted to the study of symmetric point values of distributions.
They are studied by means of the symmetric part of a distribution about at given

point x = xg, that is, the distribution

Xt (2) = f(x + 20) ;r f(zo = @) (3.10.1)
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Notice that y/ , 1s an even distribution.

Definition 3.56. Let f € D'(R) and xy € R. We say that f has a (distributional)
symmetric point value v at x = xq if its symmetric part about xo has a distributional
point value at x = 0, that s, Xgo(O) = 7y, distributionally. In this case we write

fsym(x0) = 7, distributionally.

Of course, the existence of the symmetric value at xq is equivalent to the quasi-
asymptotic behavior

flzo +ex) + f(xo — ex)

5 =v+4+0(1) ase— 0" inD'(R), (3.10.2)

x5, (ex) =

in other words,

tim <f<x>,¢ ( ‘) 6 (‘ )> — [ o, (03)

for each ¢ € D(R).

Observe that if x/ € S'(R), then (3.10.2) actually holds in the space S'(R).

If f(xzg) = , distributionally, then, obviously, fsm(xo) = 7, distributionally.
However, the existence of a symmetric point value is weaker than the existence
of a distributional point value. For example d_ . (0) = 0, distributionally, but the
usual distributional point value of ¢’ does not exist at x = 0.

We may use Lojasiewicz characterization of distributional point values (3.2.5)

to characterize symmetric point values.

Theorem 3.57. Let f € D'(R) and zo € R. We have that fsm(xo) = 7, distri-
butionally, if and only if there exists n € N and an n-primitive F' of f such that
F(zo + x) + (=1)"F(xo — x) is locally integrable in a neighborhood of the origin

and

n

F(xg+h)+ (=1)"F(xo — h) = 27% +o(h™), h—0. (3.10.4)
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Example 3.58. (Symmetric Lebesgque points) Let f € LL _(R). We say that f has

loc

a symmetric Lebesque point value at x = xq if

1"
hli%hﬁ/o |f(x+x0) + flxog—2) — 279,,|dz =0,

for some constant v,,. Observe that at a Lebesque point, we have that fsym(zo) =
Vo, distributionally. Hence, distributional symmetric point values include symmet-
ric Lebesgque points, which is usually the notion of symmetric point value used by

analysts for LP-functions.

Using Theorem 3.57, we can also describe distributional symmetric point values
in terms of de la Vallée Poussin derivatives ([210],[256, Chapter XI]). Given a

distribution f define its jump distribution at x = xq by

Wl (@) = fzo+ ) — flao— ) . (3.10.5)

So that, (1/2)¢£0 is the antisymmetric part of f about x = xy. Then in the case
that n is even in Theorem 3.57, we obtain that xZ (h) = vh"/n!+o(h™); but on the
other hand when n is odd ¥f (h) = 2yh™/n! + o(h™). Let now Fy be an arbitrary
n-primitive of f, then we obtain that F} is de la Vallée Poussin n-differentiable at

T = xg, that is, either
XoH(h) = ag + ash® + -+ + yh"/nl + o(h™), ash — 0,
for some constants ag, as ..., when n is even, or
%¢£(h) =bih +bsh® + - +~yh"/n! +o(h™), ash—0,

for some constants by, b3 ..., when n is odd.

3.11 Solution to the Hardy-Littlewood (C)
Summability Problem for Distributions
As an application of Theorem 3.21, we now formulate and solve the so called Hardy-

Littlewood (C) summability problem in the context of tempered distributions.
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This classical problem aims to characterize trigonometric series, in cosines-sines

form, which are (C) summable to some value at a point = xg, that is,
ap - .
— an cosnxg + b, sinnxy) = C,m),
5 T+ ;( 0o+ 0) =7 ( )

for some v and m € N. One also imposes the restrictions a, = O(n*) and b, =
O(n*), for some k; thus, the trigonometric series represents a tempered distribution!
The problem for trigonometric series was first formulated by Hardy and Littlewood
in [89]; a complete treatment with historical remarks is found in [256, Chap.XI];
see also [61, pp.357-361] for a quick distributional solution.

In order to formulate the problem for tempered distributions, we need the fol-

lowing summability notion for distributional evaluations.

Definition 3.59. Let g € D'(R), ¢ € E(R), and m € N. We say that the principal
value evaluation p.v.(g(x), ¢(x)) exists and is equal to v in the Cesaro sense of

order m, and write
p.v.{g(z),¢(x)) =7 (C,m), (3.11.1)

if some first order primitive G of ¢g, i.e., G' = ¢g, satisfies

lim (G(z) — G(—xz)) =~ (C,m) . (3.11.2)

Note that e.v. (g(z),#(x)) =~ (C,m) implies p.v. (g(x), ¢(x)) =~ (C,m), as
the reader can easily verify. On the other hand the converse is not true; take for
example p.v. (x,1) =0 (C,0), but clearly the evaluation e.v. (x,1) (C) does not
exist.

When g = i is a Radon measure, we write

pv. [ d)duta) =1 (Com). (3113)
for (3.11.1). Observe that (3.11.3) explicitly means that
lim [ o) (1 _ |i|) du(t) =~ . (3.11.4)
T—00 ). X
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Ifpu=5%" _¢d0(- —n)and ¢ =1, then we write (3.11.3) as

p.v. Z =2 (C,m), (3.11.5)

n=—oo

which is equivalent to have

CO+Z(Cn+c_n) =~ (C,m). (3.11.6)

Example 3.60. Consider the trigonometric series > oo ___ c,e™® then

n=-—oo N

p.v. Z cpe™ =~ (C,m)

n=—0oo

iof and only iof
% + nz:l(an cosnxg + b, sinnzg) =~ (C,m) ,

with a, = ¢, + ¢y and b, =i(c, —c_p).

We can now formulate our problem: we want to characterize tempered distribu-

tions f such that

1

Spv (f@).e™) =1 (). (3.11.7)

We study some properties of the principal value evaluations in the (C) sense.
They admit a quasiasymptotic characterization, but unlike e.v. Cesaro evaluations,
the existence of p.v. (g(x), ¢(z)) =y (C) does not imply that ¢pg € S'(R). We first

need the following lemmas.

Lemma 3.61. Let g € D'(R) be an even distribution. There exists h € D'(R) such

that supp h C [0,00) and g(z) = h(x) + h(—2x).

Proof. Decompose g = g_ + g, where suppg_ C (—o0,0] and supp g, C [0,00).
The parity of g implies that g, (z) — g_(—z) is concentrated at the origin, and so

there exist constants such that

9-(2) = go(~2) + 3" ad9(a) (3.11.8)
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Since, g(r) — g+ (=) — g4 (x) = X7, a;6U)(x) is even, it follows that a; = 0
whenever j is odd. So, n = 2k, and hence h = g, + (1/2) Z?:o a2;0%) satisfies the

requirements. ]

Lemma 3.62. Let g € S'(R) be an even distribution. Then

g(\z) = ’y@ +o (%) as A — oo in S'(R) (3.11.9)

if and only if any h € S'(R) such that supp h C [0,00), and g(x) = h(z) + h(—x),

satisfies

h(Ax) = %(;) +o (%) as A — oo in S'(R) . (3.11.10)

Proof. The converse is clear. On the other hand take h as in Lemma 3.61. Propo-
sition 3.16 implies the existence of m such that

,Ymefl ‘,L,mel

R (z) = m + c(l‘)m +o(z?™ )
and
h(—2m)<x) _ 2(’;2—m_1)' — c(|x|)% + 0<x2m71> s

x — 00, but comparison between the last two expressions gives that ¢(z) = o(1),

and hence
2m—1

_om Y
h(=2 )(x):—2(2m—1)" T — 00,

which implies (3.11.10). O

Proposition 3.63. Let g € D'(R) and ¢ € E(R). Then,

p-v-{9(z),¢(x)) =7 (C) (3.11.11)

if and only iof

d(—Ax)g(—Ax)+P(Ax)g(Ax) = QV@ +o (%) as A — oo in S'(R) . (3.11.12)
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if and only if for any decomposition g = g_ + g+, where suppg_ C (—o0,0] and
supp g+ C [0, 00),

d(—=Az)g_(—Ax)+o(A\x) g4 (A\z) = 7@—1—0 (%) as A — oo inS'(R) . (3.11.13)

In particular, we obtain that ¢(—z)g(—x) + ¢(x)g(z) € S'(R).

Proof. Assume that ¢ = 1. We have that g(—x)+g(z) is an even distribution, then,
by Lemma 3.61, we can find h with supp h C [0, 00) such that g(—z)+g(x) = h(z)+
h(—z). It is easy to see that (3.11.11) is equivalent to lim, .., A" (z) = v (Q)
which holds if and only if (3.11.10), and by Lemma 3.62, it is equivalent to (3.11.12).

The equivalence with (3.11.13) follows by taking h(z) = g_(—x) + g+ (). O

The right notion to characterize (3.11.7) is that of distributional symmetric point
values from Section 3.10. We have already set the ground to solve our problem.
The following theorem is the solution to the Hardy-Littlewood (C)-problem for

tempered distributions.

Theorem 3.64. Let f € S'(R). Then

1 ~ )
~pv. < f(m),e”““”> =y (C) (3.11.14)
2w
if and only if fsym(z0) =, distributionally.
Proof. By definition fyym(zo) = 7, distributionally, if and only if,

flzo—ex)+ f(ro+ex)=v+o0(l) ase— 0" inS'(R),
which, by taking Fourier transform, is equivalent to

e~A0T F(\g) + 70T f(\g) = 2%7@ +o <§> as A — oo in 8'(R) ,

and, by Proposition 3.63, the latter is equivalent to (3.11.14). H
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We immediately obtain, by Theorem 3.64 and Example 3.60, the following result
of Hardy and Littlewood. Naturally, the language in the original statement differs
from ours, at that time distribution theory and quasiasymptotics did not even

exist!

Corollary 3.65. Let f € S'(R) be a 27 periodic distribution having Fourier series,

in cosines-sines form,

%4‘;(% cosnz + b, sinnz) . (3.11.15)
Then,
% + ;(an cosnzg + by sinnzg) =  (C) (3.11.16)

if and only if feym(x0) =7, distributionally.
We end this section by showing three abelian results.

Theorem 3.66. Let g € D'(R) and ¢ € E(R). If

p-v- (g(x), d(x)) =7 (C), (3.11.17)

then,

(9(x),0(x)) =~ (A). (3.11.18)

Proof. Take g_ and g, as in Proposition 3.63, then, by (3.10.2), as A — oo,
((¢(@)g-(2), ex) + (p(x)g1(x),e73)) = A(d(=Ax)g_(—=Az) + p(Az)g (A\x), e ")
= <5(x), e_x> +0o(1)
=v+o(1) .

For symmetric point values, we get a radial version of Theorem 3.55.
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Theorem 3.67. Let f € D'(R). Let U be a harmonic representation of f on the

upper half-plane Im z > 0. If foym(zo), then

lim U(xy +iy) = 7. (3.11.19)

y—07F

Proof. As in the proof of Theorem 3.55, we may assume that f is a tempered
distribution. If f = f, 4+ f_ is a decomposition such that supp f- C (—o0,0] and

supp f4 C [0,00), we can assume that

U(z) = - (<f_(t),ei2> n <f+(t), e>> . Smz>0.

2T

But in this case, Theorem 3.66 yields (3.11.19). O

The next corollary extends a result of Walter from [237].

Corollary 3.68. Let f € S'(R) be a 27 periodic distribution having Fourier series,

in cosines-sines form,
a o)
50 + 221 (@, cosnz + b, sinnx) . (3.11.20)

If fsym(z0) = 7y, distributionally, then,

% + ;(an cosnxy + by sinnzg) =75 (A). (3.11.21)
Proof. Notice that
a0+1i . eizn_i_li(a —|—Zb)€
2 n=1 2 n=1 ' !

is a harmonic representation of f, so by Theorem 3.67,

lim U(xg + iy) = lim —+ G, COSNT + b, sinnxgle ™ =~ .
y—0+ ( 0 y y—oo 2 g 0 0) v

Of course, we could have also used Corollary 3.65 to conclude (3.11.21), since (C)

summability implies (A) summability. O
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Chapter 4

Tauberian Theorems for Distributional
Point Values

4.1 Introduction

The study of abelian and tauberian results for integral transforms of distributions
has attracted the attention of several authors, and has produced several important
generalizations of classical results [139, 149, 157, 159, 231]. These type of results
have historically stimulated important developments in the theory. Also, the study
of distributions as boundary values of analytic functions has shown to be quite
important in the understanding of generalized functions [11, 24, 230, 231].

The aim of this chapter is to present a tauberian theorem for distributional
point values. The following abelian result is well known, it was originally due to
Constantinescu [31]:

Suppose that f € D' (R) is the boundary value of a function F, analytic in the
upper half-plane, that is f(x) = F (x+10); if f(xo) = v distributionally, then
F(zo+1iy) — v asy— 0.

Notice that the above result is a particular case of Theorem 3.55, which we
already remarked that can be viewed as Abel summability for non-tempered dis-
tributions. On the other hand [52], as pointed out in Section 3.9, the converse
result is false.

In Theorem 4.7 we give a tauberian condition under which the converse of the
abelian result holds, namely, we prove that the distribution has to be distribu-
tionally bounded at the point. The notions of distributional point values and dis-
tributional boundedness are reviewed in Section 4.2, we will use the approach
introduced by J. Campos Ferreira [26] . We also show that when the distribution

f is a bounded function near the point, then the distributional point value is of
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order 1. Furthermore, we give a general tauberian result of this kind for analytic
functions that have distributional limits on a contour.

In Section 4.4, we apply our tauberian theorem to obtain a simple proof of a
celebrated tauberian theorem of Hardy and Littlewood [5, 87, 88, 127].

Our results from Section 4.3 are used to give a tauberian theorem for the exis-
tence of distributional point values in terms of the Fourier transform, this is done
in Section 4.5. It is remarkable that such result is more than a tauberian one, it is
a characterization of distributional point values of tempered distributions whose
Fourier transform is supported on [0, 00); the tauberian characterization, Theo-
rem 4.5.4, is in terms of Abel summability of the Fourier inversion formula plus a
Littlewood-type O(1/)\) tauberian condition.

We study in Section 4.6 other related tauberian results related to boundary
values of analytic functions and distributional point values.

The author would like to remark that some of the results of the chapter have

been already published in [217].

4.2 Distributional Boundedness at a Point
Let us define distributional boundedness at a point. It was introduced by Z.
Zielezny in [254].
Definition 4.1. Let f € D'(R). We say that f is distributionally bounded at
xr = xg if it is quasiasymptotically bounded with respect to the constant function,
that is,
flzg+ex)=0(1) ase— 0" in D' (R) . (4.2.1)

Observe the Definition 4.1 is meaningful if f is just defined in a neighborhood

of x = xg, since the quasiasymptotics are local properties. Because of the results

of [54], if f is tempered, then (4.2.1) holds actually in the space S'(R); this fact

actually holds for general quasiasymptotic boundedness (see Chapter 10).
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We shall introduce the equivalent approach of J. Campos Ferreira to distribu-
tional point values and distributional boundedness [26]. It is in somehow connected
with the structure of these two quasiasymptotic concepts. Let us introduce the op-
erator u, which is defined on complex valued locally integrable functions defined

in R as
1

Tr—a

pa{f (1) 52} =

/xf(t) dt, z+#a, (4.2.2)

while the operator 9, is the inverse of u,,

0a(9) = ((x—a)g (=), (4.2.3)

and it is defined on distributions. Suppose first that fo = f is real. Then if it is

bounded near x = a, we can define

fo(a) =limsup f (z) ,  fo(a) =liminf f(z) . (4.2.4)

T—a T—a

Then f; = po (f) will be likewise bounded near z = a and actually

fo(a) < fi(a) < fi(a) < fo(a) (4.2.5)

and, in particular, if f (a) = fj (a) exists, then f; (a) also exists and f; (a) = fo (a) .
The next lemma is not difficult to show, we leave the verification as an exercise to

the reader (see also [26]).

Lemma 4.2. A distribution f € D' (R) is distributionally bounded at x = zy if
and only if there exist n € N and f, € D' (R), bounded in a pointed neighborhood

(w0 — €,m0) U (z0, 70 +€) of zo, such that f = I} fn.

If fy is distributionally bounded at x = x(, then there exists a unique distribu-
tionally bounded distribution near x = xy, fi, with fy = 0., f1. Therefore, 9,, and
1z, are isomorphisms of the space of distributionally bounded distributions near
x = x¢. Given fy we can form a sequence of distributionally bounded distributions

{fu}>2_ with f,, = Oy, fny1 for each n € Z.
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We have an analogous result for distributional point values, again, we leave the

proof of the following lemma as an exercise for the reader (see also [26]).

Lemma 4.3. A distribution f € D’ (R) satisfies f(xo) = 7y, distributionally, if and
only if there exist n € N and f, € D' (R), continuous near x, such that f = 0, fn

and fn(zo) = . We say that the point value is of order n.

Observe also that if f = 9] f, and f, is bounded near & = x¢, then f (x¢) exists

distributionally, and equals v, if and only if f, (z¢) = 7, distributionally.

Example 4.4. The functions z“¢'/*, where o € R, have reqularizations f. €
D' (R) that are distributionally bounded near x = 0, and, in fact, f,(0) = 0,
distributionally. Observe that if o < 0 then f, is unbounded near x = 0 in the
ordinary sense. Similarly, the functions zeei/lel” haye regularizations go.g € D' (R)
with g, 5 (0) = 0, distributionally, but if &« <0 and § > 0 is small, the order of the

point value can be very large.

Example 4.5. The function f (z) = ‘:L"Z is bounded in the ordinary sense, and thus
it defines a unique reqular distribution which is distributionally bounded at x = x.

It easy to see that f(0) does not exist distributionally. In general the evaluation

(f (ex), ¢ (x)) does not tend to a limit ase — 0 if $ € D(R).

These notions have straightforward extensions to distributions defined in smooth

contours of the complex plane.

4.3 Tauberian Theorem for Distributional Point
Values

We start with a tauberian result for bounded analytic functions.

Theorem 4.6. Let F' be analytic and bounded in a rectangular region of the form

(a,b) x (0, R). Suppose f(x) =lim, o+ F' (z + iy) in the space D' (a,b). Let x €
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(a,b) such that

lim F (zg+iy) =7. (4.3.1)
y—0t
Then
f(xo) =7, distributionally. (4.3.2)

In fact, (4.83.2) is a point value of the first order, and thus

1
lim
T—x0 LT — xo

/x f(t)dt=~. (4.3.3)

Proof. We shall first show that it is enough to prove the result if the rectangular
region is the upper half-plane H = {z € C : Sm z > 0} . Indeed, let C be a smooth
simple closed curve contained in (a, b) x [0, R) such that CN(a, b) = [zo — 1, 0 + 7],
and which is symmetric with respect to the line Re z = xy. Let ¢ be a conformal
bijection from H to the region enclosed by C such that the image of the line
Rez = x( is contained in Rez = xg, so that, in particular, ¢ (z¢) = z¢. Then
(4.3.1) holds if and only if Foy (g +iy) — v asy — 07, while (4.3.2) and (4.3.3)
hold if and only if the corresponding equations hold for a distribution given locally
as f o near x = x.

Therefore we shall assume that a = —o0, and b = R = oco. In this case, f belongs
to H, the closed subspace of L> (R) consisting of the boundary values of bounded
analytic functions on H ([113]); moreover, one easily verifies that H> is a weak*
closed subspace of L>, this fact will be used below. Let f. (z) = f (z¢ + x) . Then
the set {f.:e # 0} is weak* bounded (as a subset of the dual space (L' (R)) =
L> (R)) and, consequently, a relatively weak® compact set. Suppose that {e,} ~,
is a sequence of non-zero numbers with ¢, — 0 such that the sequence {f.,} =,
is weak® convergent to g € L (R). It will be shown that g = 7. Since g € H™,
we can write it as g (z) = G (x +i0) where G is a bounded analytic function in

H, then the weak* convergence of f. to g implies that F' (xq + €,2) converges to
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G (z) uniformly on compacts of H, and thus G (iy) = v for all y > 0. It follows
that G = ~, and so g = . Since any sequence {f.,} ~, with ¢, — 0 has a weak*
convergent subsequence, and since that subsequence converges to the constant
function v, we conclude that f. — v in the weak™ topology of L> (R).

That f (x) = 7, distributionally, is now clear, because D (R) C L' (R).

On the other hand, (4.3.3) follows by taking = zq + ¢ and ¢ (t) = X1 (t),
the characteristic function of the unit interval, in the limit lim. .o (f: (¢), ¢ (¢)) =

v [ ¢ (t) dt, which in view of the previous argument holds now for ¢ € L'(R). [

We can now prove our tauberian theorem.

Theorem 4.7. Let F' be analytic in a rectangular region of the form (a,b) x (0, R) .
Suppose f(x) = lim,_o+ F (x +iy) in the space D' (a,b). Let xy € (a,b) such that
lim, o+ F' (2o + ty) = 7. If f is distributionally bounded at x = x then f (zo) = 7,

distributionally.

Proof. There exists n € N and a function f,, bounded in a neighborhood of x( such
that f = 9y fn; notice that f (xo) = v, distributionally, if and only if f, (z0) = 7,
distributionally. But f, (x) = F,, (x 4 i0), as distributional boundary value, where
F,, is analytic in (a,b) x (0, R); here F), is the only angularly bounded solution
of F'(z) = 0} F,(z) (derivatives with respect to z). Since f, is bounded near
x = xg, F, is also bounded in a rectangular region of the form (ay,b;) x (0, Ry),
where zy € (a1,b). Clearly lim,_,o+ F,, (2o + iy) = 7, so the Theorem 4.6 yields

fn (xo) = ~, distributionally, as required. O

Observe that in general the result (4.3.3) does not follow if f is not bounded but
just distributionally bounded near x.
The condition (4.3.1) may seem weaker than the angular convergence of F'(z)

to v as z — xo, however, if F' is angularly bounded, which is the case if f is
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distributionally bounded at x = x(, then angular convergence and radial con-
vergence are equivalent. In fact [32, Thm. 13.5.4] both conditions are equivalent
to the existence of an arc k : [0,1] — (a,b) x [0, R) such that x([0,1)) C
{z€eC:Qmz>m|Rez— x|} for some m > 0 and such that x (1) = zg, for

which

lim F(k(t) =". (4.3.4)

t—1—

Therefore, we may use a conformal map to obtain the following general form of

the Theorem 4.7.

Theorem 4.8. Let C be a smooth part of the boundary 0 of a region €2 of the
complex plane. Let F' be analytic in 2, and suppose that f € D' (C) is the dis-
tributional boundary limit of F. Let & € C and suppose that k is an arc in €
that ends at & and that approaches C angularly. If lim; - F (k (t)) =~ and f is

distributionally bounded at & = &y, then f (&) = vy, distributionally.

4.4 Application: Proof of a Hardy-Littlewood
Tauberian Theorem

In this last section, we discuss an application of Theorem 4.7. Our application is
a new proof of a famous tauberian theorem of Hardy and Littlewood. In fact, the
version we prove here was conjectured by Littlewood in 1913 [127], but it was first
proved by Ananda Rau in 1928 [5].

We begin with a lemma whose proof can be tracked down to the proof of the

original first Tauber’s theorem ([85, p.149], [204]).

Lemma 4.9. Let {b,} ~, be a sequence of complex numbers. Suppose that {\,} ~,
s an increasing sequence of positive real numbers such that \,, — oo as n — oo. If
A — Ane
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then,

Z bpe Y — Z b, =0(1), as y— 0" (4.4.2)
n=0

An<§

Proof. Choose M such that |b,| < M 1 (N, — \,_1), for every n. Then,

ibne_)‘"y — Z b,| < Z by (1 —e_’\"y) - Z |by| =Y
n=0

An<y An<y 5

SMy > A=) + My Y (A= Apoy) e
An<y §SAn

o0

:O(1)+My/ e ¥dt=0(1), y—0",

as required. O

Recall that a series > > ¢, is (A, \,) summable to v if > °7 c,e™™¥ — v
as y — 07, this was defined in Section 3.3.1 (see also [85]). When \, = n we
obtain the notion of Abel summability, and the tauberian condition (4.4.1) becomes
Littlewood’s tauberian hypothesis [127, 85], that is, nc, = O(1). Then we have the

ensuing Hardy-Littlewood tauberian theorem.

Theorem 4.10. Suppose that {\,} ~, is an increasing sequence of non-negative

real numbers such that A\, — oo, as n — oo. If

d =7 (AN, (4.4.3)
n=0
and ¢, = O (MY (A — Anz1)), then Y07 (¢ = 7.

Proof. The plan of the proof is to associate to the series the tempered distribution
flz) = Y07 cne® and show that f(0) = =, distributionally, based on this
conclusion, we will deduce the convergence of the series. Let us first verify that
f defines a tempered distribution; indeed from Lemma 4.9 and the assumption
(4.4.3), we have that G(z) = >, _, ¢, is a bounded function, hence f is the

Fourier transform of its derivative g(z) = G'(z) =Y~ c.d(z — Ay).
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Now, note that F(z) = Y >7  c,en*, for Sm z > 0, is an analytic representation
of f and by hypothesis F(iy) — v as y — 07. We show that f(ex) = O(1) ase — 0
in S'(R). Take ¢ € S(R). Set ) = ¢. Then (f(cx), d(x)) = (1/) (g (x /), 1(z)) |
so to show that f(ez) = O(1) in §'(R) is equivalent to show that Ag(Az) = O (1)
as A — oo in §'(R). But from the Lemma 4.9 once again it follows that G(x) =
> n, <z & = O(1), hence, by Proposition 1.9, G(Az) = O(1) in §'(R), and therefore
by differentiating G(Ax) with respect to x, we obtain that Ag(Az) is bounded in
S'(R). Therefore, by Theorem 4.7

flex) =~v+0(1), inS(R). (4.4.4)
As it is easily seen, condition (4.4.4) is equivalent to

lim Z cnp(eX,) =7, foreach ¢ € S(R). (4.4.5)
=0

e—0t
n

To conclude the proof, we take in (4.4.5) suitable test functions. Let ¢ > 0 and
let us choose the test function ¢ € D(R) such that 0 < ¢ < 1, ¢(z) = 1 for
x € [0,1], supp¢ C [—1,2], ¢ is decreasing on the interval (1,2), and such that

f12 ¢(z) dx < o where M. Then

lim sup f:c -y < (hmsup Z A= Anot o (ﬁ)) O(1)
N=eo 20 T\ Ny Sday W AN
2
< (/ gb(a:)dx) 0O(1) <0o0(1).
1
Since ¢ was arbitrary, we conclude that Y7 ¢, = 7. ]

4.5 A Fourier Transform Tauberian Condition
Theorem 4.7 may also be used to obtain Littlewood type tauberian results for dis-

tributions. The first corollary is also contained in the general theory of Vladimirov,

Drozhzhinov, and Zavialov [231]
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Corollary 4.11. Let g be a tempered distribution supported on [0,00). Suppose

that

lim (g(z),e %) = 1. (4.5.1)

y—0t

Then, the tauberian condition

g(ha) =0 G) as A — 0o in D'(R) (4.5.2)

implies that g has the quasiasymptotic behavior

g(\r) = vﬁf) +o0 (%) as A — oo in §'(R) . (4.5.3)

Proof. Let f be such that f = g. Then (4.5.1) translates into F(iy) — yasy — 07,
where F(z) = (g(t),e”") (hence f(x) = F(x + i0)) and (4.5.2) corresponds to the
statement f distributionally bounded at x = 0, by Theorem 4.7, we have that

f(0) = ~, distributionally. Thus, Fourier inverse transform yields (4.5.3). ]

Corollary 4.12. Let g be a tempered distribution supported on [0,00) and ¢ €

E(R). Suppose that (g(z), d(z)) =~ (A). Then, the tauberian condition

6(\)g(Az) = O G) 45 A — o0 in D'(R)

implies that (g(z),p(z)) =~ (C).
Proof. Corollary 4.11 gives that
d(A\x)g(A\x) = 7%‘%) +o0 (%) as A — oo in §'(R) ,

which by Proposition 3.9 implies that (g(z),¢(z)) =~ (C). O

So, we obtain our Littlewood-type tauberian characterization for distributional

point values in terms of the Fourier transform.
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Theorem 4.13. Let f € S'(R) such that supp f C [0,00). The following two

conditions
1 " )
_ 1rox —
o (f@)nemr) =y (@A) (4.5.4)
and
. A 1
T f(\z) = O <X> as A — oo in D'(R) (4.5.5)
are necessary and sufficient for
f(zo) =7, distributionally . (4.5.6)

Proof. The necessity of (4.5.4) and (4.5.5) is clear, while the sufficiency follows

from Theorem 3.27 and Corollary 4.12. O]

4.6 Other Tauberian Results

Lojasiewicz introduced the definition of lateral limits of distributions at a point in

[128]. Here, we present an alternative definition following the ideas of Section 4.2.

Definition 4.14. A distribution f € D' (R) is said to have a distributional right
lateral limit at xo if there exist n € N and f, € D' (R\ zo), locally bounded in
an interval (zo, o +¢€), such that f = O3 fn in D' (R\ zo) and lim,_, .+ fu(z) =

fo(zd) = ~v4. In such a case we write f(xg) =, distributionally.

Left lateral limits are defined in a similar fashion. We use the notation f(x,) =
v_, distributionally. We say that the distributional limit of f exists at x = x,
distributionally, if both f(zF) = . exist and v, = v_ := «, in such a case
we call v the limit of the distribution at x = x,. Naturally, the existence of the
distributional point value at z, implies the existence of the distributional limit
at x = zg, but the converse is not true; for example §(0F) = 0, distributionally,
however, §(0) does not exist.

The following abelian type result was shown in [55]:
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Suppose that f € D' (R) is the boundary value of a function F analytic in
the upper half-plane, that is f () = F (x 4 10) ; if the distributional lateral limits
f (xoi) = v1 both exist, then v, = v_ =, and so the distributional limit of f at
xr =z exists and equals .

On the other hand, the results of [52], imply that there are distributions f (x) =
F (z +40) for which one distributional lateral limit exits but not the other. As we
pointed out before, the distributional point value does not have to exist in this
situation.

We give below a sort of tauberian condition under which the existence of the
distributional point value can be deduced, namely, if the distribution is distribu-
tionally bounded at the point, and just one lateral limit exists. Furthermore, we
give a general version of this kind for analytic functions that have distributional
limits on a contour. These results are used to give an interesting extension of
Theorem 4.7.

We shall need the following well-known fact [11].

Lemma 4.15. Let F' be analytic in the half plane H, and suppose that the dis-
tributional limit f (x) = F (x4 40) exists in D' (R). Suppose that there exists an
open, non-empty interval I such that f is equal to the constant v in I. Then f =~

and F = 7.
Proof. In fact, it follows from the edge of the wedge theorem (see Section 1.6). [

Actually using the theorem of Privalov [167, Cor 6.14], it is easy to see that if
F' is analytic in the half plane H, f (z) = F (z +40) exists in D’ (R), and there
exists a subset X C R of non-zero measure such that the distributional point value
f (x0) exists and equals v if xy € X, then f =~ and F = ~.

Our first result is for bounded analytic functions. The proof is almost the same

as that of Theorem 4.6, but we include it for completeness.
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Theorem 4.16. Let F' be analytic and bounded in a rectangular region of the
form (a,b) x (0, R) . Suppose f (x) = lim,_o+ F (x + iy) in the space D' (a,b). Let

xo € (a,b) such that the lateral limit

flxzd) =~ , distributionally, (4.6.1)
exists. Then the distributional point value

f(xo) =7, distributionally, (4.6.2)

also exists. In fact, (4.6.2) is a point value of the first order, and thus

) 1
lim
x—x0 T — X

/m £ () dt = . (4.6.3)
o

Proof. As in the proof of Theorem 4.6, we may assume that a = —oo, and b =
R = oo. In this case, f belongs to H*®. Let f.(xz) = f(xo+¢ex). Then the set
{f. 1 e #0} is weak* bounded (as a subset of the dual space (L' (R))" = L™ (R))
and, consequently, a relatively weak™ compact set. If {e,} ~  is a sequence of
positive numbers with €, — 0 such that the sequence {f., } -, is weak™ convergent
to g € L™ (R), then g = ~, since g € H*, and g (x) = v for > 0. Since any
sequence {f., }.~, with €, — 0 has a weak™ convergent subsequence, and since
that subsequence converges to the constant function v, we conclude that f. — ~
in the weak™ topology of L> (R). We obtain that f (z¢) = 7, distributionally,
since D (R) C L' (R). On the other hand, (4.6.3) follows by taking x = x¢ + ¢

and ¢ (t) = Xxjo,1) (£), the characteristic function of the unit interval, in the limit

lime_o (. (1) & (1) =7 [, 6 (1) di. a

Exactly the same argument used in the proof of Theorem 4.7, but applying

Theorem 4.16 instead of Theorem 4.6, gives us the next result.

Theorem 4.17. Let F' be analytic in a rectangular region of the form (a,b)x (0, R) .

Suppose f(x) = lim, o+ F' (x +iy) in the space D' (a,b). Let o € (a,b) such
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that f(xd) = v, distributionally. If f is distributionally bounded at v = xg, then

f (zo) = 7, distributionally.

We may use a conformal map to obtain the following general form of the Theorem

4.17.

Theorem 4.18. Let C be a smooth part of the boundary 0Q) of a region 2 of
the complex plane. Let F' be analytic in Q, and suppose that f € D' (C) is the
distributional boundary limit of F. Let & € C and suppose that the distributional
lateral limit f (&J{ ) = 7, distributionally, exists and f is distributionally bounded

at & = &, then f (&) = vy, distributionally.

We now use Theorem 4.17 to obtain an interesting generalization of Theorem

4.7.

Theorem 4.19. Let F' be analytic in a rectangular region of the form (a,b)x (0, R) .
Suppose f (x) = lim,_o+ F (x + iy) in the space D' (a,b). Let xy € (a,b) such that
the distributional limit lim, o+ F' (zo 4+ 1y) = v exists in the sense of Definition
4.14. If f is distributionally bounded at x = xy then f(xo) = v, distributionally,

and the ordinary limit exists: lim, o+ F' (zo + 1y) = 7.

Proof. If we consider the curve C to be the union of the segments (a, o] and
[z9,1R), then the distributional lateral limit of the boundary value of F' on C
exists and equals v as we approach xy from the right along C and so the Theorem
4.17 yields that the distributional limit from the left, which is nothing but f (xa )
also exists and equals v, distributionally. Then the Theorem 4.17, applied again,
gives us that f (zg) = 7, distributionally. The existence of the angular limit of

F (z) as z — x( then follows, and, in particular, lim, o+ F' (x¢ + iy) = 7. ]
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Chapter 5

The Jump Behavior and Logarithmic
Averages

5.1 Introduction
In this chapter we study several notions for pointwise jumps of distributions. We
characterize them first by their structure and then by the asymptotic properties
of the Fourier transform.

We also study the jump by using logarithmic averages. In the case that f is an
ordinary function this is a classical subject, perhaps the place where this idea has
been widely applied is in Fourier series. Let f be a function of period 27 having

Fourier series,
[e.@]

% —I—Z(ancosnx—i—bnsinna:) : (5.1.1)

Let

NE

(a, sinnz — b, cosnx) (5.1.2)
1

n

be its conjugate series. A classical theorem of F. Lukdcs [131], [256, Thm. 8.13]

states that if f is L'[—n, 7] and there is a number d such that

hm—/ |f(xg+1t) — flxo—t) —d|dt =0, (5.1.3)

h—0+ h
then
al d

z\}lféo oz N nz:l (an sinnxy — by, cosnzg) = - (5.1.4)

Relation (5.1.3) can be considered as a notion of jump at x = xy for the function
f, we shall call it symmetric Lebesque jump behavior, in analogy with the notion of
Lebesgue point. The formula (5.1.4) for symmetric Lebesgue jump behaviors was
extended later by A. Zygmund to the Abel-Poisson means of the conjugate Fourier

series [256].
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Recently many extensions of these results have been given [9, 54, 70, 118, 119,
120, 121, 140, 141, 248]. The study of the jump behavior and the determination
of jumps by logarithmic or other types of means has become an important area
because of its applications in edge detection [66, 67]. F. Mdricz generalizes the
Abel-Poisson version of F. Lukécs result in [140, 141] by extending the notion of
symmetric Lebesgue jump (5.1.3). He considered a more general notion for jump

of integrable functions, namely, the existence of the limit

1"
- hli%iﬁ/o (Flxo+1) — flzo — ) dt | (5.1.5)
and he showed that
I L N b e = Ly (5.1.6)
im ——— ay, sinnxg — by, cosnxy)r" = —d . 1.
r—1- log(1 —r) & 0 0 T

It was noticed by the author and R. Estrada in [54, 218] that the jump F. Méricz
considered is a particular case of a symmetric jump behavior in the sense of dis-
tributions, that is, one can define it in terms of the very well known Lojasiewicz
notion of limits of distributions at points [128]. Because of that reason, we should
call (5.1.5) a first order symmetric jump. In the cited paper the author gave the
corresponding generalization of F. Méricz result to distributions in terms of loga-
rithmic Abel-Poisson means as well.

We will consider in this chapter two notions of jumps for distributions, the
distributional jump behavior and the distributional symmetric jump behavior of
distributions (Section 5.2). We will give a Fourier characterizations of these notions
in Section 5.3, we then proceed in Section 5.4 to study the non-tangential limits
of harmonic representations under the presence of a jump behavior. We will also
consider several logarithmic averages for both notions of jump. In Section 5.5,
we will give formulas for the jump occurring in the jump behavior case in terms

of Cesaro-logarithmic means of a decomposition of the Fourier transform; it is
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remarkable that these results are applicable to general tempered distributions.
Next, in Section 5.6 we study the boundary behavior of analytic representations
of distributions at approaching angularly from the upper and lower half-planes
to a point where the distribution possesses a jump behavior; it is shown they
have an asymptotic logarithmic behavior related to the jump. Then, in the same
section, we analyze harmonic conjugate functions in the upper half-plane having
distributional boundary values on the real axis; it turns out that they have also
a logarithmic angular asymptotic behavior related to the jump. Section 5.7 is
devoted to applications to Fourier series, we give formulas for the jump in terms
of logarithmic averages by using Cesaro-Riesz means and Abel-Poisson means of
the conjugate series; among our results, we recover (5.1.6) and a Cesaro version
of (5.1.4). The last section of this chapter is dedicated to study some properties
of the symmetric jump behavior of distributions, this notion is much more general
than the jumps in the sense of (5.1.3) and (5.1.5); furthermore, we discuss the case
of Fourier series of periodic distributions, generalizing the mentioned results from
[131, 256, 140, 141, 54].

The author wants to mention that some of the results of this chapter have already

appeared in publication form [216, 218].

5.2 Jump and Symmetric Jump Behaviors
In this section we explain the notions of jumps to be considered in the future. They
were introduced by the author and R. Estrada in [54, 215, 216, 218, 222].

Let us define the notions of jump behavior and symmetric jump behavior of

distributions at points. We begin with the jump behavior.

Definition 5.1. A distribution f € D'(R) is said to have a distributional jump

behavior (or jump behavior) at x = xo € R if it satisfies the following distributional
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(quasi-) asymptotic relation
f(xo+ex)=~_H(—z)+ v H(x)+o(1), (5.2.1)

as e — 07 in D'(R), where H is the Heaviside function, i.e., the characteristic
function of (0,00), and vy are constants. The jump (or saltus) of f at x = xq is

defined then as the number [f] _, =7+ —7- .

The meaning of (5.2.1) is in the weak topology of D’(R), in the sense that for
each ¢ € D(R),

e—0t

lim (f(zo+ex),P(x)) =v- /_ o(z) do + vy /000 o(z)de . (5.2.2)

Observe that when v, = v_ we recover the usual Lojasiewicz notion of the value
of a distribution at a point [128]. It should be noticed that our notion includes the
jump of ordinary functions; indeed, if a locally integrable function has a disconti-
nuity of the first kind, that is, the right and left limits f(x7) exist, then it satisfies
(5.2.2) with o = f (x(jf) In particular, jumps of functions of local bounded vari-
ation are distributional jump behaviors. We provide more examples of classical
notions for jumps in Examples 5.5 and 5.6 below.

The reader should also noticed that if f has the jump behavior (5.2.1), then, in
the sense of Definition 3.56, it satisfies fsym(xo) = (7+ +7-)/2.

Let us also point out the fact that if f € S'(R), then (5.2.2) actually holds
for each ¢ € S(R); in other words, the quasiasymptotic behavior (5.2.1) is valid
in §'(R). Indeed, if one considers g(z) = f(x) — ([fle=zo/2)sgn(x — 20), then
g(xo) = (74 + 7-)/2, distributionally; the last assertion holds for distributional
point values, and so does it for f and the jump behavior. This fact is important
because it allows us to apply Fourier transform to (5.2.1), as we shall do in the

next section.
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The jump behavior of distributions admits a structural characterization similar
to the Lojasiewicz characterization of distributional point values discussed in Sec-
tion 3.2 (see (3.2.5)). The proof of the following theorem follows immediately from

the mentioned Lojasiewicz theorem applied to g(z) = f(x)— ([f]e=zy/2)sen(z—1z0).

Theorem 5.2. Let f € D'(R). Then, it has the jump behavior (5.2.1) if and only
if there exist m € N and a function F', locally integrable on a neighborhood of x,

such that F'™ = f near z¢ and

|F
lim m!F(z)

S, m =YL . (5.2.3)

The minimum m such that we can find an F' satisfying (5.2.3) is called the order
of the jump behavior. Obviously, if a locally integrable function has right and left
limits at © = x, then it has a distributional jump behavior of order 0. Therefore,
as distributional point values, the jump behavior is actually an average notion.
Arbitrary m-primitives of f admit a Peano differential of order (m —1). Moreover,

let F be another m-primitive of f, different form F', then there exists a polynomial

of degree at most m — 1, depending on F}, such that, as z — xq,

Fi(z) = p(x —x0) + %(JJ —x0)"H(xg—2)+ %(w—xo)mH(ﬂv —x9)+o(|lz — x0|™).

We now turn our attention to the symmetric jump behavior.

Definition 5.3. A distribution f € D'(R) is said to have a distributional sym-
metric jump behavior (or symmetric jump behavior) at x = xo € R if the jump
distribution ¢! (z) = f(zo+ x) — f(xo — ) has jump behavior at x =0 . In such

a case, we define the jump of f at x =z as the number [f] _ = [1/)9120}30:0 /2.

It is easy to see that the jump behavior of the jump distribution in Definition

5.3 must be of the form

Wl (ex) = [f],,, sgna +o(1) as e =07 in D'(R), (5.2.4)

137



where sgn x is the signum function.
The order of the symmetric jump is defined as the order of the jump behavior
(5.2.4). We may also describe the structure of the symmetric jump behavior, by

applying Theorem 5.2 to the jump distributions.

Theorem 5.4. Let f € D'(R). Then, it has symmetric jump behavior at x = xq if
and only if there exist m € N and a distribution F' such that wfo 15 locally integrable

on a neighborhood of xy, F™ = f near x = xy, and

(i) if m is even

) m!wfo(h)
}llli)r(l) h—m = [f]x:mo Sgnh y (525)
(ii) if m is odd
_ m!xfo(h) 1
lim —= "= = o[ flo—so sghr (5.2.6)

where Xfo is the symmetric part of F' about x = xo defined by (3.10.1), Section

3.10.

In the form (5.2.5), the symmetric jump behavior has been employed in classical
works to study de la Vallée Poussin generalized jumps in terms of differentiated
Fourier series. For instance, see references [255] and [256, Chap.XI].

We now discuss two examples of particular types of jump behavior related to
classical functions. It is not difficult to see that both examples are particular cases
of our distributional notions for jumps. Also note that the two notions for ordinary

functions mentioned at the introduction are included in these two examples.

Example 5.5. (Lebesgue jumps) Let f be a locally (Lebesgue) integrable function,
then we say that f has a Lebesque jump behavior if there are two numbers vy4 such

that

1 zo+h
lim ~ / f(2) — el dz =0 . (5.2.7)
To
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We say that f has a symmetric Lebesque jump behavior if there is a numbers

d = [f],, such that

1 [k
hhfgﬁﬁ/() |f(zo+2)— f(xo—2)—d|dz=0. (5.2.8)
Example 5.6. (Jump behavior of the first order) Let u be a Radon measure. Then

we say that p has a jump behavior of the first order if there exist v+ such that

1 xo+h
lim —/ dp(x) =74 . (5.2.9)

We say that p has a symmetric jump behavior of the first order if there exists

d = [fl,—s, such that

' 1 zo+h 0
hli%lJr ’ (/xo dp(z) — /mh d,u(x)) =d. (5.2.10)

1
loc

A particular case is obtained if f € Ly (R). Moreover, the first order jump behavior
and symmetric jump behavior can still be defined by an integral expression even if
f is not locally (Lebesgue) integrable but just Denjoy locally integrable [76]. For

instance, in such a case the existence of the jump behavior of the first order is

equivalent to the existence of the limits

1 zo+h
lim —/ flz)de =y, (5.2.11)

zo

where the last integral is taken in the Denjoy sense, and similarly for the symmetric

Jump,

h—0t+

lim (1/h)/0 (F(o + ) — fwo— o)) de = d .

The notions of Lebesgue jump and symmetric jump behaviors have been widely
used in Fourier series by many authors [63, 131, 256]. While the use of first order
jump and symmetric jump behaviors have become popular recently [140, 141, 142,
248] for locally integrable functions.

We give two more examples.
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Example 5.7. [t is worth to provide the reader with an example of jump behavior

which is not included in last two cases. Consider the function
f(x) = (7_ + Al x| ei/”ﬁ> H(—z) + (% + Bxaei/x") H(z) . (5.2.12)

For any choice of the constants, one can show that there is a tempered distribution
having the distributional jump behavior (5.2.1) at x = 0 and coinciding with f on
R\ {0} [128]. Observe that depending on the choice of the constants a and (3 the
function is not a function of local bounded variation. In addition, the choice of the
constants can be made so that f is not locally Denjoy integrable. One may also
find values for o and 3 such that the order of the jump behavior is arbitrarily large

[128].

Example 5.8. Note that jump behavior implies symmetric jump behavior, but the
converse is not true as shown by 6(x), which has a symmetric jump 0 at x = 0 but

does not have jump behavior at the origin.

5.3 Characterization of Jumps by Fourier
Transform

We want to characterize the jump behavior of tempered distributions by the Fourier

transform. Recall that we are fixing the constants in the Fourier transform so that

o(z) = / h o(t)e "t (5.3.1)

for ¢ € S(R).

Suppose then that f € S'(R) satisfies
f(zo+ex)=~_H(—x)+v.H(z)+o(l) ase — 07 in D'(R), (5.3.2)

Hence, since it holds in §’(R), we are allowed to take Fourier transform in (5.3.2),

so that it transforms into the equivalent quasiasymptotic relation

ei)\mom]@(}\x) _ 27Td1 (S&I’) + [f]a;=xo p.v. (%) + 0 (%) as A\ — 00 (533)
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in §'(R), where d; = (y- 4+ v4) /2, and p.v.(1/z) is the principal value distribution

<p.v. (%) ,qb(x)> - / Z @ dz | (5.3.4)

where p.v. stands for the Cauchy principal value of the integral at the origin

given by

(Section 1.3). Notice that we have used here the formula H(z) = 76(z)—ip.v. (1/z).
Needless to say that (5.3.3) is interpreted in the sense of quasiasymptotics, i.e.,
the asymptotic formula holds after evaluation at test functions.

Therefore, if we want to study (5.3.2) is enough to study (5.3.3). In the following,

we shall study the structure of the quasiasymptotic behavior

o) = 7@ +Bp. (%) +o (%) as A —ooin D'(R) . (5.3.5)

Recall the definition of asymptotically homogeneous functions of degree zero, in-

troduced in Section 3.4.1. They are measurable functions such that for each a > 0,
clar) =c(z)+o(l), z—o00.

We already showed in Section 3.4.1 that they satisfy ¢(x) = o(logx),  — 0.
We need to introduce some notation. Let lx(z) be the k-primitive of log |z|

satisfying the requirements l,(gj )(0) = 0 for j < k. Observe that it satisfies

k
l(az) = a*lp(z) + %loga , a>0. (5.3.6)

We now state and show the structural theorem for (5.3.5), which actually follows

immediately from Theorem 3.16.
Theorem 5.9. Let g € D'(R) have the following quasiasymptotic behavior in D'(R)

g(\z) = 7@ + Bp.v. (%) +o G) as A — 00 . (5.3.7)
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Then, one can find a k € N, a continuous function G such that G*+Y) = g, and
an asymptotically homogeneous function c of degree O such that,

k

s
G(z) = c(|z|) o 2lk,$k sgnz + Blp(r) + o0 (\x]k) |z| — oo, (5.3.8)

in the ordinary sense. Moreover, g € §'(R) and (5.3.7) holds in §'(R). Conversely
(5.3.8) implies (5.3.7).
Let G be a first order primitive of g. In addition, the quasiasymptotic behavior

(5.3.7) is equivalent the ezistence of k € N such that

lim (G(ax) — G(—z)) =a+ Bloga (C,k), (5.3.9)
for each a > 0.
Proof. Apply Theorem 3.16 to h(z) = f(z) — Op.v.(1/z). O

As a corollary, we obtain a characterization of the jump behavior in terms of the

summability of the Fourier transform. We state this result as a theorem.

Theorem 5.10. Let f € S'(R). Then, it has the jump behavior
f(zog+ex)=~_H(—z)+~v, H(x)+0(l) ase— 0" inD'(R), (5.3.10)

if and only if for any first order primitive of e”oxf(x), say F', one has that there

is a k € N such that

a}irgo% (F(ax) — F(—x2)) = RES —;— - [fi‘:xo loga (C,k), (5.3.11)

for each a > 0.

We now consider some consequences of Theorem 5.10. For that, we use the

summability kernels ¢* introduced in Section 3.5, i.e.,

Sh(a) = (1 + ) (H(—a) ~ H(-1 =)+ (1= %) (H(2) ~ Hz —a))
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Corollary 5.11. Let f € S'(R) be such that f = i is a Radon measure. Then, f

has the jump behavior (5.3.10) if and only if there exists a k € N such that

1 axr . - .
lim —/ etdu(t) = Al + Fla=r, loga (C,k), (5.3.12)

r—00 27‘[’ 2 271'2

—x

for each a > 0, or which amounts to the same,

N T t Y+ + 7= | [fle=e
lim — wotgh | = = °1 31
im /_ irot g (I> aplt) = 0= 4 = loga (5.3.13)

for each a > 0.

Corollary 5.12. Let f € S'(R) be a 2m-periodic distribution having Fourier series

f(x) = Z cne™ (5.3.14)

n=—oo

Then, f has the jump behavior (5.3.10) if and only if there exists a k € N such

that

: mTo __ T+ + V- [f]x:xo
zlggo Z Cne 5 + o loga (C,k), foreacha>0, (5.3.15)

—zr<nlax

or which amounts to the same,

lim Z oF (g) ¢, einvo — 1F ;— 7y [fi:;o loga, for eacha>0. (5.3.16)

n=—oo

Corollary 5.13. Let f € S'(R) be such that f € LL_(R). Then, f has the jump

loc

behavior (5.3.10) if and only if there exists a k € N such that

1 ax R . s
lim — / et f(#)dt = 7*’57 + [fi “loga (C,k) (5.3.17)
s

for each a > 0, or which amounts to the same,

lim —— / gk (£> et f(t)de = 0= azeo 0 (5.3.18)

T 2 2

for each a > 0.
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5.4 Angular Limits of Harmonic
Representations

Let U(z), Sm z > 0, be a harmonic representation of a distribution having a jump
behavior at * = xq. In this section we obtain the angular behavior of U at the
boundary point = = z,. This problem has been discussed in [54] by studying the
Poisson kernel and by the author in [213] by using Fourier transform methods and
the structural theorem (Theorem 5.9). Here we present the proof of the following

theorem based on Theorem 3.55.

Theorem 5.14. Let f € D'(R) have the jump behavior
f(zo+exr)=~_H(—x)+v.H(z)+0o(l) ase— 0" in D'(R) . (5.4.1)

If U is a harmonic representation of f on the upper half-plane, then,

lm  U(z) =270 Y, (5.4.2)

z—xo, 2€lY 2 i

where ly is a ray in the upper half-plane starting at o and making an angle ¥ with

the ray x = xo. Actually (5.4.2) holds uniformly for |9| <n < w/2.

Proof. Set di = (v+ +7v-)/2 and dy = [f]s=s,- Consider the distribution g(x) =
f(z) — (d2/2)sgn(x — xo). Then g(xy) = dy, distributionally. On the other hand
Ui(z) =1/2 = (1/m) arg(z — xo), with 0 < arg z < 7, is a harmonic representation
of (1/2)sgnz on the upper half-plane, then Uy = U — dyU; is a harmonic rep-
resentation of g. So, by Theorem 3.55, Us(z) — di as z — 1z, non-tangentially.

Therefore if z = zg + esind + ie cos ¥ = xo + exp(i(7w/2 — 1)), we obtain

S (o 9
lim U(l’o + 861(5_19)) = d1 + d2 111(1)1+ Ul(l’o + 862(5_19)) = d1 + dg— .
e— ™

e—0t

We consider an example involving Fourier series.
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Example 5.15. let f(z) = Y. c¢,e™, where the series is assumed to converge

in 8'(R). Let ly denote the ray in the upper half-plane starting from xy and making

an angle ¥ with the line x = xy. Then, one has that

—i— _ 0
llm Z Cph€ an + Z Cn€ E 7+ 7 + ;[f]x:xo .

§—wo, &€y
If we write the cos and sin series, f(x) = Y ", a,cos(nz) + b, sin(nx), then the

last limit takes the form,

> _ v

both limits hold uniformly for ¥ in compact subsets of (—n/2,7/2). If one takes

¥ =0, one obtains

[e.e]

Y+t -
lim a, cosnxg + b, sin nxg)r" = ———
r—1- ; 0 + O> 2

?

which generalizes the main result from [237] obtained by G. Walter.

5.5 Jump Behavior and Logarithmic Averages
in Cesaro Sense

In this section, we shall deal with tempered distributions having a jump at a point
and study the logarithmic average in the Cesaro sense of the Fourier transform.
We now state and show the main theorem of this section. It will enable us to
study the logarithmic average behavior of e**° f (x) separately for any decomposition
as the sum of two tempered distributions having supports in (—oo, 0] and [0, c0),

respectively.
Theorem 5.16. Let g have the quasiasymptotic behavior
d(z) 1 1 ,
g(A\x) = e + (B p.v. <E) +o0 (X) as A — oo S'(R) . (5.5.1)

Then for any decomposition g = g4 + g—, where supp g_ C (—o0, 0] and supp g, C

[0, 00), one has that

g+(\r) = +0 log)\ ()+0(10§)\> as A\ — oo in S'(R). (5.5.2)
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Proof. Let k |, ¢ and G be as in Theorem 5.9. Then, to a decomposition g =
g+ +g_, corresponds a decomposition G = G +G_, with supp G_ C (—o0, 0] and

supp G4 C [0,00). Hence

Gi(z) = Bl(z) + o (|x!klog |x|> , x — 00 , (5.5.3)

k
= 7 log x| + o (|2l log x|} , @ — %00 .

since ¢(z) = o(log z) as * — oo. This implies the distributional relations

Gi(Az) = Bly(Az)H(£z) + 0 (A" log A)
= BN (2)H(£2) + BA\F log )\JI;—T H(£x) + 0 (A log A)

k
x—H(ix)+o(Aklog)\) as A\ — oo ,

_ vk
= B\ log)\k!

and the last relation holds in §’(R). Therefore if we differentiate (k + 1)-times, we

obtain (5.5.2). O

Notice that (5.5.3) gives a logarithmic average in the Cesaro sense. We collect

this fact in the next corollary for future reference.

Corollary 5.17. Let g, g+, g—, and k be as in the last theorem, then

k
giﬁk*l)(x) ~ ﬁ% log|z|, x— +o0, (5.5.4)
(—k—1) .. . (—k—1)
where g are the (k + 1)-primitives of g+ with supp g C (—00,0] and
(—k—1

supp g " C [0, 00).
We now summarize our results.

Theorem 5.18. Let f € S'(R) have the distributional jump behavior at x = xy,

f(zo+exr)=~_H(—x)+7v.H(z)+o0(l) ase— 0" in D'(R) . (5.5.5)
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Then for any decomposition f = f+ +f_, where supp f_ C (—00,0] and supp f+ -

[0, 00), we have that

AT £ () = :I:[f]m:mlo.i)\(;(x) +o (loi/\) as A — oo §'(R) . (5.5.6)

Furthermore, there exists k € N such that
k
kd

(e fat) %24 () ~ Flflemsy - loglal, o] = 00, (5.5.7)
1
in the ordinary sense.

Proof. The jump behavior implies the quasiasymptotic

R ) - 1 1 :
e f(\x) = (v, +7)@ + [f]l “p.v. (E) +o0 (X) asA — oo in §'(R) ,
and so (5.5.6) and (5.5.7) follow from Theorem 5.16 and Corollary 5.17. O

A special case is obtained in the next corollary which follows directly from The-

orem H.18.

Corollary 5.19. Let f € S'(R) have the distributional jump behavior (5.5.5) at
x = xo. Suppose that its Fourier transform is given by a Radon measure p, then
there exists k € N such that for any decomposition of = p_ + py, as two Radon

measures concentrated on (—oo, 0] and [0, 00), respectively,

. - k
lim — /Oei”ot (1—%) dpre (£1) = £[f ey - (5.5.8)

z—oo log x

5.6 Logarithmic Asymptotic Behavior of
Analytic and Harmonic Conjugate
Functions

This section is devoted to the study of the local boundary behavior of analytic rep-
resentations and harmonic conjugates to harmonic representations of distributions

having a jump behavior. Recall that (Section 1.6) given f € D'(R), we may see f

147



as a hyperfunction, that is, f(z) = F(z +i0) — F(x — i0), where F' is analytic for
Sm z # 0.

In the next theorem we obtain the angular behavior of F(z) when z approaches
a point where f has a jump behavior. We remark this is done separately when z
approaches angularly the point from the upper and lower half-planes.

Given 0 < n < 7/2 and zy € R, we define the subset of the upper half-plane
AF(wo) as the set of those z such that n < arg(z — z9) < 7 — 7 ; similarly, we
define the subset of the lower half-plane A, "(7o) as the set of those z such that

n—m<arg(z — ) < 1.

Theorem 5.20. Let f € D'(R) have the distributional jump behavior

f(ro+ex)=~_H(—z)+~v.H(z)+0(l) ase— 0" inD(R). (5.6.1)

Suppose that F' is an analytic representation of f. Then for any 0 < n < /2,

F T=x
lim () Ule=so (5.6.2)
z—20, zEA:TL(a:o) log ’Z - .l’0| 271

Proof. Note first that if (5.6.2) holds for one analytic representation, then it holds
for any analytic representation of f. In fact by the very well known edge of wedge
theorem, any two such analytic representations differ by an entire function, and
for entire functions (5.6.2) gives 0. Next, we see that we may assume that f €
S'(R). Indeed we can decompose f = f; + fo where f, is zero in a neighborhood
of zop and f; € S'(R). Let F; and F, be analytic representations of f; and fa,
respectively; then F, can be continued across a neighborhood of x( (edge of wedge
theorem once again), hence Fy(z) = Fy(x) + O (]z — x9]) = o(|log |z — x¢||) as
z — xg. Additionally, f; has the same jump behavior as f. Thus, we assume that

feS'(R). Let f = fi+ f- be a decomposition such that supp f_ C (—00,0] and
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supp f4 C [0,00). Then,

1 ~ ,
2—<f+(t),em>, Smz>0,
7

L <f,(t),em>, Smz<0,

o

F(z) =

is an analytic representation of f (Section 1.6). Keep the number m on a compact

set and A > 0, then

+1 1 . R L
F (xo + —) =+— <)\e”\xoxfi()\x), e’(m“)x>

AT 2m
_ fla=ay
= log A + o (log \)
as A — 0o, where here we have used (5.5.6). O

Our next goal is to study the angular behavior of harmonic conjugate functions.

This is the content of the next theorem.

Theorem 5.21. Let f € D'(R) have the jump behavior (5.6.1) and U be a har-
monic representation of f in the upper half-plane. Then if V' is a harmonic conju-

gate to U, one has that

lim & — l[f]x:wo 7 (5.6.3)

z—T0, ZEA#(IO) IOg |Z — ./L'0| e

for each 0 < n < 7/2.

Proof. Since harmonic conjugates to U differ by a constant, it is enough to show
(5.6.3) for any particular harmonic conjugate to U.

We now show that we may work with any harmonic representation U of f we
want. Suppose that U; and U are two harmonic representations of f, then U =
U, —U, represents the zero distribution. Then by applying the reflection principle to
the real and imaginary parts of U [11, Section 4.5], [207, Section 3.4], we have that
U admits a harmonic extension to a (complex) neighborhood of zy. Consequently,

if V} and V5 are harmonic conjugates to U; and Us, we have that V =V} — V4 is
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harmonic conjugate to U, and thus it admits a harmonic extension to a (complex)
neighborhood of zy as well. Therefore V(z) = O (1) = o(—log|z — x|), which
shows that V) satisfies (5.6.3) if and only if V5 does.

Let F' be an analytic representation of f on Sm z # 0. We can assume then
that U(z) = F(z) — F(Z), Sm z > 0. We have that V(z) = —i(F(2) + F(2)),
Sm z > 0, is a harmonic conjugate to U. Therefore, an application of Theorem

5.20 yields to (5.6.3). O

Example 5.22. As an example, we discuss our results in the context of the spaces
LP(R) with 1 < p < oo. Let f € LP(R) and assume that it has the distribu-
tional jump behavior (5.6.1). A particular case is obtained when f has a Lebesgue
gump (Ezample 5.5), but we remark that our assumption is much weaker. A har-
monic representation of f is given by the Poisson representation, i.e., by integra-
tion against the Poisson kernel. Among all the harmonic conjugates to the Poisson

representation, the natural choice s

Vi) == /_ SRt yar (5.6.4)

T o |z =1
As a corollary of Theorem 5.21, we obtain the angular asymptotic behavior of this
integral: it is indeed given by (5.6.83). Note that the harmonic function V(z) has
as boundary value a function f € LP(R), which in fact is the Hilbert transform of
f 60, 113, 206]. The asymptotic behavior of V' suggests that f has the following

quasiasymptotic behavior at x = xo in D'(R),

flzo +ex) = %[f]z:xo loge + o (log (é)) as e — 07, (5.6.5)

which is actually the case. A proof of the last relation can be given by using the
fact that the Fourier transform of f is —i <f+ — f_> , for a suitable decomposition
of f, by using the Theorem 5.18, and then taking Fourier inverse transform. If we

work on the circle, i.e., on LP(T), we obtain similar conclusions for the conjugate
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function; we will do this in Section 5.7 but in a more general distributional setting

obtaining several logarithmic asymptotic behaviors of the conjugate Fourier series.

5.7 Logarithmic Averages of Fourier Series
We now apply our results to the Fourier series of 2w-periodic distributions. Suppose
that f(x) =307 _ c,e™®, where the series converges in S'(R). Assume also that

f has the jump behavior (5.2.1). Then Theorem 5.18 implies at once that there

exists £ € N such that

[fle=z
I &m0 (1 — —> _ Yoz 5.7.1
o0 log:c o;xc 2m1 ( )
and
. ]- —1 n k [f]x:x
1 e (1 . —) — _Mz=eo 5.7.2
P log x 1;960 ¢ x 21 ( )

which gives us a logarithmic average for the Cesaro-Riesz means of these two series.

The conjugate Fourier series is f(x) = Y oo ¢,e™ where ¢y = 0 and ¢, =

n=—oo

—1sgn n ¢,. It follows from the above relations that it has the quasiasymptotic

behavior at xg,

f (o +ex) = %[f]x:xo loge + o (log (é)) as € — 07 in D'(R) . (5.7.3)

Moreover, since V(z), Sm z > 0, given by

-1

Viz)= > aneifuf:aneW, (5.7.4)
n=1

n=—oo

is a harmonic conjugate to a harmonic representation of f, one deduces from
Theorem 5.21 that for 0 < n < 7/2

-1 00
1 - A 1
hm T~ 6nezzn + 5new” = — P . 575
z—x0, zeA+ (z0) log |Z — x0| ( Z ; ) ﬂ_[f] 0 ( )

n=—oo

Hence we obtain the jump as the logarithmic angular average of the harmonic

representation of the conjugate series. In particular, if we take n = /2,

lim
y—0+ log ye

> , , 1
Z (Cre™™ 4 e ™) V" = —[ floay - (5.7.6)
T
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If we now use the sines and cosines series for f, i.e.,

f(x) = % + ; (a, cosnx + b, sinnz) (5.7.7)
where a, = ¢, + c_, by, = i(c, — c_y), then &, = % (_b\nl —i8gnn a‘n‘) and
f(x) = Z (a, sinnz — b, cosnx) . (5.7.8)
n=1

Therefore (5.7.6) is equivalent to

[e.e]

1 1

rgrﬁl m ; (an sinnxg — by, cosnazg) r" = ;[f]x:xo , (5.7.9)

which exhibits the jump now as the Abel-Poisson logarithmic means of the con-
jugate Fourier series. In fact, also using the sines and cosines series expression for
the conjugate series and (5.7.1)-(5.7.2), one obtains the jump as the logarithmic

average of the symmetric partial sums of the conjugate series in the Cesaro-Riesz

means
1 k 1
Ih_)rglo gz O;I (an, sin nxg — by, cosng) (1 - %) = —%mm:xo . (5.7.10)

In the next section, we will obtain (5.7.9) and (5.7.10) under weaker assumptions,

namely, under a symmetric jump behavior.

5.8 Symmetric Jumps and Logarithmic
Averages

We conclude this chapter by analyzing the case when the distribution f has a

symmetric jump behavior at x = x5. We use the jump distribution
Vuo 1= VI (2) = f(xo + ) — f(xo — ) ; (5.8.1)
so if f has a symmetric jump then
Vo (2) = [flamao sSgnx + 0(1) as e — 0" in D'(R) (5.8.2)

We use our results from Section 5.5 and Section 5.6, applied to the jump distribu-

tion, to deduce some logarithmic averages in the case of symmetric jump behavior.
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Theorem 5.23. Suppose that f € S'(R) has a symmetric jump at x = xo. Then for
any decomposition f = f_ + f,, where supp f— C (—00,0] and supp f, C [0,00),

we have that

eM07 f(\x) — e f(—\x) = 2[f],_, loz.g; 5(z) + o <log A) (5.8.3)

as A — oo in S'(R). Consequently, there exists k such that

(0 Felt) = e () 25 (@) ~ 2 1], 2 og (5.8.4)

]

as r — 00, in the ordinary sense.

Proof. We can apply Theorem 5.18 directly, since by, () = €07 f (x)—e =07 f(—x),

and a decomposition f = f, + f+ leads to the decomposition

~

by (@) = (707 f1 @) = 7207 f_ (=) ) + (77 f- (2) — €707 o (=) )
O

We now obtain the announced Cesaro-Riesz logarithmic version of F. Lukécs

Theorem.

Corollary 5.24. Let f € S'(R) be a 2m-periodic distribution having the following

Fourier series

[e.o]

% + nz:l (an cosnz + b, sinnz) . (5.8.5)
If f has a symmetric jump behavior at x = xq, then there is a k € N such that

Z (a, sinnzg — by, cos nxg) <1 - E)k S g — (5.8.6)

T

1
im
z—oo log x

n=1
Proof. Notice that the jump distribution has Fourier series,

o0

Yoo () = —2 Z (a, sinnxg — b, cosnzy) sinnz |

n=1
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then

[e.9]

Uy () = 27i Z (a, sinnzg — by, cosnxg) (0 (x —n) —d (x +n)) .

n=1

Therefore one has that

S (@nsinnag — by, cosnzg) 60z — 1) = — = [f],_,, log @ e (lo_ik)
s

n=1
as A — oo in §'(R), from where we deduce (5.8.6). O
We now give the radial version of Theorem 5.21 in the case of symmetric jump

behavior.

Theorem 5.25. Let f € D'(R) have a symmetric jump behavior at x = xo. Then
if V' is any harmonic conjugate to a harmonic representation of f on Sm z > 0,
one has that

lim L0 y) 1 (e - (5.8.7)

y—0+ logy s
Proof. As is the proof of Theorem 5.20 and Theorem 5.21 we may assume that f

is tempered distribution and

V(o) = =5 ((Fe0,6) = (F-@,¢)) |

where f = f, + f+ is any decomposition with supp f, C (—00,0] and supp f+ -

[0,00). Hence by Theorem 5.23, we obtain that
V(w0 ) = =5 ( Fr)e™! = f-(=t)e™", e
T
i /2 1 L 1
= {FUlecnton (5) 07 ) 4o (o)
1 1 .
= — [flymg, logy +o0(log— ) asy — 07,
@ Yy
as required. O

In the case when f is the boundary value of an analytic function, one can get a
much better result. As was obtained in [54, Thm.5], one has the angular asymptotic

logarithmic behavior. We give a new proof of this fact.
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Theorem 5.26. Let F' be analytic in the upper half-plane, with distributional
boundary values f(z) = F(x +10). Suppose [ has a distributional symmetric jump

behavior at x = xy. Then, for any 0 <n < 7/2
F(2) ~ <[ flomay log(z — 70) a5 2 € Al (o) — o . (5.8.8)
T

Proof. Let 1,, be the jump distribution at z = z,. Then v, has a jump behavior
at © = 0 and [Vyy]z=0 = 2[flazz,. Observe that U(z) = F(xo + 2z) — F(zg — 2)
is a harmonic representation of v,, and V(z) = —i (F(xo + 2) + F(zg — 2)) is a
harmonic conjugate. Hence, we can apply (5.4.2) and Theorem 5.21 to U and V

and obtain that F(xg — z) = F(x¢ + 2) + O(1) and so

)y
Fwo + 2) + Flwg — 2) = ;Z[f]x:xo log |z + o (Jlog|z]) , z€ AJ(0)—0;

and therefore (5.8.8) follows. O

We end this section with an immediate corollary of Theorem 5.25, this is the
result from [54] which generalizes F. Mdricz result [140, 141], namely, we express
the symmetric jump as a logarithmic average of the Abel-Poisson means of the

conjugate series.

Corollary 5.27. Let f € S'(R) be a 2w-periodic distribution with Fourier series

% + Z (an cosnz + b, sinnz) . (5.8.9)

n=1
If f has a symmetric jump behavior at x = xq, then its conjugate series has the

following logarithmic Abel-Poisson average value

1 oo
Tl_i)I{l_ m ; (an sinnxg — b, cosnzy) r" =

5=

(floeay - (5.8.10)
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Chapter 0

Determination of Jumps by
Differentiated Means

6.1 Introduction
We continue in this chapter our study of jumps of distributions. New types of
summability means are introduced in order to find formulas for jumps, namely,
Differentiated Means. The result of the present chapter are to be published soon
in [222].

Our results are inspired in a classical result of L. Fejér ([63],[256, Vol.I, p.107]).

It states that if f is a 27-periodic function of bounded variation having Fourier

series
D ™ (6.1.1)
then
1 & 1
dim ;Nncnem“ = — (f(ag) = f(ag)) (6.1.2)

at every point x = zy where f has a simple discontinuity. Therefore, the limit
(6.1.2) involving the differentiated Fourier series determines the jumps of the func-

tion. If one writes (6.1.1) in the cosines-sines form, i.e.,

ap > .
b + ;(an cos nx + by, sinnx) | (6.1.3)
then (6.1.2) takes the form
Y 1
]\}1_1};0 N ;n(bn COSNT — Gy Sinnx) = - (f(zd) = flzg)) - (6.1.4)

Relation (6.1.4) is an example of what we call a differentiated mean. A. Zyg-
mund studied a more general problem in [255] (see also [256]), under an extended
notion of symmetric jump related to the notion of de la Vallée Poussin general-

ized derivatives, he obtained formulas for the jump in terms of Cesaro versions of

(6.1.4).
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The study of the jump behavior and the determination of jumps by different
types of means has become an important area because of its applications in edge
detection from spectral data [66, 67]. Results of this kind are important in applied
mathematics because they have direct consequences in computational algorithms
(consult references in [66]). Recently, it has attracted the attention of many authors
and some generalization of classical results have been given [9, 54, 66, 67, 70,
118, 119, 120, 121, 140, 141, 143, 186, 187, 215, 218, 222, 248, 253]. We already
faced some of such generalizations in Chapter 5. Basically, we could say that these
generalizations go in three directions: extensions of the notion of jump, enlargement
of the class of functions, and the use of different means to determine the jump.

In the present chapter we provide results of a general character. We leave the
usual classes of classical functions, and obtain results for very general distribu-
tions and tempered distributions, as we have been doing in the previous chapters.
The usual notions for jumps are extended to distributional notions for pointwise
jumps, the jump behavior and the symmetric jump behavior, as defined in Chapter
5 (Section 5.2). The distributional jumps include those of classical functions. In
order to determine the pointwise jumps of distributions, we define a new type of
means, the differentiated means in the Cesaro and Riesz sense; these means are
applicable to Fourier series and to the Fourier transform of tempered distributions.
We then obtain formulas of type (6.1.2) in terms of the differentiated means of the
Fourier transform of tempered distributions. Our results are applicable to Fourier
series, we therefore generalize some of the results mentioned above. The approach
we are taking has also a numerical advantage with respect to other approaches;
in the case of the jump occurring in the jump behavior, our formulas only use
partial part of the spectral data (either positive or negative part). For the case

of symmetric jumps, we recover some results from [255, 256]. When we deal only
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with distributions in D’(R), thus we do not have the Fourier transform available,
we can still use differentiated Abel-Poisson means in order to determine the jump,
that is, the jump can be calculated in terms of the asymptotic behavior of partial

derivatives of harmonic representations and harmonic conjugates.

6.2 Differentiated Riesz and Cesaro Means

In this section we shall define a new type of means, the differentiated Riesz and
Cesaro means. They will be the main tool of the next section when finding formulas

for jumps of distributions. We begin with the case of series.

Definition 6.1. Let {\,} ~, be an increasing sequence of non-negative numbers

such that lim, .. A\, = 0o. Let k and m € N. We say that a series ZZOZO Cp 18

e}
n=0’

JE&’“(mnt k) Y e (%)k (1 - %)m S (6.2.1)

An<T

summable to y by the k-differentiated Riesz means of order m, relative to {\,}

of

In such a case, we write

d.m. i Cpn =7 (R™ {\}, m) . (6.2.2)

When X\, = n, we simply write (C(k), m) for (R(k), {n} ,m), and say that the series

1s summable by the k-differentiated Cesaro means of order m.

Notice that if £ = 0, the means are trivial. So from now on, we assume that
k is always a positive integer, while m might be equal to 0. Observe also that it
is possible to take non-integral values for £ and m; however, we will only use the
integral case and thus we shall always take k,m € N. When we do not want to
make reference to m, we simply write (C(k)) or (R(k), {)\n}), respectively.

The first surprising fact about our means is that these methods of summation
are not regular [85]; that is, if >~ ¢, is convergent to 7, we do not necessarily

have that Y _>° ¢, is (R®, {\,},m) summable to 7. However, our method is what
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Hardy calls 7. [85, p.43], it means that it sums convergent series but not necessarily
to the same value of convergence. That fact is presented in the next proposition:

Indeed, our method of differentiated Riesz means sums all convergent series to 0.

Proposition 6.2. Suppose that Y ¢, is convergent to some value v, then

o0

dm. > e, =0  (R® {\.}.m) . (6.2.3)

n=0
Proof. We assume that m > 1, when m = 0 the proof is similar. Define s(x) =

¢, . We have that s(x) — v as x — o0. So,
Z)\n<x Y

S (2 [ 1) e

An<zx

_ /1 (m + k)t — k)t 1(1 — )™ Ls(at) dt |

and the last term converges to

1 1
v ((m + k)/ th(1 — )™ tdt — k/ =11 — t)m‘ldt) =0,
0 0
as required. O

The fact that the differentiated Riesz means sum convergent series to 0 will be
reflected in their ability to detect the jump of Fourier series.

We now generalize Definition 6.1 to distributional evaluations.

Definition 6.3. Let g € D'(R) be a distribution with support bounded on the left
and let ¢ € E(R). We say that the evaluation (g(x),¢(x)) has a value y in the

k-differentiated Cesaro sense (at order m) and write

dm. (g(z),o(z)) =~ (C(k),m) : (6.2.4)

¥ () g(x) = ya* ' + o (2"71) (Cm+1), x—o00. (6.2.5)
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A similar definition applies if g has support bounded on the right; notice that
unlike the (C) sense, where (f(—z),¢(z)) = (f(z),¢(—z)) (C), in this case we
have that d.m. (f(—z),¢(z)) = —d.m. (f(z),d(—z)) (C*)). Again, if we do not
want to make reference to m, we simply write (C(k’)). Observe that one readily

verifies that
o0

d.m. Z Cp ="y (R(k), {A},m) (6.2.6)

n=0

if and only if
d.m. <Z cnd(x — A\p), 1> =y (C® m) . (6.2.7)
n=0
More generally, if p is a Radon measure concentrated on [0,00), one writes
instead of (6.2.4)
d.m./ o(t)du(t) =~ (C(k),m) . (6.2.8)
0

Hence (6.2.8) holds if and only if

mlir&k(m; k) /0 6(1) (%)k (1 - %)mdu(t) — (6.2.9)

We want to define the k-differentiated Cesaro distributional evaluations for the

case of unrestricted supports.

Lemma 6.4. If g € £'(R) then for any k >0, m >0 and ¢ € E(R), one has that

d.m. (g(z), ¢(z)) =0 (C*®),m).

Proof. Since ¢(z)g(z) € £'(R), one can assume that ¢ = 1. It is enough to show
the result for m = 0. Next, let G € D'(R) be a distribution with support bounded
at the left such that G'(z) = z¥g(z), since G’ vanishes in a neighborhood of infinity,
then G is constant in that neighborhood of infinity, consequently, for x large enough

G(x) = o(z*), as © — oo, in the ordinary sense, as required. O

We can now define the k-differentiated Cesaro distributional evaluations for dis-

tributions with unrestricted support.
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Definition 6.5. Let g € D' (R) and let ¢ € E(R). Let g = g1 + g2 be a decom-
position of g where gi1(x) and go(—x) have supports bounded on the left. We say
that d.m. (g(z), d(z)) = v (C®) if both d.m.(g;(x), ¢(z)) = v (CW) exist and
Y ="t 2.

Observe that because of Lemma 6.4 the last definition is independent of the
decomposition of f.

We also have the analog to Proposition 6.2 for distributions.

Proposition 6.6. Let f € D'(R) and let k be a positive integer. If (g(z), d(z)) =

(C), for some v, then d.m. (g(z), p(x)) =0 (C®).

Proof. 1t is enough to assume that ¢ has support bounded on one side, say on the

left, and that ¢ = 1. The condition, together with the assumption on the support,

g(Ax) = 7%@ +o G) :

as A — oo in §&'(R). Hence multiplying by (Az)*, we see that

implies that

(Az)*g(Az) =0 (A1) as A — oo,

in §’(R). Hence, since the support of ¢ is bounded on the left, we can apply

Proposition 1.13 to conclude that z*g(z) = o (zF71) (C). O

We were not precise in the order of summability in Proposition 6.6. If we want to
obtain information about the order, then it requires a more elaborated argument.
Theorem 6.7. Let f € D'(R) and k be a positive integer. If (g(z),d(x)) = v

(C,m), for some v, then d.m. (g(z),d(z)) =0 (C™ n), for n > m.

Proof. We may assume that supp g is bounded at the left, ¢ =1 and n = m. Let

G be the (m + 1)-primitive of g with support bounded at the left, then

G(z) ~ % ", = 00, (6.2.10)
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We now calculate the (m + 1)-primitive of x*g(x) with support bounded at the

left. In the well known formula

m+1 +1 .
¢h(m+1) _ Z(_l)j <mj ) (¢(j)h) (mA1-j) ’ (6.2.11)
§=0

valid for ¢ € £(R) and h € D'(R), we take h = G and ¢(x) = z*. This shows that

Pl =3 (-1 ) (mf 1) JRCET 0

(=D

where C(k, j) = k(k—1)...(k—j+1), is the desired (m + 1)-primitive of 2*g(x).

J=0

Then, (6.2.10) implies

S— /x(x - t)mtdeH(tm)dt + o(z™F) = o(z™+F)
(m))? J, dmt1 ’

as x — 00, here we have used again (6.2.11) but now with h(x) = z™. O

6.3 Determining the Jumps of Tempered
Distributions by Differentiated Cesaro
Means

In this section we determine the jump, for the jump behavior and symmetric jump
behavior, of general tempered distributions. This is done in two ways, in terms
of the asymptotic behavior of its Fourier transform, and in terms of differentiated

Cesaro means.

Theorem 6.8. Let f € S'(R) have the distributional jump behavior at x = xy,
f(zo+tex)=~_H(—x)+~v, H(zx)+0o(l) as ¢ —0". (6.3.1)

Let k be a positive integer. Then for any decomposition f = ﬁ—i—fh with supp f, C
(—00,0] and supp fiC [0,00), one has that

dom ( fi(a). o707 = %[ focan (C%) (6.3.2)
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In particular, d.m. <f(x), 6”0x> = (2/1) [f]zzmo (C(k))’ and

, . 1 1
) = UL L o o (§) w Aol (039)
1

where the last quasiasymptotic relation holds in the sense of weak convergence in

S'(R).

Proof. Differentiating (6.3.1) k-times, one has that

€ ek

(h=1)(
) (zg + ex) = [fleezq 5—k<) +o (l) , (6.3.4)

as ¢ — 07 in D'(R). If we take Fourier transform in (6.3.4), we obtain the asymp-

totic behavior,
S 1
(Az)" o7 f(\g) = = oz, M)t o (M) as A — oo, (6.3.5)

in &'(R) . Therefore z*¢™07 f(x) has quasiasymptotic behavior at infinity with
respect to A¥71. The asymptotic relation (6.3.5) admits the splitting (6.3.3), due
to the general structural theorem for quasiasymptotic behaviors (see Chapter 10,
[212, Thm.2.6] or the decomposition theorem in [231, p.134]); and (6.3.3) yields

(6.3.2), by Proposition 1.8 (Section 1.8.1). O

A particular case is obtained when f is a Radon measure. Notice that this class

of distributions includes the so called pseudofunctions [71].

Corollary 6.9. Let f € S'(R) have the distributional jump behavior (6.3.1). Sup-
pose that its Fourier transform is given by a Radon measure p. Then for each pos-
itive integer k there exists m € N such that for any decomposition of = pu_ + piy

as two Radon measures concentrated on (—oo,0] and [0, 00), respectively, one has

that

du [ ) = £ (fl, L, (CYm) - (639)
0
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or which amounts to the same,

T k m
Ji%ik(m;k> /0 e (é) (1%) s (£1) = =[fl,_, . (63.7)

Note that Theorem 6.8 and Corollary 6.9 provide us with formulas for the jump
by only considering the spectral data of f from either the left or right side of the
origin. In the case of symmetric jump behavior this is not longer possible; however,

we can still recover the jump by taking symmetric means.

Theorem 6.10. Suppose that f € S'(R) has a symmetric jump at © = xo. Let k
be a positive integer. Then for any decomposition f = ]E, + f+, where supp f, -

(—00,0] and supp fiC [0,00), we have that

A (00 () — e (), 1) = % . (C9) . (6.3.8)

Proof. Let 1, = wgf:o be the jump distribution (Section 5.2). It has the jump

behavior at x =0
Yan(e2) = [fl,pysena +0(1) as e —0F in D(R)

and 50 (1] ,—o = 2[f],—,,- Since U () = €707 f () — e~707 f(—1) | a decomposi-

tion f = f_ + f; leads to the decomposition ¢y, () = ¥_(z) + b, () where

~

Vi(a) = &0 fu () — 70" fr(—a)
and thus Theorem 6.8 implies (6.3.8). O

When f is a Radon measure, we can give formulas of type (6.3.7). Depending on
the parity of k£, we should use the means of a Fourier type integral or a conjugate
type integral. This fact is given in the next two corollaries which follow immediately

from Theorem 6.10.
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Corollary 6.11. Let f € S'(R) have a distributional symmetric jump behavior at
x = xg. Suppose that its Fourier transform is a Radon measure . Let 2k — 1 be a

positive odd integer. Then there exists m € N such that

fi 12— 1) (m 2k = 1) [ e (1 - %)m At = [fl,—y - (63:9)

oo Qp2k—1 m .
Corollary 6.12. Let f € S'(R) have a distributional symmetric jump behavior
at x = xg. Suppose that its Fourier transform is a Radon measure p. Let 2k be a
positive even integer. Then there exists m € N such that for any decomposition p =
p—+ iy, as two Radon measures concentrated on (—oo, 0] and [0,00), respectively,

one has that

lim ik (m + 2k> /ﬂﬁ {2 eiwot (1 — |i|>md0(t) = [flocso > (6.3.10)

z—o0 2k m e x

where o0 =y — p— .

Sometimes is possible to single out a measure o in (6.3.10). For certain distribu-
tions one can talk about a unique Hilbert transform [60], say f , in such a case one
may take o = if. Actually, this will be done in Section 6.5 for the case of periodic

distributions.

6.4 Jumps and Local Boundary Behavior of
Derivatives of Harmonic and Analytic
Functions

In this section, we determine the jump of a distribution in terms of the asymp-
totic behavior of derivatives of analytic representations (Section 1.6); we also find
formulas for the jump in terms of partial derivatives of harmonic and harmonic
conjugate functions. Given 0 < < 7/2 and xy € R, we define the subset of the
upper half-plane A () as the set of those z such that n < arg(z — o) < 7 — 1,
similarly, we define the subset of the lower half-plane A (7o) as the set of those z

such that n — 7 < arg(z — x¢) < —1.
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We start with the jump behavior and analytic representations.

Theorem 6.13. Let f € D'(R) have the jump behavior at x = xy
f(zo+ex)=~_H(—z)+~v H(x)+o(l) as ¢ —0". (6.4.1)

Suppose that F is an analytic representation of f on Sm z # 0, then for each

positive integer k and 0 < n < w/2, one has that

lim (2 — )" F®(z) = (1)

220, 2EAT (20) 27 lomay - (6-4.2)
Proof. We first show that if (6.4.2) holds for one analytic representation, then it
holds for any analytic representation of f. In fact by the very well known edge
of the wedge theorem, any two such analytic representations differ by an entire
function, and for entire functions (6.4.2) gives 0. Next, we prove that we may
assume that f € §’'(R). Indeed we can decompose f = fi + f where fs is zero in a
neighborhood of zg and f; € §’'(R). Let F; and F; be analytic representations of f;
and fy, respectively; then Fy can be continued across a neighborhood of z, (edge
of the wedge theorem once again), hence Fy(z) = Fy(zo) + O (|]z — xo]) = O (1) as
z — xg. Additionally, f; has the same jump behavior as f. Thus, we may assume

that f € &’ (R). Consider the following analytic representation [24, p.83], where

f = f_ + f+ is a decomposition as in Theorem 6.8,

1 <A -
—(f (t),e”>, Smz>0,
F(Z): 27T1 +,\ '
—2—<f,(t),em>, Smz<0,
T

Keep the number z on a compact subset of Ai(xo), then
z ik B .
F®) (ZEO + X> = i%)\kﬂ <tkemmotfi (At), em>
oy A* / et g (M%)
0

. (:tl)k_l
0, (2) o 0n,

27
271
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as A — oo, where we have used (6.3.3). O

Next, we determine the jump, occurring in jump behavior, by finding the local
boundary asymptotic behavior of partial derivatives of harmonic and harmonic

conjugate functions.

Theorem 6.14. Let f € D'(R) have the distributional jump behavior (6.4.1) at
x = xq. Let U be a harmonic representation of f on Smz > 0. Let V' be a harmonic

conjugate to U. Suppose that k is a positive integer, then

oU, . (k—-1) Sm 1 .

Ok (2) = (—1)r [flomay S —(z P + (\ ol ) , (6.4.3)
and

orv, - (k=1 1 O

Ok () = (—) 7 [f]oesy e —(z ) + <| o > , (6.4.4)

as z — xo on any sector of the form Al (xg), 0 <n <m/2 .

Proof. Notice that, since harmonic conjugates differ from each other by a con-
stant, we may use any specific V' we want. We now show that we may work with
any harmonic representation U of f. Suppose that U and U; are two harmonic
representations of f, then Uy = U — U; represents the zero distribution. Then by
applying the reflection principle to the real and imaginary parts of U [11, Section
4.5], [207, Section 3.4], we have that U, admits a harmonic extension to a (com-
plex) neighborhood of zy. Consequently, if V' and V; are harmonic conjugates to
U and U, we have that Vo, = V — V] is harmonic conjugate to Us, and thus it

admits a harmonic extension to a (complex) neighborhood of z( as well. Therefore
okU, oV,
PZarra
and V satisfy (6.4.3) and (6.4.4) if and only if U; and V; do it.

(z) = O(1) in a neighborhood of x¢; consequently, we have that U

Let F' be an analytic representation of f. We may assume that U(z) = F(z) —
k

F(z) and V(2) = —i (F(2) + F(2)). Notice that ZTZ(Z) = F®(2) — F®(z) and
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k
887‘2(2') = —i (F®™(2) + F®(2)), and then an application of (6.4.2) gives (6.4.3)

and (6.4.4). O

Observe that when £ is odd it is possible to recover the jump from the radial

k k
asymptotic behavior of —— but not from the one of ———; similarly, when k is
Oxk ](?xk
even we recover the jump from the radial behavior of ok but not from the one
x
oFU . - .
of Ok This is also true for the symmetric jump behavior.
x

Theorem 6.15. Let f € D'(R) have symmetric jump at x = xo. Let k be a positive
integer. Suppose that U is a harmonic representation of f on Sm z >0 and V is

a harmonic conjugate to U. Then,

. 0T , 2k — 2)!
im0 o) = (e BBy (6.4.5)
and
o*v (2k —1)!
. 2%k SN (L 1\k+1
Tim P o i) = ()R AL, . (6.40)

Proof. We apply our results to the jump distribution v, := wgo (Section 5.2). Let
U be a harmonic representation of f and V' be a harmonic conjugate. We have that
U(xo+2)—U(xo—%2) and V (g + 2) + V (xo — Z) are a harmonic representation
and a harmonic conjugate for 1,,. The result now follows from Theorem 6.14 and

the fact [1y,],_q = 2 [f]m:xo. O

We remark that for distributions the radial behavior of its harmonic represen-
tations can be considered as Abel-Poisson means, while the radial behavior of
harmonic conjugate functions can be considered as conjugate Abel-Poisson means;
hence, one can say that Theorem 6.15 gives the jump in terms of differentiated
Abel-Poisson means. We will apply this useful observation to Fourier series in the
next section. We also want to point out that Theorem 6.13 and Theorem 6.14 are

much stronger than Theorem 6.15, and in the context of Fourier series, as we shall
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see, can be used to express the jump as differentiated Abel-Poisson means of only
a partial part of the spectrum.

If we assume that f is the boundary value of an analytic function on the upper
half-plane, we can get a better result than Theorem 6.15. This is the content of

the next theorem.

Theorem 6.16. Let F be analytic in the upper half-plane, with distributional
boundary values f(x) = F(x +10). Suppose f has a distributional symmetric jump

behavior at x = xo. Then, for any 0 <n < /2

(k - 1)'[f]x:aro

(=1)kim(z — xo)*

F®(2) ~ as z € NS (o) — o - (6.4.7)

Proof. Let 1,, be the jump distribution at z = z,. Then 1,, has a jump behavior
at © = 0 and [Vyy]e=0 = 2[flazsz,. Observe that U(z) = F(xo + z) — F(zg — 2)
is a harmonic representation of ¢,, and V(z) = —i (F(zo+ z) + F(xg — 2)) is a

harmonic conjugate. Hence, we can apply Theorem 6.14 to U and V' to obtain that

k _ k = k (k — 1)' 1 —k
F® (g + 2) = (—1)*F(ao = 2) + 2= 1) == [f,,, Sm S + o (|2 ")
and
k—1)! 1
F® (g1 2) = (1 Fao — )+ 2P g e L (1217)
i TETO T ok
as z € AfF(0) — 0; and therefore (6.4.7) follows. O

6.5 Applications to Fourier Series

This section is dedicated to applications of our results to Fourier series. We deter-
mine the jump of 27m-periodic distributions in terms of differentiated Cesaro-Riesz
and Abel-Poisson means.

Throughout this section f is a 2mw-periodic distribution with Fourier series

[e.9]

f(z) = Z cne™ (6.5.1)

n=—oo

where the series converges in S'(R).
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6.5.1 Jump Behavior and Fourier Series

Notice that the Fourier transform of f is given by

fl@y =27 Y cadlz—n), (6.5.2)

n=—oo

hence, as an immediate corollary of Theorem 6.8, we obtain,

Theorem 6.17. If f has a jump behavior at x = xo, with jump [fls=z,, then for

each positive integer k we have that

- 1xon 1
d.m. nEO Cpe = oy - (™), (6.5.3)
and
- —ixon 1
d.m. ng_l C_p€ = —% [f]:p:ro (C(k)) . (654)

Notice that, as we have previously remarked, in our formulas we only need either
the positive or the negative part of the spectral data of f, having an advantage
over other approaches where the complete spectral data of f is used.

We now interpret Theorem 6.13 in the context of Fourier series; again notice
that only one part of the spectrum is used. Observe that

oo
Z e, Smz>0,
F(z) = n=p (6.5.5)

1
— E e, Smz <0,

n=—oo

is an analytic representation of f, from where we have immediately.

Theorem 6.18. If f has a jump behavior at x = xo, with jump [fle=z,, then for

each positive integer k we have that for 0 <n < m/2,

= 4 k—1)!
; a3 ntene = I 6.5.6
z—xo, irEnAﬁ(xo) (Z 370) %n Cn€ 27T(_Z')k+1 [f]x::):o ) ( )

and
1

; k—1)!
lim 2 — 20)" nFe,em* = —( ; . 6.5.7
z—xo, 2EA; (z0) ( 0) Z 271.(_1)]“_1 [f]:c,g;o ( )

n=—oo
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Remark 6.19. We remark that we may also consider non-harmonic series and
obtain analog results. Indeed, suppose that {\,} - is an increasing sequence such
that 0 < Ag and lim,, . A, = 00, let

= > et (6.5.8)
convergent in &’ (R). Then if g has a distributional jump behavior at x = xq, we

have that for each positive integer k

dm. )y ene™™ =g, (RY.{0}) (6.5.9)
n=0
- ‘ 1
dm. ) " c_eotn = — 5 [, R®, {\.}) (6.5.10)

(k — 1)!

: k z)\nz .
L e = g, 65
and
: k iAnz (k _ 1)'
. linA*( (z —xo Z Arc_pen® = m 7] P (6.5.12)
6.5.2 Symmetric Jump Behavior and Fourier Series
As usual, we define the conjugate distribution of f as
fla)y=>" éem, (6.5.13)

with &, = —isgnn c,, ¢ = 0. Notice that f is the Hilbert transform of f [60].
Since we will use symmetric means, it is convenient to use the sines and cosines

series for f, i.e.,

(an cosnz + b, sinnz) | (6.5.14)

Mg

Qo
5 +
n=0
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where a,, = ¢, + c_p, b, = i(c, — c_y), then ¢, = (—b|n| —isgn na‘n‘) /2 and

WE

(a, sinnz — b, cosnx) . (6.5.15)

n=1

We obtain from Theorem 6.10.

Theorem 6.20. Let k be a positive integer. If f has a symmetric jump at x = xg,

then

d.m. Z (an sinnxg — by, cosnxzg) = ! i (C(k)) : (6.5.16)
7r

n=1

Proof. Observe that f = f, + f+, where

fi(x) = aom 0(x —|—7TZ n—iby) 6(x —m) |

and

ian—irzb d(x+n).

Thus, an easy calculation gives that e*0® f+(:v) — e~ txox f,(—:c) is equal to

apm 0(x) + 2mi Z (an sinnxg — b, cosnzg) 0(x —n) ,
n=1
and therefore (6.5.16) is a direct consequence of Theorem 6.10. ]

Relation (6.5.16) can also be written in terms of the Fourier coefficients {c,}
and {¢,}. By direct computation, or by applying Corollaries 6.11 and 6.12, one

obtains the following corollary.

Corollary 6.21. Let k be a positive integer. If f has a symmetric jump at x = xg,

then

, m+ 2k — 1 , n\ 2k-1 In\™ 1

lim (2k — 1 e (= 1—— ) =—Ifl_
e B D G e R

—xr<n<x
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and

. m + 2k ~ xon [TV 2k |n| m_ 1
xlggozk< - ) Y e (I) (1 =) = fl - (6518)

—xr<n<x

We now express the jump in terms of differentiated Abel-Poisson means.

Theorem 6.22. If f has symmetric jump behavior at x = xq, then for any positive

k we have that

(F = D' lomay

(o.¢]
nz:; (an sin nzy — b, cos nag) n*r" ~ — T (6.5.19)
asr — 1.
Proof. Notice that
a’0+1§: zzn+1§:( +~b)—i2n
=—4= e = an +ib,) e
2 2 n=1 2 n=1

and

IS

li (i, + by) €™ + = Zmn—b e n
n=1

are a harmonic representation of f and a harmonic conjugate. If k is odd, we obtain

that
k [o¢]
Sk ——(wg +1y) = "t Z (an sin nzg — by, cosnag) n*e ™ |
n=1
on the other hand if k is even, we have that
oV =
Dk (zo + iy) = ¥ Z ap sin ny — by, cosnag) nte™™
n=1

So, in any case we obtain from Theorem 6.15 that for each positive integer

> k—1)!
; 11101+ Y 321 (ay, sin nag cosnxg) n'e - [f]gc:z0

We end this section with a direct corollary of Theorem 6.16.

173



Corollary 6.23. Suppose that the 2m-periodic distribution f is the boundary value

of analytic function, i.e., its Fourier series expansion is of the form

f(x) = i cne™™ (6.5.20)

If f has symmetric jump behavior at x = xy, then for any positive integer k and

0 <n<m/2, one has that

;%n e ~ (—1) T g xo),i as z € Aj(xzo) — o . (6.5.21)

6.6 A Characterization of Differentiated Cesaro
Means

In this section we provide a characterization of the summability method by differ-
entiated Cesaro means in terms of the Cesaro behavior of the sequence {nkcn}zo:l.
This equivalence is stated in the next theorem. The proof adapts an argument from
the proof of [85, Thm.58, p.113] to our context; G. Hardy attributes the main ar-
gument to A.E. Ingham [100]. One may also adapt M. Riesz’s original proof of the

equivalence between the (R, {n}) and (C) methods of summation [94, 172].

Theorem 6.24. Let {c,} -, be a sequence of complex numbers. Let k be a positive

integer. Then

d.m. Z Cpn =7 (C(k), m) (6.6.1)
n=0
if and only if
n*c, =" +o (nF7) (C,m+1) . (6.6.2)

Proof. Set a,, = n*c, —yn*~1, since

, m+k\ k e A m+k\ ('
1 —E Rl —-2) =k =11 — t)™dt
wggo<m)x’“ ’ ( :c) (m)/o .

0<j<z

=1

Y
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we have that (6.6.1) holds if and only if

Ton(z) := Z aj(z—j)" =o0(2™"), z—o00.

0<j<z

Set

Apir () = zn: (mr: j) e

=0
Observe that relation (6.6.2) is equivalent to

Am+1(n) = O(nm+k) ) n—00.

Therefore, we shall show that (6.6.3) and (6.6.5) are equivalent.

(6.6.3)

(6.6.4)

(6.6.5)

Assume first that A,,41(n) = o (n™**). Set & = n+ ¥, where n is an integer and

0 < < 1. Since T, () = > 5 (n — j + )™ a;, we have that for |z| < 1

]=

i Ton(z)z" = i(n +9)m" i a,z"
n=0 n=0 n=0

Now, it is easy to see [85, p.113] that

(1=2)"" ) (nt0)me" = Z c;j(9)2

where the coefficients ¢;(¢) are polynomials in ) of degree m. Thus,

m

To(z) =) ¢j()Ani(n—j)=o0(a™") |, z—-cc.

J=0

We now assume that T, (z) = o(z™). We take m + 1 numbers 0 < ¥y < ¥; <

..., < Up,. The equation

(n ;m) = é bj(n + ;)™

can be written as a system of m + 1 equations with non-zero determinant, then it

has unique solutions by, ..., b,,. Hence, we obtain

m

Apa(n) =Y (n It m) a; = ijTm(” +7;) = o (n™)

=0

as n — 00, as required.
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It is convenient to spell out what (6.6.2) says. Recall the definition of the Cesaro
means [85, 256] of a sequence {b,} - . Given [ > 0, the Cesaro mean of order [ of

the sequence (not to be confused with the means of a series) are

N~ (j+1—1
C’l{bj;n}::ﬁz< 11 )bn_j.
=0

Notice that

3

n

("5 )i Y )

m)!
§=0 j=1
k—1)!
m !
Therefore if we define
(m+E) < (n—7+m).
C¥) {cjin} = = DT R P (6.6.6)
j=1

m+1 m nk—1 ’

_k (m - k’) Crni1 {j¥cj; n}
we have then that (6.6.2) means
lim C% {c;;n} =~ . (6.6.7)

So alternatively, we could use (6.6.7) to define the k-differentiated Cesaro means
instead of the means originally used in Definition 6.1. This also justifies the switch
of notation from (R®), {n}) to (C*)) in Definition 6.1.

Theorem 6.24 has an interesting distributional consequence which is presented

in the next corollary. We denote the integral part of a number x by [z]. Given a

(e 9]

sequence {a,},_,,

we denote by ap, the piecewise constant function equal to a,

forn<z<n+1.
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Corollary 6.25. Let {a,}. -, be a sequence of complex numbers and let k be a

non-negative integer. Then,

Zané(x —n) =z + o (2" (C,m) , z—o00, (6.6.8)

n=0

if and only if

an, =yn" + o (n¥) (C,m), n—oo, (6.6.9)
and, in turn, if and only if
ap) = vz + o (z) (C,m), x—o0. (6.6.10)

On combining Theorem 6.17 and Theorem 6.24, we obtain new formulas for the

jump of Fourier series occurring in the jump behaviors.

Corollary 6.26. Let [ be a 2m-periodic distribution having Fourier series

oo
2 Cn einT

n=—oo

If f has a jump behavior at x = xgy, then

1

li et — _—[f] : 6.11
lin neye™ = ifles, (C) (6.6.11)
and
) 1
Ii e T — _ . .6.12
lim nc_pe 57 fla=ea  (C) (6.6.12)

We end this chapter with a corollary that can be tracked down to the work
of A. Zygmund [81, 255], of course he stated it in a very different form; at that
time distribution theory did not even exist! The proof follows immediately from

Theorem 6.20 and Theorem 6.24.

Corollary 6.27. Let [ be a 2m-periodic distribution having Fourier series

[e.o]

Z (an cosnx + b, sinx) .

n=0

If f has a symmetric jump behavior at x = xq, then

lim n (b, cosnxy — a, sinnzy) = %[f]x:xo (C) . (6.6.13)

n—oo
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Chapter 7
Distributionally Regulated Functions

7.1 Introduction
In [128], Lojasiewicz introduced and studied the class of distributions that have a
distributional value at every point. As he showed, these distributions deserve to be
called “functions” since the function given by its values is a well-defined measurable
function, and the correspondence between the distributions with values at every
point and the function of its values is a bijection. Although there is a notion,
that of regular distribution, that appears to apply exactly to those distributions
that correspond to functions, it is fair to say that the distributions introduced by
Lojasiewicz, even if not “regular,” are objects that one would call “functions.”

The aim of this chapter is to introduce and study a generalization of the class of
Lojasiewicz functions, namely the distributionally regulated functions, which are
those distributions that have a distributional lateral limit at every point without
having Dirac delta functions or derivatives at any point, i.e., they have jump be-
havior everywhere. We also consider the related class of distributionally regulated
functions with delta functions, which are those distributions that have a distribu-
tional lateral limit at every point; we show that in this case the set of points where
there are delta functions is countable at the most.

If f is a distributionally regulated function (without delta functions), with lateral

limits f (z7) and f (z7) at each # € R then we introduce the function

f(x)= . (7.1.1)

The function f is a well-defined measurable function, and the correspondence

f e fis one-to-one and onto. Therefore, it is justified to identify the distribution
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f and the function ]7, and call f a “function.” When f is a distributionally regu-
lated function with delta functions, then fcaptures the ordinary function part of
f,and f— fvis a singular distribution that consists of sums of Dirac delta functions
and derivatives on some countable at the most set. The distributionally regulated
functions also generalize the classical regulated functions, which are those func-
tions that have ordinary lateral limits at every point [36]. The classical regulated
functions play a role in many areas of mathematics such as conformal mapping
theory [167], in the description of curves by their radius of curvature [53] and the
application of these ideas to the study of crystals [247], and in the study of theories
of integration more general than the Lebesgue integral, a subject that has received
increased attention in recent years [10, 76]. Actually, Lojasiewicz proved that there
is a descriptive integral that can be defined for distributions that have a value at
every point, and as it is easy to see, this integral is also defined for distributionally

regulated functions. For this integral one has

(f (1), 6 (2)) = / T F@) 6 () de (7.1.2)

for any test function ¢ € D (R).

The chapter is organized as follows. In Section 7.2 we give some preliminary
notions on lateral limits of distributions at points. Distributionally regulated func-
tions are defined in Section 7.3. The next section introduces the ¢—transform, a
function of two variables F'(z,y), x € R, y > 0, that satisfies F' (z,07) = f(x)
distributionally and that allows us to study the local behavior of a distribution f.
In sections 7.4 and 7.5 we consider the pointwise boundary behavior of F'(z,y)
as (z,y) approaches the point (zg,0) in the cases when the distributional value
f (zo) exists and when just the distributional limits f (x(jf) exist. We give several
formulas for the distributional jumps of f in terms of the ¢—transform and related

functions; these formulas complement those from Sections 5.4, 5.6, and 6.4, (Chap-
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ters 5 and 6), which were given in terms of the boundary behavior of harmonic
representations and harmonic conjugates. Our formulas apply to distributions with
arbitrary support and are given not only in terms of conjugate harmonic functions
but in terms of more general solutions of partial differential equations, as follows
from the results of Section 7.8.

In Section 7.6 we show that the set of singular points of a distributionally reg-
ulated function, namely where the lateral limits do not coincide, or where there
are delta functions, is countable at the most; this result is easily proved for clas-
sical regulated functions, but a new proof is required in this case. Actually, our
arguments also apply to show that the set of points where a distribution may have
non-equal lateral limits is countable at most; the result holds for general distribu-
tions not necessarily being distributionally regulated functions. The last fact about
the size of the set of singular points is used in Section 7.7 to prove the one-to-one
correspondence between the functions and the distributions. In Section 7.8 we show
that the ¢—transform is many times the solution of a partial differential equation,
such as the Laplace equation or the heat equation, and therefore our results be-
come results on the boundary behavior of solutions of partial differential equations.
Finally, in Section 7.9 we provide two characterizations of the Fourier transform
of tempered distributionally regulated functions. The results of this chapter have

already been published in [215].

7.2 Limits and Lateral Limits at a Point

In Section 4.6 we introduced lateral limits of distributions at points. Definition
4.14 differs from Lojasiewicz original definition, but both are equivalent. We now
discuss Lojasiewicz original approach [128], which will be more convenient for the
purposes of this chapter. We say that f € D'(R) has a distributional limit v at the

point = xg if f(zog+ex) = v+ 0(1) as e — 0 in D'(R\ {0}). In this case we
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write

lim f(x) =+, distributionally. (7.2.1)

T—T0

Observe (7.2.1) means that

i (f(an + e0),6(a)) =7 [ 6()de , o€ DE{0)). (7.2.2)

Notice that the distributional limit lim, .., f(z) can be defined for f € D'(R \
{zo}). If the distributional point value f(xy) exists then the distributional limit
lim, .., f(x) exists and equals f(xg). On the other hand, if lim,_,, f(z) = 7,
distributionally, then [128] there exist constants ay, . . ., a, such that f(z) = fo(x)+
> o a;69) (z — x0), where the distributional point value fo(y) = 1, distributional

We may also consider lateral limits. We say that the distributional lateral limit

f(zd) = vy exists if f(xg) = lim._o+ f(zo +ex) in D'(0,00), that is,

lim (f(zg+ex),0(x)) = f(zg) /000 o(z)dz , ¢ € D(0,00). (7.2.3)

e—0t

We write f(xg) = 7., distributionally. Similar definitions apply to f(x, ). Notice
that the distributional limit lim, .., f(z) exists if and only if the distributional
lateral limits f(zy) and f(zd) exist and coincide. If both lateral limits exist, then
the jump is defined as the number [f],—z, = 7+ — 7.

Suppose that f(zF) = v+, then there exists fy and constants such that f(z) =

folz) + 27 a;69) (z — o), and fo has the jump behavior
fo(wo +ex) =~v_H(—x) + v, H(z) + o(1) ase— 0" in D'(R) . (7.2.4)

If no delta and its derivatives occur, that is, f = fy, then we actually obtain that
f has jump behavior at = x,. We will indistinctly used the phrases f has jump
behavior at x = xo and the distributional lateral limits exist and f has no delta

functions at x = x.

181



7.3 Regulated Functions

In his pioneering work, Lojasiewicz [128] introduced and studied the distributions
that have a distributional point value at every point. He proved that if one consid-
ers the function having those distributional values as values, then this function is
measurable and in a very precise sense, the distribution corresponds to the func-
tion. It is common usage to call a distribution “regular” if it arises from a locally
Lebesgue integrable function. The functions studied by Lojasiewicz are more gen-
eral instances of what one should call “regular” distributions, namely those arising
from a function by integration. However, in general, the functions that arise from
the distributional point values are many times not locally integrable in the sense
of Lebesgue; sometimes they are locally integrable with respect to more general
integration processes such as the Denjoy-Perron-Henstock integral, as the function
fi(z)=a"tsinz™! x #£0, f1 (0) = 0, but sometimes they are not, as the function
fo(x) =22sinz™ 2 #0, f,(0) = 0.

In this section we shall study a somewhat bigger class, that of the distributionally

regulated functions. The definition is as follows.

Definition 7.1. A distribution f € D' (R) is called a distributionally requlated
function if at each point xqg € R both distributional lateral limits f (xoi) exist and
f has no Dirac delta functions at x = x9. We say that f is a distributionally
requlated function with delta functions if at each point xq € R both distributional

lateral limits f (x(jf) exist.

It will follow from our study that a distribution that is a distributionally reg-
ulated function actually corresponds to an actual function, the function given by
the distributional point value f (z¢), which is defined whenever f (xar ) =f (xa ) ,
an equation that holds for all xy except for those of an exceptional set that is

countable at the most.
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On the other hand a distributionally regulated function with delta functions is
a distribution, and the name “function” is used in the way the name function is
used for the Dirac delta function.

Sometimes we shall refer to distributionally regulated functions as “distribution-
ally regulated functions without delta functions.”

The distributionally regulated functions that have no distributional jump at any
point are the functions studied in [128], and therefore we shall call them Lojasiewicz
functions.

Our definitions were given for a distribution f € D' (R), defined over the whole
real line. However, one can consider any of these notions over finite intervals in the
obvious way, namely, a distribution is, say, a distributionally regulated function
over the interval (a, b) if its distributional lateral limits exist at each point, and no
delta functions are present.

It is worth to point out that the classical regulated functions are those classical
functions that have lateral limits at every point. They are precisely the uniform
limits of step functions [36]. Observe that the classical analogue of the Lojasiewicz

functions are the continuous functions.

7.4 The ¢g—transform

Our main tool to study the local behavior of distributions is the ¢—transform, a
function of two variables that we now define.

Let ¢ € D (R) be a fixed test function that satisfies

/OO ¢(x)de=1. (7.4.1)

If f e D'(R) we introduce the function of two variables ' = F,{f} by the

formula

Fzy)={f(x+y),0() , zeR, y>0, (7.4.2)
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the distributional evaluation being taken with respect to the variable £. We call F
the ¢—transform of f.

The ¢—transform can also be defined if ¢ does not belong to D (R) as long as
we consider only distributions f of a more restricted class. Indeed, we can consider
the case when ¢ € A(R) and f € A’ (R) for any suitable space of test functions
A(R), such as S (R), L (R), or £(R). Observe that we assume (7.4.1) in every
case.

Our first result shows that f (x) is the distributional boundary value of F' (z,y)

as y — 0.

Theorem 7.2. If f € D' (R) and F is its ¢—transform defined by (7.4.2) then

lim P (2,9) = f («) (7.4.3)

distributionally in the space D' (R), that is,

lim (F(z,y) ¢ (2)) = (f (), ¢ (x)) , Vi eD(R). (7.4.4)

y—0

Proof. 1f » € D (R) then

(F(2,y),¢ (@) = (Y (¥€), 0 (), (7.4.5)
where
U (z) =(f(z),¢(z—2)), (7.4.6)

is a smooth function of z. Therefore, ¥ (0) exists in the ordinary sense and conse-

quently in the distributional sense of Lojasiewicz. Hence,

lim (U (y¢) , ¢ (£)) = ¥ (0) = (f (z) ¢ (2)) , (7.4.7)

y—0

and (7.4.4) follows. O

The result will also hold when f € £ (R) and ¢ € € (R) if ¢ € L' (R). In that

case (7.4.7) follows from the Lebesgue dominated convergence theorem, since W
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would belong to D (R). Another case when f (z) is the distributional boundary

value of F'(x,y) as y — 0 is if

fx)=0 (|x|ﬂ) (C) , as |z| — oo, (7.4.8)
¢ (x) =0 (|z|*) , strongly as |z| — oo, (7.4.9)

and
a<-1, atf<-1, (7.4.10)

as follows from [54, Theorem 1]. Actually, we will show a multidimensional version
of such result later in Section 12.3. Recall that (7.4.9) means that it holds after
differentiation, i.e., ¢®(x) = O(|z|*™"), for all k& € N. It is true in particular if
feS (R)and ¢ € S(R).

For future reference, we say that if f € D' (R) and ¢ € D (R) we are in Case L.
If (7.4.8), (7.4.9), and (7.4.10) are satisfied, we say that we are in Case II. When
f eS8 (R)and ¢ € S(R) we say that we are in Case III. Most of our results will
hold in any of these three cases. However, the results are usually false when we

just assume that f € & (R) and ¢ € £ (R).

Theorem 7.3. Suppose

F(w0) = 7. (7.4.11)

distributionally. In any of the cases I, II, or III, we have

lim F(x,y) =", (7.4.12)

(2,y)—(20,0)

in any sector y > m|x — x| for any m > 0.
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Proof. Let us show that if |z1| < 1/m then lim. o+ F' (zg + €x1,€) = 7. Indeed, if

¢ € D(R), then

F(xo + 8%1,5) = <f (5130 + ey + 85) 7¢<£>>
= (f (zo +ew), ¢ (w —21))
= <f (-IO + 5W) 7¢x1 (w)> )

where ¢, (w) = ¢ (w — 1) also belongs to D (R) and [*°_ ¢, (w) dw = 1. Thus
(7.4.12) follows. The limit is uniform with respect to x; for |z1| < 1/m since
{bs, : |x1] < 1/m} is a compact set in D (R). The proof in cases II and III is

similar. O

Angular convergence of F' (z,y) toy = f () is obtained when the distributional
point value exists. On the other hand, the radial limit, lim, o+ F (x¢,y) exists

under weaker hypothesis, namely, under symmetric point values (Section 3.10).

Theorem 7.4. Suppose case I, II, or III holds, and the test function ¢ is even.
Let xI (s) = (f (wo+ s) + [ (w0 — 5)) /2, that is, the even part of f about the point
r=uxq. If

Jsym(zo) =y,  distributionally, (7.4.13)

i.e., X£0 (0) = ~, distributionally, then

lim F (zg,y) =7. (7.4.14)

y—07F

Proof. The fact that ¢ is even yields

lim F (xg,y) = lim+ (f (o +5y&),0(8))

y—07t y—0

= lim (£ (z0+4€) (&) + 6 (~0))/2)

= yli%l_‘_ <Xa:0 (yf) ) ¢ (€)>

=7
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as required. O

Remark 7.5. The above result does not hold if f € £ (R) and ¢ € € (R). Indeed,
if

¢ (z) = Feina’ : (7.4.15)

T

then ¢ € ER) and [7_ ¢ (x) do=1. If f (x) = 6 (x), then

F(z,y) = (%) sin <§)3 (7.4.16)

If xg # 0 then f (z9) = 0 but not even the radial limit lim,_ o+ F (z9,y) exists.

Suppose now that the distribution f € D’ (R) has lateral distributional limits
f (xoi) = v4 as * — xo from the right and from the left, respectively, and no delta

functions at x = zy. This means that f has the following jump behavior: for each

v €D(R),
i (7 (0 +26) @) =7 [ w©do [ w©d. @417

e—0

Then we have the ensuing result.

Theorem 7.6. Suppose case I, II, or III holds and f satisfies (7.4.17). Then for

each ¥ € (0,7) there exits a = a (9) € [0, 1] such that

L F(z,y)=a@) v + (1 —a())y-, (7.4.18)
’(Zﬁ,y)elz,
where ly is the line y = tand (z — xg) .
In cases II or III, limy_oa (¥) = 1, limy_. () = 0. In case I actually there
exist Ug, V1 € (0,7) such that o () = 1 for ¥ < 9 while a (¥) =0 for ¥ > 9.

When ¢ is even then o (w/2) = 1/2.
Proof. The limit of F' (x,y) as (x,y) — (z0,0) along ly is given as
lim (f (zg+ecost +esinvé), ¢ (€)) = Im (f (zo + cw), 9 (w))

e—0t e—0t

0 e’}
:vi/m@ﬂwdw+vﬁé 60 (€) du,
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where

6o (w) = — qs(“_cow). (7.4.19)

sin 9 sin ¥

The result follows by taking

a(d) = / o9 (W) dw = / ¢ (w) dw, (7.4.20)
0 —cot
which has the stated properties. O

Remark 7.7. If f (xac) = v+ exist distributionally, then

m

f@)=fo(x)+ > ;69 (x — o)

J=0

where fo has no delta functions at x = xq. It follows that

“ C; ; To— X
F(z,y) = Fo (:v,y)+zyj—il @( Oy ) . (7.4.21)
j=0

Therefore (7.4.18) is still valid for the finite part of the limit:

F.p. ( )lir? ) F(z,y)=a @)y + (1 —a(d))y-. (7.4.22)
':B?y - .:BO,
(Iay)el‘@

Remark 7.8. If ¢ is even and f (:r(jf) = vy exist distributionally while f has no
delta functions at x = xq then (7.4.18) shows that the radial limit lim,_o+ F (20, y)
exists and equals (yy +v_) /2. However, Theorem 7.4 is a stronger result, since
the lateral limits may not exist if ngo (s) has the distributional limit v at s = 0.

More generally, if

sl_i)r(r]l+ Xt (s) =1, (7.4.23)
distributionally, then
F.p. lim F (z9,y) =7. (7.4.24)
y—07F

Remark 7.9. If f is a distributionally requlated function with delta functions
then the finite part limit F.p.lim, o+ F' (x,y) exists for each x € R, and equals

(f (x3) + f (zq)) /2. It will follow from the results of Section 7.6 that the set
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of points where the limit is not an ordinary limit is countable at the most. If f
15 a distributionally requlated function without delta functions then the limit is
an ordinary limit for each x € R. On the other hand, if [ is a distributionally
requlated function without delta functions then limg y)—(s0.0),(zy)el F (2,y) exists
for each mon-horizontal line |, the set of points where the limit is not independent
of | is countable at the most, while if f is a Lojasiewicz function then the limit is

independent of | for each xy € R.

7.5 Determination of Jumps by the
¢p—transform

Suppose f € D’ (R) is such that the lateral limits f (xoi) = 4 exist distribution-
ally. In this section we consider certain formulas for the jump d = [f],_, =74+ —7-
in terms of the radial limits of some functions related to F' (x,y) .

Let us start with the case when f does not have delta functions at x = xy. Ob-

serve that sometimes we shall use the notation F, or F,, for the partial derivatives

OF /0x and OF /0y, respectively.

Theorem 7.10. Let f be a distribution and ¢ a test function that satisfies (7.4.1).
Suppose case I, 11, or I1I holds. Suppose the distributional lateral limits f (:L‘Oi) =74
exist and f has no delta functions at x = xy. Let d = v, — v_ be the jump of f at

x =9 and let v = ¢ (0). Then
lim yF, (zg,y) = vd. (7.5.1)

y—07T

Proof. The hypotheses yield the jump behavior
fro+exr)=~ H(x)+~v . H(—z)+o0(l) ase— 0" (7.5.2)

in the space D' (R), where H is the Heaviside function. Since distributional ex-

pansions can be differentiated, we obtain the quasiasymptotic behavior

[ (xo+ex) = gé (x)+o (é) as e — 07 in D'(R). (7.5.3)

189



Observe now that F, is precisely the ¢—representation of f’(x). Thus (7.5.3)

yields

F,a:(%,y):%(o)"‘O(l

—) . y— 0T, (7.5.4)
y

and (7.5.1) follows. O

If we just assume that the distributional lateral limits f (a:(jf) = 74 exist, then f
may have delta functions at z = z( and thus the formula (7.5.1) can be modified

by using the finite part of the limit:
F.p. lim yF, (xg,y) = vd. (7.5.5)
y—0t

Actually, to obtain (7.5.5) and in particular (7.5.1) there is no need to assume that
the distributional lateral limits f (xoi) exist; it is enough to suppose that the jump

distribution
Uao (8) = U] (s) = f(wo+5) — f (10— 5) , (7.5.6)
has a distributional limit as s — 0.

Theorem 7.11. Let f be a distribution and ¢ a test function that satisfies (7.4.1).

Suppose case I, II, or Il holds. Suppose

ey (01) = d, (7.5.7)
distributionally. If ¢ is even then
. oF
F.p. yli%lJr U (o, y) = vd. (7.5.8)

When )., (s) does not have delta functions at s = 0 then (7.5.8) is an ordinary

limit.
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Proof. Indeed, the result follows by applying (7.5.5) or (7.5.1) to ¥ (z,y), the

¢—representation of ., (z) and by observing that

Fy (20,9) = (f (w0 + ) , 6 (€)

= (' (20 +£) (6 (&) + 6 (=€) /2)

= ((f' (w0 +y&) — f' (w0 — ¥€))/2,6 (&)
(W, (W6) 6 (€))

:_\Dz 07 )
5V (0,9)

I A

since ¥, (07) = —1b,, (07) = d, and hence [t);,].—0 = 2d. O

Another formula for the jump is given in terms of logarithmic averages. Observe
that in case II, that is f(z) = O (|x|ﬁ) (C), as |z| — oo, and ¢ (z) = O (|z]%)
strongly as |z| — 0o, we need to assume not only that « < —1 and a + 3 < —1,

but also that 5 < 0.

Theorem 7.12. Let f be a distribution and ¢ a test function that satisfies (7.4.1).

Suppose case I or case IT with 3 < 0 holds. If 1, (07) = d, then

F.p. li
P yir(?Jr logy

<ﬂm+%%ﬂﬁlﬂ9>:m. (7.5.9)

Proof. Observe that the condition # < 0, or case I, guarantee that the Cesaro eval-

uation (f (zo +y&),p(€)), where p (&) = (¢ () — ¢ (0)) /€ is well-defined. Notice

also that if f (x(?) = 74 exist and f has no delta functions at © = xg then one

may argue that (f (zo + y€), p (€)) approaches v- [°_ p(€) d§+74 [ p (&) d€ as

y — 0T; however, both integrals diverge: ‘f?oop €) df‘ = UOOO p (&) d{‘ = 00.
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On the other hand,

2 (a0, 2020

¢ = <€f’ <xo+y5>,M>

£
= (" (@0 +9§), 0 (§) — & (0))
= (f" (zo +y€), 0 (8))

oF
- % (3:07 y) :

Thus we may use L’Hopital rule to obtain

F.p. lim
P y—0t logy

<f(ﬂso +y€),w> = F.p. lim ya—F (z0,Y)

y—0t 8$

= vd,
as required. O

Remark 7.13. The function F (z,y) = (f (z + y€), (¢ (€) — ¢ (0)) /€) is a type
of “conjugate” function to the ¢p—transform F (x,y). Actually if ¢ (x) = 7 1(1 +
2?)7! then F (x,y) is a harmonic function and ﬁ(m,y) is precisely its harmonic

conjugate.

Example 7.14. Let us consider the distributional behavior of the distribution f,,

a > 0, given by the nonharmonic series

fulw) = S 20T (7.5.10)

as x — 0. Observe that f, (x) = O (|z|™) (C) as |z] — oco. Let us consider the
conjugate function F (x,y) with ¢ (x) = 7 1(1 + 22)~* as in the remark above.
Then

~ . 7" cos nx
F (z,y) = Z# (7.5.11)

n=1

and thus F (0,y) ~ (1/a)Iny, since Yonacy I/n~ (1/a)InN as N — oo, and it

follows that vd = 1/«, or d = 7/, since ¢ (0) = 1/m. Therefore, since f, is odd,
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we obtain the distributional lateral limits

fo (07) = % fa (07) = ;—;T (7.5.12)

Observe that this is easy to see for a = 1 from the well-known formula

T —X

filw)=——, O<wz<m, (7.5.13)
and for a« = 1/2 from the formula
- ¢(1/2 — j)z%H
5.14
fi2 (x Z 2+ 1) , x>0, (7.5.14)

obtained by Boersma [20] when solving a problem proposed by Glasser [69]; see also
[45]. It is not hard to see that if a > 1 then (7.5.12) are not ordinary limits, since

fo s unbounded as x — 0.

7.6 The Number of Singularities

In this section we show that if f is a distributionally regulated function, with or
without delta functions, then the distributional point value f (z) exists for all
save for those of an exceptional set which is countable at the most. Actually, the
result holds without assuming that f is distributionally regulated, that is, we will
show that for a general distribution the set where the lateral limits exist but the
distributional point value do not exist is countable at most.

The corresponding result for ordinary regulated functions is well-known, and
actually very easy to prove. Indeed, if f (x) is a regulated function in some interval [
then for any A > 0 the set &) consisting of the points = where |f (z7) — f (z7)] > A
is discreet in [, since at an accumulation point of G, at least one of the lateral limits
cannot exist. Thus &, is countable at the most, and hence so is & = |J x50 O =
U~ 1 S1/n- When f is a regulated function of bounded variation, then one can even
bound the ny (K), the number of elements of &, N K for any compact interval K

by ny < V/A, where V is the total variation of f over K.
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This argument does not work if f is distributionally regulated, since in that case

the set &, could have limit points, as the next example shows.

Example 7.15. Let us consider the function f with support in [0,00) with deriva-
tive

' (z) = i (—1)" n9s (x —~ l) (0, (7.6.1)

n
n=1

where ¢ € R. Then f is a distributionally requlated function, constant in all the
intervals (1/ (n+1),1/n) forn € N, and in (—oo,0) where it vanishes. The set of
points where f has a non-zero jump is exactly & = {1/n : n € N}. In particular,
0 ¢ S, since the function has the distributional point value f (0) = 0. If ¢ > 0 then

G\ =6 for A\ <1, and thus 0 is an accumulation point of &y. Actually, we may

[e o]

replace the sequence {(—1)" n4},~, by any distributionally small sequence {c, },-, ,

that is, a sequence with the property that >~ | ¢,0 (x —n) belongs to K' (R) [61,

Section 5.4] and still obtain that f (0) = 0. Indeed,

(f' (ex), ¢ (x)) = < cné(ex—l/n),¢(x)>

()
15 En

n=1
o0

= Z ne,T (en)
n=1

=0(e®) as ¢ — 0%,

where T (x) = (1/x) ¢ (1/x) belongs to K (R) if ¢ € D(R), and where all series
are considered in the Cesaro sense. Hence f is “distributionally smooth” at x = 0

since it follows that f™ (0) =0 ¥m > 0.

We have the following result on the number of jump singularities of an arbitrary

distribution.

194



Theorem 7.16. Let f € D' (R). Let
S = {z € R : the lateral limits exist but f (x) does not ezist distributionally} .

Then S is countable at the most.

Proof. Let us consider first the set & of those elements of & where f does not have
delta functions. Then if 29 € Sy it follows that f (z{) # f (z5) . Let ¢ € D (R)
that satisfies (7.4.1), and let F'(z,y) be the ¢—representation of f. There exists

0 € (0,7/2) such that

lim F (z,tan v — xol) = f (z5) , Vao € R. (7.6.2)

Let Ug = {(r,00) : r € Q} U {(—o0,r): 7€ Q} and let U = {(I,]_) € Uy x Uy :

I.NI_ =0} If xg € &y then there exists (I,,1_) € U and n € N such that
F(z,tanf (z — x¢)) € I, for xop <z <xzo+1/n, (7.6.3)

F(z,tanf (vg —x)) € I for xy—1/n<x < zy. (7.6.4)
For fixed (I;,1_) € U and fixed n € N the family of intervals (zo — 1/n, 20+ 1/n),
where xg € & satisfies (7.6.3) and (7.6.4) is pairwise disjoint and, consequently,
there is an at most countable number of such intervals. Hence

Sy = U U {zo € R : xy satisfies (7.6.3) and (7.6.4)} , (7.6.5)

(I+7I*)6U n=1

is also countable at the most.

The analysis at points where f has delta functions of a given order follows by
integrating f a suitable number of times. Indeed, let G be the set of points of
S where f has no delta function of order greater than N. Let F' be a primitive of
f of order N + 1, ie., FN*D (z) = f(z). Then Gy \ &y_; is exactly the set of
points where F' has a jump but no delta functions; hence Sy \ Sy _; is countable

at the most, and thus so is Gy. It follows that & is countable at the most. O
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We immediately obtain that distributionally regulated functions have distribu-

tionally point values except perhaps for a countable set.

Theorem 7.17. Let f € D' (R) be distributionally requlated, with or without delta

functions. Let
S ={zxeR: f(x) does not exist distributionally} . (7.6.6)

Then G is countable at the most.

7.7 One-to-one Correspondence
We now show that if f € D/(R) is distributionally regulated then the correspon-

dence f < f is one-to-one, where f(x) = (f(z_) + f(z,))/2.

Theorem 7.18. Let f € D'(R) be distributionally requlated. If f(x) = 0, for all

value of x except perhaps for a countable set, then f = 0.

Proof. Notice that, by Theorem 7.17, the distributional point value of f exists ex-
cept for set which is countable at most. Next, since f is distributionally regulated,
then it is distributionally bounded everywhere, hence its primitive has distribu-
tional point values everywhere. Lojasiewicz showed in [128, p.31] that these two
facts together with the hypothesis f (x) = 0, except perhaps on a countable set,

imply that f = 0. [

7.8 Boundary Behavior of Solutions of Partial
Differential Equations

The results of the previous sections apply to general distributions and test func-
tions. When the test function ¢ is of certain special forms, however, we have that
the ¢p—transform becomes a particular solution of a partial differential equation,
and those results become results on the boundary behavior of solutions of partial

differential equations.
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Suppose first that ¢ = ¢; where

¢1 (x) = (7.8.1)

p and ¢ are polynomials, a = degq — degp > 2, ¢ does not have real zeros, and

22 1 (z) dz =1. Let

n

q(x) = Z apr®. (7.8.2)

k=0

Then if f € D' (R) satisfies the estimate f (z) = O (|x|ﬁ) (C), |z| — oo, where

a+ 3 < —1, then the ¢—transform

By (z,y) = (f(x+y8),¢1(8), veR, y>0, (7.8.3)

is a solution of the partial differential equation

- OF
Z CLn_kWyn_k =0 > (784)

k=0
with F'(z,07) = f () distributionally, since

n

o -
> i = Do (0 @+ 5 €61 9)

k=0 k=0

= (f™ (z+y€) g (&), 1 (€))
= (f™ (x+y€),p(9)

=0.

In the particular case when ¢ () = 2? + 1, p(z) = 1/, we obtain

1

¢2($):m

, (7.8.5)

and F (x,y) is the Poisson “integral” of f, which in case f (z) = O (|x!ﬁ> (C),
|z| — oo, for some [ < 1, is the harmonic function with F» (x,0%) = f () distri-
butionally that satisfies I (z,y) = O (\:B|’B> (C), |z| — oo, for each fixed y > 0.

Observe that

e f©de
Fy(z,y) = /_OO —(x mpwE (7.8.6)
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if f is locally integrable.

Let us now take ¢ = ¢, where its Fourier transform is given by

v

oy (u) =™, (7.8.7)

where v = 2p is an even positive integer. Alternatively, ¢, is the only solution in

S(R) of the ordinary differential equation

AV () = (—17 S0 (e) (7.8.8)

14

with ffooo v (&) d¢ = 1. Then if f € 8’ (R), and F is the ¢p—transform correspond-

ing to ¢, the function
G, (v,t) = F (z,t'"), 2 €R, t>0, (7.8.9)

is a solution of the initial value problem

oG -1 0"G
— = (- — 7.8.10
=1y (7810
G (2,07) = f(z) , distributionally.
In particular, if v = 2, then
o~ 7u2 1 752/4
Po(u)=e™, 9, (§) = 5=/, (7.8.11)

2y/m
and G (z,1) is the solution of the heat equation G ; = G ., that satisfies the initial
condition G (z,07) = f (x) , distributionally, and with G (z,t) € &' (R) for each
fixed t > 0. If f is a locally integrable function then G5 (x,t) takes the familiar

form

Gy (2,1) = Nlﬁ / F(&)e T de (7.8.12)

If the distributional value f(xg) = v exists, then Fj (z,y), and in particular
Fy (z,y) , satisfies that Fy (z,y) — v as (z,y) — (x0,0) in any sector y > m |x — x|

for m > 0. Also G, (z,t) — ~ in any region of the type ¢ > m (z — xq)” for
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m > 0. Actually, if x4, (s) = (f (zo +s) + f (zg — s)) /2, and the distributional
value x., (0) = v exists, then Fj (xg,y) — v as y — 07 and G, (zo,t) — 7 as
t — 07. If instead of the existence of the distributional value one just has the
existence of the distributional limit f (:L’S*L) = =, then the finite part of the limit
of Fy (z,y) as (z,y) — (20,0) in any sector y > m|x — xo| exist and equals ~;
similarly, one obtains the existence of the finite part of the limits in the other

cases.

Example 7.19. It is interesting to observe that if f is almost periodic or periodic,

then
f(z) = f: Cn e’ (7.8.13)
where a,, — £00 as n — Foo. It folloZ;_tofjat
F(z,y) = i Cn€ ") (—arny) | (7.8.14)
so that in particular
F(z,y) = i cpetentelanly — i cpetentylanl (7.8.15)

where r = e ¥ — 17 asy — 0%. The study of the behavior of the ¢p—transform in
this case becomes the study of the series (7.8.13) in the Abel sense. Also

Gy (z,t) = Y cpeinrelonl™, (7.8.16)

n=—oo

The problem of finding the (ordinary) jumps of a Fourier series was first solved
by Fejér [63] in terms of the partial sums of the differentiated series, and was later
consider by Zygmund [256, 9.11, Chapter III, pg. 108] in terms of the differentiated
Abel-Poisson means of the Fourier series. A different formula using logarithmic
means was given by Lukdcs [131], [256, Thm. 8.13]. We considered in Chapters
5 and 6 extensions of such results; in particular formulas were given in terms of

the boundary asymptotic behavior of analytic, harmonic, and harmonic conjugates
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functions. The Theorems 7.11 and 7.12 provide very general results of the Fejér
and Lukécs type, respectively, for a general test function ¢ (which provides many
different types of summability means, such as (7.8.15) or (7.8.16)) and not only for
Fourier series, but also for nonharmonic series and actually for any distribution,
these summability means can be related to the boundary behavior of solutions to

partial differential equations, as we have seen in the present section.

7.9 The Fourier Transform of Regulated
Functions

In this section we shall characterize the Fourier transform of distributionally reg-

ulated functions, with or without delta functions. We first start by reformulating

Theorem 5.10, notice that the next theorem shows that if we merely assume the

existence of the limits (5.3.11), they are forced to be of the form a + floga.

Theorem 7.20. Let f € S’ (R). If xo € R then the distributional lateral limits
f (xoi) = 4 exist and [ has no Dirac delta function at x = xq if and only if there

exists k such that whenever g (u) is a primitive of f (u) €™ then the Cesaro limit

lim (g (au) —g(-u)) = L, (a)  (C,k), (7.9.1)

U—00

exists Ya > 0. If this is the case then

I (@) =7 (v +7-) =i (14 —7-)loga. (7.9.2)

Proof. Half of the statement is the content of Theorem 5.10. Conversely, suppose
that I, (a) exists for each a > 0. Clearly I, (a) is a measurable function of a.

Then an easy computation shows that I, (a) satisfies the functional equation
I, (ab) = I, (a) + I, (b) — I, (1) . (7.9.3)

While this functional equation has many solutions, constructed using a suitable

Hamel basis, an analysis that can be traced back to Sierpinski shows that the only
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measurable solutions are
I, (a) =1, (1) 4+ Bloga, (7.9.4)
for some constant (3. So, the result follows from Theorem 5.10 again. O

We obtain the following characterization of the Fourier transforms of distribu-

tionally regulated functions.

Theorem 7.21. Let f € 8’ (R). The distribution f is a distributionally requlated
function with delta functions if and only if Vxg € R, the distribution f(u) etuzo
admits the decomposition

N

J(u) e = py, (u) + g, (u) | (7.9.5)

where pg, (u) is a polynomial and where for some k

lim (g (au) —g(-u)) = L, () (C,k), (7.9.6)

exists Ya > 0. The distribution f is a distributionally requlated function (without
delta functions) if p., (u) =0 for each xo € R; if also I, (a) is a constant function
of a for each x¢ € R then f is a Lojasiewicz function.

In any case, the set of points xy where p,, (u) # 0 is countable, as is countable

the set of points xoy where I, (a) is not a constant function of a.

We now give another characterization of distributions having lateral limits based
on a decomposition in terms of boundary limits of analytic functions from the
upper and lower half planes. Observe that only principal value Cesaro evaluations

are needed in the following theorem.

Theorem 7.22. Let f € S’ (R). Let zp € R. Then the distributional lateral limits

f (SL’Oi) = 4 exist and f has no Dirac delta function at x = xq if and only if

f(u) e = H, (u+1i0) + H,, (u—i0) (7.9.7)
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where H,, (z) is analytic for z € C\ R, the distributional boundary distributions

H,, (u=£10) belong to S’' (R) and the principal value Cesaro evaluations
p.v. (Hy, (u£i0),1) = vy (C), (7.9.8)
both exist. In this case vy = my¢.

Proof. 1f the distributional lateral limits f (:L'(f) = 74 exist and f has no Dirac
delta function at ©* = xy we can write f = f, + f_ where fL do not have delta
functions at = = xg, supp fy C [z9,0), supp f- C (=00, zo], f+ (:1:6“) = 7., and
fo (xg) = v_. Then we define
(fy (), e7=@mm)) = Qmz <0,
H,, (z) = (7.9.9)
(f-(z),e7=@2)) = Qmz >0,

so that H,, (u£1i0) = 61'9”0“]3qE (u), and consequently
pv. (Hy (u£1d0),1) =7y (C). (7.9.10)
Conversely, if (7.9.7) holds, then f = f, + f_ where
fe(x)=F 1 {e ™ Hy (uFi0),z} . (7.9.11)

But this implies that supp f, C [zg, 00), while supp f_ C (—o0, zo]. Then (7.9.8)
yields that the even parts of fy have the distributional values 71 /2 at x = z,. But
since the distributions fi vanish on one side of z, it follows that the distributional

lateral limits exist and no delta function is present. O]

We immediately obtain the ensuing result.

Theorem 7.23. Let f € 8’ (R). The distribution f is a distributionally requlated
function with delta functions if and only if Vxg € R, the distribution f(u) etuzo

admits the decomposition

~

f(w) e™™ = p,. (u) + Hy, (u+i0) + Hy, (u — i0) , (7.9.12)
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where pg, (u) is a polynomial and where H,, (z) is analytic for z € C\ R, the
distributional boundary distributions H,, (u £ i0) belong to S’ (R) and the principal

value Cesaro evaluations
p.v. (Hy, (u£i0),1) = vy (C), (7.9.13)

both exist. The distribution f is a distributionally regqulated function (without delta
functions) if py, (u) = 0 for each xq € R; if also v, = v_ for each xy € R then f
is a Lojasiewicz function.

In any case the set of points xy € R where p,, (u) # 0 is countable, as is countable

the set of points where v, # v_.

One can use these ideas to prove that if the distributional lateral limits of a
distribution that is the boundary value of an analytic function from the upper or

lower half plane exist, then they must coincide [50].
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Chapter 8

Order of Summability in Fourier
Inversion Problems

8.1 Introduction
In the chapter we study the order of summability in the pointwise Fourier inversion
formula for tempered distributions found in Chapter 3 and its implications in
the local behavior of distributions. We show that the order of summability and
the order of the point value are intimately related. We also analyze the order
of summability in other Fourier inverse problems such as the ones considered in
Chapter 5.

Recall the characterization of distributional point values of Fourier series: If
f € D'(R) is 2m-periodic with Fourier series Y 02 ¢ e™, then f(zy) = v, distri-

butionally, if and only if there exists £ € N such that

. inzo _
:Ell—>rgo _KZHSM e =~ (Ck),
for each a > 0.

We shall notice that this result is merely existential, in the sense that it does
not provide information about k£ more than its existence. It is therefore interesting
to ask about the relation of k£ and the local properties of f. For instances, if f(x)
is continuous near x = 1z, then Fejér’s theorem [62, 256] actually tells us that it
can be taken to be at least £ = 1. On the other hand, a careful review of the work
of G. Walter [236] shows that a similar relation holds for distributions, at least
for the summability of the series in the principal value sense. Another indication
that such a relation should exist has been recently provided by F. Gonzalez Vieli

in [72, 74], where a the multidimensional pointwise Fourier transform for some
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particular classes of tempered distributions is investigated using Bochner-Riesz
means.

In the general case, Theorem 3.21 provides a full characterization of the distri-
butional point values of tempered distributions. However, Theorem 3.21 has a gap,
namely, it does not establish a connection between the order of summability of the
Fourier inversion formula and the order of the point values (see Section 8.2 for
the definition of the latter). Our aim is to establish a relation between these two
orders. Among other results, we show that if a tempered distribution, with certain
restrictions of growth at oo, has a point value of order k, then the special value
of the Fourier inversion formula is summable (C, k + 1) to the value. In the case
of Fourier series, these restrictions of growth do not appear, hence we generalized
the result from [236]. Furthermore, we also investigate the opposite problem, that
is, given the order of summability we estimate the order of the point value. We
will also analyze exactly the same order problem in the formulas for jumps given
in Chapter 5; observe that this information is valuable from a numerical point of
view. Indeed, the formulas for jumps can be used as numerical detectors for edges
of functions and distributions, but this only can be done as long as we give precise
information about the order of summability at which they hold.

The chapter is organized as follows. In Section 8.2, we define a notion of order for
distributional point values; it is slightly more restrictive than the one introduced
by Lojasiewicz in [128], but it is more adequate for our framework with tempered
distributions and Fourier transform. In Section 8.3, we extend the definitions of
Cesaro limits and distributional evaluations in order to include fractional orders.
Section 8.4 is dedicated to the study of the order of summability of the Fourier
inversion formula upon the knowledge of the order of the point value, we show

that for certain tempered distributions having a point value of order k at a point,
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the special value of the Fourier inversion formula is summable (C, 3) to the point
value for any # > k; then, we apply this result to cases of interest; at the end
of the section we calculate a bound for the order of summability of the Fourier
inversion formula in the general case. Next, in Section 8.5, we study the opposite
problem, namely, we estimate the order of the point value having the order of
Cesaro summability of pointwise Fourier inversion formula. Section 8.6 is dedicated
to the study of symmetric distributional point values; that is, we investigate order
problems in the solution of the Hardy-Littlewood (C) summability for tempered
distributions, on the way we recover and extend the classical results for Fourier
series [89, 81, 255]. Finally, we study jumps of distributions and find the order in
the various formulas for the jump originally found in [216, 218] and already studied

in Chapter 5.

8.2 Definition of Order of Point Values

In this section we shall define the order of distributional point values for tempered
distributions. Recall the structural average characterization of distributional point
values given in Section 3.2. It was shown by Lojasiewicz [128] that the existence of
the distributional point value f(zq) = v is equivalent to the existence of n € N, and
a primitive of order n of f, that is (™ = f, which is continuous in a neighborhood
of zy and satisfies

nlF(x)

lim ——— =~ . 8.2.1
Bl P L (8.2.1)

If f € §'(R), then n can be taken such that the function F' is locally integrable and
of at most polynomial growth. Lojasiewicz himself defined a notion of order for
distributional point values, but it is convenient to provide a reformulation of the
order of the value more suitable for tempered distribution and our purposes. For
the sake of convenience, we should adopt a little variant of Lojasiewicz’s original

definition which differs from that given in [128].
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Definition 8.1. Let f be a tempered distribution. We say that f has a (distribu-
tional) point value v at x = xo in S'(R) of order n, and write f(xo) =~ in S’'(R)
with order n, if n 1s the minimum integer such that there exists a locally bounded
measurable function F of polynomial growth at infinity such that F™ = f and F

satisfies (8.2.1).

A similar definition has been also adopted in [242, Sect.8.3, Def.8.1] for studying
distributional point values of tempered distributions in relation with orthogonal
wavelet expansions and multiresolution analysis approximations for spaces of tem-

pered distributions.

8.3 Cesaro Limits: Fractional Orders
Recall that given a distribution f € D'(R), with support bounded on the left, we

denote its G-primitive by the convolution

Since we will frequently use fractional primitives in long calculations, its convenient

to introduce some additional notation. Thus, we also denote the S-primitive by

Ig{f(t):a} = f(a),

so that when f is locally integrable,

L e O (8:3.1)

In Section 1.8.2 we defined Cesaro limits of distributions for only integral orders,
we should now extend the definition in order to allow fractional orders.
Definition 8.2. Let f € D'(R) and > 0 . We say that f has a limit ¢ at infinity

in the Cesaro sense of order 3 (in the (C,3) sense) and write

lim f(z)=¢ (C,B), (8.3.2)

r—00

207



if for a decomposition f = f_ + fi as sum of two distributions with supports
bounded on the right and left, respectively, one has that the B-primitive of fi is an
ordinary function (locally integrable) for large arguments and satisfies the ordinary

asymptotic relation

_ 0P
iﬁ)(x)zr(ﬁ—il)—l—o(xﬁ) , as T — 00 .

As usual, if we do not want to make reference to the order 3 in (8.3.2), we simply

write

lim f(z)=¢ (C).

rT—00
We must check that the definition does not depend on the decomposition f =

f— + fu; this fact follows immediately from the next proposition.

Proposition 8.3. Suppose that f has compact support. If 5 > 0 and o > —1,
then fCP(z) = o(2%%), © — oo; in particular, lim, .., f(x) =0 (C,3) for each

p=>0.

Proof. 1f 3 is an non-negative integer, the conclusion is obvious. Assume 3 > 0 is
not a positive integer. We show that f(=% is locally integrable for large arguments
and f~5(x) = o(2%+%), x — o0o. Let k be a positive integer such that f(=*) is contin-
uous over the whole real line. Then f(-*) = P+ F, where P(z) = Z?;S a;(% /4"),
for some constants, and F' is continuous on certain compact interval, say [a, b], and
0 off [a,b]. We have that f = P*) 4 F(®) Note first that

A1 = S+I—H)

k—1
Pl 4 _ sk=1-9) _ . +
r(8) ;a r(8) ;“mm 1+j—h)

So, it is enough to show that

F® s (2771 )T(B)) = F * (21 /T(8 — k)
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is locally integrable for large arguments and satisfies an estimate o(x%+%) as z —
oo. Indeed, we show it is locally integrable on (b + 1,00). If ¢ € D(R) is so that

supp ¢ C (b+ 1,00), then supp ¢ * F'(—t) C [1,00), hence,

(Fsa? 0 g(a)) = (2" (F(=1) % ¢) (2))

_ /100 k1 (/Z Pt — x)gb(t)dt) dz
_ /_ Z ( /1 Ty t)dt) (x)dz .

On the other hand if x > b+ 1, we obtain, as x — 00,
00 b
/ IR P (g — t)dt = / (z — )" Rt = O (27717F) = o (2719) .
1 a
]

Therefore, our definition of Cesaro behavior has the following expected property.

Corollary 8.4. If f has Cesaro limit at infinity of order 3, then it has Cesaro
limit of order 3> 3.

We can also define Cesaro distributional evaluations of fractional orders by tak-
ing m = 3 in Definition 3.4. Observe that if p is a Radon measure supported
on [0,00) then (u(t),d(t)) =~ (C,B) if and only if [°¢(t)du(t) = v (C,0).
In particular, the considerations in Example 3.5 are still applicable to fractional
orders.

We now want to discuss fractional orders for distributional evaluations in the
e.v. Cesaro sense, they were introduced in Definition 3.18 only for positive integral

orders.

Definition 8.5. Let g € D'(R), ¢ € E(R) and 5 > 0. We say that the evaluation

(g (), ¢ () exists in the e.v. Cesaro sense (of order (3), and write

ev.(g(x),0(x)) =~ (Cp), (8.3.3)
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if for some primitive G of g¢ and Ya > 0 we have

lim (G(ax) - G(—a)) =7 (C.5).

T—00

For series, measures and integrals, we shall adopt a similar notation to the one
introduced in Section 3.5.

The last definition allows us to make sense out of the Fourier inversion formula
for fractional orders of summability; indeed from Theorem 3.21 we obtain that

f € §'(R) has a distributional point value v at x = ¢ if and only if

e.v. < F(2), e> — 21y (C,H), (8.3.4)

for some sufficiently large 3. As we mentioned at the Introduction, this result does
not say anything about the relationship between the order of summability of this
inversion formula and the order of the distributional point value; this will be the

main subject of Section 8.4 and Section 8.5 in the present chapter.

8.4 Order of Summability

In this section we obtain a bound for the order of summability of the Fourier
inversion formula for tempered distributions in the general case. We also analyze
two particular cases, the case of Fourier series and the case of distributions with
compact support and in both cases we obtain the expected result: if the distribution
has a value of order k, then the order of summability of the Fourier inversion
formula is at least k + 1.

We will use indistinctly the notations f, F(f) and F{f(t);z} to denote the
Fourier transform of f.

Suppose that f € S’(R) is so that felLl (R). Denote by 04 the characteristic

loc

function of a set A. Then note that (8.3.4) holds if and only if

lim % / ) F(t)e™otp? (é) dt = f(xo) , (8.4.1)
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where ¢ is the summability kernel given by

B
¢g(t) = (1 + t)ﬁe[,w] (Zf) + (1 — 2) H[M (t) . (8.4.2)

Indeed, this follows directly from Definition 8.5. Observe that we may consider
(8.4.2) as the summability kernels of asymmetric (C, ) means. Notice also that if
(8.4.1) holds for some (3, then it holds for any (> 3. We shall need some properties

of these kernels, they are stated in the next lemma.

Lemma 8.6. Suppose that 0 < 3 < 1. Then,

~ 2436 (1 -1
B < LD s

Moreover, [~ $8(t)dt = 2r.

Proof. Suppose the inequality is satisfied, then éaﬁ € LY(R) N L*(R), so the very
well known classical result [17, p.62] implies that the Fourier inversion formula
holds pointwise in this case, and thus we have f_oooo gzgg(t)dt = 2742 (0) = 27. Let

us now show the inequality.

1
| @ ape s ae
0

g

t

OIS

1
/ (1 . u)ﬁ—l(e—iatu . ez‘tu)du
0

t
/ U,B—l (e—zatemu . ezte—zu)du
0

< 2 s
=g T

2 o
<zt tﬁ%(a_l +1) (1 +t7 (1 - ﬁ)/1 u5—2du) :

t
/ U,B—l <€—mtemu o ezte—zu)du
1

where in the last step we have used integration by parts. O

The explicit value of the constant term in the bound from the last lemma is
unimportant, however, we will use the fact that this estimate holds uniformly for

a on compact subsets of (0, c0).
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We start to study the pointwise Fourier inversion formula. We first show a propo-
sition concerning the L?(R) case. The proof of the following proposition is similar

to that of [206, Thm.13], but we include it for the sake of completeness.

Proposition 8.7. Suppose that g € L*(R). If g is continuous at xq, then we have

for any 3 >0,

1

oo ew (30, = glwo)  (C.5),

or, which amounts to the same,

lim L /OO g(t)e' ™ot pP (i) dt = g(zo) , (8.4.3)

z—00 2T oo

uniformly for a on compact subsets of (0, 00).

Proof. By considering g(x 4 x¢), we may assume that zo = 0. We may also assume
that 0 < B < 1, because if it holds for those values of 3, then it holds for any
6> 0.

We have that

[ awer (1) at=a [ atnizenar.

Therefore (8.4.3) holds if and only if

lim [ g(t)KX(t ) dt = g(0) ,

x—o0 |

where K2(t,2) = z¢? (xt) /(27). Now, because of Lemma 8.6 and the boundedness

of ¢2, the kernel KP(t,z) satisfies the following properties

N

/OO Kl(t,z)dt =1, |KJ(t,2)| < Mz, |KJ(t,z)| <

for some positives constants M and N, and the last inequality being valid for

x|t| > 1. The estimates are satisfied uniformly for a on compact sets. Pick o > 0
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such that if |[¢| < o then |g(t) — g(0)| < ¢; keep 7! < min{e, o}, then

V_Z (9(t) — 9(0)) Kf(t,x)dt’

< 8/_1 }Kf(t,x)’ dt + /|t|>glc |g(t) — g(O)| |K5(t,x)‘ dt

> g(t) — g(0)]

t8+1 dt

<2e(M+NB™ ')+ x—]\;/

[t|zo

hence,

T— 00

lim sup ‘% /_oo G(t) b, (é) dt — g(O)’ <2(M+ Np7Y),

since ¢ is arbitrary, this completes the proof.

Remark 8.8. Proposition 8.7 still holds if one assumes that xo is a Lebesque

point of g instead of the continuity at xo. This proposition is also true for kernels

¢ other than ¢°; in fact, the proposition is valid if K(t,z) = z¢(xt)/(27) satisfies

(8.4.4), that is K(t,x) satisfies [*. K(t,xz)dt =1, |[K(t,z)| < Mz for |[t|z < B

and | K (t,z)| < Nx=t=*71, for some positive constants B, M, N and «. For other

related results, the reader can consult Titchmarsh’s book [206, Chap.1].

In order to make further progress, we need two formulas. They are stated in the

next two lemmas.

Lemma 8.9. Let h € D'(R) and m, k € N. Suppose that m > k, then

k

2 (z) = (=1) k!‘ (m> dm_] (z¥77n(z)) .

= (k—4)!\j /) dxm=i

Proof. 1t follows directly form the very well known formula [26, Lemm.1.3|, valid

if ¢ € C*(R),

= . dm=i .
oh(™ = Z(_l)a (m) pT (SO(J)h)

§=0 J

applied to p(x) = a*.
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Lemma 8.10. Let h be a locally integrable function supported on [0,00). For any

positive number B and positive integer k

k .
I3 {tkh(t); x} = Z(—l)j (?) %xk_jh(_ﬁ_j)(x) :

Proof. We proceed by induction over k. For k =1,

Lo {th(t): o} = —— /O " — 1P h(t)dt

I'(3)
= 2h(z) — ﬁ /O (/Ot(x — u)ﬂ—lh(u)du) dt
= 2hP) () — ﬁ /;(x — u)Ph(u)du

I {4 h(e); ) = ]Z;(‘”j (5) Pt (bt}
= :O (—1)! (ID %xkﬂ—jh(—ﬁ—ﬂ(ag)
- jé(_ly ()R 4 ety

]

We begin to analyze the case of tempered distributions, by first imposing some

strong restrictions to the behavior of the distribution at infinity.

Theorem 8.11. Let f € §'(R). Suppose that there exists an m € N such that every
m-primitive of f is a locally integrable function for large arguments and satisfies
an estimate O (|a:]m_1), as x — oo. If f has a distributional point value f(xzq) =7

at xo in S'(R), whose order is n, then

1

S e (f@), ey =y (C.B),
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for any B >k = max{m,n}.

Proof. We can assume that zo = 0. Take h, a k-primitive of f, such that h is a
locally bounded measurable function and h(z) = O <|x|k71>, as |r| — oo, and
h(z) = va*/k! + o <|m|k> as © — 0. Set g(z) = h(x)/2*, then g € L*(R) and g is

continuous at 0 with g(0) = v/k! . Consider g € L*(R). Then,
()" (@) = ()" F {t*g(t); 2w} = (=)' F {h(t); 2} = (=i)*h(x) .

Thus,

f(x) = F{nW(t); 2} = ifa h(z) = (-1)F2* (o)™ (2) . (8.4.5)

We now look at a k-primitive of f. Indeed, by (8.4.5) and Lemma 8.9

F(z) = Z(—l)k_jk—! (k) LAt 4(t)(t); 2} (8.4.6)

A CETIIAY

is a k-primitive of f Let 8>k and a > 0. Set 3 = 8 — k. To show the theorem,

one should prove that

Fi@) = —— Flaz) + (—1)FF(—z) = 2(7;7_‘”1): Loy (CB—k+1)

as x — 00. Therefore, we have to show that

Iy ARt} = ﬁ /0 = PR )de (8.4.7)
B 2myah
—m—i—o(:pﬁ) , as T — 00 .

Notice that

'L g(t); ax} + (DM {# T g(at); — )

= L {t"(ag(t) + 9(—t);:a} |
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So, setting ¢1(t) := ag(at) + g(—t) for t > 0 and ¢,(¢t) := 0 for t < 0 we obtain

from Lemma 8.9 and (8.4.6)

= (=11, {tkgg)(), } , forz >0,

then, by Lemma 8.10, for x > 0
L AR (@i} = (<14 Ly {597 (0); |
k :
G (R\NTB+14+7) i (—p—1-j)

but

A Pt % - [t Dy Pt
o) = = [l (L) 2T
FB+1+7) - T ET(B 41+ 5)

as x — oo, where the last asymptotic relation holds in view of Proposition 8.7, the

continuity of g at 0, and the fact g(0) = ~/k!. Therefore,

2y 28
EL(6+1) 4

E

Lo AR (00} = 0 () s ol

- T(B—k+1+7)

B 2y 28 k o dF ;
CRD(B+1) & (j><_1)k dtk (")

B 2ry 2 d 48 k
—Wd_< ZJO() kji])
2nya? (1 dF
:m(ﬂﬁ(t%_l))
B 21y P
~1Erp ol

.
= |l

+ o(xﬂ)
t=1

<

+ o(z%)

t=1

H) + 0 (2")

l”g) as r — OO ;|

hence, we have established (8.4.7), as required. ]

Remark 8.12. [t follows from the proof of the last theorem and Proposition 8.7

that (8.4.7) holds uniformly for a in compact subsets of (0, 00).
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The next corollary follows directly from equation (8.4.6).

Corollary 8.13. Under the hypothesis of Theorem 8.11, then f is the k'™ derivative

of a locally integrable function.

Although it imposes conditions on the behavior at infinity of the tempered dis-
tribution, we may apply Theorem 8.11 to several cases of special interest. The
next two corollaries follow directly from Theorem 8.11 (for the direct application
of Theorem 8.11 in Corollary 8.15 one should argue that it is enough to assume

Co :O)

Corollary 8.14. Let f be a distribution with compact support. If f(xo) = v in
S'(R) with order k, then for each a > 0 and 5 > k,

lim —/ f Jerotdt = (C,0) ,

or which is the same

lim — / h o (%) f(t)eotdt =~ . (8.4.8)

Moreover, relation (8.4.8) holds uniformly for a in compact subsets of (0, 00).

Corollary 8.15. Let f(x) =Y 00 c,e™ be a 2m-periodic distribution. Suppose

n=—oo

that f(xo) =~ in 8'(R) with order k > 1. Then for each a > 0 and > k,

lim Y ™=y (Ch),

—zr<n<ax
or equivalently
n .
I 2 (—) e — 8.4.9
Tim x;m Pa | ) cne gl (8.4.9)

Moreover, relation (8.4.9) holds uniformly for a in compact subsets of (0, 00).

As a particular case of Corollary 8.15, we obtain almost everywhere summability
of order 3 > 1 for Denjoy integrable functions [76, 94]. This result extends that

of Privalov (see [94, p.573]) which only considers the symmetric series. The reader

217



should notice that Privalov theorem is included in the much stronger result of

Marcinkiewicz [135], [256, Chap.XI, Thm.5.4].

Corollary 8.16. Let f be a 2m-periodic function which is Denjoy integrable on
|—m,7|. Let 8 > 1. If its Fourier series is Y - c,e"™, then we have for almost

every xo

lim Z o (E) Cn€™" = f(xg) , foralla>0 .
r—00 €T

—x<n<azx

We now aboard the case of general behavior at infinity. For that, we need the
following two lemmas.

Lemma 8.17. Let g € L*(R). Suppose that xg ¢ supp g, then,

ax

lim gt)e™'dt =0 ,

uniformly for a in compact subsets of (0, 00).

Proof. The proof is trivial, just apply Parseval’s relation and then use Riemann-

Lebesgue lemma. O]
Lemma 8.18. Let f € S'(R). Suppose that zo ¢ supp f and that
f@)=0(z[*)  (C), as |z] = o0,

for some o > —1. Let m be the minimum integer such that any m-primitive of f

m+a)

is locally bounded and O(|z| as |x| — oo. Then

ev. (f(z),e™)y =0 (C,k),
where k = [m+a+ 3]+ 1 ([-] stands for the integral part of a number).

Proof. The proof is completely analogous to that of Theorem 8.11. We may assume
that zop = 0. Let h be an m-primitive of f such that A is 0 in a neighborhood of 0
and

h(z) = O(Jz|™"*) as |z| — oo.
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Set g(x) = h(x)/z*, then g satisfies the hypothesis of Lemma 8.17. Define G(x) =

Jo g(t)dt; by Lemma 8.9, the following function is a (k 4 1)-primitive of f

_ k! (k+1
J

Since

%Ij {t"IG(t);ax} — (D)L {FIG(t); —2} = I {t"f—j/

we can use Lemma 8.17 to conclude

1 k

o F(@) = (~1)°F(~a)

—~ y

<.

uniformly for a on compact subsets of (0, c0).

. )Ij {tk_jG(t);x} .

ﬁ@ﬂwx},

g o
St (M) o i)

]

We now combine Theorem 8.11 and and Lemma 8.18 to obtain a bound for

the order of summability of the Fourier inversion formula of a general tempered

distribution. We remark that every tempered distribution satisfies an estimate of

type (8.4.10).

Theorem 8.19. Let f € S'(R) have the behavior at infinity

f@)=0(z]")  (C,m), as |z|—oc.

If f(zg) = in S'(R) with order n, then

1

PICAL <f(x), 6i$°w> =7 (C,k+1),

where k = max {m,n,[n+a+ 3], [m+a+1]}.

8.5 Order of Point Value

(8.4.10)

In this section we show that if e.v. <f(x),eim0> = 2my (C,k), then f(zo) = 7,

distributionally, and the order of the point value in §’(R) is less or equal to k + 2.
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We begin with a particular case which has its inspiration in Riemann’s theorems
on the formal integration of trigonometrical series [256, Chap.IX, p. 319].

Recall the definition of asymptotically homogeneous functions given in Section
3.4.1, they are a fundamental tool in the study of distributional evaluations in the

e.v Cesaro sense.
Theorem 8.20. Let f be an element of S'(R). Suppose that

1

5 &V <f(x), emox> =~ (C,0),

then, f(xo) = vy, distributionally; moreover if Fy and F, are any primitives of order
1 and 2 respectively, then Fy is locally integrable and Fs possesses a Peano second
order differential at xy, with v as the second order term, i.e., Fy is differentiable

at ro and as T — xo
Fy(z) = Fy(zo) + Fy(xo)(x — x0) + %(x —z9)° + o ((x —z0)?) .

Hence, the point value is at most of order 2 in §'(R).

Proof. We may assume that xo = 0. We also can assume that 0 ¢ supp f and that

~

f is the derivative of a locally integrable function. Indeed, otherwise we express
f = fg + fl, where fg is the derivative of a distribution with compact support,
0 ¢ supp fl and fl is the first order derivative of a locally integrable function.
Observe that fy is a C™°-function and 27 f5(0) = < fal), 1> = 0; consequently, f;
satisfies the hypothesis of the present theorem and f satisfies the conclusions of

the theorem if and only if f; does.

The hypothesis implies that if GG is a primitive of f, then for each a > 0,

G(ar) — G(—x) =21y +o(l) as ¢ — oo .
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We choose G such that 0 ¢ suppG. Set ¢ = G — 77, then ¢ is asymptotically

homogeneous of degree 0, and
G(z) =nmysgnz + c(|z]) + o(1), as |z| — oo. (8.5.1)

Therefore, 7 'G(z) € L*(R) and 272G(z) € L'(R) N L*(R), since ¢(z) = o(log ).

Set,

h(z) L /OO em@ de ,

~ o 2

then h is continuous and h(z) = o(1) as |z| — oo. We now relate h to f, note
that B” = —F 1(G), so izh”(z) = f(z). In addition, we have that h'(z) =
iFH{t7'G(t); 2} € L*(R). Let F; be the following second order primitive of f,

Fy(x) =ixh(z) — 1 /OO em@ dt .

T ) t3

Clearly, Fy(z) = Fi(x) = izh'(x) — ih(z), which shows that every first order

primitive of f is locally integrable. We now show that F is differentiable at 0,

Fy(r) = F0) 1 /00 G(t) (itxem — Qem—i—2> at . (8.5.2)

x - o 12 tx

—0o0

we can apply Lebesgue Dominated Convergence Theorem in (8.5.2) to conclude

that

o £2

FJ(0) = Z'/OO SiOpY

—0o0

We now calculate the Peano second order differential of F5 at 0.

A2(y) = 20 = B(0) =2 F5(0) _ @ /OO G K (at) dt | (8.5.3)

2 27

— 00

where K (t) = t73 (ite™ — 2¢e™ + 2 +it). Note that (1 + [log(t)|)K(¢) belongs to

L*(R) N L*(R). Changing variables in (8.5.3) and applying in combination with
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(8.5.1), we obtain that as  — 0

AYw) = B / Z G (%) K(t) dt

o

1
:%/ sgut FE(1) di -+ o san(a)e(|s] ! /K ) dt +o(1)

o0

:%4—0(1),

since [;° (K(t) + K(—t)dt) = 0 and [° (K (t) — K(—t))dt = 1. This completes

the proof. O

We now use Theorem 8.20 to attack the general problem.

Theorem 8.21. Let f € S'(R). Suppose that

1

7. &V <f(9c),em°“”> =~ (Ck);

then, f(xo) = v, distributionally, f is the derivative of order k + 1 of a locally

integrable function and the order of f(xg) =y is less or equal to k + 2.

Proof. As in the proof of the last theorem, we can assume that xo = 0, 0 ¢ supp f
and f is the derivative of order k + 1 of a locally integrable function.
By our assumptions, we can choose G, a locally integrable function, such that

GF1 = f 0 ¢ supp G, and for each a > 0,

a*Glazx) + (-G (—2) = 22—7:6’“ +o(z*) asz—o0.

Let h be the following tempered distribution
—k —k !
h(z) = —izF " {tT*G(t);a} = F~ {(t G(t)) ;x} ,

note that h satisfies the hypothesis of Theorem 8.20. Therefore, there is a locally
integrable primitive hy of h such that hy(ex) = vex/k! 4+ o(¢) as € — 0 in §’. Set

= Jo hi(t)dt, then, by Theorem 8.20,

hg(x)—%{'x +o0(2*) asz—0, (8.5.4)
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since h5(0) is equal to the distributional point value of hy at 0 and hy(0) = 0 in

D’. We now relate h to f. We show that

k Jig!
Fyi( Z ]k (k+ 1)1 {t"h(t); 2} (8.5.5)

= J

k DRIk [k + 1 .
Sy e o)

JZO J
is a (k + 1)-primitive of f. Differentiating (8.5.5) (k + 1) times, we obtain,

b (—1)k- IR (k1 k1=
k:—i—l) k—j
k+1 E ( . )dkarlj (:U Jh1(x)

Jj=0 J

(k= ) /0 tkjlhl(t)dt)

) Jkl k4 1\ dr »
G (7 ) e

o~ (—1)ki gl (k+1) k=i

=G 23 |

i k Jk;' (k: + 1) dfkjj (f_l {(G(t)/tk)(k+1—j) ’x}>

. J

—F! {Z (k - 1) %(tk) (Gt) /) ) ;x}

=0 \ 7

QM?T

PRI ELG() /1 )

= FH{GE @2} = FH{ fya) = f)

Therefore, Fj.; is a primitive of order k£ + 1 of f. Since h; is locally integrable, so

is Fj41. We integrate (8.5.5) to obtain a continuous (k + 2)-primitive of f, given

by
k k; jk' k_ 1 o ’ t i1
Frio(z Z ( i >[j {t “ho(t) — (k—j)/o LA h2(8)d8;x}
=0
i Yeikl (k+1 b .
+ Z —j D ( j )[j+1 {(k —j— 1)/0 sk’7’2h2(s)ds — tkjlhg(t);x} )
]=0
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By using (8.5.4), we can conclude that

L9 e (CDMIRL k1 20 {2 "
Aot = e G () e gt o

T k2 (_1)k_jk! k+1\ (k—j)! k+2
G () o)

v k+2 : hj (P 1 k+2
“irr 0 () )

=0 J
Y k k ! k k
S S Y /t—l dt + o(z*+?
R A MUV R Gy
Y

k+2 k+2
=G o) a0,

this shows that f(0) =~ in S'(R) with the order at most k + 2. O

8.6 Order of Symmetric Point Values

We shall study in this section the order of summability in the solution of the
Hardy-Littlewood (C) summability problem for tempered distributions (Section
3.11). Recall the notion of symmetric point values (Section 3.10), they are studied
by means of the symmetric part of a distribution about z = x4, that is, the

distribution

;o St x) + flao — =)
Xro_ 2 .

So, we have that fym(zo) = v if and only if x/ (0) = ~, distributionally. In the
same manner as for distributional point values, we define the order of symmetric

point values.

Definition 8.22. Let f € D'(R). We say that f has a (distributional) symmetric
point value v at x = o in S'(R) of order n, and write fsym(xo) =7 in S'(R) with

order n, if x{, € S'(R) and xI (0) =~ in S'(R) of order n.

Alternatively, we could have defined the order of the symmetric point value

as the minimum integer n such that the conclusion of Theorem 3.57 is satisfied,
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equation (3.10.4), and F(z¢+ x) + (—1)"F(xo — x) is locally integrable of at most
polynomial growth.

Most of the results for symmetric point values can be obtained from those of
distributional point values. Let us discuss an example in which we show how to
obtain Theorem 3.67 and Corollary 3.68 by applying the corresponding results for

distributional point values.

Example 8.23. Let f € D'(R) have a distributional point value v at x = xy.
Let U be a harmonic representation of f on the upper half-plane. We showed in

Theorem 3.55 that

lim U(z) =~, non-tangentially from the upper half-plane.

zZ—xg

We can use this result applied to the symmetric distribution to obtain a radial
version of this result in the case of symmetric point values. Indeed, suppose now
that fsym(zo) = 7, distributionally. If U is a harmonic representation of f. Then
Ui(z) = (U(zo + 2) + U(zo — 2))/2 is a harmonic representation of xI . hence
Ui(z) = v+ o(1) as z approaches 0 from the upper half-plane in a non-tangential

manner. Therefore,

ylir(r]l+ U(zg+1y) = ylir(r)l+ U (iy) = .

In particular, if f is a 2w-periodic distribution with sines and cosines series f(x) =
ap/2 + Y o7, ancosne + b, sinnz, then
a  ~—
5 1 ;(an cosnxg + by sinnxg) =v  (A) .
Our main goal in this section is to study the order of summability in Theorem

3.64. Let us first discuss a known case, namely Fourier series [256, Chap.XI].

Example 8.24. Suppose that f is a 2m-periodic distribution with sines and cosines

Fourier series f(x) = ao/2+ Y~ (an cosnz + b, sinnx). We proved in Corollary
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3.65 that

flx) = % + Z(an cosnxg + by, sinnxg) = vy (C)
n=1

if and only if foym(z0) =7y, distributionally. In [81, 255], using the language of de
la Vallée Poussin derivatives the order of summability is estimated upon knowledge
of the order of the point value; indeed, A. Zygmund showed that if the order of the
point value is k, then the order of summability can be actually taken 3, for any
B > k. The opposite problem was first investigated in [89] by assuming that f is
a function. The general case is stated in [256, Chap.XI, Thm.2.1] and establishes
that if the series is summable (C,m), then the symmetric point value is of order

at least m + 2; such a result goes back to A. Plessner, as attributed in [250].

In order to study symmetric point values in terms of summability of the Fourier
transform, we need to choose the correct notion of summability. As follows from
the results of Section 3.11, the right notion is that of principal value distributional
evaluations in the (C) sense. We now proceed to define the order of summability

for that method of summability.

Definition 8.25. Let g € D'(R), ¢ € E(R) and > 0. We say that the evaluation

(9(x),0(x)) exists in the p.v. Cesaro sense (at order (), and write

pv.{(g(z),¢(x) = (C,B), (8.6.1)

if for some primitive G of g¢ we have

lim (G(z) - G(-x)) =7 (C,0).

r—0o0

If (8.6.1) exits, we also say that the principal value of the evaluation exists in the

(C, B) sense.

We easily obtain a version of Theorem 8.11 for symmetric point values.
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Theorem 8.26. Let f € D'(R). Suppose that there exists an m € N, such that
every m-primitive of Xio 1s a locally bounded measurable function for large argu-
ments and satisfies an estimate O (|x|m_1), r — 00. If foym(zo) =7 in S'(R) with

order n, then

1 .
5 PV (X, (@), 1) =7 (C.H9),
for any B >k = max{m,n}. When f € S'(R), we obtain

1

—pv (f@)e™ ) =y (C.8).

for any B > k = max {m,n}.

Proof. Our hypotheses imply that y/ , € §'(R), thus we can apply Theorem 8.11

to x7,. Since, x{ (0) =~ in &'(R) with order n, then

e.v. <)2£0 (x), 1> =21y (C,0),

for any § > k = max {m,n}, in particular the last relation holds in the p.v. sense.

If we assume that f € S’(R), then

(@) = 5 (@) + e () |

so, if F' is first order primitive of €0 f(x), then G(z) = (F(z) — F(—z))/2 is a

first order primitive of ¥/ (z), and hence

lim (G(z) — G(—x)) = lim (F(z) — F(—x)) =21y  (C,[) .

T—00 T—00

When f has compact support we obtain the following result.

Corollary 8.27. Let f be a distribution with compact support. If fom(zo) =7 in
S'(R) with order k, then for any 5 >k,

1

o [ foear =y ().

227



or which s the same

. 1 [* || .
1 . ixot —
xggo%/_w( )f() dt =y

For Fourier series, we obtain the result of A. Zygmund [255] mentioned in Ex-
ample 8.24. Obviously, our language differers from that of Zygmund’s original

statement.

Corollary 8.28. Let f be a 2w-periodic distribution, with cosines and sines Fourier
series

[e.9]

flx) = % + Y (a,cosnz + b, sinnz) .

n=1

Suppose that fsm(xo) =7 in S'(R) with order k > 0. Then for any B > k,
% + Z(an cos nxg + by, sinnxg) = (C,B),
n=1

or equivalently

ash_{go 2 + Z ( ]nl) an008n$o+bnsinnx0) =7.

0<n<x

Proof. If k > 1, we can assume that ag = 0 and proceed to apply Theorem 8.26.
For k£ = 0, then f is a bounded 27-periodic function which is continuous at x,

and hence the conclusion follows from the classical result [93, 256]. O]

As in the proof of Theorem 8.26, one can apply the result for distributional point
values, Theorem 8.19, to the distribution chco to easily obtain the next bound for
the order of summability in the case of the principal value of Fourier inversion

formula for general tempered distributions.

Theorem 8.29. Let f € D'(R). Suppose that
Xt () = 0(z[*)  (C,m), as |z| — o0 .

If fsym(z0) = v in S'(R) with order n, then

1

v (R, 1) =7 (Ch+1),
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where k = max {m,n,[n+a+ 3], [m+ o+ 1]}. If we assume f € S'(R), then we

obtain

1

5PV <f(x), em’x> =~y (Cik+1).

Finally, we estimate the order of the symmetric point value in terms of the
order of summability of the principal value Fourier inversion formula. We need the

following lemma.

Lemma 8.30. Let g € D'(R) be an even distribution, that is, g(—x) = g(z), then

ev.(g(z),1) =~ (C,p) (8.6.2)

if and only if

p-v-(g(x), 1) =~ (C,P) . (8.6.3)

In fact the above relations are equivalent to

lim G(z) =

Tr—00

(C,5), (8.6.4)

B2

where G is the unique odd first order primitive of g.

Proof. That (8.6.3) and (8.6.4) are equivalent is clear. Relation (8.6.2) obviously
implies (8.6.3). We now show that (8.6.4) implies (8.6.2). Let G be the odd first
order primitive of g, so we have that G(z) = v/2 + o(1) (C,3) as  — oo, hence

we also have that G(az) = v/2+ o(1) (C, 5) as x — oo, and thus for each a > 0

lim (G(az) — G(—x)) =2 lim (G(az) + G(z)) =~y  (C,0) .

Tr—00 Tr—00

]

Therefore, on combining Lemma 8.30 and Theorem 8.21, we immediately obtain
the following result. Notice that, as a corollary, we obtain the classical result of

Plessner [256, ChapXI, Thm.2.1] for Fourier series.
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Theorem 8.31. Let f € S'(R). Suppose that

o= v (f).emry =1 (k).

then, foym(xo), distributionally, ngo s the derwative of order k + 1 of a locally

integrable function and the order of fsym(xo) is less or equal to k + 2.

The solution of the (C) symmetric problem for “trigonometric integrals” of dis-
tributions given in Section 3.10 is recovered by the methods of this chapter. It
extends Hardy-Littlewood-Plessner characterization [89, 256] of (symmetric) (C)

summability at a point from Fourier series to general tempered distributions.

Theorem 8.32. Let f € D'(R). Suppose that xI € S'(R). Then

1

5o DV <>Z£O, 1> = (C) (8.6.5)

if and only if fsym(zo) =7, distributionally. If in addition f € S'(R), then (8.6.5)

1s the same as

1

—pv. (f@emy =y ().

8.7 The Order of Jumps and Symmetric Jumps
In this last section we shall study the order of summability in several characteriza-
tions and formulas that we have already obtained in Chapter 5 for the jump behav-
ior and symmetric jump behavior of distributions (see also [215, 216, 218, 222]).
Let us define the order of jump and symmetric jump behaviors.

Suppose that f € D'(R) has the following jump behavior at z = xo,
f(xo+ex) =~ H(—z)+~v,H(x) +0(l) ase— 0" in D'(R) . (8.7.1)

By Theorem 5.2, f has the jump behavior (8.7.1) if and only if there exist n € N
and a function F, locally integrable on a neighborhood of z, such that F™ = f

near xo and

!
lim n!F(x)

=7+ - (8.7.2)
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If f € §'(R), then n can be chosen so that F' is locally integrable of polynomial
growth. So we can define the order of the jump behavior in §'(R) of a tempered

distribution.

Definition 8.33. Let f € S'(R). Suppose that f has jump behavior at xo. The
order of the jump behavior in §'(R) is defined as the minimum integer n such that
there exists a locally bounded measurable function F' of at most polynomial growth
at infinity satisfying F™ = f and (8.7.2).

Recall the definition of the jump distribution of f at x = xg, it is given by

Wl (@) = flwo +x) — flwg — ) .
We defined in Section 5.2 the symmetric jump in terms of the jump behavior of
wgo at x = xp.
Definition 8.34. A distribution f € D'(R) is said to have a symmetric jump
behavior at © = xo in S'(R) of order n if ¥I € S'(R) and ¢! has jump behavior

at x = 0 of order n.

Notice that a distribution f has jump behavior (8.7.1) at © = =z if and only
if it has symmetric point value and symmetric jump behavior at * = xy and
fsym(zo) = (7= +74)/2 and [flo—sg = 74 — 7=

We now add information about the order of summability to the characterization

of the jump behavior given in Section 5.3 (see also [215, 216].

Theorem 8.35. Let [ € S'(R) have the distributional jump behavior (8.7.1) at
x = xg of order n. Suppose that there exists an m € N, such that every m-primitive
of f is a locally integrable function for large arguments and satisfies an estimate
O (|:L‘|m71), z — oco. Let F be a fist order primitive of €™ f, then if 8 > k =

max {m,n},

L Jim (F(az) — F(—2)) = fom(zo) + L2220

2T z—00
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uniformly for a in compact subsets of (0, 00).

Proof. Define the distribution
v=—0_10+001 ,

where theta 4 denotes the characteristic function of a set A. Then the distribution

() = £(2) = 5 lomsn vl — 20)

satisfies the hypothesis of Theorem 8.11 and h(zg) = fsym(z0) in S’(R) with order

n. Therefore,
ev. <iz(x), eiw°x> = 27 fsym(z0)  (C, ),
whenever > k = max {m,n}. Observe that

. 2-2
e F{o(t —xo);a} = 0(x) = i

X

Let G be a first order primitive of eixoxiz(x), hence

F(l’) _ G(ZL‘) + [f]x:xo /ac 1—cost dt

t

satisfies F'(z) = €0 f(z). Then, we obtain as  — 0o

Flaz) — F(—x) = Glaz) — G(—z) + L ]”;:’EO /_ ol _tCOSt dt

T

. axr 1 _
= 27 foym(z0) + mi /m ;OSt dt + o(1)

= 2 (o) + D loga 4 01)  (C.5)

]

We obtain immediately form Theorem 8.35 the corresponding results for com-
pactly supported distributions and Fourier series. Here we only state the result for
Fourier series and leave the statement for compactly supported distributions to

the reader.
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Corollary 8.36. Let f(x) =Y .00 ¢, be a 2m-periodic distribution. Suppose

n=—oo

that f has the distributional jump behavior (8.7.1) at x = xo in S'(R) with order

k > 1. Then for each a > 0 and 3 > k,

m YT e = fy(m) + 2 loga (C0)
—x<n<azr
or equivalently
I 2(2) e ™ = fom Wlemeo 10 8.7.3
xlg;xggiar¢a —) cne fym(wo) + == loga (8.7.3)

Moreover, relation (8.7.3) holds uniformly for a in compact subsets of (0, 00).

Using the same procedure as in the proof of Theorem 8.35, we obtain from

Theorem &8.19 and Theorem 8.21.

Theorem 8.37. Let f € S'(R) have the distributional jump behavior (8.7.1) at

x = xg of order n. Suppose that
f@)=0(z")  (C,m), as |z] —o0.

Let F be a first order primitive of e”oxf(x). Then we have, uniformly for a in

compact subset of (0,00),

o Jim (Plar) = F(=2) = fun(in) + L2

2T z—o0

where k:max{m,n, n+ o+ %],[m—i—a—I—%]},

Theorem 8.38. Let f € S'(R). Let F be a first order primitive of f. Suppose that
for some constants di and ds

L lim (F(ax) — F(—xz)) =dy +dyloga  (C, k),

2m a—o0
for a in a subset of positive measure of the interval (0,00). Then, f has the dis-
tributional jump behavior (8.7.1) at xo with constants vy = dy + indy, f is the
derivative of order k+ 1 of a locally integrable function and the order of the jump

behavior is less or equal to k + 2.
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It is possible to formulate analogous results for the symmetric jump behavior in
terms of the jump distribution; however, we choose only to do it for the case of

Fourier series.

Theorem 8.39. Let f be a 2w-distribution with Fourier series

flz) = % + Z(an cosnz + b, sinnx) .

n=1

Suppose that f has a symmetric jump behavior at x = xy of order k > 1. Then for

any B >k

/]

lim Z (an sinnzg — by, cos nwg) = ———"—2loga (C,0),
T—00 m

r<n<lax

uniformly for a in compact subsets of [1,00).

Proof. The jump distribution has Fourier transform

wgfo (x) = =2 Z (an sinnxg — by, cosnxg) sinne ,
n=1
it has Fourier transform
1%0 (x) = 2mi Z (an sinnxg — b, cosnzg) (0 (x —n) — 6 (x+n)) .
n=1

Therefore,

U(x) = 2mi Z (an sin nxg — by, cosng)

1<n<|z|

is a first order primitive of the 1/3:{5(0 Since it has a jump behavior at z = 0 with

jump 2[f]z=z,, Theorem 8.35 implies the result. H

Reasoning as in Theorem 8.39, we can prove using Theorem 8.38 the following

result.

Theorem 8.40. Let f be a 2w-distribution with Fourier series

flz) = % + nzg(an cosnx + by, sinnzx) .
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Suppose that

lim Z (an, sinnxg — b, cosnzg) = dloga  (C,k)

z<n<ax
for a in a subset of positive measure of the interval [1,00). Then, f has the dis-
tributional symmetric jump behavior at xo with jump [fle=e, = —7d, ¢£0 15 the
derivative of order k+ 1 of a locally integrable function and the order of the jump

behavior is less or equal to k + 2.

We may use Theorems 8.39, Theorem 8.40 and Corollary 8.28 to characterize
the distributional jump behavior of a 27w-periodic distribution from its cosines and

sines Fourier series and its conjugate series.

Theorem 8.41. Let f be a 2mw-distribution with Fourier series

ag = .
fz) = 5 + Z(an cosnx + by, sinnzx) .

n=0
Then f has distributional jump behavior at x = xq if and only if there exists 3 >0

such that for some constants dy and ds
% + z;(an cosnxg + by, sinnxg) = dy (C,0B)

and

lim Z (an sinnzxg — b, cosnxg) = dyloga (C,0) ,

z<n<lazr

for a in a subset of positive measure of the interval [1,00). In such case foym(xo) =

dy and [fleez, = —7ds.

The last results we want to comment are in relation with the classical formula
of F. Lukécs for the jump of a function [131, 140, 141, 218]. Indeed, exactly the
same arguments given in Section 5.5 but now in combination with the information
about the order from Theorem 8.35, Corollary 8.36 and Theorem 8.37 yield the

following series of results.
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Theorem 8.42. Let f € S'(R) have the distributional jump behavior at x = xo of
order n. Suppose that there exists an m € N such that every m-primitive of f is a
locally integrable function for large arguments and satisfies an estimate O (|x|m_1) ,
as © — oo. Then for any decomposition f = f, + f+, where supp f, C (—00,0]
and supp fi C [0,00), and for any § > max{n,m}, we have that the following

convolutions are locally bounded functions and

|

—logzx, x—o00,
i

(50! () ##2) (2) ~ £[flomag
in the ordinary sense.

Theorem 8.43. Let f(z) = > 07 ¢ €™ be a 2n-periodic distribution. Suppose

n=—oo

it has distributional jump behavior at x = xg of order k > 1. Then for any 8 > k

1 : A\ e
1 N +inzg (1 o _) -+ o
b log x Z Cn€ x 2mi

0<n<zx

Theorem 8.44. Let f € S'(R) have the distributional jump behavior at x = xo of

order n. Suppose that
f@)=0(z")  (C,m), as |z] —o0.

Then for any decomposition f = f, —l—ﬂ, where supp f, C (—00,0] and supp f+ -
[0,00). We have that the following convolutions are locally bounded functions and

k+1
<€im0tfi<:tt) * tlj_—i_l) (ZL‘) ~ :l:[f]m:am& 10gl‘ y A5 T — 00,
1

in the ordinary sense, where k = max {m,n,[n+ a+ 3], [m + o+ 1]}.
For the case of symmetric jumps of Fourier series we have the following result.

Theorem 8.45. Let f € §'(R) be a 2w-periodic distribution having the following

Fourier series
o0

% + nz; (an cosnz + b, sinnz) .
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If f has a symmetric jump behavior at x = xg of order k > 1, then for any 8 > k

i (an, sinnxg — by, cosng) <1 — g)ﬂ = 1 [f]x:mo )

n=

. 1
lim
z—oo log x
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Chapter 9

Extensions of Tauber’s Second
Tauberian Theorem

9.1 Introduction
We now continue our investigations about tauberian type results which were started
in Chapter 4. A new feature to be introduced is the use of one-sided tauberian
conditions.

Tauberian Theory was initiated in 1897 by two simple theorems of Tauber for the
converse of Abel’s theorem [204, 115]. The present chapter is dedicated to provide
extensions of Tauber’s second theorem in several directions.

Let us state Tauber’s original theorems.

Theorem 9.1. (Tauber’s first theorem) If 3" c, =~ (A) and

1
cn:0<—) , N — 00, (9.1.1)

n

then ZZOZO cn converges to 7.

Theorem 9.2. (Tauber’s second theorem) If Y~ ¢, =7 (A) and
N
chnzo(]\f), N — oo, (9.1.2)
n=1

then Z;’OZO ¢, converges to 1.

A version of Tauber’s second theorem for Stieltjes integrals appeared in [245].

Tauber’s theorems are very simple to show [204, 85]. In 1910, Littlewood [127]
gave his celebrated extension of Tauber’s first theorem, he substituted the taube-
rian condition (9.1.1) by the weaker one ¢, = O (n~!) and obtained the same
conclusion of convergence as in Theorem 9.1; actually, it can be shown that the
hypotheses imply the (C, ) summability for any § > —1 [86]. It turns out that

Littlewood’s theorem is much deeper and difficult to prove than Theorem 9.1. Two
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years later [86], Hardy and Littlewood conjectured that the condition ne, > —K
would be enough to ensure the convergence; indeed, they provided a proof later in
[87].

Extensions of Theorem 9.2 are also known. It is natural to ask whether the re-
placement of (9.1.2) by a big O condition would lead to convergence; unfortunately,
it does not suffice (see [171] for example). Nevertheless, one gets (C, 1) summability
as shown in the next theorem of O. Szasz [200] (see also [168, 171, 201]), where

even less is assumed.

Theorem 9.3. (Szdsz [200]) Suppose that " ¢, = v (A). Then the tauberian
condition

N
> ney > —KN (9.1.3)

n=1

for some K > 0, implies that y .~ ¢, = (C,1).

We will actually show (see Corollary 9.39 below) that if a two-sided condition
is assumed instead of (9.1.3), then the series is summable (C, ), for all § > 0.
Versions of Theorem 9.3 for Dirichlet series can be found in [200] and [28, Section
3.8].

It should be noticed that Theorem 9.3 includes the Hardy-Littlewood’s theorem
quoted above, it may also be used to give direct proofs of other classical tauberians .
As a motivation for further extensions of Theorem 9.3, let us discuss how to deduce

the results from [85, pp.153-155] as corollaries.

Corollary 9.4. (Hardy and Littlewood) Suppose that Y ", c, =7 (A). The taube-
rian condition Zgzo cn = O(1) implies the (C,1) summability of the series to .

Proof. Indeed the tauberian hypothesis implies (9.1.3); for

n

chn:Nch—Z_ <ch> =O(N) .

J=0
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It also implies the following result.

Corollary 9.5. (Hardy and Littlewood) Suppose that F(r) = > " car™ ~ /(1 —

r), r—17. If ¢, = O(1), then sy = S0 ¢ ~ YN, N — oco.

Proof. Define by = ¢g, b, = ¢, — ¢,,—1 forn > 1. Then as r — 17,

(1—T)icnr":ibnrn—>77

the hypothesis ¢, = O(1) implies

N N-1
ann = Ncy — ch =O(N) .
n=0 n=0

So we conclude that "> b, =~ (C, 1), or which is the same, as N — o0,

1 N n 1 N
anzojobn—ﬁnz:ocn—“%

Finally, the one-sided Littlewood’s theorem.

Corollary 9.6. (Littlewood [127], Hardy and Littlewood [87]) If Y 0 cn =7 (A)

and ne, > —K, for some constant K > 0, then > >~ ¢, = .

Proof. The condition implies (9.1.3) and hence >~ ¢, = v (C,1). Since nc, >
— K, Hardy’s tauberian theorem for (C, 1) summability, that is, Corollary 3.32 (see
also [85, p.121]), which is much more elementary than the present theorem, implies

the convergence. O]

The classical tauberian theorems for power series have stimulated the creation
of many interesting methods and theories in order to obtain extensions and easier
proofs for them. Among the classical ones, one could mention those of N. Wiener

[246] and J. Karamata [109, 110]. Other important ones come from the theory
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of generalized functions. In [229], Vladimirov obtained a multidimensional exten-
sion of Hardy-Littlewood type theorems for measures under positivity tauberian
conditions. Later on, the results of [229] were generalized to include tempered
distributions, resulting in a powerful multidimensional tauberian theory for the
Laplace transform [37, 231] (see also [38]). Distributional tauberian theorems for
other integral transforms are investigated in [139, 159, 160]. Other related results
are found in [149, 157].

In Chapter 4 we were able to deduce Littlewood’s tauberian theorem [127] from
the tauberian theorem for distributional point values; actually the method of Sec-
tion 4.4 recovered the more general version for Dirichlet series proved first by
Ananda Rau [5]. A similar approach, but with a more comprehensive character,
will be taken in this chapter.

The structure of the chapter is as follows. Section 9.2 is devoted to the study of
Cesaro limits and summability in the context of Schwartz distributions; we define
one-sided Cesaro boundedness of fractional order, then we provide several technical
tauberian theorems which will establish the link between results for generalized
functions and Stieltjes integrals. The main part of the chapter is Section 9.3. There,
we first show a theorem for distributional point values which generalizes Theorem
9.3; moreover, our theorem is capable to recover Theorem 9.3, and it is applicable to
much more situations. Finally, we generalize [201, Thm.B] from series to Stieltjes
integrals and use this new result to give proofs of some classical tauberians of

Hardy-Littlewood and O. Szasz for Dirichlet series.

9.2 Tauberian Theorems for (C) Summability
In this section we show tauberian theorems for (C) summability of distributions
and measures related to Theorem 9.2. We first study Cesaro boundedness. Next,

a convexity theorem is shown. Finally, we present the tauberian theorems.
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9.2.1 Cesaro Boundedness: Fractional Orders
We defined in Section 8.3 Cesaro limits of fractional order; we now extend these
ideas to boundedness. In the case of integral orders, it coincides with the definition
from [49]. We will also define one-sided boundedness.

Recall that given f € D'(R), with support bounded at the left, its §-primitive

is given by the convolution [230]

(9.2.1)

Definition 9.7. Let f € D'(R), and 5 > 0. We say that f is bounded at infinity

in the Cesaro sense of order 3 (in the (C,3) sense), and write
F(x)=0(1) (C.B), asz— oo, 9.2.2)

if for any decomposition f = f_ + fi as sum of two distributions with supports
bounded on the right and left, respectively, one has that the B-primitive of fy is an
ordinary function (locally integrable) for large arguments and satisfies the ordinary

order relation

fi_ﬁ)(x) =0(z"), z— o0, (9.2.3)
in the ordinary sense. A similar definition applies for the little o-symbol.

Observe that, because of Proposition 8.3, we can always assume in Definition 9.7
that f = f,, if needed. Notice also that Definition 9.7 is consistent with Definition

8.2, since

lim f(z) = (C,[)

if and only if
flz) —LH(z) = o(1) (C,P5), z—o0.

We now define one-sided boundedness. Recall that a positive distribution is

nothing else than a positive Radon measure.
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Definition 9.8. Let f € D'(R), 5 € R, and a € R\ {—1,-2,...}. We say that
f is bounded from below (or left bounded) near infinity by Or(x®) in the Cesdro

sense of order 3, and write
f(z) =0L(z%) (C,fB), asx — o0, (9.2.4)

if there exists a decomposition f = f_ + fi, as sum of two distributions with sup-
ports bounded on the right and left, respectively, a constant K > 0, and an interval
(@, 00) such that fi_ﬁ) + K25 is a positive distribution on (a,00). A similar defi-

nition applies for right boundedness, in such a case we employ the symbol Or(z®).

Our definitions of Cesaro behavior have the following expected property.

Proposition 9.9. If f is Cesaro bounded ( has Cesaro limit, or is one-sided
bounded) at infinity of order (3, then it it Cesaro bounded (has Cesaro limit, or

is one-sided bounded by O(z®), respectively) at infinity of order 3 > 3.

Proof. Proposition 8.3 implies the case of limits and boundedness; for one-sided

boundedness, it follows easily from the definition. m

When we do not want to make reference to the order 5 in (C, ), we simply
write (C). We will often drop  — oo from the notation. Note that if f(z) = O(1),
x — oo, then fi € §'(R) (here f = f_ + fi as in Definition 9.7). In addition, it
should be noticed that both f(z) = OL(1) and f(z) = Og(1), in the (C, ) sense,
imply f(z) = O(1) (C, ) (prove it!).

We will need the following observation concerning to numerical series in the

future. Given a sequence {b,} -, and § > 0, write

if the Cesaro means of order (3 of the sequence (not to be confuse with the Cesaro

means of a series) are O(N), that is,
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Y /N—n+8-1 .
Z( 2—1 )bn:()(Nﬁ+).

Likewise, we define the symbols Or and O, in the Cesaro sense for sequences.

n=0

Following Ingham’s method [100], we obtain the following useful equivalence.

Lemma 9.10. Let 3 > 0. The conditions

Y e =0(N) (C,B) (9.2.5)
and
Z cd(zr—n)=0(1) (C,0+1), asx— o0, (9.2.6)

are equivalent. The same holds for the symbols Og and Oy.

Proof. Repeating the arguments from [100] (see also Theorem 6.24 in Chapter 6
or [222, Section 7]), with the obvious modifications, one is led to the equivalence
between (9.2.5) and the relation

Z (z —n)’ ¢, = O, (resp. O and Oy),

n<x

which turns out to be the meaning of (9.2.6). O

9.2.2 A Convexity (Tauberian) Theorem
We now show a convexity theorem for the Cesaro limits of distributions. It gener-

alizes [85, Thm.70].

Theorem 9.11. Let f € D'(R). Suppose that lim,_., f(z) = v (C, Bs), for some

Ba > 0. If f(x) = OL(1) (C, By), then lim,_, f(x) =~ (C, (), for any 5 > B+ 1.
The same conclusion holds if we replace Or(1) by Ogr(1). If now f(z) = O(1)

(C7ﬁl)> as x — 00, then hmx—»oo f(l‘) =7 (Cvﬁ)) fOT any 5 > 51'

Theorem 9.11 follows immediately from the following theorem. Notice that it

extends results on asymptotics of derivatives from [115, p.34-37] and [85, Thm.112].
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For the first part we give a proof with distributional flavor, following the method
from [37, Lemma 3]. Given a Radon measure, we denote by s, a function of local
bounded variation such that u = ds,; in the sense that p is given by an Stieltjes
integral and ), = p. If pu has support on [0, 00), then s,(0) = 0. The variation

measure |4| associated to p is also denoted by |ds,,|.

Theorem 9.12. Let 1 be a Radon measure supported in [0,00) and o > —1.

Suppose that for some (1 > 1

z g,
[ as o~ EEEE e e 2

If the one-sided condition,

Cz + p is a positive measure, (9.2.8)

1s satisfied for some constant C', then for any 5 > 1

x B-1 a
/0 (1 — é) ds,,(t) ~ VFFE?IE)[ :S)xa“ , T — 00 . (9.2.9)

If in addition p is absolutely continuous with respect to the Lebesque measure, and

the two sided condition
F,(z)=0(x%) , v — o0, (9.2.10)

is satisfied, where F,, € Li .(R) is so that ds,(t) = F,(t)dt, then (9.2.9) holds

loc

whenever > max {—a, 0}.

Proof. Let us show the first part of the theorem. By adding Cz¢ to u, we may
assume that C' = 0, and so we are assuming that u is a positive measure. Next, we
show that we may assume that 3; € N; indeed, if we convolve (9.2.7) with x[fl]_ﬁ '

we obtain the same relation for [3;] + 1. It follows that

p(Ax) =A% +0(AY) , A = o0 (9.2.11)
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in D'(R); we want to show that we may take 5, = 1 in (9.2.9), the rest follows
trivially. Let ¢ > 0. Pick ¢ € D/(R) with the properties 0 < ¢ < 1 supp¢ C

[—1,1+4 o] and ¢(x) =1 on [0, 1]. Then, from (9.2.11)

I ! / S ds.(t) — 2
11m —
)\—i}ip Ao+l 0 . a+1

a+1

140 v 140
= tCo(t)dt — —— < tede .
7/0 () a+1—7/1

Similarly, choosing the test function with the properties 0 < ¢ < 1, supp¢ C

[—1,1] and ¢(x) =1 on [0,1 — o], we come to the conclusion

1 A ~y 1
hﬂg}f (/\Oé+1 /O dS'u(t) — a——l—]_> Z - /1_Ut dt .

Since o is arbitrary, we have that

A Ao+l
/dsu(t)rvy , A — 00 .
0 a

This completes the proof of the first part.

For the second part, write F' := F,. We assume that |F(z)| < Mz® for some
constant M and x large enough. Moreover, it is clear that we can assume this
condition to hold for all z, by Proposition 8.3. Denoting F«H by Fy(z) = [ F(t)dt,
we obtain from the first part that Fy(x) ~ vz /(a + 1), © — oo. We also have

that if 0 <r <1

(1 - /r,)ori*l a+1 )

|Fy(re) — Fi(x)] SM/ t*dt = x

a—+1
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Hence, if max{—a,0} < f < 1

x ¢ B-1 rx ¢ B-1
B ) i ﬁ _ 1 rr t ﬁ72
= rllgl— (Fl(rx)(l —r)f 4 T/o Fi(t) (1 - 5) dt)

= i (- gy B

6 -1 rT t B2
+— /O Fi(t) (1 - E) dt)
t

:me+1m15_14m(m@yfﬂ@w(1——>&aa

r—1- s xr
a+1

+ Fi(z)(1—r)"

T + O(l’a+1)

= (B - 1>/0 (Fy(xt) — Fi(x)) (1 — )72t + Tat1

= got! ((6 —1) /01 Rlet) = A@) g perg 7 0(1)>

zot(1 —t) a+1
- yilixaﬂ (/Ol(ta“ — (1 -t 2+ 71 + 0(1)>
_ B-1 . (T(B-DI(a+2) 1 1
_7a+1x+1( TG +a+tl) _ﬁ—1+5—1+0(1)>

I

9.2.3 Tauberian Theorems for (C) Summability

We now analyze Tauber’s second type conditions. For that, we need the following
formula, here we use the Laplace transform, so given g € S§'(R), with support

bounded at the left, its Laplace transform is £ {g; z} := (g(¢), e "), for Re z > 0.

Lemma 9.13. Suppose that f € D'(R) has support bounded at the left. Then

(@) =z fCD — gfomh (9.2.12)
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Laplace transform. Set F'(z) = L{f(t); z}. Then,

Proof. We first assume that f € S'(R). We make use of the injectivity of the
_ d _ d t6=1)
L{tfPt);2) = -7 (L{fP(t);2}) = - (F(Z)C{ XE) ,z})

F F’ _
=T PO el e}

o0

n_o: With each

which shows (9.2.12). In the general case we take a sequence {f,}
fn being tempered and having support on some fixed interval [a,c0), such that
fn — [ in D'(R); then (9.2.12) is satisfied for each f,. Thus, the continuity of
the fractional integration operator [230], on D’[a, c0), shows (9.2.12) for f, after

passing to the limit. O

We now connect Tauber’s second type conditions with Cesaro boundedness.

Lemma 9.14. Let f € D'(R). Suppose that f(x) = O(1) (C, Bs), as v — oo, for

some B > 0. Then the condition xf'(x) = O(1) (C, 5, + 1) holds if and only if
fx) = 0(1) (C, 5r).

Proof. Assume that f has support bounded on the left. We can assume that (3,

has the form 3y = ) + k, for some k € N. Let g = xf’, then, by Lemma 9.13,
xf(—ﬂ1—k+1)(x) — B2f(_ﬁl_k)(x) + g(—ﬁl—k) (z) = g(—ﬁl—k)(x) +0 (x51+k) ’

x — o0; then f(z) = O(1) (C, 5, + k — 1) if and only if g(z) = O(1) (C, By + k),
x — o00. A recursive argument shows that f(z) = O(1) (C, ) if and only if
g(z) = O() (C, B +1). 0

The same proof applies for one-sided boundedness.

Lemma 9.15. Let f € D'(R). Suppose that f(z) = O(1) (C, fs), as x — oo, for
some B > 0. Then the condition xf'(x) = Or(1) (C, By + 1) holds if and only if
f(z) =0L(1) (C, ). The same is true if Or(1) is replaced by Og(1).
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So, we immediately obtain from Theorem 9.11

Theorem 9.16. Let f € D'(R). Suppose that lim, . f(x) = v (C, B2) for some
B > 0. The tauberian condition zf'(x) = O(1) (C,p; + 1), for some B; > 0;

implies that lim, ., f(z) =~ (C, ) for all 3 > (.

Proof. Indeed, we obtain, by Lemma 9.14, f(x) = O(1) (C, ), © — o0; hence, an

application of Theorem 9.11 gives the result. O

Theorem 9.17. Let f € D'(R). Suppose that lim,_. f(x) =~ (C,B2) for some
Ba > 0. The tauberian condition xf'(x) = OL(1) (C,B, + 1), for some By > 0;
implies that lim, ., f(x) = v (C, ), for all 3 > [y + 1. The same holds if we

replace Or(1) by Og(1).

Proof. From Lemma 9.15, we have f(x) = Op(1) (C, 1), * — oo; hence, again,

we can an apply Theorem 9.11. O

We also analyze a little o condition. It generalizes [85, Thm.65] to distributions.

Theorem 9.18. Let f € D'(R). Suppose that lim, ., f(x) =~ (C,B2). If B2 >

B1 > 0, a necessary and sufficient condition for the limit to hold (C, 3;) is x f'(z) =

o(1) (C,p1 +1).

Proof. We retain the notation from the proof of Lemma 9.14. If for some k > 0,

lim, o f(z) =7 (C,k + 1), then the relation

o AR () = gCB=0) () 4 (B + k) fAH) ()

= g(_ﬁl_k)<x) + - +o (xﬁﬁ-k)

(B1+ k)

shows the equivalence at level k — 1. A recursive argument proves that the equiv-

alence should hold for k£ = 1. O]
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We may state our results in terms of (C) summability of distributional evalua-
tions. We obtain the next series of corollaries directly from Theorem 9.16, Theorem

9.17, and Theorem 9.18.

Corollary 9.19. Let g € D'(R) and ¢ € E(R). Suppose that supp g is bounded at

the left and
(9(x), ¢(z)) =7 (C). (9.2.13)

If xp(x)g(z) = O(1) (C, B + 1), as x — oo, for some By > 0, then

(9(z),9(x)) =~ (C,B), (9.2.14)

for all B> ;.

Corollary 9.20. Let g € D'(R) and ¢ € E(R). Suppose that supp g is bounded at

the left and

(9(z),d(x)) =~ (C). (9.2.15)

<g(x)v ¢($)> =7 (Caﬁ) ) (9'2'16>

for all 8 > By + 1.

Corollary 9.21. Let g € D'(R) and ¢ € E(R). Suppose that supp g is bounded at
the left and

(9(z),0(z)) =~ (C). (9.2.17)
Given 3 > 0, a necessary and sufficient condition for (9.2.17) to hold (C,j3) is

zo(z)g(r) =o(1) (C,f+1), as x — 0.

9.3 Tauber’s Second Type Theorems for Point
Values and (A) Summability

We now analyze tauberian problems related to Abel summability.
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9.3.1 Tauberian Theorem for Distributional Point Values

We are ready to show the main theorem of this chapter.

Theorem 9.22. Let F' be analytic in a rectangular region of the form (a,b)x (0, R).
Suppose f(x) = F(x +i0) in D'(a,b). Let xy € (a,b) such that F(xg + iy) — v
as y — 0T. The tauberian condition f'(zo+ex) = O(e™') as e — 07 in D'(a,b),

implies that f(xo) = 7, distributionally.

Proof. Clearly, by translating, we can assume that zo = 0. We first show that it
may be assumed f € §’'(R) and F' is the Fourier-Laplace representation. Let C be a
smooth simple curve contained in (a, b) x [0, R) such that CN(a, b) = [xo—0, x0+0],
for some small o, and which is symmetric with respect to the imaginary axis.
Let 7 be a conformal bijection [32, 167] between the upper half-plane and the
region enclosed by C such that the image of the imaginary axis is contained on the
imaginary axis and 7 extends to a C'*°-diffeomorphism from R to C\ (CNiR,).
Then, For(iy) —»vasy — 0" and f (7(ex)) = O(7!) as e — 0" in D'(R) if and
only if F(iy) — v and f(ex) = O(e™!) in D'(R). Moreover [128], f o 7(0) = ~ if
and only if f(0) = =, distributionally. In addition F' o 7 is bounded away an open
half-disk about the origin, hence it is the Fourier-Laplace analytic representation

of for.So, we can therefore assume that f € §'(R) and

F(z) = % (F(t). e .

Our aim is to show that f is distributionally bounded at z = 0. Indeed, if one
established this fact then f(0) = ~,distributionally, by Theorem 4.7. The condition
f'(ex) = O(e71) still holds in §’'(R). If we integrate this condition [227], we obtain
from the definition of primitive in &’(R) that there exists a function ¢, continuous

on (0,00), such that

flex) =c(e) + O(1)
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as ¢ — 07 in §'(R), in the sense that for each ¢ € S(R)

(f(ex), d(x)) = ele) / " p(a)dz + 0(1) |

as ¢ — 07. Fourier transforming the last relation, we have that

FOw) = 21 (A7) &;) Lo G) |

xT

as A — oo in §'(R). Evaluating at e~*, we obtain, as y — 07,

~

0(1) = Pliy) = 5= (F(0).e) = 5= (F(570) ™) = cl) + 01

Hence, ¢ is bounded near the origin, and thus f(ex) = c(¢) + O(1) = O(1) as

e — 07 in S'(R), as required. ]
So, we obtain the following tauberian theorem in terms of the Laplace transform.

Theorem 9.23. Let G € D'(R) have support bounded at the left. Necessary and

sufficient conditions for

/\lim G(A\z) =~ inD'(R), (9.3.1)
are
- ol — T o
ylgg)g yL{G;y} = ylggg LGy} =, (9.3.2)
and
AxG'(Az) = O(1) as A — oo in D'(R). (9.3.3)

Proof. Either (9.3.1) or (9.3.3) imply that G is a tempered distribution and hence
its Laplace transform is well defined for Re z > 0. The necessity is clear. Now,
the condition (9.3.3) translates into f'(ez) = O(e™!) in S'(R), where f = 27G’.
Relation (9.3.15) gives F(iy) = L{G";y} — v as y — 07, for the Fourier-Laplace
representation of f, hence by Theorem 9.22, f(0) = v in S’(R). Hence, taking
Fourier inverse transform, we conclude that G'(A\x) ~ A7'4§(z) as A — oo in

S'(R), which implies (9.3.1). O
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9.3.2 Tauberians for Abel Limitability

Let us define Abel limitability for distributions. Recall that (Section 1.5) g € D'(R),
it is called Laplace transformable [180] on the strip a < Re 2 < b if e %g(t) is a
tempered distribution for a < £ < b; in such a case its Laplace transform is well

defined on that strip.

Definition 9.24. Let f € D'(R). We say that f has a limit v at infinity in the
Abel sense, and write

lim f(x)=~ (A), (9.3.4)

r—0o0

if there exists a distribution fy with support bounded at the left such that f, coin-
cides with f on an open interval (a,00), fy is Laplace transformable for Re z > 0,

and

lim yL{f;y} =7 . (9.3.5)
y—0t

Notice that Definition 9.24 is independent on the choice of f,, because every
compactly supported distribution satisfies (9.3.5) with v = 0. The case of locally

integrable functions is of interest, it is analyzed in the next example.

Example 9.25. If f € L _[0,00) is such that the improper integral

LAfy} = / f(t)e ™dt,  converges for each y >0 , (9.3.6)
0
and
lim yC{f;y} =7, (9.3.7)
y—0t

then f has v as an Abel limit in the sense of Definition 9.24. However, the Abel
limit of f, in the sense of Definition 9.24, exists under weaker assumptions, namely

under the existence of the Laplace transform as integrals in the Cesaro sense, i.e.,

LA{f;y}= /000 f(t)e ™dt (C), emists for eachy >0, (9.3.8)
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and (9.3.7). Conversely, the reader can verify that the existence of the Abel limit,
interpreted as in Definition 9.24, of a locally integrable function is equivalent to

(9.3.8) and (9.3.7).

Observe that (9.3.5) is precisely (9.3.2). Therefore, using the well known equiva-
lence between Cesaro behavior and parametric (quasiasymptotic) behavior (Propo-

sition 1.13), we may reformulate Theorem 9.23

Corollary 9.26. Let f € D'(R). Necessary and sufficient conditions for

lm @)=y (©) 9:39)
lim f(x) =~ (A) and zf'(x)=0(1) (C), asz — oo . (9.3.10)

We now combine Corollary 9.26 with the results from Section 9.2.3 to obtain
more precise information about the Cesaro order in (9.3.9).
Theorem 9.27. Let f € D'(R). Suppose that lim, ., f(z) = (A). The tauberian
condition x f'(x) = O(1) (C, 51 + 1), as © — oo, implies lim,_., f(z) =~ (C, ),

for all B > .
Proof. 1t follows directly form Corollary 9.26 and Theorem 9.16. ]

We can also consider a one-sided tauberian condition.

Theorem 9.28. Let f € D'(R). Suppose that lim, ., f(x) =~ (A). Let 5 > 1.
The one-sided tauberian condition xf'(x) = Or(1) (C,B1), as © — oo, implies

lim, o f(z) =7 (C,B), for all 5 > (.

Proof. We may assume that f has support bounded at the left. If z f'(z) = O(1)
(C) is established, we could apply first Theorem 9.17, and then Corollary 9.26

to obtain the desired conclusion. Because of Lemma 9.13, zf'(x) = O(1) (C) is
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satisfied if f(x) = O(1) (C); so, let us show the two-sided boundedness of f(x).
By adding a term of the form K H(x) and a compactly supported distribution
to f(z), we may assume that there exists k¥ € N such that g% € L (R), and
g"®(x) > 0, for x large enough, where g(z) = xf'(x). Actually k can be chosen
so that f(=%) ¢ L (R). Furthermore, by adding a suitable compactly supported
bounded function we can additionally assume that g{=*)(z) > 0, for all =, and both
¢ and f=*) vanish in a neighborhood of the origin. Using Lemma 9.13, we have

that

rk+1 xrk

¢ P) _ (f("“’(flr))' ;

therefore, (%) is a non-negative function. Finally, using the non-negativity of

/Of dt<e/ FER (f)e e dt

_ 6xk£{ 11;} k+l +0( k+1) — O(wk+1) :

%) we have that

hence f(x) =O(1) (C,k+1). O

We obtain from Theorem 9.28 an extension of a classical important result of O.

Szész [200, Thm.1].

Theorem 9.29. Let f € L _[0,00). Suppose that lim, ., f(z) = v (A) in the

sense that it satisfies (9.3.8) and (9.3.7). Then, the one-sided tauberian condition
— /x f)dt > -Kz, z>a, (9.3.11)
0
for some positive constants K and a, implies that
= /9C f)dt ~~vx, x— o0 . (9.3.12)
0

Proof. Note that (9.3.11) exactly means that zf'(x) = Or(1) (C,1) and (9.3.12)

that lim, .. f(z) = v (C,1). So, Theorem 9.28 yields (9.3.12). O
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In particular.

Corollary 9.30. (Szdsz [200, Thm.1]) Let f € Li_.[0,00) satisfy (9.5.6) and

loc

(9.3.7). The one-sided tauberian condition (9.5.11) implies (9.5.12).
Remark 9.31. If 3 > 0, we might replace (9.3.11) in Theorem 9.29 and Corollary
9.50 by
xf(x) —/ f()dt =0OL(x) (C,5), asxz— o0,
0

then same arquments apply to conclude lim, ., f(z) =~ (C,5+1).

We can use Theorem 9.18 to obtain a Tauber type characterization of (C, /)

limits; the next result follows easily from Corollary 9.26 and Theorem 9.18.
Theorem 9.32. Let f € D'(R) and 3 > 0. Necessary and sufficient conditions for
lim, e f(2) =7 (C, B) are lim, e f(z) =7 (A) and 2f'(x) = o(1) (C, 5+ 1),
9.3.3 Tauberians for Abel Summability of Distributions

Let ¢ € D'(R) with support bounded at the left and ¢ € £(R). We defined in

Chapter 3 Abel summability of distributional evaluation as follows:

(9(x),9(x)) =~ (A). (9.3.13)

if e ¥ ¢p(x)g(z) € S'(R), for every y > 0, and

lim (¢(t)g(t),e ™) =1~ . (9.3.14)

y—0F
Notice that (9.3.13) holds if and only if lim, .., G(x) = 7 (A), where G is the first
order primitive of ¢g with support bounded at the left, that is, G = (¢g) * H (here
H is the Heaviside function). So, our theorems from Section 9.3.2 give at once the

following results.

Theorem 9.33. Let g € D'(R) with support bounded at the left and ¢ € E(R).

Suppose that
(9(x). ¢(x)) =7 (A). (9.3.15)
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The tauberian condition xg(x)p(x) = Or(1) (C, 5 + 1), as x — oo, for f; > 0,
implies

(9(z),0(x)) =~ (C,B), (9.3.16)

for all B > By + 1. While the stronger tauberian condition zg(z)p(x) = O(1)

(C, B1 + 1) implies that (9.3.16) holds for all B > [3.

Theorem 9.34. Let g € D'(R) with support bounded at the left and ¢ € E(R).
Necessary and sufficient conditions for (9.3.16) are (g(x),p(x)) = v (A) and

zg(x)p(x) =o(1) (C,5+1) as x — oc.

The case when g = f and ¢(r) = €% is interesting, it provides the order of
summability in the pointwise Fourier inversion formula for Lojasewicz point values

(Chapter 3). This is the content of the next corollary.

Corollary 9.35. Let f € S'(R) be such that supp f is bounded at the left and

1 A .
= < F(a), e> = (A). (9.3.17)
Then ze™? f(z) = Op(1) (C, 3 + 1), for some B; > 0, implies that f(zo) = 7,

distributionally. Moreover, the pointwise Fourier inversion formula holds (C, 3) for

any B > B1+ 1, that s

o= (fla) ey = (©.8). (9:3.18)

Moreover, the stronger tauberian condition xe“’"owf(a:) = 0(1) (C,p1 + 1) implies
that (9.3.18) holds for all B > [3.

9.3.4 Tauberians for Series and Stieltjes Integrals
The cases of Stieltjes integrals and series is also of importance. We obtain directly

from Theorem 9.33 the following corollary.
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Corollary 9.36. Let s be a function of local bounded variation such that s(x) =0

for x < 0. Suppose that the improper integral

LA{ds;y} = / e ¥ds(x) (C), ezists for eachy >0, (9.3.19)
0
and that
lim £{ds;y} = 1. (9.3.20)
y—0F

Let 31 > 0. Then, the tauberian condition

/0 “tds(t) = Ouz) (C,4h) , (9.3.21)

implies that for all 8> (6 + 1

lim s(zx) =7 (C,[) . (9.3.22)

r—00

Moreover, if we replace Or(z) by O(x) in (9.3.21), we conclude that (9.5.22) holds

for all B > .

Observe that in particular Corollary 9.36 holds if we replace (9.3.19) by the
stronger assumption of the existence of the improper integrals fooo e ¥ds(x) =
limy oo fot e ¥*ds(z), for each y > 0.

Let A\, /" oo be an increasing sequence of non-negative real numbers. Recall that
we write Y oo ¢, =7 (A, {\,}) if the Dirichlet series F(z) = Y o2 c,e” " = v

converges on Rez > 0 and lim,_o+ F(y) = 7.

Corollary 9.37. Suppose that > > a, = v (A, {\.}). The tauberian condi-

tion Y7, _,cn = Op(x) (C,51), for some By > 0, implies that )" c, = 7
(R, {\u}, B), for all B > p1+1. The stronger tauberian condition ), _. c, = O(x)

(C, B1) implies the (R,{\.}, 3) summability of the series to vy, for all B > [3;.

Furthermore, we can formulate a much stronger version of Corollary 9.37.
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Corollary 9.38. Suppose that

F(y) = Z cne U (R, {\Y) ,  ewists for eachy >0 (9.3.23)
n=0
and
lim F(y) =1~ . (9.3.24)
y—07F

The tauberian condition ), _ ¢, = Or(x) (C,B1), for some By > 0, implies that
Yo oen =7 R AN}, 0), for all B > (1 + 1. The stronger tauberian condition
Y oa,<aCn = O(x) (C, B1) implies the (R,{\.},3) summability of the series to v,
for all B > .

We now obtain a general form of Theorem 9.3 stated at the introduction; it is a

particular case of Corollary 9.37.

Corollary 9.39. Suppose that Y >~ c, = (A). The one-sided tauberian condi-
tion ZLO cn = OL(N) (C, B), for some By > 0, implies that Y~ ¢, =7 (C,[0),
for all B > By + 1. The stronger tauberian condition 3. _ ¢, = O(N) (C,f)

implies the (C, 3) summability of the series to v, for all 5 > (.
If we specialize Corollary 9.38 to power series, we have.

Corollary 9.40. Suppose that
F(r)= chr" (C), ewists for each 0 <r <1, (9.3.25)
n=0

and

lim F(r)=1~. (9.3.26)

r—1-

The tauberian condition ZLO ¢n = OL(N) (C,51), for some 31 > 0, implies
that >y, = v (C,0), for all B > (1 + 1. The stronger tauberian condition
Ziv:o cn = O(N) (C, ) implies the (C,3) summability of the series to ~y, for all
B> b
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9.4 Applications: Tauberian Conditions for
Convergence

This section is devoted to applications of the distributional method in classical
tauberians for series and Dirichlet series. Let f € D'(R) have support bounded at
the left, we have that lim, .. f(z) = v (C) if and only if its derivative has the

following quasiasymptotic behavior

f'(x) = ’y@ +o (%) as A — oo in D'(R) . (9.4.1)

Let 1 < o < 2. Throughout this section ¢, € D'(R) is a fixed test function with the
following properties: 0 < ¢, < 1, ¢,(x) = 1 for z € [0,1], and supp ¢, C [—1, o],
We first extend a Theorem of O. Szdsz [201] (see also [171]) from series to Stieltjes

integrals.

Theorem 9.41. Let s be a function of local bounded variation such that s(x) =0

for x < 0. Suppose that lim,_,, s(x) =y (A). Then, the tauberian conditions

/ tds(t) = Ou(z) (C.B) . (9.4.2)
0
for some 3 >0, and
lim li 1/mt|d|(t)—0 (9.4.3)
Uir{1+ 1fLS£px : s =0, 4.

imply that lim, . s(x) = 7.

Proof. Theorem 9.28 and (9.4.2) imply that lim, ., s(z) = v (C). Then s has the

quasiasymptotic behavior (9.4.1), evaluating the quasiasymptotic at ¢, we obtain

oA
t
limsup [s(A) — 7] < limsup/ b <X) |ds| (%)
A

A—00 A—00

1 oA
< lim sup X/ t|ds] (t)
A

A—00

Since o is arbitrary, we obtain the convergence from (9.4.3). O
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We recover the result of Szdsz mentioned above.

Corollary 9.42. (Szdsz, [201, Thm.1]). Suppose that )"~ ¢, = v (A). The taube-

rian conditions
N

1
Vi = ~ ;:0:” len| = O(1) (9.4.4)
and
m
Vi =V — 0, asg—>1Jr and n — oo , (9.4.5)

imply the convergence of the series to .

Proof. We show that (9.4.5) implies (9.4.3). Indeed,

1 o] — [x] [z]
E Z n |Cn| - T‘/[ax] + ?(‘/[oz] - ‘/[:E])
z<n<lox
ox —x —1
TO(l) + (Voa) = Viay) »
and the last expression tends to 0 as z — oo and o — 1T, O

The next tauberian theorem for Dirichlet series belongs to Hardy and Littlewood

[87] (see also [199] and [200, Thm.6]).

Theorem 9.43. (Hardy-Littlewood). Suppose that Y " c, = v (A, {\.}). The

tauberian condition

o0 )\n p—l
> (A——Al) |cal” < 00, (9.4.6)
n=1 mn n—

where 1 < p < oo, implies the convergence of the series to .

Proof. The case p = 1 is trivial, we assume 1 < p < oo. Let ¢ = p/(p—1). Holder’s
inequality implies (9.4.2), with 8 =0, for s(z) = >_, _, ¢, So, Corollary 9.37 im-

plies the (R, {)\,}, 1) summability. Then ), ¢,d(z— A\, ) has the quasiasymptotic
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behavior (9.4.1), evaluating at ¢, and using Holder’s inequality, we obtain

ol A
¢, — | <limsu o [ — ) |,
> eum b 2w (3) el

N=00 § L An<oAn

lim sup
N—oo

S (37 Rt

N=oo \ Ay <an<ory

glimsup< Z w) O(1)

N—oo AN<An<oAn

< (0= 1)30(1) |
taking o — 1T, we obtain the result. O

We end this section proving a theorem of Szész [198, 199, 200] (the case for

power series was first discovered by Hardy and Littlewood).

Theorem 9.44. (Szdsz, [200]). Suppose that >~ ¢, = v (A, {\,}). The taube-

rian condition
N

DN (A = Amt) el = OOy (9.4.7)

n=1

for some 1 < p < 00, implies the convergence of the series to .

Proof. Let ¢ = p/(p — 1). Again, Holder’s inequality implies (9.4.2), with 5 = 0,
for s(x) = 35, <z Cn- So, Corollary 9.37 implies that ) jc,6(x — A,) has the

quasiasymptotic behavior (9.4.1), evaluating at ¢, and using Hélder’s inequality,

we obtain
al A
lim sup ch — 7| < limsup Z o (—n> |l
N—oo 1750 N=oo \ ran<oAn AN
1
| An = Ane A7)
< limsupA}{,( Z )\—ql b0 (A_> ) O(1)
N—oo AN <An<TAN n N

Q=

< lim sup ()\i Z (An — )\n—1)> O(1)

N—oo N AN<An<oAN

— (6 —1)10(1) .
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Since o is arbitrary, we obtain the convergence.
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Chapter 10

The Structure of Quasiasymptotics

10.1 Introduction

The quasiasymptotic behavior has been a fundamental concept throughout our
investigations of local properties of distributions. It is a very convenient notion
to describe the local behavior of a distribution around a point, or its asymptotic
behavior at infinity. One gains generality by considering quasiasymptotics rather
than ordinary asymptotics of functions because they are directly applicable to the
nature of a distribution; moreover, one might say that every distribution shows, in
one way or another, quasiasymptotic properties. Despite its generality, the concept
is extremely useful in practice; in fact, it has an evident advantage over the asymp-
totics of ordinary function: its flexibility under analytical manipulations such as
differentiation or integral transformations. So far, we have only considered some
particular cases of the quasiasymptotic behavior, mainly in connection with distri-
butional point values and jump behaviors, we now analyze general quasiasymptotic
properties of distributions.

In this chapter we make a comprehensive study of quasiasymptotic properties of
distributions in one variable. The exposition is based on a recent series of papers by
the author [212, 213, 227], where some open structural problems were undertook
and solved.

The concept of the quasiasymptotic behavior of distributions was introduced
by B. I. Zavialov for tempered distributions in [249] as a result of his investiga-
tions in Quantum Field Theory, and further developed by him, Vladimirov and
Drozhzhinov [231]. Later this concept was slightly reformulated in [151, 152] for

distributions of one variable.
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The quasiasymptotic behavior has found many applications in mathematics and
mathematical physics. As previously mentioned, it was created as a response to
theoretical questions in mathematical physics, where it has been effectively applied
(231, 233, 234, 249]. Later on, it had its main developments within the study of
integral transforms on spaces of distributions [61, 160, 231, 232]. It is remarkable
the predominant role that tauberian and abelian type results have had in the
theory [37, 38, 40, 41, 160, 231, 232]. The asymptotic notions for distributions
are also very appropriate for the study of asymptotics of solutions to convolution
equations, integral equations, and partial differential equations [41, 60, 231, 235].
It has also important connections with problems in Fourier analysis, as we have
been seen in the previous chapters.

Since its introduction, the study of the structure of the quasiasymptotics has
deserved a special place [43, 54, 128, 151, 152, 150, 153, 156, 160, 192, 216, 231].
S. Lojasiewicz introduced the value of a distribution at a point, and he provided
the corresponding structural theorem for it (Section 3.2 above). V. S. Vladimirov,
Yu. N. Drozhzhinov and B. 1. Zavialov gave a complete structural theorem for
quasiasymptotics at infinity of tempered distributions with support on cones. S.
Pilipovi¢ gave partial structural theorems for one dimensional quasiasymptotics at
the origin and infinity. However, a complete structural theorem for quasiasymp-
totics has remained as an open question for long time. The importance and neces-
sity of a solution to such an open problem has been pointed out in several articles
[43, 156, 192, 213, 216]. Experience has shown that the structure of quasiasymp-
totics plays a very important theoretical role in the application of the notion to
other contexts, this makes the solution of the structural problem a critical issue in

generalized asymptotic analysis.
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The principal aims of this chapter are to provide a solution for this structural
open question in the one dimensional case, and then discuss some of its conse-
quences and generalizations. Our presentation is intended to be complete and
self-contained. For the sake of coherence, we comment some well known results
of preliminary character in Sections 10.2, 10.3, and 10.4; though our approach and
proofs may differ from the original sources. Therein, we also make some biblio-
graphical remarks which may be useful for the reader.

Section 10.5 is chief part of the chapter. We characterize there the quasiasymp-
totic behavior by means of structural theorems; the cases at finite points and
infinity are both studied. Our exposition follows the lines of the author’s articles
[212, 227]. Our analysis is based on the properties of the parametric coefficients re-
sulting after performing several integrations of the quasiasymptotic behavior, then
we single out the asymptotic properties of such coefficients. The key points for
our structural theorems will be then the notions of asymptotically and associate
asymptotically homogeneous functions with respect to slowly varying functions,
they are actually the parametric coefficients in the integration of quasiasymptotics;
such classes of functions are suitable and natural extensions of those introduced
in Section 3.4.1. Observe that the same sort of ideas have been previously applied
in Section 3.4 in the context of summability of the Fourier transform (see also
[47, 216]) and deeply depended in the analysis given in Section 3.4.1; however, the
problem we are about to study is much more difficult and technical.

In Section 10.6 we study the structural properties of quasiasymptotic bounded-
ness with respect to regularly varying functions. We follow the author’s paper [213].
The technique of integration and asymptotic analysis of parametric coefficients is
employed once again. The parametric coefficients of integration will fit into the

concept of asymptotically homogeneously bounded functions with respect to slowly
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varying functions, which will be introduced in Section 10.6.1. Using asymptot-
ically homogeneously bounded functions, we obtain the structural theorems for
quasiasymptotic boundedness in Section 10.6.2.

Further quasiasymptotic properties of distributions are discussed in Section 10.7.
We apply the structural theorems to study problems in what the author denomi-
nates quasiasymptotic extension problems. We study three of such problems.

We shall study in Section 10.7.1 the asymptotic properties of extensions to R of
distributions initially defined on R\ {0} (or just (0,00) ) and having a prescribed
asymptotic behavior at either the origin or infinity; here we follow the approach
from [212, 213, 228|, and complement with some new results. Notice that the
latter problem is important from a mathematical physics perspective, since it is of
relevance to renormalization procedures; indeed, the problem of renormalization
in quantum field theory is nothing but a problem of this nature [21, 125, 178, 233,
234, 249]. It also has much relevance to the study of singular integral equations on
spaces of distributions [60].

In Section 10.7.2, we show that if a tempered distribution has quasiasymptotic
behavior or is quasiasymptotic bounded at point in the space D'(R), then the same
quasiasymptotic property is preserved in the space S'(R). Observe that we have
made extensive use of this fact for distributional point values and jump behavior in
the past chapters; in fact, this property was of vital importance because it allows
one to apply Fourier transform and translate local properties of tempered distri-
butions into asymptotics of the Fourier transform at infinity. A similar problem
is studied in Section 10.7.3, but this time at infinity; we show that the quasi-
asymptotic behavior holds in smaller spaces than §’(R), namely on some spaces
of the type ICb(R), consequently, this fact provides conditions over test functions

which allows one to evaluate them at quasiasymptotics, these test functions are
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in bigger spaces than S(R) and, as shown in Chapter 7 (Section 7.8), they can
be related to partial differential equations. We also consider similar problems for

quasiasymptotic boundedness with respect to regularly varying functions.

10.2 Comments on the Quasiasymptotic
Behavior

We would like to make some comments about the definition of the quasiasymptotic
behavior, other known facts, the problems to be considered in the rest of our
discussion, and references to the literature.

In Section 1.8.1, Definitions 1.3 and 1.5, we defined the quasiasymptotic behavior

for f € D'(R) as an asymptotic relation of the form

f(hz) ~ p(h)g(z) ash— 0", or h— oo, (10.2.1)

in the distributional sense, that is, holding after evaluation at each test function

(f(hx), ¢(x)) ~ p(h) {g(x),d(x)), for each ¢ € D(R) . (10.2.2)

Our assumption is that that p is defined, positive and measurable near 0 (resp.
00). It follows from the definition itself that if g is assumed to be non-zero, then p
and ¢ in (10.2.1) cannot have an arbitrary form [61, 160, 231]; indeed, p must be a
regularly varying function (Section 1.7) and ¢ must be a homogeneous distribution
[61] having degree of homogeneity equal to the index of regular variation of p. We
will reproduce the proof of this fact. It should be mentioned that a more general

result can be found in [58] (the so-called asymptotic separation of variables).

Lemma 10.1. Suppose that p is a function defined, positive and measurable near
0 (resp. o0). If (10.2.2) holds at the origin (resp. at o0) and g # 0, then p is

a regularly varying function at the origin (resp. at o0) and g is a homogeneous
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distribution having degree of homogeneity equal to the index of reqular variation of

p.

Proof. We show the assertion at the origin, the one at infinity is completely anal-

ogous. Select ¢ such that (g(x), ¢(x)) = 1, then, for each a > 0,

i 209 _ g U000 SUED0G) 1y o2y

=0t ple)  e—o+ p(e) e—0+ p(e) a a
denoting the last term of the equation by 7(a), the continuity of the dilation gives
that 7(a) does not vanish in a neighborhood of @ = 1, which in particular has non-
zero Lebesgue measure. It implies (Section 1.7) that 7(a) = a®, for some a > 0
and each a > 0. Therefore, p is regularly varying with index «. On the other hand,

_ iy Plae) (flagz), o(x)
(glaz) i (@) = lim ===

=a” (g(x), ¢ (7)) .
0

Obviously, Lemma 10.1 holds if one considers the quasiasymptotic behavior in
A’, the dual of a space of functions in which the dilation is a continuous operation
onto itself.

Since any regularly varying function p can be written as p(h) = h*L(h), where
L is a slowly varying function, we may only talk about slowly varying functions
in the rest of our discussion. In order to introduce some language, we reformulate

our definitions in terms of slowly varying functions.

Definition 10.2. An distribution f € D'(R) is said to have quasiasymptotic be-

havior of degree o at x = x¢ with respect to the slowly varying function L if there

exists g € D'(R) such that

f(zo+ex) ~e*Lie)g(z) ase— 0" in D'(R) . (10.2.3)
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Definition 10.3. An distribution f € D'(R) has quasiasymptotic behavior of de-
gree o at infinity in D'(R) with respect to the slowly varying function L if there

exists g € D'(R) such that

fAz) ~AX*L(N\)g(z) as X — oo in D'(R) . (10.2.4)

In the sense of (10.2.1), relation (10.2.3), resp. (10.2.4), is the most general
asymptotic behavior that a distribution can have at small scale, resp. large scale.

The same considerations discussed in Section 1.8.1 apply for Definitions 10.2
and 10.3, that is, Definition 10.2 is of local character and hence it is meaningful
when f is just defined in a neighborhood of © = =z, by shifting in most cases
is enough to consider xy = 0 in (10.2.3), and the quasiasymptotic (10.2.4) is not
a local property when @ < —1. We may talk about Definitions 10.2 and 10.3 in
other spaces of generalized functions constructed as dual spaces of suitable spaces
of functions. Finally, the notation (1.8.7) will also be widely employed in the sequel.

Our aim is now to characterize the structure of the quasiasymptotic behavior,
that is, to describe it by asymptotics, in the ordinary sense, of primitives of the
distribution. This will be done in Section 10.5.

We now want to make some comments about the previous known properties of
the structure of the quasiasymptotics available in the literature, this is valuable
for the reader since many important techniques can be found in the references.

We start with quasiasymptotics at infinity. The complete structural theorems for
distributions from &’[0, 00) can be found in [231]. Such results will be reproduce in
Section 10.4 below. In addition, in page 134 of the cited book, one finds a decom-
position theorem, which basically implies the structural theorem when the degree
of the quasiasymptotic behavior is not a negative integer and with no restrictions
on the support of the distribution. The details about how this is implied by the

decomposition theorem can be found in [151]. Therefore, in the case at infinity the
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only unknown structural theorem was for negative integral degrees. The results
that we studied in Section 3.4.2 are a particular case of such an open question,
they were obtained by the author and R. Estrada in [216]. The general case was
recently obtained by the author in [212] and will be discussed in Section 10.5 below.

In the case at the origin, only partial results were known under restrictions on
the degree of the quasiasymptotic behavior (o > —1) and boundedness of L [153].
The reader can also consult [156, 160, 192] for more about these structural results.
The general case was recently obtained in [227] by the author and S. Pilipovi¢, it

will be also the subject of Sections 10.5.

10.3 Remarks on Slowly Varying Functions:
Estimates and Integrals

In this section we collect some results about slowly varying functions to be used in
the future. Some facts were already discussed in Section 1.7, but the subsequent
work demands us more detailed information about slowly varying functions; we
are particularly interested in some reductions and estimates that will be crucial

for some future arguments.

10.3.1 Estimates and Reductions

Let us assume that L is a slowly varying function at the origin. Similar consid-
erations are applicable for slowly varying functions at infinity. Our first obvious
observation is that for the quasiasymptotic behavior only the behavior of L near
0 plays a role in (10.2.3), and so we may impose to L any behavior we want in
intervals of the form [A, 0c0). Moreover, if L is any measurable function which

satisfies

we may replace L by L in any statement about quasiasymptotics without loosing

generality in the original statement. Recall the representation formula for slowly
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varying functions (Section 1.7): L is slowly varying at the origin if and only if
there exist measurable functions u and w defined on some interval (0, B], u being
bounded and having a finite limit at 0 and w being continuous on [0, B] with

w(0) = 0, such that

L(z) = exp (u(x) + /B @dt) , ©v€(0,B].
Since we are looking for suitable modifications of L, our first remark is that, when
dealing with quasiasymptotics, we can always assume that L is defined in the
whole (0,00) and L is everywhere non-negative (or even positive). This is shown
by extending u and w to (0,00) in any way we want.
A direct consequence of the representation formula is the following useful bound.

Given any fixed ¢ > 0 and M > 1, there exists 0 < B < B such that

L min {x_", x"} < [g?(;)

i < Mmax {z77, 27} | (10.3.1)

for ex < B and e < B. Furthermore, given any A > 0, there exists A such that
(10.3.1) holds if z < A and £ < A; for instance, take A = min {B, (E/A)} This
result is known as Potter’s theorem [15, p.25], and will be of vital importance
in our investigations of the structural properties for quasiasymptotics. Potter’s
estimate (10.3.1) also holds for slowly varying functions at infinity, with the obvious
modifications in the parameters.

Sometimes is useful to modify L away the origin (resp. infinity) such that (10.3.1)
holds globally in the following sense. Given a fixed ¢ > 0, then by modifying u
and w, we can assume, when it is convenient, that B = 1, u is bounded on all over
(0,00) and |w(z)| < o, z € (0,00). In particular, we obtain the estimate (10.3.1)

YV, e € (0, 00).
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As an application of the ideas just discussed, we give a proof a result which
will have some importance in the future. An alternative constructive proof can be

found in Seneta’s book [183], based on the nice construction of Adamovié¢ [1, 2.

Lemma 10.4. Let L be slowly varying at the origin (resp. at infinity). There ezists
another slowly varying function L € C>(0,00) at the origin (resp. at infinity) such

that
- - L
L(z) ~ L(z) , and L™ (z)=o0 (ﬁ) ,
xTL
for each n € N. Moreover, L can be chosen so that it vanishes in a neighborhood

of infinity (resp. the origin).

Proof. Observe that only the behavior of L near the origin (resp. infinity) plays
a role in the statement, so we can modify it on irrelevant intervals such that it
satisfies (10.3.1) for all z,e € (0,00). We can also assume that L(z) = 0 for

x > 1 (resp. x < 1). Under our assumptions, we can use Lebesgue’s dominated

[ (4 s

for ¢ € D(R), to deduce that (resp. the same relation with e = A — 00)

convergence theorem in

L(ex)H(x) = L(e)H(x) + 0o (L(e)) ase— 0" in D'(R) .

Take now L(z) = [~

o L(xt)¢(t)dt, where ¢ € D(0,00) with [~ @(t)dt = 1; it

satisfies all the requirements. ]

We may also impose more conditions on w to obtain more reasonable assump-
tions on L. For example, in the case of slowly varying functions at the origin the

assumption ¢t 1w(t) € L'[1, 00) implies

M < L(z) <M, z>1,
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for some positive constants M and M.
We finally recall a well known fact [15, 183]: As soon as L(ax) ~ L(x) holds for
each a > 0 on a set of positive measure, it automatically holds uniformly for a in

compact subsets of (0,00) .

10.3.2 Asymptotics of Some Integrals
We now want to discuss the quasiasymptotic behavior in relation to ordinary
asymptotics of functions, such results are very well known [160, 231], but we in-

clude them here for the sake of completeness. The next lemma is due to Aljanci¢,

Bojanié¢, and Tomié¢ [3] (see also [183, Section 2.3]).

Lemma 10.5. Let L be slowly varying at at infinity defined on I = (A, 00), A >0
(resp. the origin and I = (0,A)). If 27g € L'(I) (resp. x7%g ), for some o > 0,
then

/[L()\x)g(x)dx ~ L(\) /Ig(x)dx ., A—o00 (resp. A —07). (10.3.2)

Additionally, if L,g € Li.(0,00) and g(z) = O(z®), v — 0%, for some a > —1,

loc

(resp. « < —1, x — o0), then

//\_1[ L(A\z)g(x)dz ~ L(\) /[g(x)dx , A—o0 (resp. A—07).  (10.3.3)

Proof. We only give the proof of the assertion at infinity, the one at the origin
follows from the change of variables <+ x~!. Find M, B > 0 such that if z > A

and A > B, then

lg(x)] < M2° |g(z)] € L' (A, o) . (10.3.4)

Therefore, (10.3.2) follows from the Lebesgue dominated convergence theorem if

I = (A, 00).
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For the case \™'1 = ((A/)\), o0), we may assume that —1 < a < 0 and o < a+1,

then there exist My, By > 0 and A; > A such that

L(A\x)
L(X)

l9(x)| < Mymax {27, 27} |g(x)| € L'(0,00) . (10.3.5)

for A > By, and Ax > A;. Write

/ OO (LL((/\/\)) - 1) g(@)de = L(\) = L(A) + I5(A)

A
X

where [;(\) = [\ (L(Az)/L(N) = 1) g(w)dz, (\) = [ g(x)dw, and [;()) =
fAl/)‘ L(Az)/L()\))g(xz)dx. Because of (10.3.5), we can apply Lebesgue dominated
convergence theorem to conclude that I;(A) = o(1), A — oo. That I5(\) = o(1)

follows easily from the assumption over g. Finally,

1 A1
[3(A\)] < )\L—()\)/A

L(x)g(%)‘dx:O()\l%L()\)) =o(l), A—o0.

From Lemma 10.5, we immediately obtain the next corollaries.

Corollary 10.6. Let f € Li (xg,00) and a > —1. If L is slowly varying at the
origin, and

f(x) ~C(x —x0)*L(x — x0) , =— (10.3.6)
for C € R, then f € Li .[x,0) and
f(zo+ex)H(z) ~ Ce®L(e)x? ase — 07 in D'(R) . (10.3.7)

Proof. By shifting, we may assume that zo = 0. That f € L. _[0,00) follows
from the estimate f(z) = O(z*L(x)) = O(z* %), x — 0%, where o is chosen
so that & — o > —1. Next, decompose f = Cz®L + G, where G vanishes near

the origin, supp L C (0,B], B > 0, and L(z) ~ L(x),  — 0*. Then, obviously,
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G(ex) = o(e*L(¢g)), and because of (10.3.2) of Lemma 10.5, if ¢ € D'(R)

/000 flex)p(x)dx = Ce® /5 1°¢(z) L(ex)dz 4 o(e*L(e))

0

= (Ce” 2°p(z)L(ex)dx 4+ o(e“L(e
/¢ o) L(ex)do + o(=" L(<))
~ CeL(e) / 1 p()de = Ce"L(e) (25, 6(x)) .
ase — 0. -

Corollary 10.7. Let f € L'[0,00) and a > —1. If L is slowly varying at infinity,
and

flz) ~Cax*L(z), x— o0, (10.3.8)

for C € R, then f € S§'[0,00) and
fAz)H(xz) ~ CA*L(A\)z§  as A — oo in S'(R) . (10.3.9)

Proof. The proof is similar to that of Corollary 10.6. First notice that f has tem-
pered growth, so it is a tempered distribution. We decompose f = Cx*L+G, where
G vanishes near infinity, supp L C [B,0), B > 0, and L(z) ~ L(z), z — co. We
have that G(Ar) = O(A™!) = o(A*L(\)) because it has compact support and sat-
isfies the moment asymptotic expansion (see (1.8.11) in Section 1.8.1). So, the rest

follows by (10.3.3) of Lemma 10.5 applied to L and 2®¢, where ¢ € S(R). O

10.4 Structural Theorems in D’|0, c0) and

5’0, 00)
In this section we show the structural theorem for the quasiasymptotic behavior of
distributions in D'[0, 00) and S&’[0, c0). This case is much simpler than the general
one of unrestricted support, which we postpone for Sections 10.5.3 and 10.5.5. We
follow [231] for the proofs; actually, they are essentially the same as the proof of

Proposition 1.8 previously discussed in Section 1.8.
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Proposition 10.8. Let L be slowly varying at the origin. A distribution f €

D'[0,00) has quasiasymptotic behavior

flex) ~ CL(S)% as e — 0% in D'(R) (10.4.1)

if and only if there exists a non-negative integer m > —a — 1 such that fC™ is an

ordinary function (locally integrable) in a neighborhood of the origin and

z* T L(x)

(=m) () o 0 T LAE)
)~ Tt D

z— 0" (10.4.2)

Proof. The converse follows directly from Corollary 10.6, and then differentiating
m-~times the quasiasymptotic relation obtained. The Banach-Steinhaus theorem,
the quasiasymptotic behavior (10.4.1) and the definition of convergence in D'[0, co)
imply that there exists n, sufficiently large, such that the evaluation of f at ¢, (t) :=
(1 —t)"(H(t) — H(t — 1)) makes sense and (10.4.1) holds when evaluated at ¢,.

Put m =n +1, then, as x — 07,

(cm)(p) - L
fw) (m—1)!

()

l,m

TS (f(xt), dn (1))
C$m+aL(x) ! « m—1
~ T+ F.p./0 (1 — )™ dt
_ Ca™L(x)
S Tla+m+1)°
L]
Proposition 10.9. A distribution f € D'[0,00) has quasiasymptotic behavior
FO) ~ CLO) =2 o) L oo in D'(R) (10.4.3)
[(a+1)

if and only if f € 8'(0,00) and there exists a non-negative integer m > —a — 1

such that ™ € Li [0,00) and

loc

at+m
FE™ () ~O— s

10.4.4
F(oz+m+1)’ ) (0 )
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in the ordinary sense. Moreover, the quasiasymptotic behavior (10.4.3) holds actu-

ally in 8’0, 00).

Proof. The converse follows directly from Corollary 10.7 and differentiating m-
times; furthermore Corollary 10.7 also implies that (10.4.3) holds actually in the
space §’[0,00). The other part is established exactly in the same way as in the

proof of Proposition 10.8. O]

We now discuss some results about the convolution.

Theorem 10.10. Let f,g € D'[0,00). Suppose that

(ex)S

~ —_— — 0t in D A.
f(ex) C1L1(€)F(@ D as € — 07 in D'(R) (10.4.5)
and
g(ex) ~ CQLQ(E)% ase — 0" in D'(R) . (10.4.6)
I'(v+1)
Then,
(Ex)(ri-u-i-l

(f*xg)(ex) ~ C’ngLl(s)Lg(e)m ase— 0T in D'(R) .  (10.4.7)

Proof. The proof is simple. Consider f ® g € D'(R?). Then by Proposition 10.8
there exist n > —a — 1 and m > —v — 1 such that f(-™ and ¢(=™ are locally

integrable in a neighborhood of the origin,

D(a+n+1)f(2)

li =C
mi»I(I)l-F iL‘a+nL1 (l’) !
and
r g™
lim (V tmt )g <y) = (s,

y—0t yv+tm Ly(y)

hence for each ¢ € D(R2)>

n-l—m a
<f®g(5$7€y)v¢( y Ener //f( ) 51’ ( m)(f‘:y)a na?n( 7?/)d:13dy

~ Ly (E) La(e) <F8 ﬁ*l) ® F((fffl) , ¢<x,y>> .

So (10.4.7) follows then from the definition of convolution and the last relation. [
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The same property of the convolution holds for the quasiasymptotic behavior
at infinity, and the proof is identically the same as the one of Theorem 10.10. In
[231], this assertion at co is shown by means of tauberian theory; see Lemma 1,

Chapter 4, Section 11.1 in [231].

Theorem 10.11. Let f,g € §'[0,00). Suppose that

fx) ~ ClLl(A)% as A — oo in S'(R) (10.4.8)
and
(Az)% .
g(Az) ~ CQLQ()\)F<V ) as A — oo in S'(R) . (10.4.9)
Then,
()‘x)?f-+y+1

(f * g)(Ax) ~ C1CoL1(N)La(N) as A — oo in S'(R) . (10.4.10)

INa+v+2)

10.5 Structural Theorems for
Quasiasymptotics: General Case

We now proceed to undertake the general structural study of the quasiasymptotic
behavior. We shall introduce two classes of functions having regular variational
asymptotic properties, the class of asymptotically homogeneous functions and the
class of associate asymptotically homogeneous functions of degree 0. These func-
tions extend those discussed in Section 3.4.1. We will later derive the announced
structural theorems from the fundamental properties of such functions.

The technique to be employed here is based on the asymptotic analysis of the
parametric coefficients resulting after performing several integrations of the quasi-
asymptotic behavior, these coefficients are naturally connected with the classes
of asymptotically and associate asymptotically homogeneous functions. The tech-
nique of integration of distributional asymptotic relations goes back to the classical

work of Lojasiewicz [128] (see also [47, 153, 216]). Later on, the properties of the
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parametric coefficients were singled out and recognized as asymptotically and as-

sociate asymptotically homogeneous functions by the author in [212, 213, 227].

10.5.1 Asymptotically Homogeneous Functions
We study some properties of asymptotically homogeneous functions which will
be applied later to the structural study of the quasiasymptotic behavior. Let us

proceed to define this class of functions.

Definition 10.12. A function b is said to be asymptotically homogeneous of degree
« at the origin (respectively at infinity) with respect to the slowly varying function
at the origin L, if it is measurable and defined in some interval (0, A) (respectively

on (A,00)), A >0, and for each a > 0,
blaz) = a®b(z) + o(L(z)) , = — 0" (resp. z — o0) . (10.5.1)

Obviously, asymptotically homogeneous functions at the origin and at infinity
are connected by the change of variables <+ ~!; therefore, most of the properties
of the class of asymptotically homogeneous functions at infinity can be obtained
from those of the corresponding class at origin.

Let us now obtain a crucial property of these functions. Observe that no unifor-
mity with respect to a is assumed in Definition 10.12; however, the definition itself
forces (10.5.1) to hold uniformly for a on compact subsets. Indeed, we will show
this fact by using a classical argument of H. Korevaar, T. van Aardenne Ehrenfest,

and N. G. de Bruijn [114, 15, 183, 227].

Lemma 10.13. Let b be an asymptotically homogeneous function of degree v with

respect to L. Then, the relation
blax) = a®b(x) + o(L(x)) , (10.5.2)

holds uniformly for a in compact subsets of (0,00).
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Proof. We show the assertion at the origin, the case at infinity can be obtained by
the change of variables z +» x71. So assume that b is asymptotically homogeneous
of degree a at the origin with respect to L. We may assume that b is defined on
(0,1]. We rather work with the functions c(z) = e**b(e™*) and s(x) = L (e™®),
hence ¢ and s are defined in [0, 00). By using a linear transformation between an

arbitrary compact subinterval of [0, 00) and [0, 1], it is enough to show that
c(h+z)—c(z) =0(es(x)), x— o0, (10.5.3)

uniformly for A € [0, 1]. Suppose that (10.5.3) is false. Then, there exist 0 < e < 1,

o0

a sequence {h,, }>_, € [0,1]", and an increasing sequence of real numbers {z,,}_,

T, — 00, m — 00, such that
lc (hm + Tm) — ¢ ()| > ee*™s (zy,), meN. (10.5.4)
Define, for n € N,

A, = {h €10,2]: |e(h+am) — c(an)| < ge‘”’”s(xm),m > n},

B, = {hE 0,2] : |c(h+ xpm + hy) — ¢ (hn + 2| < %eawms(xm—i-hm)?mZn} :

Note that

0,2 =] A =JBn.

neN neN

so we can select N such that p(4,), p(B,) > 3 (here u(-), and only here, stands for
Lebesgue measure), for all n > N. For each n € N, put C,, = {h,,} + B,,. Then, we
have pu(C,) > 2,n > N, and C,, A, C [0,3]. It follows that A, C, # 0,n > N.
For each n > N, select u,, € A, ()C,. In particular, we have w, — h, € B,, and
hence,

I (tn + ) — ¢ ()] < %e‘“"s(xn) ,

le (un, + @) — c(xp + hy)| < %e‘””s (T + hy)
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which implies that for all n > N,
€
lc(zn + hy) — c(x,)] < gea”" (s(xn) + s (xp+ hy)) -

Using that s(z + h) — s(x) = o(s(x)), * — oo, uniformly for h on compact subsets
of (0,00), we have that for all n sufficiently large, s (z, + h,) < 2s(z,), which

implies that for n big enough
lc (xy + hy) — c(x,)| < ee®s(z,) ,

in contradiction to (10.5.4), Therefore, (10.5.3) must hold uniformly for A € [0, 1].

]

Corollary 10.14. If b is asymptotically homogeneous at the origin (resp. at in-
finity) with respect to a slowly varying function, then b is locally bounded in some

interval of the form (0, B) (resp. (B, o0)).

Proof. It follows directly from Lemma 10.13; indeed, let us only discuss the case

at infinity. Let B > 1 be such that
|b(ax) — a“b(x)| < L(x)

for all B < z, a € [1,2] and L € L{2[B,00). It is enough to show that b is
bounded on each interval of the form x € [B,2"B|, n € N. Let M, be a bound
for L on = € [B,2"B], n € N. So, we have |b(z)| < 2!®lb(B) + M,, for = € [B,2B],
b(z)| < 219b(2B) + M,, < 2%b(B) + 21*IM,, + M,, for x € [2B,4B], and so.
Therefore,

onlal _ 9lal

nlal - =
b()] < 2"°(B) + M, =

, Yz e[B,2"B].
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It is interesting to observe that is not absolutely necessary to ask (10.5.1) for all
a > 0; indeed, it is enough to assume that it initially holds for a merely in a set of

positive measure.

Proposition 10.15. Suppose that (10.5.1) holds merely for each a € B, a set of

positive Lebesgue measure, then (10.5.1) remains valid for all a > 0.

Proof. We may assume that B is the maximal set where (10.5.1) holds. Let us

show that 9B is multiplicative subgroup of R,. If a,a’ € B, then
b(ad'z) = b(d'x) + o(L(d'x)) = b(d'x) + o(L(z)) = b(x) + o(L(x)) ,
and so aa’ € B. On the other hand
bla'z) = b(x) + (b(a ') — bla(z/a))

= b() + (ba~") — bla/a) — o L(x/a))

=b(z) + o(L(x)) .

Therefore, 2B is a subgroup. Since its measure is positive, it follows from the
well known theorem of Steinhaus (see [15, p.2], [148], the original source is [196,

Théoreme VII]) that it contains an open interval and hence B = (0, c0). O

We now obtain the behavior of asymptotically homogeneous functions of non-

zero degree.

Theorem 10.16. Suppose that b is asymptotically homogeneous at the origin (resp.

at infinity) with respect to the slowly varying function L. Then
(i) If « > 0 (resp. a < O for the case at infinity), then

b(z) =o(L(x)), x— 0" (resp. v — o) . (10.5.5)

(ii) If & <0 (resp. a > 0), then there exists a constant v such that

b(z) =vyz*+o(L(x)) , x— 0" (resp. x — o0) . (10.5.6)
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Proof. We show only the assertion at the origin, the case at infinity follows again
from a change of variables.
Let us first show (i). Assume that o > 0. Let 0 < 1 be any arbitrary number.

We keep € < 2% — 1. Let g > 0 such that
(b (g) - 2—%(:73)) <nL(z) and |L(2z) — L(z)| < nL(z), 0 < z < o . (10.5.7)

We may assume that b and L are bounded on [z, 2z]. So, let

|b(z)]
L(x)

1
Mzsup{ :§:L'O§a:§1:0}.

Take = € [z0/2, zo]. From (10.5.7) it follows that

ba/2) | _ o b)) oy L))
T < </2n>+’7§2 L(e/2)

Thus, with ¢ = z/2", and t € [xe/2"", x0/2"7],

b(t) 2”t — 2J+1t
T S2TOMT § g-ia 2 0)
‘L(t)‘

By this and

L(Z)/L(2t) < (1+7), j=0,...,n =1,
we have that if ¢ € [27(""zq,271], then

gl () 0w 2 (5]

=0

1+7\" 2¢
=M (" 1+n)———
( 5 > +n( +77)2a_1_77

Let us prove that for every € > 0 there exists a positive o such that |b(t)/L(t)| <
g, t € (0,0). First, we have to take 7, small enough, such that

«

[\
Q
—_
|
3
DO ™

and ng € N such that
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Then, it follows that |b(t)/L(t)|] < e, t € (0,0), if we take 0 = x¢/2". This

completes the first part of the proof.
We now show (ii). Assume that o« < 0. We rather work with c¢(x) = e**b(e™")

T — 00,

*s(x))

and s(x) = L(e™™). Then c satisfies
s

ch+x)—c(x)=o0(
uniformly for i € [0, 1]. Given € > 0, we can find xy > 0 such that for all x > x
— 1) s(z) .

and h € [0,1],
lc(z 4+ h) — c(z)| <ee*s(x) and |[s(h+z) —s(z)] < (e~

So we have that
lc(h+n+2x)—c@)] < |c(h+n+z)—cn+x)+ |c(n+x) — c(x)
n—1
< e g(n + ) + Z le(j+142)—c(j + )|

Jj=0

< ge™” Z e“s(j + x)
=0
1
< ees(x)
1—e¢

o)

Y

where the last estimate follows from s(z + j) < s(x)e™/2. Since s(x) = o (e

lim ¢(x) =7 .

as x — 00, it shows that there exists v € R such that
Tr—00

Moreover, the estimate shows that
clx) =vy+o0(e*s(z)), © — o0,

thus, changing the variables back, we have obtained,
b(z) =yz*+o(L(x)) , = — 0.
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Remark 10.17. Notice that the converse of Theorem 10.16 is trivially true, that
18, Theorem 10.16 is a full characterization of asymptotically homogeneous, with

non-zero degree, with respect to slowly varying functions.

Asymptotically homogeneous functions of degree zero have a more complex
asymptotic behavior. For example if I = 1, any asymptotically homogeneous func-
tions function is the logarithm of a slowly varying function. Instead of attempting
to find their behavior in the classical sense, we will study their distributional be-
havior. A representation formula for them will be obtained in Section 10.5.4 (
Theorems 10.39 and 10.60). The next lemma roughly estimate the growth proper-

ties of asymptotically homogeneous functions of degree zero.

Lemma 10.18. Let b be asymptotically homogeneous of degree 0 at the origin
(respectively at infinity) with respect to the slowly varying function L. If o < 0

(resp. o > 0) then,
b(z) =o0(x%), z— 0" (resp. v — o) .

In particular, b(z) (L(x))~" is integrable near the origin (resp. locally integrable

near o).

Proof. We know that L(z) = o(z?). Then for each a > 0, b(azx) = b(z) + o (z7)
and this implies that z77b(x) is asymptotically homogeneous of degree —o > 0
with respect to the constant slowly varying function L = 1. From Theorem 10.16,

it follows that b(x) = o (27). O

We now describe the behavior of asymptotically homogeneous functions of degree

zero at the origin. The next two theorems will be very important in Section 10.5.3.

Theorem 10.19. Let b be asymptotically homogeneous of degree zero at the origin

with respect to the slowly varying function L. Suppose that b is integrable on (0, A].
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Then
bex)(H(z) — H(ex — A)) = b(e)H(z) + o(L(e)) ase— 0" in D'(R), (10.5.8)
where H is the Heaviside function.

Proof. Let ¢ € D(R). Find B such that supp ¢ C [—B, B], then there exists e, < 1

such that

1

(b(ex), (x)) = /0 " b(ea)d(x)de /0 bex)b(a)de, = <y . (10.5.9)

Replacing ¢(z) by Bé(Bz) and €4 by Bey, we may assume that B = 1. Our aim

is to show that for some ¢y < 1,

b(ex) — b(e)

1
I , x€(0,1], e < g

is dominated by an integrable function in (0, 1] for the use of the Lebesgue theorem.

For this goal, we assume that L satisfies the following estimate,

N|=

<Mz2, xze(0,1],e€(0,e,) . (10.5.10)
By Lemma 10.13, there exists 0 < gy < €4 such that

|b(ex) —b(e)| < L(e), x € [1/2,1], e < ¢gg .
We keep € < gg and = € 27" 27"] . Then

|b(ex) — b(e)] < [b(2ex) — b((2x¢)/2)| + |b(2ex) — b(e))|

< L(2ex) + |b(2ex) — b(e)]
< z": L (2%z) + L(e)

< i(Q%)_I/?L(e) + L(e).
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It follows from (10.5.10) that if € < gy and = < 1, then

‘b(ex) — b(e)

1
< Myx72+1
e | =Mt

where My = M (\/5 +1). Therefore we can apply Lebesgue’s dominated convergence

theorem to deduce (10.5.8). O

We also have a similar result at infinity, this fact is stated in the next theorem.
Since its a corollary of Theorem 10.37 , we omit its proof and refer the reader to

Section 10.5.4.

Theorem 10.20. Let b be asymptotically homogeneous of degree zero at the infinity
with respect to the slowly varying function L. Suppose that b is locally integrable

on [A,o0). Then

b(Ax)H(Ax — A) =b(A\)H(x) + o(L(N)) as A — oo in S'(R) . (10.5.11)

Remark 10.21. The results of this section were obtained by the author and S.
Pilipovi¢ in [227]. The author recently learned from [183, Section 2.4] and [15,
Chap.3] that some of them could have been also obtained from properties of a class
of functions introduced by R. Bojani¢ and J. Karamata in [22], but, at the time
we wrote [227], we were unaware of the existence of such results. The functions
introduced by R. Bojani¢ and J. Karamata are measurable functions defined in

some interval of the form [A, 00), A > 0, satisfying
clax) = c(x) + 17(a)x“L(z) + o(z*L(x)) , x— 0. (10.5.12)

for each a > 0. Now, if b is asymptotically homogeneous at infinity of degree o with
respect to L, then c(z) = b(x)/x* satisfies (10.5.12) with 7(a) = 0 and « replaced
by —a. The class of functions satisfying (10.5.12) has been extensively studied
[8, 15, 65, 84, 115, 185]; the associated theory is usually referred as second-order

theory of regular variation or de Haan theory [15, 84].
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10.5.2 Relation Between Asymptotically Homogeneous
Functions and Quasiasymptotics

We introduced asymptotically homogeneous functions in order to study the struc-
ture of the quasiasymptotics for Schwartz distributions. The next proposition pro-
vides the intrinsic link between quasiasymptotics and asymptotically homogeneous

functions.
Proposition 10.22. Let f € D'(R) have quasiasymptotic behavior in D'(R)
FAz) =LN)g(Az) + o(A*L(\)) as A — oo (resp. A — 07) | (10.5.13)

where L is a slowly varying function and g is a homogeneous distribution of degree
a € R. Letn € N. Suppose that g admits a primitive of order n, that is, G,, € D'(R)

and GV = g, which s homogeneous of degree n + o . Then, for any given F,,, an

n-primitive of f in D'(R), there exist functions by, ..., b,_1, continuous on (0, 00),
such that
n—1 . l’n_l_j .
F, (Az) = LG (Az) + > A @(A)m +o(AL(N)  (10.5.14)

=0
as A — oo (resp. A — 07) in D'(R), where each b; is asymptotically homogeneous

of degree —av — 5 — 1.
Proof. Recall that any ¢ € D(R) is of the form
¢ = Cydo + 0, where C, = / o(t)dt, 0 € D(R) (10.5.15)

and ¢g € D(R) is chosen so that ffooo ¢o(t)dt = 1. The evaluations of primitives F;

of f and G; of g on ¢ are given by

(F1,¢) = Cs(F1, ¢0) — ([, 0) and (G1,¢) = Cy(Gh, do) — (9,0) -

This implies
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and

<Ai11<—29(c;),¢(a:)> =Cy <A§jf—zﬁ>,¢o(a:)> _ <Ai(23)’9(z>> . (10.5.17)

With ¢o(A) = (F1 — G1)(Az), ¢o(z)), A € (0,00), from (10.2.1), it follows

Fy (Az) = LA)G1(Az) 4 co(A) + 0 (A*T'L(N)) in D'(R) . (10.5.18)

So relation (10.5.14) follows by induction from (10.5.18) and (10.2.1).
We shall now concentrate in showing the property of the b;’s. We set F,,, =
F"™ and G, = GV m € {1,...,n}. By differentiating relation (10.5.14)

(n — m)-times, it follows that

F(\z) = L\)Gm(A\2) + ni A ()

J=0

in D'(R). Choose ¢ € D(R) such that [*°_¢(z)zide =0for j=1,...,m—1, and

:L.m—l—j

m + o0 ()\OH_WL()\)) (10.5.19)

[ #(x)dz = 1. Then evaluating (10.5.19) at ¢, we have that

(aX)* b1 (a)) + L(aX) (G (adz), d(x)) + 0 (AT L(N))

= (Fm(ar), ¢(x))

Hmno (2)

= X", 1 (A) + L) (G (ad), () + 0 (A“TL(N))
and so, with j =m —1¢€ {0,...,n— 1},
bj(aX) = a™*7'b;(N) + o (L(N)) |
for each a > 0. [l
10.5.3 Structural Theorems for Some Cases
We now derive structural theorems for quasiasymptotics in some cases with the

aid of asymptotically homogeneous functions (Theorems 10.16, 10.19 and 10.20)

and Proposition 10.22.
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Theorem 10.23. Let f € D'(R) have quasiasymptotic behavior at infinity in D'(R)

Fr) = cum%wnm

m—i—o(/\ L(\)) as A — oo, (10.5.20)

where o« & Z_. Then there exist a non-negative integer m > —a — 1 and an m-

primitive F of f such that F € Li (R) and

loc

T HF
lim (a—l—ma+ )F(x)
A T e L (Ja])

—Cy . (10.5.21)

Conversely, if these conditions hold, then (by differentiation) (10.5.20) follows.

Moreover, it follows that f is tempered and (10.5.20) holds in the space S'(R).

Proof. The converse follows from Corollary 10.7 and then m differentiations. The
last claim is implied by Corollary 10.7. We now focus in showing 10.5.21. On
combining Proposition 10.22 and Theorem 10.16, one obtains that for each n € N
and F},, an arbitrary n-primitive of f, there exist constants vy, ..., 7,_1 such that,
in the sense of convergence in D'(R),

— _ () (—1)"L(\) ()t L(\)(Az)3*™
Fn(/\x)_jz;% J! - Fla+n+1) C+F(a+n+1)

+o ()\a+nL(/\))

(10.5.22)
It follows from the convergence D’(R) that there is m € N, sufficiently large, such
that any m-primitive of f is continuous and (10.5.22) holds (with n = m) uniformly
for x € [—1,1]. Pick a specific m-primitive of f, say F,, then from (10.5.22) there
is a polynomial p of degree at most m — 1 such that

(1" ()
['(a+m+1)

()7

F,.(Az) = p(Ax)+C_L(\) Tatm+1)

+CLL(N) +0 (ATL(N) |

uniformly for x € [—1,1]. Then setting F' = F,,, — p, x = 1, —1 and replacing A by

x, relation (10.5.21) follows at once. O

Let us make some comment about Theorem 10.23.
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Remark 10.24. [t should be observed that (10.5.21) holds for every m-primitive
of f, provided that o > —1. In fact, since py,_1(x) = o(z™*L(x)) — 0, x — oo,
whenever a > —1, we have that in such a case the polynomial is irrelevant in the

proof of the last Theorem.

Remark 10.25. When o < —1, there is one and only one m-primitive F of
f satisfying (10.5.21). Indeed, if Fy is another m-primitive satisfying (10.5.21),
then Fy = F + p, where p is a polynomial of degree at most m — 1; then, p(x) =

o(x™tL(x)) = o(x™ 1), and the latter implies that p is identically zero.

Remark 10.26. The proof of Theorem 10.23 gives that m can be selected so that

F € C(R); but this fact actually follows directly by one integration of (10.5.21).
Remark 10.27. We obtain at once the decomposition theorem from [231, p.134].

We also have the analog to Theorem 10.23 at the origin. The proof is identically

the same as the one of Theorem 10.23; we therefore omit it.

Theorem 10.28. Let f € D'(R) have quasiasymptotic behavior at the origin in
D'(R)

(ex)™
I'a+1)

(ex)g

flex) = C_L(¢) m

+CyL(¢) +0(e*L(e)) ase — 07, (10.5.23)

where o ¢ Z_. Then there exist a non-negative integer m > —a — 1 and an m-
primitive F of f such that F is locally integrable near the origin and

lim INGES ma—i— 1)F(x)
e—0t a7 L (|])

=y . (10.5.24)

Conversely, if these conditions hold, then (by differentiation) (10.5.23) follows.

Remark 10.29. Theorem 10.28 gives at once the structure of quasiasymptotics at

finite points, it is obtained by translation.
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Remark 10.30. If a > —1, then the m-primitive satisfying (10.5.24) is unique;
however, if a < —1, then (10.5.24) is valid for more than one m-primitive, but in

general not for all.

We now give a second application of asymptotically homogeneous functions, we
will study the quasiasymptotic behavior f(Ax) = yL(A\)d(Az) + o(A"1L())). We
postpone the general case of negative integral degrees for Section 10.5.5, after the

introduction of associate asymptotically homogeneous function in Section 10.5.4.

Proposition 10.31. Let f € D'(R) have quasiasymptotic behavior at infinity

f(\x) = 7@ dz)+o (@) as A — oo in D'(R) . (10.5.25)

Then, there exist m € N, a function b, being asymptotically homogeneous function
of degree 0 with respect to L, and an (m+1)-primitive F of f such that F € L] (R)
and

m m

F(z) = 7L(\x|)% sgna + ¢ (|z)) % to(jz/"L(|z])) , z—oo. (10.5.26)

Conversely, if (10.5.26) holds, then (10.5.25) follows by differentiation. Moreover,

(10.5.25) is valid in the space S'(R).

Proof. The existence of m, b, and F satisfying (10.5.26) follows from the weak
convergence of (10.5.25), Proposition 10.22 and Theorem 10.16, as in the proof of
Theorem 10.23. The converse is shown by applying Theorem 10.20 and differenti-
ating (m + 1)-times. O

Likewise, one shows.

Proposition 10.32. Let f € D'(R) have quasiasymptotic behavior at the origin

flex) = 7@ dz)+o (@) as e — 0% in D'(R) . (10.5.27)

9
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Then, there exist m € N, a function b, being asymptotically homogeneous function
of degree 0 with respect to L, and an (m—+1)-primitive F' of f such that F is locally

integrable near the origin and

m m

F(z) = 7L(]x|)2x—m! sgna +c(|z)) % Yo(lz/"L(z])) , = —0. (10.5.28)

Conversely, if (10.5.28) holds, then (10.5.27) follows by differentiation.

10.5.4 Associate Asymptotically Homogeneous Functions

We now introduce the main tool for the study of structural properties of quasi-
asymptotics of negative integral degree. What makes impossible the application of
Proposition 10.22 to the -1 degree case is the fact that, in general, the primitives
of a homogeneous distribution of degree -1 are not homogeneous. In Section 10.5.5,
the technique of integrating the quasiasymptotic and studying the coefficients of
integration is employed again; moreover, the main coefficient of this integration
will fit into the context of associate asymptotically homogeneous functions, which

we now proceed to define.

Definition 10.33. A function b is said to be associate asymptotically homogeneous
of degree 0 at the origin (resp. at infinity) with respect to the slowly varying function
L, if it is measurable and defined in some interval (0, A) (resp. (A,00)), A > 0,

and there exists a constant 3 such that for each a > 0,
b(ax) = b(z) + BL(z)loga + o(L(x)) , x — 0" (resp. z — o) . (10.5.29)

We may use the same argument employed in the proof of Lemma 10.13 to show
uniform convergence of (10.5.29). Furthermore, the same argument of Proposition
10.15 lead to a proof of the following claim: if one just assumes (10.5.29) for a is
a set of positive measure then it should hold for each a > 0. We leave the details

to the reader.
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Lemma 10.34. Suppose that (10.5.29) holds merely for a in a set of positive
Lebesgue measure, then it holds for each a > 0. Moreover, relation (10.5.29) holds

uniformly for a in compact subsets of (0, 00).

We shall study the distributional asymptotic properties of this class of func-
tions in detail. We first roughly estimate the behavior of associate asymptotically

homogeneous functions of degree 0.
Lemma 10.35. Let b be associate asymptotically homogeneous of degree 0 at the
origin (resp. at infinity) with respect to L, then for each o <0 (resp. o > 0),

b(z) =o0(z%), x— 0" (resp. z — o0) . (10.5.30)
Hence, b is integrable near the origin (resp. locally integrable near infinity).

Proof. We know that L(z) = o(x7), for each o > 0 [183]. Hence b(ax) = b(x)+o(x”)
and thus x77b(z) is asymptotically homogeneous of degree —o with respect to

L =1, s0 (10.5.30) follows from Theorem 10.16. O

The next two theorems will be crucial in the next section. They generalize The-
orems 10.19 and 10.16. We only give the proof at infinity, the proof at the origin

is similar to that of Theorem 10.19.

Theorem 10.36. Let b be a locally integrable associate asymptotically homoge-
neous function of degree zero at infinity with respect to the slowly varying function

L defined on [A,o0). Then
b(Ax)H(Ax — A) = b(A\)H (x) + L(X\)BH (x)log x + o(L(N)) , (10.5.31)
as A — oo in the space S'(R).

Proof. Let \g be any positive number. The function b can be decomposed as b =

by + by, where by € L'(R) has compact support and by(z) = b(z)H(x — )g) is
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associate asymptotically homogeneous function of degree zero at infinity. Since by
satisfies the moment asymptotic expansion, it follows that b;(Az) = O(A7!) =
o(L(X\)) as A — oo in §’'(R). Therefore, we can always assume that A = X\, where
Ao is selected at our convenience.

Our aim is to show that there is some A\g > 1 such that

b(Az) — b(\) — BL(A) log x
L(\)

J(x, N) = ¢p(x) H(Ax — \o)

is dominated by an integrable function, whenever ¢ € S(R), for the use of the
Lebesgue dominated convergence theorem. For this goal, we can always assume that

L is positive everywhere and satisfies the following estimate (see Section 2.10.1),

< M max {x’%,xi}, z, A€ (0,00) (10.5.32)

for some positive constant M. Because of the uniformity of (10.5.29) on compact

sets, there exists a A\g > 1 such that
|b(Az) —b(X) — BL(N)logz| < L(A), x€[1,2], g <.
Let n be a positive integer. We keep A\g < A and z € [2",2""!]. Then

[b(Az) = b(A) = BL(A) log x| < [b(Az) — b(A)| + [8] L(A) log

< |BIL(A\) log @ + [b(2(Ax/2)) — b(Aa/2) — BL(A\x/2) log 2|
+18 L(Az/2)log 2 + [b(Az/2) — b(N)]

<|BIL(A)log 2 + (1 + |Bllog 2) L(Az/2) + [b(Az/2) — b(A)|

< (1+18log2) Y L (277Ax) + 8| L(A) log 2z + L(A)

j=1
< <M$‘11(1 + 8| 1og 2) 2(1/2)% + 8] log 2x + 1) L),
j=1

where the last inequality follows from (10.5.32). So if Ay < A and 1 < z, then

‘b()\x) —b(\) — BL(\) log x < Myt

LX)
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for some M; > 0. Now if \g/A < z < 1, we have that

< (1+ LL(?;))) 18log 2|

N ‘b()\) — b(Ax) —(ﬁ)L()\x) logz~!
LA

b(Ax) — b(\) — BL(A\) log x
L(A)

< (1 + Mx—i> 181og x|

Lz) [b(Ax(x™1)) — b(A\z) — BL(\x)logz~*
L(\) L(\x)

< (1 n Mx—i> 1Blog x| + MMaz~% .

Therefore J(x,\) is dominated by an integrable function for A > \g, so we apply
Lebesgue dominated convergence theorem to deduce that limy_, fooo J(z, \)dx =

0. Finally,

OO H O = X0 0(e) =) [~ ola)de = L) [ loga ofa)ds
_ /A T b)e(n)dz — b(A) /0 " b(@)ds — BLON) /0 " log.x 6(x)dx

o [ st s 5000 (%52) 0 (40)
— o(L(\) + L(N)O <%) —o(L(\), A — oo,

where in the last equality we have used Lemma 10.35 and the fact that slowly

varying functions are o(A”) for any o > 0. This completes the proof of (10.5.31). [

Theorem 10.37. Let b be a locally integrable associate asymptotically homoge-
neous function of degree zero at the origin with respect to the slowly varying func-

tion L defined on (0, A]. Then
blex)(H(x) — H(ex — A)) = b(e)H(x) + L(e)BH (x)logx + o(L(e))  (10.5.33)

as e — 07 in D'(R).
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Corollary 10.38. Let b be an associate asymptotically homogeneous function of
degree 0 with respect to the slowly varying function L. Then, there exists an as-

sociate asymptotically homogeneous function ¢ € C*>(0,00) such that b(z) =

c(x) + o(L(x)).

Proof. By Lemma 10.4, we may assume that L € C*°(0, c0). Find B such that b is
locally bounded in [B, o) (resp. (0, B]), this can be done because of Proposition
10.18. Take ¢ € D(R) such that [;* ¢(¢)dt = 1 and set c(x fB/ t)dt —

z) [5° o(t) log tdt (resp. [, B b(xt)(t)dt — BL(x ) [,° o(t) log tdt), the corollary

now follows from Theorem 10.36 (resp. Theorem 10.37). O

We may also use Corollary 10.38 to obtain a representation formula for associate
asymptotically homogeneous functions, this is the analog to [183, Theorem 1.2] for

slowly varying functions.
Theorem 10.39. The function b is associate asymptotically homogeneous of degree
0 at oo satisfying (10.5.29) if and only if there is a positive number A such that

b(z) =n(z) + /: # dt, z>A, (10.5.34)

where n is a locally bounded measurable function on [A, 00) such that n(z) = M +
o(L(x)) as x — oo, for some number M, and T is a C*-function such that T(x) ~

BL(x) as x — 0.

Proof. The converse follows easily from (10.5.34), so we show the other part. As-
sume first that b; is C*°, defined on [0,00) and satisfies the hypothesis of the
theorem. We can find L; ~ L which is C* and satisfies 2L (z) = o(L(x)) as
x — oo (Lemma 10.4). Let ¢ and ¢ as in the proof of Corollary 10.38 correspond-

ing to by and Ly, additionally assume that supp ¢ C (0, 00). From Theorem 10.36,
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we have that

W () = bliA)a(x) + ﬁL&A) Pf (Hg(f)) +o (@) as A — 00

in §’'(R), since distributional asymptotics can be differentiated. Then, for x positive

xd(z) =x /000 by (xt)tp(t)dt — Bz Ly () 000 o(t)logt dt
=z /000 by (zt)te(t)dt + o( L(z))
— bi(z) - 0+ BL(z) /O T o(0)dt + o(L(x))

= f(L(x)+o(L(z)) as z — 0.

Set 7(x) = xd(x). If A > 0, one has that by (z) = c(A) + [ (7(¢)/t)dt + o(L(x)).
In the general case, let A be a number such that b and L are locally bounded on

[A,00) and let b; be the function from Corollary 10.38 such that b(z) = by(x) +

o(L(z)), then we can apply the previous argument to by to find 7 as before, so we

obtain (10.5.34) with n(z — [L(7(t)/t) dt = c(A) + o(L(x)). O

1

A change of variables x <+ 27" in Theorem 10.39 implies the analog result at 0.

Theorem 10.40. The function b is associate asymptotically homogeneous of degree
0 at the origin satisfying (10.5.29) if and only if there is a positive number A such

that

b(x) =n(x)+ /A # dt, z<A, (10.5.35)

where 1 is a locally bounded measurable function on (0, A] such that n(z) = M +

o(L(x)) as x — 0T, for some number M, and T is a C*°-function such that T(z) ~

BL(x) as x — 0%,

Remark 10.41. A slightly different representation formula is given in [183, The-

orem 2.13], but, except for the smoothness of T, both are equivalent.
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Remark 10.42. Note that the property (10.5.29) is exactly (10.5.12) with o = 0
and 7(a) = Ploga; indeed, when o = 0, it can be shown [183, Theorem 2.9]
that (10.5.12) forces T to have this form. Associate asymptotically homogeneous
functions of degree zero are called de Haan functions in [15], and have been very
much studied. Some of the results of the present section overlap those from [15,
Chap.3], however, the author independently rediscovered [212, 227] them because

he was unaware of their existence.

10.5.5 Structural Theorems for Negative Integral Degrees
This section is dedicated to the study of structural properties of quasiasymptotic
behaviors with negative integral degree. The next lemma reduces the analysis of

negative integral degrees to the case of degree -1.

Lemma 10.43. Let f € D'(R) and k € Z,. Then f has the quasiasymptotic

behavior
FOx) =y AFLN) 6%V (z) + BLN)(Az)™F +0 (AFL(N)  in D'(R)

(at either 0 or o) if and only if there exists a k- primitive g of f satisfying

-1 k—1
g(Az) = YATTL(N) §(z) + (ng—l),ﬁL(A)(m)—l +0(A'L(N)) in D'(R) .
Proof. 1t follows directly from Proposition 10.22 and Theorem 10.16. m

We should introduce some notation that will be needed. In the following for all
n € N we denote by [, the primitive of log || with the property that /,,(0) = 0 and

Il =1,—1. We have an explicit formula for them:

which can be easily verified by direct differentiation. They satisfy

(az)"
n!

ln(ax) = a"l,(x) + loga, a>0. (10.5.36)
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We analyze the case at infinity, the treatment of quasiasymptotic behavior at

the origin is similar.

Theorem 10.44. Let f € D'(R) have quasiasymptotic behavior
fQx) = ”yw +BLA) (M) 4o (@) as A — oo in D'(R) . (10.5.37)
Then, there exist an associate asymptotically homogeneous function b satisfying
blax) = b(z) + L(z)loga + o(L(z)) , z — oo, (10.5.38)

an integer m, and an (m + 1)-primitive F € L (R) of f such that

m
m m m
T

F(2) = b(Ja]) S + 75— L (jal) sgn — BL (J2]) 52% (/™ L (|))

R

(10.5.39)
as x — =oo, in the ordinary sense. Conversely, relation (10.5.39) implies the
quasiasymptotic behavior (10.5.37). Furthermore, f is a tempered distribution and

(10.5.37) holds in the space S'(R).

Proof. We shall study, as we have been doing, the coefficients of the integration of
(10.5.37). For each n € N, choose an n primitive F,, of f satisfying F/, = F,,_;. We

now proceed to integrate (10.5.37) once, so we obtain
Fi(0x) = b(\) + %L(A) sgnz + BL(N) log |z + o(L(\)) in D'(R).  (10.5.40)

Now, using the standard trick of evaluating at ¢ € D(R) with the property
ffooo ¢(z)dz = 1, one obtains that

[e.e] [e.e]

b(Aa) + %L(Aa) / sgnz ¢(x)dx + fL(\a) / log |z| ¢(z)dx + o(L(N))

= (F(har), () = = (A 0w), 6 (7))
000+ 320 [ sgnao(eids +520) [ ogarl o(a)de +o(ZOV)

2 - oo
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A — 00, for each a > 0. So, we see that b satisfies (10.5.38) for each a > 0. Further

integration of (10.5.40) gives,

(Ax)"
2n!

n )

+ BLINA L, (z) + 0 (\"L(A))  as A — oo in D'(R) .

Foi(A\z) =b(\) (M!)n +y A”@(A)% 4 yL(\) sgn

As in the proof of Proposition 10.22, one shows that the b;’s are asymptotically
homogeneous functions of degree —j with respect to L. Hence, if we apply Theorem

10.16 to the b;’s, we obtain that

Fra0a) = 60029 A BLOON () 4+ 0 (L)

m)! 2m!

(10.5.41)
in the sense of convergence in D'(R). Moreover, it follows from the definition of
convergence in D'(R) there exists my € N such that for all m > my the distribu-
tion F,,+1 is a continuous function and (10.5.41) holds uniformly for x € [—1, 1].
Relation (10.5.39) is shown by making x = +1 in (10.5.41) and then changing
A= x.

Conversely, since only the behavior of b at infinity plays a roll in (10.5.39), we
may assume that b is locally integrable, so the converse is obtained after application
of Theorem 10.36 and then (m+1) differentiations; Theorem 10.36 also shows that

F' is tempered, so is f, and that (10.5.37) holds in S'(R). O

Remark 10.45. A similar statement holds for the the quasiasymptotic at the ori-

gin. We leave the formulation and proof to the reader.

Remark 10.46. The proof of Theorem 10.44 actually shows that m can be selected

so that F' € C(R) (resp. continuous near the origin in the case at the origin).

Theorem 10.44 is a structural theorem, but we shall give a version free of b. We

also state the assertion at the origin.
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Theorem 10.47. Let f € D'(R). Then f has quasiasymptotic at infinity (resp. at
the origin) of the form (10.5.37) if and only if there exists an (m + 1)-primitive

F e L (R) (resp. locally integrable near 0) of f, such that for each a > 0,

loc

1 (q—™ — (=1 V" F(—
xhjglo mi (a F(ag%(;) D) =+ Bloga (resp.xllrgh). (10.5.42)

Proof. The limit (10.5.42) follows from (10.5.39), (10.5.38) and (10.5.36) by direct

computation. For the converse, rewrite (10.5.42) as

m

a " F(az) — (~1)"F(~z) = (7 + floga) ™~

%L(:E) +o(z"L(x)),

for each a > 0. Set

—m Y "1
b(x) = mlx F(x)—<§—ﬁ;3>[/(x), x> 0.

By setting @ = 1 in (10.5.42), one sees that for = < 0,

Fla) = b(ol) o+ 7L () g s = BL (al) g - = o (el LJa])

j=1
Since

@ F(ar) — F(r) = o L) loga+ o (¢ L(z)),

it is clear that for each a > 0,
b(ax) = b(z) + BL(x)loga + o(L(x)).
n

Remark 10.48. [t is remarkable that, initially, no uniform condition on a is as-
sumed in (10.5.42). However, the proof of Theorem 10.47 forces this relation to
hold uniformly for a in compact subsets, in view of the fact that such a property
holds for associate asymptotically homogeneous functions (Lemma 10.34). Addi-
tionally, it is enough to know that (10.5.42) holds merely for a in a set of positive

measure to conclude that it holds for each a > 0.
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We are now ready to state the general structural theorem for negative integral
degrees which now follows directly from Lemma 10.43, Theorem 10.44 and Theorem

10.47.

Theorem 10.49. Let f € D'(R) and k € Z,. Then [ has the quasiasymptotic

behavior

f(A\x) = 7% S*=V(z) + BLIN(Az)F + 0 (Lf\?)) as A\ — oo in D'(R)

(10.5.43)
if and only if there exist m € N, m > k, an associate asymptotically homogeneous

function b of degree O at infinity with respect to L satisfying

(-1)*'p
blax) = b(x) + WL([E) loga+o(L(x)), x— o0,
for each a > 0, and an m-primitive F' € L{ _(R) of f which satisfies
‘,L,mfk l,mfk
F(z) =b(|z]) =)l + L (|z]) 2m — k)1 B

- —(@11 ﬁﬁL (o) oy 3 5+ o (Jel" L 1=))

as x — +o0o, in the ordinary sense. The last property is equivalent to

m—k)! (a*""F(az) — (=1)"*F(—x —1)kt
I N T

for each a > 0. Furthermore, f € S'(R) and (10.5.43) holds in the space S'(R).
Likewise, we have the structural theorem at the origin.

Theorem 10.50. Let f € D'(R) and k € Z,. Then [ has the quasiasymptotic

behavior

flex) = ’y@ 6* V() + BL(e)(ex) ™" + 0 <@) as € — 0% in D'(R)

gk gk
if and only if there exist m € N, m > k, an associate asymptotically homogeneous

function b of degree O at infinity with respect to L satisfying

blax) = b(x) + ((_/.{;11—1)[6[’@) loga+o(L(z)), =— 0%,
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for each a > 0, and an m-primitive F' of f which is locally integrable near the

origin and satisfies

Fla) =b(el) g + 7 (o)) g sen
(1)1

m—k ™Mk
x 1 —k
= LD G 2 5 o (el L laD)
ooy Lol gy 2 5+ o (1™ L)
J=1
as x — 0, in the ordinary sense. The last property is equivalent to

m — k) (a* "™ F(az) — (-1)™"*F(-x —1)k1
xhi%i( B ( Zi&(xg D" ))274—((]{11—1)?1052;&, (10.5.45)

for each a > 0.

It should be noticed that in (10.5.44) or (10.5.45) is not absolutely necessary to
assume that the limit is of the form v+ (=1)*"1(8/(k — 1)!) log a. Indeed, we have

the following stronger result.

Theorem 10.51. Let f € D'(R). Then f has quasiasymptotic behavior at infinity
(resp. at the origin) of degree —k, k € Z., if and only if there exists m-primitive
F e L] _(R) (resp. locally integrable near the origin) of f, m >k, such that the

loc

following limit exists

_ (aFmF(az) — (1) *F(—x)) B ,
xlirgo T L (z) =1I(a) (resp. Ilir&) : (10.5.46)

for each a merely in a subset B C (0,00) having positive Lebesgue measure. In this
case, there exist constants v and 3 such that I(a) = v+ (=1)*"1(3/(k — 1)!) loga,

and (10.5.46) holds uniformly for a in any compact subset of (0, 00).

Proof. We may assume that 98 is the maximal set of numbers a where (10.5.46) is
valid. It is easy to see that B is a multiplicative subgroup of R, and has positive
measure; consequently, Steinhaus theorem implies that 8 = R,. Next, we easily

see that I is measurable and satisfies

I(ab) = I(a) + I(b) — I(1) ,
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I@)~=I1()  one has that h is positive, measurable and satisfies the

setting h(z) = e
functional equation h(ab) = h(a)h(b), from where it follows [183] that h(z) = 2™,
for some (3, and so I has the desired form upon setting I(1) = v and f; =

(1)k=18/(k — 1)!. The uniform convergence over compact subsets of (0, 00) follows

from Remark 10.48. O

10.6 Quasiasymptotic Boundedness

This section is intended to study the structure of the distributional relation

fx) = 0(p(N)) (10.6.1)

where here A — oo or A — 0" and Our approach to the problem follows the exposi-
tion from [213]. In Section 1.8.1 we introduced quasiasymptotic boundedness with
no restriction over the comparison function p. However, we will assume throughout
this section that p is a regularly varying function, and we will obtain the structural
properties of (10.6.1) under this assumption. In order to introduce some language,

we state the following definition.

Definition 10.52. Let L be a slowly varying function at infinity (resp. at the
origin) and a € R. We say f is quasiasymptotically bounded of degree o at infinity

(at the origin) with respect to the slowly varying function L, if
f(Ax) = O(A“L(N)) as A — oo in D'(R) (10.6.2)

(resp. A — 07 ).

We may talk about (10.6.2) in other spaces of distributions. By translation, we
can also formulate Definition 10.52 at any finite point.

In order to obtain the structure of quasiasymptotically bounded distributions
For this aim, the program established in Section 10.5 will be followed. We will

integrate the relation (10.6.2) and study the coefficients of integration.
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10.6.1 Asymptotically Homogeneously Bounded
Functions

The coefficients of integration of (10.6.2) will satisfy the properties of the next

definition.

Definition 10.53. Let b be a measurable function defined in some interval (A, co)
(resp. (0,A)), A > 0, It is said to be asymptotically homogeneously bounded of
degree « at infinity (resp. at the origin) with respect to the slowly varying function

L if it s and for each a > 0
b(az) = a®b(z) + O(L(z)), =z — oo (resp. z— 0%). (10.6.3)
If we set ¢(x) = b(x)/x*, then c satisfies
clax) = c(z) + O(z™*L(x)) . (10.6.4)

The class of functions satisfying the above relation has been very much studied
by several authors, see for instance [183, Section 2.4] or [15, Chap.3]. In [15],
more general classes, called Oll-classes, are defined and they contain functions
satisfying (10.6.4). We now discuss some properties of asymptotically homoge-
neously bounded functions in connection with the structure of quasiasymptotically
bounded distributions. Many of these properties of a asymptotically homogeneous
function b can be deduced from those of the corresponding ¢ by using the known re-
sults from [183, 15]. Alternatively, the reader may observe that most of the proofs
of the following results are the analog to those for asymptotically homogeneous
functions and can be obtained by replacing the o symbol by the O symbol and
making obvious modifications to the estimates, therefore they will be omitted. We
leave to the reader the details of such modifications.

Proceeding as in Lemma 10.13 and Proposition 10.15, or using the the results

of [183, Section 2.4], one has the following result.
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Proposition 10.54. If (10.6.3) holds merely for a in a set of positive measure,
then it remains valid for each a > 0. Moreover, (10.6.3) holds uniformly for a in

compact subsets of (0, 00).
One can also show the following series of results.

Proposition 10.55. Let b be asymptotically homogeneously bounded at infinity (at
the origin) with respect to the slowly varying function L. If the degree is negative
(resp. positive), then b(x) = O(L(x)).

Proposition 10.56. Let b be asymptotically homogeneously bounded at infinity
(at the origin) with respect to the slowly varying function L. If the degree « is
positive (respectively negative), then there exits a constant «y such that b(z) =

yx®* + O(L(x)).

Corollary 10.57. Let b be asymptotically homogeneously bounded function of de-
gree 0 at infinity (at the origin) with respect to L. If o > 0 (resp. 0 < 0), then
b(x) = O(x?). Consequently, it is locally integrable for large arguments (in a right

neighborhood of the origin).

The proof of the next proposition is totally analogous to those of Theorems 10.19

and 10.36, and therefore will be omitted again.

Proposition 10.58. Let b be asymptotically homogeneously bounded of degree zero
at infinity (at the origin) with respect to the slowly varying function L. Suppose

that b is locally integrable on [A, 00) (respectively (0, A]). Then

b)) H(Oa — A) = b\ H(z) + O(L()) as A — oo in S'(R),  (10.6.5)

(resp. b(ex)(H(x) — H(ex — A) =b(e)H(x) + O(L(g)) as e — 07 in D'(R)).

Corollary 10.59. Let b be an asymptotically homogeneously bounded function

of degree 0 at infinity (at the origin) with respect to L. Then, there exists ¢ €
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C*(0,00), being also asymptotically homogeneously bounded of degree 0, such that
b(x) = c(z) + O(L(x)).

Proof. We only show the assertion at infinity, the case at the origin is similar. Find
A such that b is locally bounded in [A, 00). Take ¢ € D(R) supported in (0, c0)
such that [;° ¢(¢)dt = 1 and set c(x) = f;}x b(xt)p(t)dt, the corollary now follows

from Proposition 10.58. O

Using the ideas of Theorem 10.39, we can give a representation formula for
asymptotically homogeneously bounded functions of degree 0. We start with the

case at infinity.

Theorem 10.60. A function b is associate asymptotically homogeneously bounded
of degree 0 at co with respect to the slowly varying function L if and only if there

s a positive number A such that

b(z) =n(z) + /j # dt, z>A, (10.6.6)

where n is a locally bounded measurable function on [A, 00) such that n(z) = M +
O(L(x)), © — oo, for some number M, and 7 is a C*®-function such that T(x) =

O(L(x)), x — 0.

Proof. The converse follows easily from (10.6.6), we concentrate on the other part.
Assume first that by is C*°, defined on [0, 00), and satisfies the hypothesis of the
theorem. Let ¢ be such that supp¢ C (0,00) and [~ ¢(t)dt = 1. Set c(z) =

Jo 7 bu(at)(t)dt = by (x) + O(L(x)). From Theorem 10.36, we have that

b, (\z) = blf\/\)é(aj) +0 <¥> as A — oo in S'(R) ,

since distributional asymptotics can be differentiated. Then, for x positive

xd(z) =x /000 by (zt)tp(t)dt = by(z) - 0+ O(L(x)) = O(L(z)) .
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Set 7(x) = xc/(z). If A > 0, one has that bi(z) = c(A)+ [} (7(t)/t)dt+ O(L(z)). In
the general case, let A be a number such that b and L are locally bounded on [A, 00)
and let by be the function from Corollary 10.38 such that b(z) = by (z) + O(L(z)),

then we can apply the previous argument to b; to find 7 as before, so we obtain

(10.6.6) with n(x fA t)/t) dt = c(A) + O(L(x)). O
A change of variables x «» 7! in Theorem 10.60 implies the analog result at 0.

Theorem 10.61. A function b is associate asymptotically homogeneously bounded

of degree 0 at the origin if and only if there is a positive number A such that
A
t
b(x) = n(x) +/ # dt, <A, (10.6.7)

where 1 is a locally bounded measurable function on (0, A] such that n(x) = M +
O(L(x)), x — 0%, for some number M, and T is a C*-function such that 7(z) =
O(L(x)), x — 0.

10.6.2 Structural Theorems

The main connection between quasiasymptotically bounded distributions and the
class of asymptotically homogeneously bounded functions is given in the next

proposition, again the proof will be omitted since it is analogous to that of Propo-

sition 10.22.

Proposition 10.62. Let f € D'(R) be quasiasymptotically bounded of degree «
at infinity (at the origin) with respect to the slowly varying function L. Let m €

N. Then, for any given F,,, an m-primitive of f in D'(R), there exist functions

bo, .., b1, continuous on (0,00), such that
m—1 N ‘/L»mflfj N
_ atmy v a+m : ’
Fo (Az) = X)) 1) +0 (A*"L(N)) in D'(R),  (10.6.8)

=0
as A — 0o (resp. X — 0%), where each bj is asymptotically homogeneously bounded

of degree —av — j — 1 with respect to L.
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Thus we obtain from Propositions 10.55-10.62 our first structural theorem.

Theorem 10.63. Let f € D'(R) and o ¢ Z_. Then [ is quasiasymptotically
bounded of degree « at infinity (resp. at the origin) with respect to the slowly
varying function L if and only if there exist m € N, m 4+« > —1, and m-primitive

F e L] _(R) (resp. locally integrable in a neighborhood of the origin) of f such that

Fz) =0 (Ja|™" L (|2])) , (10.6.9)

|z| — oo (resp. © — 0), in the ordinary sense. Moreover, in the case at infinity, f
belongs to S'(R) and is quasiasymptotically bounded of degree o with respect to L
in S'(R).

Proof. We only discuss the case at infinity, the proof of the assertion at the origin
is similar to this case. It follows from Proposition 10.62, Proposition 10.55 and
Proposition 10.56 that given m € N and an m-primitive F},, there is a polynomial

Pm—1 of degree at most m — 1 such that
Frn(Az) = pr1(Ax) + OA*TL(N)) as A — oo in D'(R) , (10.6.10)

from the definition of boundedness in D’'(R) it follows that there is an m > —«
such that (10.6.10) holds uniformly for x € [—1,1]. We let F' = F,,, — p;,—1, so by
taking * = —1, x = 1 and replacing A by z in (10.6.10) we obtain (10.6.9). The
converse follows by observing that (10.6.9) implies that F'(Az) = O(A*T™L(A)) in

S'(R) which gives the result after differentiating m-times. O

We now analyze the case of negative integral degree.

Theorem 10.64. Let f € D'(R) and k € Z,. Then f is quasiasymptotically
bounded of degree —k at infinity (at the origin) with respect to L if and only if

there exist k < m € Z,, an asymptotically homogeneously bounded function b of
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degree 0 at infinity (at the origin) with respect to L and an m-primitive F € LL _(R)

loc

(resp. locally integrable near the origin) of f such that
F(z) = b(|z))2™* + 0 (|x|m4“L(|x|)> , (10.6.11)
as |x| — oo (resp. x — 0). Moreover (10.6.11) is equivalent to have
a*"F(azx) — (-1)"*F(—2) = O (z" *L(z)) , (10.6.12)

as x — oo (resp. x — 01 ), for each a > 0. In the case at infinity, it follows that
f is tempered and quasiasymptotically bounded of degree —k with respect to L in
S'(R).

Proof. Again we only give the proof of the assertion at infinity, the case at the
origin is similar. If f(Az) = O(A"*L(\)) in D'(R), then after k& — 1 integrations
Proposition 10.62 and Proposition 10.56 provide us of a (k — 1)-primitive of f
which is quasiasymptotically bounded of degree -1 at infinity with respect to L,
hence we may assume that k = 1. Next, Proposition 10.62, Proposition 10.55 and
the definition of boundedness in D'(R) give to us the existence of an m > 1, an
asymptotically homogeneously bounded function of degree -1 with respect to L and
an m-primitive F' of f such that F(Az) is continuous for x € [—1,1] (hence F is
continuous on R because of the dilation parameter) and F(Ax) = A" 1h(\)z™ ! +
O™ 1L(N)) as A — oo uniformly for z € [—1,1], by taking z = —1, x = 1 and
replacing A by x one gets (10.6.11). Assume now (10.6.11), by using Corollary 10.59,
we may assume that b is locally integrable on [0, c0), this allows the application of
Proposition 10.58 to deduce that F(Ax) = X 1p(A)z™ 1 +O(AN™"1L()\)) as A — oo
in §'(R) and hence the converse follows by differentiating m-times. That (10.6.11)
implies (10.6.12) is a simple calculation; conversely, setting b(x) = x*~™F(z) for

x > 0, one obtains (10.6.11). O
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It is not necessary to assume that (10.6.12) holds for all a > 0. Indeed, we have

the following result.

Theorem 10.65. Let f € D'(R) and k € Z,. Then f is quasiasymptotically

bounded at infinity (resp. at the origin) of degree —k if and only if there exists

1
loc

m-primitive F' € Ly, (R) (resp. locally integrable near the origin) of f, m > k,

such that
a"""F(ax) — (=1)"*F(—2) = O(z™ *L(x)) , (10.6.13)

x — 00 (resp. x — 0F), for each a merely in a subset B C (0,00) having positive
Lebesgue measure. In this case (10.6.13) holds uniformly for a in any compact

subset of (0,00).

Proof. Set b(z) = F(z)/x™ ", for x > 0. Then, b(ax) —b(z) = O(L(z)), for a € B.
It follows from Proposition 10.54 that b(ax) —b(z) = O(L(z)) holds for each a > 0,
and actually uniformly on compact subsets of (0, 00); but the latter is the same to

say that (10.6.13) holds uniformly for a in any compact subset of (0, co). ]

10.7 Quasiasymptotic Extension Problems

We analyze some problems about which can be denominated as quasiasymptotic
extension problems. Most of the results of the present section were obtained by the
author in [212, 213, 227]. Let U/ and A be two suitable spaces of functions which are
closed under dilation. Furthermore, assume that & C A (not necessarily densely
contained) with continuous inclusion. Suppose that f € U’ have quasiasymptotic

behavior in U’, that is,

(f(Az), d(x)) ~ A"L(A) (g(x), d(x)), Yo €U. (10.7.1)

Suppose that either f € A’ or there is a suitable extension of f to A. Sometimes,

when corresponds, the existence of the extension is part of the problem. We are
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interested in the quasiasymptotic properties f (or its extensions) in A’. We may
classify the quasiasymptotic extension problems into two categories, each of them

having subcategories.
1. U is dense in A (consequently, A" C U’). We may ask:

(QEP1.1) Suppose we know a priori f € A’. Does (10.7.1) hold for all ¢ € A ?

(QEP1.2) Would (10.7.1) be enough to conclude f € A" and that (10.7.1) remains

valid in A’ ?

2. U is not dense in A. We obtain a canonical map A" — U’ via restriction of
functionals (which is not necessarily onto nor one-to-one). The image of this
map is precisely the set of elements of " admitting extensions to A. We may

ask:

(QEP2.1) Suppose that f admits extensions to 4. What are the quasiasymptotic

properties in A" of such extensions?

(QEP2.2) Would (10.7.1) be enough to conclude f has extensions to A4 ? In a
positive case, what are the quasiasymptotic properties in A" of such

extensions?

Observe that the problems just discussed also make sense for quasiasymptotic
boundedness.

The positive answer for (QEP1.1) for U’ = D'(R), A’ = S'(R), and distributional
point values has been widely used in the previous chapters in connection with
Fourier inverse problems. In Section 10.7.2 we will treat the same question for the
general quasiasymptotic behavior (and boundedness) at finite points.

The reader should have noticed that (QEP1.2) has been implicitly studied in the

previous sections for quasiasymptotics at infinity in D’(R) . Indeed, in Sections
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10.5 and 10.6, we showed that if f € D/(R) has quasiasymptotic behavior or is
quasiasymptotic bounded at infinity with respect to a regularly varying function,
then f € §’(R) and the same quasiasymptotic properties are preserved in f €
S'(R). We will make a further study of this case in Section 10.7.3 for spaces of the
form A" = K5(R).

We will study (QEP2.1) and (QEP2.2) for U’ = D'(0,00) and A" = D'(R) in

Section 10.7.1.

10.7.1 Quasiasymptotic Extension from (0,00) to R

The purpose of this section is to study the extensions of distributions to R which
are initially defined off the origin and have a prescribed asymptotic behavior, that
is, f € D'(R\ {0}) with a prescribed quasiasymptotic behavior at either the origin
or infinity.

We want to make some comments about extension of distributions initially de-
fined in R\ {0} to R. Observe that this problem is of vital importance for renormal-
ization procedures in Quantum Field Theory ([21, 125, 233, 234]). For simplicity,
we discuss the problem of extending a distribution from R, = (0,00) to R, the
general case can be obviously reduced to this one.

Recall that the spaces D'(R,) and S'(R,), duals of D(R,) and S(R), respec-
tively, are identifiable [231, p.13] with the spaces of distributions and tempered
distributions supported on R, respectively. Therefore, in discussing extensions
of distributions defined on R, to R is enough to considered the extension to the
interval R, = [0,00). In general, it is not true that a distribution f, € D'(R,)
should have an extension to D'(R,). The necessary and sufficient condition [61]
for a distribution fy € D'(R,) to admit extensions to D'(R) is the existence of

8 € R such that

folex) = O(°) ase — 0" in D'(RL). (10.7.2)
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We will recover this extension characterization below. We call fy € D'(R.) extend-
able to R if it satisfies this condition. In relation to the extendable distributions
the notation D31 (R, ) is used in [60, p.179] for those test functions from D(R) hav-
ing support on R. Its dual is Dj; (R, ). Notice that D(R, ) is dense in Dz (R,);
consequently, D4, (R, ) C D'(R,). The space Ds;(R,) is closed in D(R,); hence
every distribution of D}, (R, ), in view of Hanh-Banach theorem, admits an exten-
sion to D'(R, ). Moreover, Dj, (R, ) coincides with the extendable distributions in
D'(R;).

We now analyze our first extension problem where we suppose that fy, defined

on (0,00), has quasiasymptotic behavior.

Theorem 10.66. Let fo € D'(R.) have the quasiasymptotic behavior
folex) ~e*L(e)g(z) ase— 0" inD'(Ry) . (10.7.3)

Then fy is extendable to Ro.. Moreover, if f € D'(R.) is an extension of fo to Ry,

one has that:

(i) If « ¢ Z_, then there exist constants ag, @y, . .., a1 Such that
m—1 ;
. 0@
flex) =e*L(e)g(x) + Z e, + o(e”L(¢)) (10.7.4)
=0

as e — 07 in D'(R).
(it) If « = —k,k € Zy, then g is of the form g(x) = C Pf (H(z)/z*) and there
exist an associate asymptotically homogeneous function b satisfying

(~1)*-!

blax) = b(x) + = 1)'CL(95) loga+o(L(z)), x— 0", (10.7.5)
for each a > 0, and constants ag, g1, - .., An_1 such that
L(e) o (H@)\ | bE) gy, S~ 0V@) | (L(e)
flex)=C - Pf( s + - o (x) + ]Z:;aj g +o 5 (10.7.6)

as e — 07 in D'(R).
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Proof. (i) Since « is not a negative integer and the quasiasymptotic behavior

(10.7.3) holds on the positive part of the real line we have that

C a
g(x) = F(a—x—:l) for some constant C' .

In Proposition 10.22, we may replace the space D'(R) by D’(R. ); as in the proof of
Theorem 10.23, we have that there are a positive integer m > —a, an m-primitive
F,, of fy in D'(R,), which is continuous on the interval (0, 1), and a polynomial p
such that

(o)™

Fo(ex) = CUJL(&)m

+o(e*" L(¢)) (10.7.7)

as ¢ — 01 uniformly for x € [1/2,1]. Setting x = 1 and replacing = by &, we obtain

that

a+m

F(z) = cm:qﬁ +o(@™ " L(x))

in the ordinary sense. Therefore, F' is actually continuous on [0, 1) and the asymp-
totic formula (10.7.7) holds in D'(R). Let f; = F\™, differentiating (10.7.7) m-
times, we see that f; has the quasiasymptotic behavior (10.7.3) in D'(R), and f; is
an extension of fj. The rest follows from the observation that f— f; is a distribution
concentrated at the origin, and hence it is a sum of the Dirac delta distribution
and its derivatives.

(ii) Let us observe that if we take the space D'(R, ) instead of D’(R) in Proposition
10.22 and Lemma 10.43, they still hold. Hence, the arguments given in Theorem
10.44 are still applicable to conclude the existence of m € N, m > k, and F,,, an

m-primitive of fy in D'(R,) , which is continuous on the interval (0, 1), such that

ok (_1)k—10 xm k mzkl

Fm('x):bl(x)(m—k)!_ =11 Bl —4o(z™ " L(z)), x— 0",
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in the ordinary sense, where the function b; satisfies (10.7.5). Notice that F, is
then continuous on [0, 1). By Theorem 10.37, we have

(o)™t | (-1Fle

Fy(ex) = bi(e) (m—k)1 " (k=1

"L i (x)H () + 0(e™*L(e)) ,

as e — 07 in D'(R), where

_ _ m—k
m k m k 1

Ln—r(x) = mlogz T > r

Differentiating the last expression (m — k)-times, we get

(1o

Fm=Fk) (ex) = bi(e)H (x) + (k—1)!

m

L(e)H(z)logx + o(L(e)) , (10.7.8)

as ¢ — 0% in D'(R). Set now f; = Fim e D'(R,), k more differentiations of

(10.7.8) and the formula

% (Pf (Hf))) = (=D Yk —1)'Pf (%) —0%=D(x) i% :

j=1
imply that

L(e) e (Hx)\ | bE) e L(e)

(—1)k-1C F1

with b(x) = by(x) — WL(:C) Z —. Since f; is an extension of fy, then f — f;

1) -~

J=1

is concentrated at the origin, and hence we obtain (10.7.6). O]

Remark 10.67. Theorem 10.66 extends the properties obtained by S. Lojasiewicz

in [128] about the limit of a distribution at a point.

We have a similar assertion for quasiasymptotic boundedness. The proof is al-
most the same as the case of quasiasymptotic behavior, we leave the details to the

reader.

Theorem 10.68. Let L be slowly varying at the origin. Let fo € D'(Ry) be such
that

folex) = O(e*L(e)) ase— 0" in D' (Ry) . (10.7.9)
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Then fy is extendable to R,.. Moreover, if f € D'(R.) is an extension of fy to R,

one has that:

(i) If « ¢ Z_, then there exist constants ag,ay, . .., an_1 Such that
T 50(a)
flex) = e, + O(e“L(¢e)) (10.7.10)

Il
=)

J
as e — 07 in D'(R).

(ii) If « = —k,k € Z,, then there exist an asymptotically homogeneously bounded

function b of degree 0 with respect to L and constants ag, g1, - .-, Qm_1 Such that
b( k= 1) 1S ' L(e)
flex) = = Zk 6J+1 - (10.7.11)

as e — 07 in D'(R).
Therefore, we recover the characterization of extendable distributions.

Corollary 10.69. A distribution fo € D'(R,) is extendable to R if and only if

(10.7.2) is satisfied.

Proof. The first half of the statement follows from Theorem 10.68. On the other
hand if fj is extendable to R, find m € N and F' continuous in a neighborhood of the
origin such that F™ = f; since F is bounded near the origin, then F(ex) = O(1),

differentiating m-times, we obtain that f(ex) = O(¢™™) in D'(R,). O

We now turn our attention to asymptotics at infinity. Suppose that a distribution
f € D'(R) with support in [0, c0) has quasiasymptotic behavior of degree « in the

space D'(R,), that is, for each ¢ € D(R,)

(f(Az), o(2)) ~ A*L(A) (9(), ¢(x)) - (10.7.12)

What can we say about the quasiasymptotic properties of f in D'(R)?
We can also apply the technique of Theorem 10.66 to give a complete answer

to this question. The answer depends on «. We formulate the next theorem in

319



more general terms. Recall that S(R..) is the closed subspace of S(R) consisting of
functions supported in [0, 00). It is dual space S'(R ) coincides with the extendable

distributions of D’(R; ) which have tempered behavior at infinity.
Theorem 10.70. Let fy € D'(R,) be an extendable distribution to R,. Let L be
slowly varying at infinity and o € R. Suppose that

Jfo(Az) ~ A*L(N)g(z) as A — oo in D'(Ry). (10.7.13)

Then fo € S'(Ry) and the quasiasymptotic behavior holds in S'(Ry). Moreover,

let f € S'(Ry) be any extension of fo.

(i) If « > —1, then f has the quasiasymptotic behavior (10.7.13) in S'(R).

(ii) If « < —1 and o & Z_, then there exist constants ag, . ..,a,_1, n < —a, such
that
5, 9@ . .
fOx)=> a i H AL g(@) +o(X"L(N)) (10.7.14)
5=0

as A — oo in S'(R). The constants depend on the choice of the extension f.
(iti) If & = —k, k € Z,., then g is of the form g(x) = C Pf (H(x)/2*) and there
are (k — 1) constants ag, ...,ax_2 and an associate asymptotically homogeneous

function of degree O with respect to L satisfying

blax) = b(x) + %C’L(x) loga + o(L(x)), ©— oo, (10.7.15)
such that
T k=2 sO) (g
f(z) = CLf\i\)Pf (Hx(k )) + bg\i\)(i(k_l)(x) —|—Zaj 6)\].51) +o (L)(\?)) (10.7.16)

as A — oo in §'(R). The constants and the function b depend on the choice of the

extension f.

Proof. Let f € 8'(R,) be an extension of f;.
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(i) Let us start with the case v > —1. Clearly g must be of the form Cx /T'(a+1),
for some constant C'. Next, Proposition 10.22 still holds replacing the space D'(R)
by D'(R;) (actually this holds without the restriction o > —1). Hence, the same
argument given in Theorem 10.23 applies here, but this time we only require the
uniform convergence on [1/2,2], and hence we can still conclude the existence of
the integer such that (10.5.21) holds with the limit taken only as x — oo. Actually,
because o > —1, relation (10.5.21) holds for any m-primitive of f. Let f(=™ be

the m-primitive of f supported on the interval [0, c0), then we have that

Czt™ [L(x)
(=m) ()~ — ) — 00
! (z) MNa+m+1) "’ T ’

so we have that f(-™(\z) = CL(\)(Az)3™ /T (o +m + 1) + o(A*T™L())) in the
space S'(R), differentiating m-times, we obtain the result. (ii) Suppose now that
a < —1 and a ¢ Z_. This case differs from the last one essentially in one point, we
cannot conclude (10.5.21) for every m-primitive of f but only for some of them.
In any case, if f(-™ is the m-primitive (we keep m > —a — 1) of f supported on

[0,00), we have that there exists a polynomial of degree at most m — 1 such that

Cz*t™ L(x)
(—=m) _ ~ T\ .
P =) ~ e oo
therefore,
. CLA)(Ax)stm = o
™) = F(a—i—m—i— —i—JZOaJ L+ o(ATML(N) as A — oo,
in the space S'(R), for some constants aq, . . ., a,,_1. Thus, after m differentiations

and a small rearrangement of constants, we obtain (10.7.14).
(iii) Reasoning as in the previous two cases, we obtain the existence of a positive

integer m > k such that f(-™ is continuous and

xm—k (_1)k—10 xm—k m—k 1

F) =) o Y g 2 P el L)
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r — 00, where by is a locally integrable associate asymptotically homogeneous
function satisfying (10.7.15) and p,,_; is a polynomial of degree at most m — 1.
Throwing away the irrelevant terms of the polynomial p,,_; and using Theorem

10.36, we obtain the following asymptotic expansion as A — oo in the space §'(R),

)k Vk—1
P 0) =) o+ A L) () H )
+ ._ aj—(:;\:i);_l)! +o(AN™FL(N) .

Differentiating (m — k)-times this expansion, we have that

FE™(x) = by(NH(z)+ ((_]:)_—;)!C'L()\)H(x) log aH—Z aj% +o(L(N))

The well known formula

A2 (e (1)) e sy (02 e 3L

J=1

and k-times differentiations of (10.7.17) imply (10.7.16) with

Likewise, one shows.

Theorem 10.71. Let fo € D'(R,) be an extendable distribution to R, . Let L be

slowly varying at infinity and o € R. Suppose that
fo(Ax) = O(A*L(N)) as A — oo in D'(R,). (10.7.18)
Then fo € S'(Ry) and (10.7.18) holds in S'(R.). Moreover, let f € S'(R.) be any

extension of fo.
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(i) If « > —1, then f is quasiasymptotically bounded of degree o at infinity with

respect to L in S'(R).

(i) If « < —1 and « ¢ Z_, then there exist constants ag, . ..,a,_1, n < —a, such
that
— §0(z) 3
fOz) =) a5+ OOLOY) (10.7.19)
§=0

as A — oo in §'(R). The constants depend on the choice of the extension f.

(i) If o« = —k, k € Z,, then there are (k — 1) constants ag,...,ar—2 and an
associate asymptotically homogeneously bounded function b of degree 0 with respect

to L such that

b(N) — 00() L())

f\z) = 75““ Y(z) + Zajw +0 (= (10.7.20)
=0

as A — oo in S'(R). The constants and the function b depend on the choice of the

extension f.

Example 10.72. Theorems 10.66 and 10.70 show that if a ¢ Z_ we may select
an extension having quasiasymptotic behavior. For the case o € Z_ this not longer
true. Moreover, it is absolutely necessary to consider associate asymptotically ho-
mogeneous functions of degree 0 in Theorems 10.66 and 10.70, as shown by the

following example. Consider

log

folz) =2 e D'(Ry) .

T

Then, f(x) = ¢'(x), where g(x) = H(z)log®z, is an extension of fy to [0,00). Now
g(ax) = g(x) 4+ 2logalog x + o([log z|) ,

as x — 0% and x — oco. So g is associate asymptotically homogeneous of degree 0.

Then we obtain the asymptotic expansions

glex) = g(e)H(z) — 2loge 'H(x)logz + o(loge™") ase — 0T in S'(R) ,
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and

g(Az) = g(A\)H(z) + 2log \H () logz + o(log A)  as A — oo in S'(R) ,

thus,

flex) = @5(1’) glome Ty (H ‘”>> +o (10g51) as e — 0" in S'(R)

and

fow) = s + QIOi)\Pf (H;x)) +o <?) as A — o0 in S'(R) .

The latter two expansions show that

loge™! loge™!
folex) = =2 og;s +o < Og; ) ase — 07 in D'(Ry)
x

and

log A log A
(;\gx +0(0§ > as A — oo in D'(R,) ,
but it 1s impossible to choose constants ay, ..., a, which make disappear the function

g in the expansion of an arbitrary extension f —i—Z;-L:O aj5(j) of fo. A counterexample

for a = —k is constructed by considering fo(kfl).

Example 10.73. While for o ¢ Z_ Theorems 10.68 and 10.71 imply that we can
select an extension which is also quasiasymptotically bounded, this is not longer
true for a € Z_. In other words, for the negative integral degrees, it is absolutely
necessary to consider asymptotically homogeneously bounded functions in Theorems
10.68 and 10.71. For instance, let g, f and fy be the function and the distributions
from Example 10.72. Then, g(x) is asymptotically homogeneously bounded of degree

0 with respect to |logz|, both at infinity and the origin. Observe that fékil) 18
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quasiasymptotically bounded in the space D'(R,) of degree —k at both 0 and oo

with respect to |logx|. On the other hand,

1

f(k—l)(gx) — @5(1471)@) + 0 (log e

= e > ase — 0" in §'(R) ,

and

FED(\z) = %i\)é(k_l)(x) +0 <IOka> as A — oo in S'(R) |

which show that fék_l) has no extension to [0, 00) being quasiasymptotically bounded

of degree —k with respect to |logx|.

10.7.2 Extensions of Quasiasymptotics at the Origin from
D'(R) to S'(R)

We now study the following problem. Suppose that f € §’'(R) has quasiasymptotic
behavior at the origin in the space S’'(R), does f have the same quasiasymptotic
behavior in §’(R)? Such a question was posted as an open problem in [153, Remark
2], where a partial answer was given under the assumptions of boundedness for L
and restrictions under the degree of the quasiasymptotic. We obtained a positive
solution in [227] based in the structural theorems for quasiasymptotics at the origin;
it will be the approach to be followed here. The solution is given by the following
theorem, which we formulate for quasiasymptotics at finite points. The author was
recently informed about a more general problem which was treated by Zavialov in

[250] (though he has been unable to get a copy of the article).

Theorem 10.74. Let f € S'(R). If f has quasiasymptotic behavior at x = xg in
D'(R), then f has the same quasiasymptotic behavior at x = xo in in the space

S'(R).

Proof. We may assume that xo = 0. Let a be the degree of the quasiasymptotic

behavior. We shall divide the proof into three cases:
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Suppose its degree is a ¢ Z_ and

(ex)2 (e2)$
Fa+1) ['(a+1)

Then, by using Theorem 10.28 and the fact f € S'(R), we conclude the existence

flex) = C_L(e) + CL(e) +0(e*L(g)), ase— 0" in D'(R).

of an integer m, a real number 3 such that m > —a, > m+ «, and a continuous
m-primitive F' of f such that

|I|m+oc

F(z) = L(|z)) (=1)"C-H(=z) + CL.H(x)) + o (lz[""" L (|z])) ,

F'm+a+1)
x — 07, and

F(z)=0 (|x|ﬁ) |z — oo . (10.7.21)

We make the usual assumptions over L. Assume (Section 20.10.1) that L is positive,

defined in (0, 00) and there exists M; > 0 such that

< Mj max {x_%,x%} , g,z € (0,00) . (10.7.22)

Let ¢ € S(R), then we can decompose ¢ = ¢1 + ¢o + ¢3, where supp ¢, C (—o0, 1],
supp ¢9 is compact and supp ¢3 C [1,00). Observe that since ¢y € D(R) we have

that

C_x® + Cyag
['(a+1)

(f(ex), Po(z)) ~ e*L(e) < ,¢2(x)> , e—0%. (10.7.23)

So, if we want to show (10.7.23) for ¢, it is enough to show it for ¢3 placed instead
of ¢ in the relation because by symmetry it would follow for ¢; and hence for ¢.

Set
F(x)
zotm[(x)’

G(z) = x> 0.
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Then

lim G(x) = Cs

e E—— 10.7.24
2—0+ Mla+m+1)’ ( )

On combining (10.7.21), (10.7.22) and (10.7.24), we find a constant M, > 0 such

that

IG(z)] < My(1+ 272777, 2> 0. (10.7.25)

Relation (10.7.25) together with (10.7.22) show that for ¢ < 1,

< 2My MozPt!

2t (2)

0" (@)| Hiz = 1)

The right hand side of the last estimate belongs to L'(R) and thus we can use the

Lebesgue dominated convergence theorem to obtain,

lim ! (f(ex), p3(x)) = lim (—1)™ /000 G(ex)anJ“mqﬁém)(x)dx

e—0+ €2 L(¢) e—0+ L(e)

_ m s % atm  (m)
Ve [ e s

This shows the result in the case o ¢ {—1,—-2,-3,...}.

We now aboard the case a = —1. Assume that
flex) =~ 'L(e)d(x) + Be'L(e)a + 0 (s 'L(e)) ase — 07 in D'(R).

As in the last case, it suffices to assume that ¢ € S(R), supp ¢ C [1, 00) and show

that

m — (fea) oy =5 [ 2@,
tim o (o). o)) = 6 - Ae

We may proceed as in the previous case to apply the structural theorem, but we

rather reduce it to the previous situation. So, set g(x) = z f(x), then

g(ex) = BL(g) + o(L(g)) ase — 0" in D'(R) . (10.7.26)
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But g € §'(R), then since the order of the quasiasymptotic is 0, first case implies

that (10.7.26) is valid in S’(R). Therefore

imL €T ac’:imL st: OOMJE
tim =5 (e o)) = tim 5 (ote0). 2 ) =5 [T 200

This shows the case a = —1.

It remains to show the theorem when o € {—2,—-3,...}. Suppose the order
is —k, k € {2,3,...}. It is easy to see that any primitive of order (k — 1) of f
has quasiasymptotic behavior of order -1 at the origin with respect to L (in fact
this is the content of Proposition 10.22 when combined with Theorem 10.16). The
(k — 1)-primitives of f are in §'(R), so we can apply the case @ = —1 to them,
and then, by differentiation, it follows that f has quasiasymptotic at the origin in
S'(R).

This completes the proof of Theorem 10.74. O

The analog to Theorem 10.74 is valid for quasiasymptotic boundedness with
respect to regularly varying. Since the proof uses essentially the same arguments
as those used in the proof of Theorem 10.74, we omit it and leave to the reader its

verification.

Theorem 10.75. Let f € S'(R). If f is quasiasymptotically bounded of degree
a at a point, with respect to a slowly varying function L, in D'(R), then f is
quastasymptotically bounded of degree o at the point with respect to L in in the
space 8'(R).

If we now combine Theorems 10.64, 10.75, 10.66 and 10.68, we obtain the fol-

lowing corollary.

Corollary 10.76. Let the hypotheses of Theorem 10.66 (resp. Theorem 10.68) be
satisfied. If one assumes that fy € S'(Ry), then (10.7.3) (resp. (10.7.9)) holds

in the space € S'(R.). Furthermore, any extension f belongs to S'(Ry) and the

328



asymptotic expansions (10.7.4) and (10.7.6) (resp. (10.7.10) and (10.7.11)) hold

in S'(R).

10.7.3 Extensions of Quasiasymptotics at Infinity from
S'(R) to Spaces Kj(R)

Sometimes is very useful to have the right of evaluating a quasiasymptotic relation
in more test functions than in S(R). For example, we confronted such a kind of
problem in Chapter 7 when dealing with the ¢—transform and distributionally
regulated functions. This section is dedicated to give some conditions under the
test function which guarantee that quasiasymptotic behavior at infinity remains
valid when evaluated at such a test function. We will consider test functions in
the spaces Kg(R) (Section 1.2), 8 € R. Recall that s(R) consists of those test

functions ¢ € £(R) such that
o(x) = O(|z|”) strongly as |z| — oo | (10.7.27)

i.e., for each m € {0,1,2,...}
o™ (z) = O(|z|™) as |z| — oo . (10.7.28)

It is topologized in the obvious way [61]. These spaces and their dual spaces are
very important in the theory of asymptotic expansions of distributions [61]. In
fact, we have that IC(R) = [J/3(R) (the union having a topological meaning),
and K'(R) = NK's(R) (with projective limit topology) is the space of distribu-
tional small distributions at infinity [49, 61|, they satisfy the moment asymptotic
expansion at infinity [61].

The next theorem shows that if f is quasiasymptotically bounded with respect
to a regularly varying functions at infinity, then the distributional evaluation of f
at ¢ € Kg(R) makes sense under some conditions on (3, specifically, we show that

f has extensions to some of the spaces K's(R).

329



Theorem 10.77. Let f € D'(R) be quasiasymptotically bounded of degree o at
infinity with respect to the slowly varying function L. If a+ (3 < —1, then f admits

an extension to Kg(R).

Proof. Let 0 > 0 such that a + 8+ 0 < —1, then from Theorem 10.63, Theorem
10.64 and Corollary 10.57 we deduce that there exist m € N and a continuous

m-primitive of f, say F, such that
F(z) = O™, Ja| = o0 (10.7.29)

Notice that here we have used that L(z) = O(x7) as x — oo (Section 1.7). So it is
evident that an extension of f to ICg(R) is given by
(e ola)) = (0" [ F@)o™ (@, o€ Ka®), (10730

which in view of (10.7.28) and (10.7.29) is well defined and defines an element of

K(R). O

We now show that the quasiasymptotic behavior remains valid in K3(R), with

the assumption under § imposed in Theorem 10.77.

Theorem 10.78. Let f € D'(R) have quasiasymptotic behavior at oo of degree «
with respect to a slowly varying function L, then f has an extention to Kg which

has the same quasiasymptotic in K3(R), provided that o+ 3 < —1.

Proof. The proof is similar to that of Theorem 10.74 with some modifications in
the estimates. We use the extension from Theorem 10.77, which we keep calling
f = fo. We shall divide the proof into two cases: o« ¢ Z_ and o € Z_.

Suppose its degree is a ¢ Z_ and

()«
I'a+1)

(Az)%

f(Mz) = C_L(N) FatD

+ CLL(N) +0(A*L(N\)) as A — ooin D'(R) .
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Find o > 0 such that a 4+ 3 4+ 0 < —1. Then from Theorem 10.23, there are an m
such that m + a > 0 and a continuous m-primitive F' of f such that

™ ||

O = fmvarD

L(|z]) (C-H (=) + C..H(w)) + o (Ja| ™" L (|z]))

x — oo. We recall that H denotes the Heaviside function. We make the usual
assumptions over L (Section 10.3.1), assume that L is positive, defined and con-
tinuous in (0, c0) and there exists M; > 0 such that

L(\x)
L(A)

< Mymax {27,277}, A>1, z € (0,00) . (10.7.31)

Let ¢ € Ks(R), then we can decompose ¢ = ¢1 + ¢ + ¢3, where supp ¢ C
(—o0, 1], supp ¢s is compact and supp ¢3 C [1,00). Observe that since ¢o € D(R)

we have that

C'_l’g + C_i_l’i
['(a+1)

(FOA2), da(a)) ~ CAL(N) < ,¢2<x>> (10.7.32)

as A — oo. If we want to show (10.7.32) for ¢, it is enough to show it for ¢ placed

instead of ¢ in the relation because by symmetry it would follow for ¢; and hence

for ¢. Set
F(x)
= > .
G(z) 2 L (2) forx > 1, (10.7.33)
then
. on
| = 10.7.34
2O = T m D) 075

So, we can find a constant M > 0 such that
|G(z)| < My, globally. (10.7.35)
Relation (10.7.35) together with (10.7.31) show that for A > 1,

G()\ZE) xa+m¢ém) (l’) S MlMZIa+m+U

08" (@) Hiz 1)
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Since ¢3 € Kg(R), the right hand side of the last estimate belongs to L'(R) and

thus we can use the Lebesgue dominated convergence theorem to obtain,

, 1 . m [ LOAT) i (m
I g (O an(w) = Jim (<1 [ G o (@)
= (D" f;z 1) /0 ol (@) da

_ s
=Cy <F(a i 1)a¢3(x)> :
This shows the result in the case o ¢ {—1,—-2,-3,...}.
We now aboard the case o = —k, k € Z,. Assume that

FOx) =y AFLN)SE D (2) + BATFL(N)2 ™ + 0 (ATFL(N))

as A — oo in D'(R). As in the last case, it suffices to assume that ¢ € Kz(R),

supp ¢ C [1,00) and show that

k

lim

_ 4 [T o)
A—oo L(\) (f(Ax), 0(x)) = 6/1 ok dx .

We may proceed as in the previous case to apply the structural theorem, but we

rather reduce it to the previous situation. So, set g(x) = z* f(z), then
g(Az) = BL(N\) + o(L()\)) as A — oo in D'(R) . (10.7.36)

But ¢ € Ks(R) implies ¢(z)/2* € Ks_i(R) then since the degree of the quasi-
asymptotic behavior of g is 0, last case implies that (10.7.36) is valid in K'5_x(R)

because 0 — k < —1, therefore

Nk 1 () )
Jim. ey (f(Az), d(x)) = Alggom <9(Ax),?> = ﬁ/l — dr
This completes the proof of Theorem 10.78 n

We have a similar result for quasiasymptotic boundedness. The same sort of
arguments used in the proof of Theorem 10.78 lead to the next result; actually, the

proof is even easier and we thus omit it.
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Theorem 10.79. Let f € D'(R) satisfy f(Ax) = O(A*L(N)) as A — oo in the

space D'(R). If a + § < —1, then f has an extension to Kz(R), say fe, satisfying
fe(Az) = O(AN*L(X))  as A — oo in Ky(R) . (10.7.37)

The importance of Theorems 10.78 and 10.79 lies in the fact that we can relax the
growth restrictions on the test functions, this permits to apply quasiasymptotics to
obtain ordinary asymptotics in many interesting situations, for example for certain
integral transforms or for solutions to partial differential equations. We discuss a

simple example.

Example 10.80. Let f € D'(R) have quasiasymptotic behavior at infinity of degree
a<l1,

fx) =X L(N)g(z) + o (A*L(N) as A — oo in D'(R) .
Consider the Poisson kernel,

1

PO=Trny

Clearly P € K_2(R). By Theorem 10.77, the evaluation of f at P is well defined.

Thus

U(z) = Ulx + yi) = <f(t), 1p ("” - t)>

) )

1s a solution of the boundary value problem

0*U  0*U

WJra_y?:O’ Uz +1i07) = f(z) .

Using Theorem 10.78, we can find the asymptotic behavior of U at infinity over

cones. Indeed, let 0 < o < 7/2, then Theorem 10.78 implies that as r — oo
U(re™) ~ sin®(9)Cyr®L(r) , uniformly for 9 € [o,7 — o] ,

where Cy = g % P(cotv}).
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Chapter 11

Tauberian Theorems for the Wavelet
Transform

11.1 Introduction

Local analysis of the wavelet transform at boundary points is the scope of this
chapter. We make a complete wavelet analysis of asymptotic properties of distri-
butions. The study is carried out via abelian and tauberian type results, connecting
the boundary asymptotic behavior of the wavelet transform with local and non-
local quasiasymptotic properties of elements in the Schwartz class of tempered
distributions. The results to be discussed were obtained in collaboration with S.
Pilipovi¢ and D. Raka¢ [228].

The wavelet transform is a powerful tool for studying local properties of func-
tions. Usually, wavelet analysis presents two main important features [33, 95, 104,
137, 138]: the wavelet transform as a time-frequency analysis tool, and wavelet anal-
ysis as part of approximation theory (see also [29, 80] and references therein for
another approach to time-frequency analysis). The existent applications of wavelet
methods in local analysis are very rich. In [195], the wavelet transform is effec-
tively applied to study differentiability properties of functions. A wavelet study of
asymptotic and oscillatory behavior of functions can be found in [96, 104, 138].
Wavelet analysis can also be used to provide intrinsic characterizations of function
and distribution spaces [137, 209]. Moreover, it is deeply involved in the analysis of
regularity notions. One could mention the vital role it plays for Zygmund-Holder
type spaces (cf. [138] or [195]), and hence for the study of pseudodifferential op-
erators within such classes (see [98, Sect. 8.5, 8.6]). Therefore, any result, as the
ones of this chapter, connecting the wavelet transform with local properties of

distributions might be used in this direction.
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We are mainly concerned with the Schwartz class of tempered distributions.
There are many classical ways to extend local regularity notions from functions
to certain distributions which have been studied via the wavelet transform. Nev-
ertheless such regularity notions are in somehow restrictive: they are not directly
applicable to the nature of a distribution. In the past chapters we have made exten-
sive use of the quasiasymptotic behavior of distributions. It should be now clear for
the reader that the quasiasymptotics can be used to measure pointwise properties
of very general distributions. Such a notion is more general and more suitable than
others when one is only interested in the actual behavior of distributions around
individual points.

Recently, wavelet methods have attracted the attention of many authors as a tool
for the analysis of quasiasymptotic properties of distributions. Problems related to
multiresolution expansions and orthogonal wavelets are studied in [163, 162, 169,
188, 205, 241, 242]. Abelian and tauberian results for the wavelet transform are
obtained in [174, 175, 176].

The quasiasymptotic behavior is a very suitable concept for wavelet analysis. In
fact, the wavelet transform can be thought as a sort of mathematical microscope
analyzing a distribution on various length scales around any point of the real axis.
On the other hand, the idea of the quasiasymptotic behavior itself is to study the
asymptotic properties at small or large scale of the dilates of a distribution. In the
case of small scales, the quasiasymptotic behavior uses only local information of
the distribution at small scale around a point, and hence the natural connection be-
tween it and the boundary asymptotic behavior of the wavelet transform. Another
reason that suggests the use of the quasiasymptotic behavior in wavelet analysis

is that it is based on asymptotic comparison with regularly varying functions [15],
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which are actually a power function multiplied by an asymptotic invariant function
under rescaling, and hence measures certain fractal behavior of distributions.
The chapter is organized as follows. We recall in Section 11.2 the basic facts
from distribution wavelet analysis based on highly time-frequency localized func-
tion spaces, following Holschneider’s book [95]. Sections 11.3 and 11.4 are devoted
to connect the boundary asymptotic behavior of the wavelet transform through
abelian theorems and tauberian characterizations of the quasiasymptotic behavior
in the dual of the space of highly time-frequency localized functions. For finite
points, Section 11.3 deals with global tauberian assumptions, while the results are
later improved to a local version in Section 11.4. Since the results from Sections
11.3 and 11.4 lead to regard tempered distributions, and asymptotic relations, on a
more restricted space of distributions, we study in Section 11.5 what this informa-
tion tells us about the asymptotic properties in the space of tempered distributions.
Sections 11.6 and 11.7 are the most important ones, there we obtain the tauberian
theorems for quasiasymptotics of tempered distributions in terms of the wavelet
transform; these are complete inverse theorems to the abelians from [175, 176]. Tt
is shown that in some cases our tauberian theorems become full characterizations
of asymptotic properties. They can also be considered as generalizations of the
results from [96] to our distributional context. Finally, in Section 11.8, we indicate

how to treat progressive and regressive distributions.

11.2 The Wavelet Transform of Distributions

We will follow the wavelet analysis for distributions from Holschneider’s book [95].
For this, we will use the spaces of highly localized functions over the real line and
the upper half-plane.

By a progressive function (or distribution), we mean a function whose Fourier

transform, whenever the Fourier transform makes sense, is supported in R ; sim-
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ilarly, the term regressive function (or distribution) refers to those whose Fourier
transform is supported in R_.

We define the space of highly time-frequency localized progressive functions over
the real line as the set of those elements of S(R) which are progressive functions;
this is a closed subspace of S(R) and it is denoted by Sy (R). The image of Sy (R)
under the parity operator is denoted by S_(R), that is, ¢ € S_(R) if and only if
o(x) == ¢(—z) € S (R), equivalently, ¢ € S_(R) if and only if ¢(z) := ¢(z) €
S (R). Observe that the elements of S;(R) are precisely of those elements of
S(R) which are in H2 (R), the Hardy space of L*(R)-boundary values of analytic
functions on H. The space Sp(R) is defined then as the direct sum of Sy (R) and
S_(R)

Si(R)=S_(R) & S4(R) .

Alternatively, we may define So(R) as those elements of S(R) for which all the

moments vanish, i.e., ¢ € So(R) if and only if

/OO z"p(x)dr =0, (11.2.1)

for all n € N. We call Sp(R) the space of highly time-frequency localized functions
over the real line. Note that So(RR) is a closed subspace of S(R). The dual spaces of
S+(R), S_(R) and Sp(R) (these spaces provided with the relative topology inhered
from S(R)) are S’ (R) = (S{(R))’; SL(R) = (S_(R))" and Sy(R), respectively. It
should be noticed that the space S’ (R) defined above is different from the one
used in [231], for example.

Observe that we have a well-defined continuous linear projector from S’(R) to
SH(R) as the transpose of the trivial inclusion from the closed subspace Sp(R) to
S(R). Due to Hahn-Banach theorem, this map is subjective; however, there is no
continuous right inverse for this projection [51]. Note also that the kernel of this

projection is the space of polynomials; hence, the space S)(R) can be regarded
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as the quotient space of S'(R) by the space of polynomials. We do not want to
introduce a notation for this map, so if f € S'(R), we will keep calling by f the
restriction of f to Sp(R). We will come back to this matter later, in Section 11.5,
in connection with the quasiasymptotic behavior of distributions.

The corresponding space S(H) of highly localized function, over the upper half-
plane H = R x R, is defined as those smooth functions on H such that

sup (a + é) (1 + bQ)%

(b,a)eH

OFHE
aaran 0| <

oo,

for all m,n, k,l € N. It is topologized in the obvious way. We will also consider its

dual space, S'(H). Any locally integrable function F' of “slow growth” on H, that

1 m
<a+a> , (bya) e H,

for some C' > 0 and integers m,l € N, can be identified with an element of S'(H).

is,

N~

|F(b,a)] < C (14 b%)

Our convention for identifying it with an element of S’(H) is to keep using the

notation F' € §’(H) and the evaluation of F' at ® € S(H) is given by

(F(b,a), ®(b, a) / / o(b a)db:a .

By a wavelet (or analyzing wavelet) we simply mean an element 1) € Sp(R). A

wavelet 7 is called a reconstruction wavelet for the analyzing wavelet 1 if the two

constants
/ @/} (£x)7 ix)— < 00

are non-zero and equal to each other; in such case we write

con=clo =i =3 [ S

Note that any wavelet admits a reconstruction wavelet as long as supp IL MRy #0
and suppﬁﬁ NR_ # (. In the case of a progressive wavelet 1) we require 7 to

satisfy only the positive frequency part of the above condition. Analogously for

338



regressive ones. We will mainly use wavelets admitting a reconstruction wavelet.
If a wavelet is its own reconstruction wavelet, we say that it is admissible. An
explicit example of an admissible wavelet is the wavelet 1 given in the Fourier side

p —lzl+ oy
by ¥(z) =e =,z eR.

The wavelet transform of f € S{(R) with respect to an analyzing wavelet 1 is
given by the C'*°-function on H

_ 1 [t—0b ~

Wl (ba) = (f(b+a2), () = (F(0), -0 (=) ) = f=da®),  (11.22)

where 1,(-) = 2¢(2). For a ® € S(H), we define the wavelet synthesis operator

with respect to the wavelet ¢ as

M@(x):/ooo/_oo (I)(b,a)é@/) (“b) dbda = ew.

a a

Observe that W, @ So(R) — S(H) and My, : S(H) — Sp(R) are continuous
linear maps [95, p.74]. Moreover, one has the reconstruction formula for the wavelet

transform with respect an analyzing wavelet ¢
1
ldsym) = — MWy ,
Cyyn

where 7 is a reconstruction wavelet for ¢. Because of the results of [95], we may

have alternatively defined the wavelet transform of distributions by duality

Wy f(b,a), ®(b,a)) = (f(z), Ms® (z)), ® € SH).

These two definitions coincide and we have, for & € S(H),

dbda
Pt

(W f (b, a). B(b.a)) = / ) / Wl (b a)d(b,a)

Similarly, one defines the wavelet synthesis M,, : S'(H) — S{(R) by

(MyF(x),6(x)) = (F(b,a), Wse(b,a)) -
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Here we have again that if 7 is a reconstruction wavelet for 1), then
1
Idg(/)(R) = —Man, .
Cyon

Therefore, if f € S{(R) and ¢ € So(R), we have the desingularization formula

(f(a), ola)) = —— / [ Wm0

Cyn

dbda

We will also make use of the projection operator of S’'(H) onto the image of the
wavelet transform [95], it is given by the projector
1
—WyM,, .
Cyyn
Observe also that Im W, is a closed subspace of S'(H). Sometimes, for instance
if the distribution is a locally integrable distribution of slow growth on H, it is

possible to write the projection by the integral transform

F 1 00 00 N / /
WML [ () S 1
Cyp,m CynmJo J-oo a a (a)

We can also define the wavelet transform of a tempered distribution f € S’(R)

by formula (11.2.2), but this integral transformation will be no longer invertible
because the moment vanishing condition (11.2.1) gives that the wavelet transform
of any polynomial vanishes.

Let us now turn our attention to quasiasymptotics. In this chapter we are mainly
interested in tempered distributions. Besides quasiasymptotics in the space S’'(R),
we will consider quasiasymptotics in S}(R). Following our usual convention, we

write

f(xg+ex) ~e*L(e)g(x) ase— 07 in SH(R) , (11.2.4)

or

flxo+ex) =e*L(e)g(x) + o(e*L(g)) ase— 0" in S)(R) (11.2.5)
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where L is slowly varying at the origin, if f € S{(R) (or S'(R)) and

(f (zo +ex), 0(x)) = {(g(x), d(x)) , Vo € So(R) . (11.2.6)

oo+ = L(e)

Observe that, by shifting to x = xg, in most cases is enough to consider zy = 0.

Similarly, we consider the quasiasymptotics at infinity in the space S}(R),
fx) ~A*L(N)g(xz) as A — oo in SH(R) (11.2.7)

where L is slowly varying at infinity.
Observe that slowly varying functions are very convenient objects to be employed
in wavelet analysis since they are asymptotic invariant under rescaling at small

scale (resp. large scale).

11.3 Wavelet Characterization of
Quasiasymptotics in S|(R)

Recently, Saneva and Buckovska ([174, 175, 176]) investigated the asymptotic be-

havior of the wavelet transform of a distribution having quasiasymptotic behavior

at a point. Indeed, it is fairly easy to show that if
[ (zo+ex) ~e*Lie)g(z) ase— 0" in §'(R), (11.3.1)
then
Wy f(z0,a) ~ L(a)Wyg(0,a) = a®L (a) Wyg (0,1) , a— 0" . (11.3.2)

The above result is of abelian nature. Let us mention that to conclude (11.3.2),
it is enough to assume a weaker hypothesis. Indeed, if we only assume the quasi-
asymptotic behavior of the tempered distribution in the space S} (R), we are still
able to deduce (11.3.2). Actually, the angular asymptotic behavior over cones with

vertex at xy can also be obtained.
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Theorem 11.1. Let f € S'(R) have quasiasymptotic behavior in Si(R),
f(xo+ex) ~e*Lie)g(x) ase— 0% in S)(R) . (11.3.3)
Then, given any 0 < o < 7/2 and r > 0, we have
Wy f(xo + ercosd,ersindd) ~ e*L (e) Wyg(r cosd, rsind), e— 0", (11.3.4)
uniformly for o <9 < 7w —o.

Proof. In view of (11.3.3), Banach-Steinhaus theorem and the compactness of the

set

sin 9 sin 9

Q,:{ ! zz( '_COSﬁ)eSO(R):agﬁgw—a} (11.3.5)

we have, as ¢ — 07,

Wy f (2o + ercos ¥, ersindd) = <f(x0 + ercosd + ersindz), @/_)(x)>

N <f(f'30 +erz), sirllz?¢ (x ;E?;ﬂ»
—(x —cos

~ (re)*Lre) <g(x)a Sirlugw ( sin 0 >>

= 50‘L(7’€) <g(7’$), siIllﬁw (I ;1(1:(1);19)>

= "L (re) Wyg(r cos v, rsind)

~ €L () Wyg(r cosd, rsind) .

We have a similar assertion at oo.

Theorem 11.2. Let f € S'(R) have quasiasymptotic behavior at infinity in Sj(R)

f(Az) ~AX*L(N)g(z) as A — oo in Sy(R) . (11.3.6)
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Then, given any 0 < o < 7/2 and r > 0, we have
Wy f(Arcos I, Arsind) ~ AL (A) Wyg(rcosd,rsind), A —oo, (11.3.7)
uniformly for o <9 < 7w —o.

Proof. In view of (11.3.6), Banach-Steinhaus theorem and the compactness of the
set €, given by (11.3.5), we have, as A — oo,

Wy f (Ar cos 9, Arsind) = (f(Ar cos ¥ + Arsindz), 1(z))

- (x —cost
:<f<)\rx)’sir1u9w( sin ¢ >>

~ (FA)*L(r)) <g(ﬂf) : ‘”(x_COSﬁ»

" sin sin v

~ AL (A) Wyg(r cosd, rsind) .
[

Our next goal is to provide an inverse theorem for these two abelian results, under
some natural additional tauberian conditions. Actually, we characterize below the
quasiasymptotics in Sj(R) in terms of the wavelet transform. Later, we will use
this characterization to study the quasiasymptotic behavior in the space S’'(R)

(Sections 11.6 and 11.7).

Theorem 11.3. Let f € S((R). Let v € So(R) be a wavelet admitting a recon-

struction wavelet. The following two conditions:

_ 1
6li>f(l)1+ 50‘T(5)W¢f (IO + eb, 8@) = Mb,a < 00, (b, CL) eH, (1138)

and the existence of constants v, 3, M > 0 such that

Wy f (o + b, ca
e*L(e)

) <M <a+2)y(1+|b|)ﬁ, (bya) eH, e <1, (11.3.9)

are necessary and sufficient for the existence of a homogeneous distribution g of

degree o such that

f(zo+ex) ~e*Lie)g(z) ase— 0" in SH(R) . (11.3.10)
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In this case we have My, = Wyg(b,a), (b,a) € H.

Proof. We may assume that xqg = 0. Let n be a reconstruction wavelet for .
That (11.3.8) is necessary follows from the abelian theorem, Theorem 11.1. The
necessity of (11.3.9) follows from the characterization of bounded sets in Sj(R)
(c.f. [95, Thm. 28.0.1]). For the converse, notice that (11.3.8) and (11.3.9) imply
that the function given by J(b,a) = M, ,(b,a) € H, is measurable and satisfies

the estimate
1 v
0.0] = Mol < 21 (a4 1) (14 B, ) €3,

hence it is in &’ (H). Moreover, because of (11.3.8) and (11.3.9), we can use Lebesgue
dominated convergence theorem and the wavelet desingularization formula to con-

clude that for each ¢ € Sy(R)

lim < fleo) 7¢(a:)> = i /OO h Mwﬁgb(b, a) dbja
0

e—0+ \ e*L(e) Cyp oy e—0F oo E%L(e)
L[ [ dbda
- _/ / Mb,aWﬁ¢(b7 CL) :

Since the last limit exists for each ¢ € Sp(R), it follows that f has quasiasymptotic
behavior in the space Sj(R) and the existence of a homogeneous distribution g

satisfying (11.3.10) and M, , = Wyg(b, a). O

Theorem 11.3 is of intermediate character, it will be improved in Section 11.4.
It should be noticed that Theorem 11.3 uses global information of the wavelet
transform; however, the quasiasymptotic behavior at a point is a local concept.
Therefore, it is still somehow unsatisfactory. Nevertheless, this result will be used
obtain a much better characterization only using local information on the trans-
formed side (Theorem 11.5).

We now focus in the case of asymptotic behavior at co. Observe that the argu-

ments given in the proof of Theorem 11.3 may lead us to a proof of the following
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theorem, but we choose to present an alternative version of the proof, where we

use some basic results from functional analysis ([208]).

Theorem 11.4. Let f € S{(R). Let ¢ € So(R) be a wavelet admitting a recon-

struction wavelet. The following two conditions:

} 1
)\11_}120 mW¢f ()\b, )\CL) = Mb,a < 00, (b, CL) e H, (11311)

and the existence of constants v, 3, M > 0 such that

[Waf (Ab, Aa)]
A L(A)

1 ol
<M (a+ 5) (1+6)?, (bya)eH, A>1, (11.3.12)

are necessary and sufficient for the existence of a homogeneous distribution g of

degree o such that
f(Az) ~AX*L(N)g(z) as A — oo in Sy(R) . (11.3.13)
In this case we have My, = Wyg(b,a), (b,a) € H.
Proof. The necessity is clear, we concentrate in the sufficiency. Let
B ={po=a"P(a(-=b),(ba) eH} .

We claim that the linear span of B is dense in Sy(R). Let h € Sj(R). If we suppose

that

a

<h(x), éw (x - b>> = Wyh(b,a) =0, forall (b,a) € H ,

then, by wavelet desingularization, we have that for every ¢ € Sy(R),

(W), 6(x)) = —— (Wyh (b, @), Wyo (b.a)) = 0

Cyyn
and hence h = 0. Thus, by the Hahn-Banach theorem, we conclude that the
linear span of B is dense in Sy(R). Furthermore, let § = {fa;A > 1} where

o= f(A)/(A*L(X)). The estimate (11.3.12) and the characterization of bounded
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sets in SH(R) (c.f. [95, Thm. 28.0.1]) imply that § is a bounded family in Sj(R),
which in turn implies, by Banach-Steinhaus theorem, that § is an equicontinuous
set. It is known that, for equicontinuous sets, the pointwise convergence over a com-
plete test space and over some dense subset coincide. But observe that (11.3.11)
exactly gives us the convergence over the linear span of 98; so, for some g € S|(R),

we have fy — g, A — 00, in the weak sense. O

In conclusion, we have characterized the quasiasymptotic behavior of distribu-
tions in the space S| (R) in terms of the asymptotic behavior of the wavelet trans-
form at approaching points of the boundary. Our main aim is now to extend these
results to S’(R), that is, we want to give tauberian theorems for quasiasymp-
totics at points and infinity of tempered distributions in terms of the behavior
of the wavelet transform. We have reduced this question to the following one: if
f € 8'(R) has quasiasymptotic at * = 2o or x = oo in §)(R), what can we say
about the existence of the quasiasymptotic of f at x = x¢ or z = 0o in §'(R)? We
postpone the study of this question for Section 5, where we will give a complete

answer.

11.4 Tauberian Characterization with Local
Conditions

As we remarked before, conditions (11.3.8) and (11.3.9) are of global character, we
want to replace them by local conditions. This is done in the next theorem. We
may refer to relation (11.4.2) as a tauberian condition of Vladimirov-Drozhzhinov-
Zavialov type, because they have made extensive use of these types of conditions in
the study of tauberian theorems for local behavior of generalized functions in terms
of several integral transforms such as the Laplace transform and Mellin convolution

type transforms, among others [39, 40, 231, 232].
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Theorem 11.5. Let f € S{(R). Let v € So(R) be a wavelet admitting a recon-

struction wavelet. The following two conditions:

) 1
Eli)%}r gXT(g)Wwf (l’o + €b, 50,) = Mb,a < 0 (1141)

exists for each (b,a) € H satisfying a®> +b*> =1 and a > 0, and there exists m € N

such that

limsup  sup L Wy f (zo + €b,ca)| < oo, (11.4.2)
e—0T a2+b2=1,a>0 5aL(€)

are necessary and sufficient for the existence of a homogeneous distribution g of

degree o such that
f(zo+ex) ~e*Lie)g(z) ase— 0% in S)(R) . (11.4.3)
In this case we have M, , = Wyg(b, a).

Proof. The necessity follows from Theorem 11.3. Therefore, we concentrate in
showing the sufficiency.

We assume that xy = 0 for simplicity. Let n be a reconstruction wavelet for .

Let F' = x/Wyf where x; is the characteristic function of the set I = [b] <
1, 0 <a <1 Let G =W,f —F. Consider fy = 0;17, M, F and hy = c;}n/\/lnG.
Notice that Wy, f = Wyho + Wy fo, and hence f = hg + fo.

The plan is to show that an extension h of hy € Sj(R) to S'(R) is C* in a
neighborhood of the origin and that f, has quasiasymptotic behavior at the origin.
This would imply that ho(ez) = 0 (e*) in S{(R), that is, ho(ex) = 0 (e7) for every
o > 0. Hence, we would have that f (ex) — fo (ex) = 0(¢*°) in S{(R), showing that
f has the quasiasymptotic behavior (11.4.3) in S{(R) if and only if fy does.

Let h be an extension of hy to §’'(R). We will show that Wyh(b,a) = o (a™>)

uniformly for b in a neighborhood of the origin as a — 07. Let o be a positive real
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number. Find n € N and B > 0 such that

G(b,a)| < B (a + 2) (14 b))

and
1 —1-2n—0o
Wabal <5 (4] @)

If [b| < 5 and a < 1, then, by (11.2.3),

o b—1v a) db'da’
W, G, ad)—=
/1 vz ( 7 a) O (a')?
2tn 1+2n+0 db'da’
< 4"B? v|" a
| / P (\b |) @)
< a1+2n+04nBQ / |b,| db/ (/OO dCLl >
< st (\b’\ — l)n+2 L (@)t

2

[cynWyh(b; a)| =

=o0(a%) .

We use the characterization of the singular support of distributions given in [95,
Thm. 27.0.2], and conclude that h is C* in (—1/2,1/2).

Next, we show that W, fy has quasiasymptotic in Sj(R). For this, in view of
Theorem 11.3, it is enough to show that fj satisfies (11.3.8) and an estimate of the
form (11.3.9).

We first show that W, fj satisfies

1

1 Y
=IE (W foleb, ca)| < M (a+ ) 1+ b)), (11.4.4)

for some constants v, 3, M > 0 and all (b,a) € H, 0 < & < 1. Observe that (11.4.2)
implies

m

e*L(e)

Wy f (eb,ca)| < My, for alla® +b* =1, a >0, 0 <e < g,

for some M; > 0 and gy. After rescaling we can put gg = /2. Let @/ € (0,7

and b € (—e',e7!). Then we have for ¢ < 1 that e1/(a’)> + (¥')> < V2. So, if
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we replace a, b and ¢ by a’/\/ + (V) b'/\/ + (1)* and eq/ (a/)* + (V)7 we

obtain that for @’ € (0,e71),V € (-1, e7)

()™ IV\jﬂa(sb’, ed)|
ea( (a’)2~|—(b’)2> L(a (a’)2+(b’)2>

<M, 0<e<1l. (11.4.5)

In addition, we can assume that o +m > 1. We also need to make a technical
assumption over L which can be always made since only the values of L near 0
matter for the quasiasymptotic at zero; indeed, as seen in Section 10.3.1 of Chapter
10, we can assume (see also [227, Section 3],[15, p.25]) that there exists a constant

M5 > 0 such that

[}/(Z;) < M5 max {x,x_l} < M, L 4;332 , foralle,z >0. (11.4.6)
Let
f=a+m+3, y=max{m+2,a+F+1} . (11.4.7)
Find now a constant M5 > 0 such that
1\ 7
Wyn(b, a)] < Ms (a + 5) (1+ )7 . (11.4.8)

In the following, we will also make repeated use of the elementary inequality

L+l +yl <A+ z)(1T+y]) . (11.4.9)
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Then for 0 < ¢ < 1, we have from (11.4.5), (11.4.6) and (11.4.9) that

5b—b’ ea , ndvdd
coudatet.zal =| [ [~ wan (P52 P T
a’ (@)

=t b—b’ a ,dvdd

- mn( W (e )

< Mye® / / Vi )’ -
dv'da’

(T \<> b

< My Mae®L(e / / (b')) e

b—b dv/'da’
(101" 07 !Ww( @)l

a/ (a/)m+2

ngMzgo‘L(g)/ / (@ + )" A+ d) 1+ V)

b—0b a
o (55 5)

S MlMQEaL({f) (4[1 -+ 4[2 + 2a+m+1[3) s

db'da’
(al)m+2

where
1 b=V a db'da’
] _ 1 b/ a+m—+1 el
1 / /| e D o (S5 S O
1 b—b a dv'da’
] _ 1 b/ a+m—+1 el
2 / /1<|b b/ ( +| |) an a/ 7a/ (a,)m+2 Y

b—U
]—3 / / a 1 1+’b/’)a+m+l an( - Z,)’db/dal )

To estimate the last three integrals, we make use of (11.4.7), (11.4.8) and the

elementary inequality (11.4.9). We have

I, < M; / / (1+ V] ‘“m“( ) dvda’
/| <1+b) Dl
1 7 m— 2
S 2M3 (_) (1+ |b|) 2+ |b| a+m+1/ ’Y /
a

1
e (a4 1) ey
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for I,

1 N\ Y / B 710
db/da

o [ s () (i)
<o [ 00 () (G5ma) e
ol 1 /yotm+1

S M3 ( _> (/ (a/)7+5*m72 da/) / (1 + |b |) 5 dbl
0 1<p-v| b=V
’Y/ (
\

1
a +
a
1 1+ [B/] + [p])rmH!
a/) Jicpy |

00 (1 + b/)a+m+1

Gk db

1 Y
< 2M;5 (a + 5) (1+ |b|)a+m+1/
1
a+m+2 1 ! B
<2 M; at - (14 1))
and finally I3,

a—l—ﬂ ~y—1 1 b/ a+m—+1
I < Msa? / / (1+[¥) dydd’
(@ +1|b— b’|)

< (o) (/2T RT) ()

17 [e'e) db/
< Ms(a+ - 1+bﬁ/—
< 3(a a) A+ [ e

1 ol
< 2M; (a+a> (14 [b))?

Hence (11.4.4) is satisfied with M = 22T™+6 My M, M.
In order to apply Theorem 11.3 to fy, it remains to show that fj satisfies (11.3.8).
Let us show that (11.4.1) is valid for all (b,a) € H. Indeed, for (b,a) € H fixed,

write b = rcosv and a = rsin®, with » > 0 and 0 < ¢ < 7. Then we have that

lim Wy f (ebea) _ lim Wy f (er cos ¥, ersin o))
e—0t  eL(e) e—0+ e*L(e)
L(g) Wyf (ecosd,esind)
=% lim = 1" Meosw, sino = Mpq .
T L(e/r) e>L(e) " Uy s b

Define J(b,a) = My, for (b,a) € H, we can use the above relation in combination
with (11.4.5) to conclude that J € S'(H) is a function of slow growth. In fact, for
(b,a) € H

2 b2 “ b a+m
| (b a)l =r ‘Mcosﬁ smﬂl < M1@ < MI& )
(sin )™ am
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Moreover, relation (11.4.5) and (11.4.6) also imply the estimate (already used

above!),

(V@ TR)" "

am

Wwf (éb, 8(1)
e*L(e)

for 0 < eva? + b2 < /2.

Finally, using the last two facts and Lebesgue dominated convergence theorem,

< MM,

1
max { Va2 + b0, —— ¢ ,

we conclude that

lim Wwfo (Sb 6&)
e—0+ e*L(e

b=V a\ Wyf(el',ed') db'da’
h%i c_/ / Wi ( a ’a’) L) (a')?
e P,
b— b’ a db'da’
J ., d
Cwn/ / WM?( > ( aa)(a/)z’

and this completes the argument. O

Remark 11.6. In Theorem 11.5, we have used the half-circle a®> +b* =1, a > 0,
to formulate (11.4.1) and (11.4.2), but it is clear from the proof that if we use any
half-circle a® + b* = r%, a > 0, with r being any positive number, the conclusions

of the theorem would still hold.

11.5 Quasiasymptotic Extension from S((R) to
S'(R).
In this section we investigate what the quasiasymptotic in Sj(R) tells us about
the quasiasymptotic in S’(R). Since S| (R) is the quotient space of S’(R) mod-
ule the space of polynomials, we expect naturally all of our results hold module
polynomials. We reformulate the problem with the aid of the Fourier transform.
Let S(R,), respectively S(R_), be the closed subspace of S(R) consisting of
functions having support in R, respectively R_. Note that F(S,(R)) = S(R,)
and F(S_(R)) = S(R_). The space D(R,) has different nature than S(R;), it is

defined as the set of those elements of ¢ € D(R) such that supp ¢ C R, (not R,).
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Similarly for D(R_). Their dual spaces are then &'(R_) = (S(R_)), S'(R,) =
(SRL)), D'(R_) = (D(R.)) and D'(R;) = (D(R,))". Let Ry = R\ {0}. We also
consider spaces D(Ry), S(Ry) := S(R_) ®S(R,) and their dual spaces D'(Ry) and
S'(Ry), respectively.

The problem of extending distributions from Sj(R) to S'(R), together with its
asymptotic properties, can be reduced to that of extending distributions from
S'(Ry) to S'(R). For Sj(R) different extensions to S'(R) differ by polynomials,
and on S'(Ry) extensions to S'(R) differ by distributions concentrate at the origin,
i.e., finite sums of 9, the Dirac delta distribution, and its derivatives. Indeed, the
images under Fourier transform of &’ (R) and S’ (R) are F(S(R)) = S'(R;)
and F(S”(R)) = S’(R_), respectively; finally the image of S{(R) under Fourier
transform is S'(Ry).

Suppose now that f € S'(R) and
f(zo+ex) ~e*Lie)g(z) ase— 0% in S)(R), (11.5.1)

then if we take Fourier transform and replace ¢ = A7, we obtain the equivalent

expression
0T f(Ar) ~ ATTOLATNg(x)  as A — oo in S'(Ry) (11.5.2)

Therefore the problem we are addressing is equivalent to the problem of determin-
ing the asymptotic behavior of a tempered distribution at infinity upon knowledge
of the quasiasymptotic at infinity in S'(Ry). Since S'(Ry) = S'(R-) & S'(R;) is
enough to work in the space S'(R). Observed that, as pointed out in Chapter 10,
such problem has much relevance in renormalization procedures in Quantum Field
Theory [21, 125, 233, 234] and in the study of singular integral equations on spaces
of distributions [60]. Furthermore, the solution to the quasiasymptotic extension

problem from S'(R,) to S'(R,) was completely solved in Section 10.7.1 of Chapter
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10, after adding the information of Corollary 10.76. Thus, Theorem 10.70 implies
the following result. Notice that new terms appear in the extension, polynomial

terms, as expected, and asymptotically homogeneous functions of degree zero.

Theorem 11.7. Let f € S'(R). Let L be slowly varying at the origin and xq, o € R.

Suppose that
f(xg+ex) ~e*L(e)g(x) ase— 07 in SH(R) . (11.5.3)

(i) If « < 0, then f has the quasiasymptotic behavior (11.5.3) in S'(R).

(i) If « > 0 and o ¢ Z, then there exists a polynomial p, of degree less than «,

such that
f(xo+ex) =plex) + e*L(e)g(x) + 0(e*L(e)) ase— 0" in S'(R) . (11.5.4)

(iit) If « = k, k € N, then g is of the form g(z) = C_a* 4+ Ca% + Bz*log|z|, and
there are a polynomial p of degree at most (k — 1) and an associate asymptotically

homogeneous function of degree 0 at the origin with respect to L, satisfying c(ax) =

c(z) + BL(z)loga + o(L(x)), such that
f(zo +ex) = plex) + c(e)eha” + ¥ L(e)g(x) + o(s*L(¢)) . (11.5.5)
as e — 07 in S'(R).

Proof. Asin (11.5.2), take Fourier transform to f(zo+ ). In S)(R), we have unique
decompositions €% f = f_+ f+and g = g_+g4, where fi, g1 € S'(Ry). A direct
application of Theorem 10.70 to fi, g+ and L(1/)) yields the result on the Fourier
side, after a routine calculation which is left to the reader. The fact that ¢ in
(11.5.5) is associate asymptotically homogeneous follows from a computation, but

we can also verify it directly; indeed, take ¢ € D(R) such that ffooo rhp(z)dr =1,
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and [*°_a7¢(x)dz =0, for j < k, if we evaluate it in (11.5.5), we have that

[e.9]

(a€)k0(a€)/ " ¢(x)dz + (ac)*L(ac) (9(x), 6()) + o(*L(e))

= (f(aca), 6(a)) = - (a0 (2))
—(aee) [ aola)de + < LE) (lar). 6(0) + o L(E))
and so ¢(ag) = c(e) + BL() loga + o(L(e)), & — 0. O
The same arguments given in the proof of Theorem 11.7, but now using Theorem

10.66 and Corollary 10.76, lead to the following theorem.

Theorem 11.8. Let f € S'(R). Let L be slowly varying at infinity and o € R.
Suppose that

f(Ax) ~ X L(N)g(xz) as A — oo in SH(R) . (11.5.6)

(i) If « ¢ N, then there exists a polynomial p, which may be chosen to be divisible

by om0 [+ syeh that
fz) = p(Ax) + A*L(N)g(z) + o(A*L(A)) as A — o0 in S'(R) . (11.5.7)

(i) If « = k, k € N, then g is of the form g(z) = C_a* + Cya% + paFlog|z],
and there are a polynomial p, which may be chosen divisible by x**1, and an as-
sociate asymptotically homogeneous function of degree 0 at infinity with respect to

L, satisfying c(ax) = c¢(z) + BL(x)loga + o(L(x)), such that,
f(zo +Ax) = p(Ax) + c(MN2" + N L(N)g(x) + oA\ L(N)) (11.5.8)

as A — oo in S'(R).

11.6 Wavelet Tauberian Theorems for
Quasiasymptotics at Points

As a consequence of our analysis from Sections 11.4 and 11.5, we obtain the taube-

rian theorems for quasiasymptotics at points of tempered distributions. The proofs
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of the next three theorems follow at once by applying Theorem 11.5 and Theorem

11.7.

Theorem 11.9. Let f € S'(R) and a < 0. Suppose the wavelet p € Sy(R) admits a
reconstruction wavelet. Necessary and sufficient conditions in terms of the wavelet
transform for f to have quasiasymptotic behavior at x = xq of degree av with respect

to a slowly varying function L are the existence of the limits

1
811)1(1)1Jr mwd,f (LU() + eb, &TCL) = Mb,a < o0, a’ + b = 1, a>0, (1161)

and the existence of m such that

limsup  sup v €Wy f (zo + €b,ca)| < oo . (11.6.2)
e—0T a2+b2=1,a>0 5aL(€)

In such a case there is a homogeneous distribution g of degree v such that My, =

W¢g(b, a).

Theorem 11.10. Let f € S'(R) and o > 0, o ¢ N. Suppose the wavelet 1 € Sy(R)
admits a reconstruction wavelet. Conditions (11.6.1) and (11.6.2) are necessary
and sufficient for the existence of a polynomial p of degree less than o such that
f — p has quasiasymptotic behavior of degree o with respect to L at the point

r = xg. In such a case there is a homogeneous distribution g of degree v such that

Mb,a - ng(b7 a)'

Theorem 11.11. Let f € S'(R) and k € N. Suppose the wavelet v € Sy(R)
admits a reconstruction wavelet. Conditions (11.6.1) and (11.6.2) with a« = k are
necessary and sufficient for the existence of a polynomial of degree at most k — 1,
an associate asymptotically homogeneous function c of degree 0 with respect to L,
satisfying c(ax) = c¢(x)+ PL(z)loga+o(L(x)), and two constants C_ and C;. such

that
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f (o +ex) = plex) +c(e)e’a” + 5 L(e) (C_a® + Ca® + BaFlog|z|) +0(e"L(e)) ,
(11.6.3)

as e — 07 in S'(R).

We may formulate tauberian conditions in order to guarantee quasiasymptotic
behavior in the case a > 0. We also point out that test functions can always be

found satisfying the hypothesis of the next two theorems [44].

Theorem 11.12. Let the hypotheses of Theorem 11.10 be satisfied. Let n = [a].
Let ¢ € S(R) be such that its moments p; = [~ alp(x)dz # 0, for 0 < j < n.
The condition

(f(zo+ex), () =0 (e*L(e)), e—0", (11.6.4)

implies that f has quasiasymptotic behavior of degree a with respect to L at the

point x = x.

Proof. By Theorem 11.11, there exist (n + 1) constants cg, ¢y, . .., ¢, and a homo-
geneous distribution g of degree a such that
flex) = chgjxj +e*L(e)g(x) + 0(e*L(e)) ase— 0" in S'(R) .
5=0

Evaluating the last asymptotic expansion at ¢ and comparing with (11.6.4), one

has that
Sy = 0 (L))
j=0
which readily implies that ¢; = 0, for each 0 < j <n. O]

Theorem 11.13. Let the hypotheses of Theorem 11.11 be satisfied and o« = k. Let
¢ € S(R) be such that its moments pj == [° aip(x)dz # 0, for 0 < j < k. The
condition

(f(zo+ex), p(z)) ~ Ce"L(s), e—0T, (11.6.5)
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for some constant C', implies that f has quasiasymptotic behavior of degree k with

respect to L at the point x = xg.

Proof. Comparison between (11.6.5) and (11.6.3), evaluated at ¢, gives that the
polynomial vanishes and the asymptotic relation
L e} o0
ce) ~ Lle) (C — C/ zFo(—z)dr — C’+/ xkgo(x)d:c> :
Hok 0 0

from where we obtain the result. O

Our next tauberian theorems makes use of quasiasymptotic boundedness [213]
as the tauberian condition. Recall the distribution f is quasiasymptotic bounded
of degree o at x = xg with respect to a function L, slowly varying at the origin,
if f(zo+e-)/(e*L(e)) is a weak bounded set in §’(R), for £ small enough, and we

denote the order relation f(zo+ex) = O(e*L(¢)) as ¢ — 07 in S'(R).

Theorem 11.14. Let f € S'(R), z0 € R, o« ¢ N, and L be a slowly varying
function at the origin. Let ¢ € Sy(R) be a wavelet admitting a reconstruction

wavelet. Suppose that the following limits exist:

1
lim Wy f (xo + eb,ea) = My, < oo, a®*+b*=1,a>0. (11.6.6)

e—0+ €2 L(¢)

Then, the tauberian condition
f(zg+ex) =0(*L(e)) ase— 0" in S'(R), (11.6.7)

implies the existence of a homogeneous distribution g of degree o such that My, =

Wyg(b,a) and
flxo+ex) ~e*L(e)g(z) ase— 0" inS'(R) . (11.6.8)

Conversely, the quasiasymptotic behavior (11.6.8) implies (11.6.6) and (11.6.7).
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Proof. The converse is clear; indeed the abelian theorem, Theorem 11.1, implies
(11.6.6), and, obviously, quasiasymptotic behavior implies quasiasymptotic bound-
edness. On the other hand, relation (11.6.7) holds in particular in Sj(R), hence,
the characterization of bounded sets of Sj(R) [95, Thm.28.0.1] implies that (11.6.2)
is satisfied. If v < 0, then Theorem 11.9 implies (11.6.8). Now, if a > 0, we can
always select a test function ¢ such that its moments p; := ffooo 2p(z)dx # 0,
for 0 < j < [a]. But if we evaluate (11.6.7) at ¢, we obtain (11.6.4), and thus,

Theorem 11.12 yields the result in this case. O]

Theorem 11.15. Let f € S'(R), zp € R, k € N, and L be a slowly varying
function at the origin. Let ¥ € So(R) be a wavelet admitting a reconstruction
wavelet. Suppose that the following limits exist:

1
Elifél+ mWwf (1’0 + €b, 661) = Mb,a < o0, CL2 + b2 = 1, a>0. (1169)

Then, the tauberian condition
f(zo+ex) = O(FL(e)) ase — 0T in S'(R) (11.6.10)

implies the ezistence of a distribution of the form g(z) = C_a* +C 2k + 2% log ||,
and an associate asymptotically homogeneous function ¢ of degree zero with respect

to L such that M, , = Wyg(b,a) and
fzo+ex) = c(e)e" " + " L(e)g(z) + o(s*L(e)) ase— 0% in S'(R) . (11.6.11)

Moreover, c(e) = O(L(¢g)). Additionally, if there exists a test function ¢ € S'(R)
satisfying (11.6.5) and having non-zero k™-moment, i.e. py, = [°_aFp(x)dz # 0,

then f has quasiasymptotic behavior of degree k with respect to L.

Proof. As in the proof of Theorem 11.14, we obtain that (11.6.9) and (11.6.10)
imply f satisfies an asymptotic expansion of the form (11.6.3); furthermore, eval-

uating the asymptotic relation (11.6.3) at a ¢ with non-zero first k& moments
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and using the quasiasymptotic boundedness (11.6.10), we obtain (11.6.11) and
c(e) = O(L(¢g)). Evaluating (11.6.11) at ¢, we obtain that c¢(¢) ~ BL(¢), for some

constant B. This completes the proof. O

11.7 Wavelet Tauberian Theorems for
Quasiasymptotics at Infinity

We now state the tauberian theorems for asymptotic behavior at infinity, the proofs
of Theorem 11.16 and Theorem 11.17 follow immediately from Theorem 11.4 and
Theorem 11.8. The proofs of Theorems 11.18-11.21 are analogous to those of The-

orems 11.12-11.15, and then we choose to omit them.

Theorem 11.16. Let f € S'(R) and o ¢ N. Suppose the wavelet 1 € Sy(R)
admits a reconstruction wavelet. Necessary and sufficient conditions in terms of
the wavelet transform for the existence of a polynomial p such that f — p has
quastasymptotic behavior at infinity of degree o with respect to a slowly varying

function L are the existence of the limits

1
AILH;O mwwf (Ab,Aa) = My, for each (b,a) € H (11.7.1)

and the existence constants of v, 3, M > 0 such that

AaLl(A) Waf (Ab, Aa)| < M (a+ é) (1+ [b])7, (11.7.2)

for all (b,a) € H and X\ > 1. In such a case there is a homogeneous distribution g

of degree o such that M, = Wyg(b,a), (b,a) € H.

Theorem 11.17. Let f € S'(R) and k € N. Suppose the wavelet v € Sy(R)
admits a reconstruction wavelet. The conditions (11.7.1) and (11.7.2) with o = k
are necessary and sufficient for the existence of a polynomial p, which is divisible by

k+1

¥ an associate asymptotically homogeneous function c of degree O with respect

to L, satisfying c(ax) = c(z) + BL(x)loga + o(L(x)), and two constants C_ and
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Cy such that

f(z) = p(Az) + c(N)z" + N LX) (C_a® + Cyaf + Bz log |z]) + o(A*L(N)),
(11.7.3)

as A — oo in S'(R).

Theorem 11.18. Let the hypotheses of Theorem 11.16 be satisfied. Set n = [a].
Let ¢ € S(R) be such that its moments p; == [°° alp(x)dz # 0, for n < j. The
condition

(f(Ax),(2)) = ON"L(N), A — o0, (11.7.4)
implies that f has quasiasymptotic behavior of degree av with respect to L at infinity.

Theorem 11.19. Let the hypotheses of Theorem 11.17 be satisfied. Let ¢ € S(R)

be such that its moments ji; 1= ffooo 2p(z)dx # 0, for k < j. The condition

(f(\z),0(x)) ~ CN*L(N), X — o0, (11.7.5)
for some constant C', implies that f has quasiasymptotic behavior of degree k with
respect to L at infinity.

Theorem 11.20. Let f € S'(R), o ¢ N, and L be a slowly varying function at
infinity. Let ¢ € Sp(R) be a wavelet admitting a reconstruction wavelet. Suppose

that the following limits exist:

)}LI& )\O‘L;()\)Wwf (Ab, Aa) = My, for each (b,a) € H . (11.7.6)

Then, the tauberian condition

f(x) =O\*L(N) as A — oo in S'(R) , (11.7.7)

implies the existence of a homogeneous distribution g of degree a such that M, , =
Wyg(b,a) and
fAx) ~X*L(N)g(x) as A — oo in S'(R) . (11.7.8)

Conversely, the quasiasymptotic behavior (11.7.8) implies (11.7.6) and (11.7.7).
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Theorem 11.21. Let f € S'(R), k € N, and L be a slowly varying function at
infinity. Let ¥ € So(R) be a wavelet admitting a reconstruction wavelet. Suppose

that the following limits exist:

1
lim ———

Lim /\kL(/\)Wﬂ’f (Ab, Aa) = My, for each (b,a) € H . (11.7.9)

Then, the tauberian condition
fx) =O(\*L(N)) as A — oo in S'(R) , (11.7.10)

implies the ezistence of a distribution of the form g(z) = C_a* +C 2% + 2% log ||,
and an associate asymptotically homogeneous function ¢ of degree zero with respect

to L such that My, = Wyg(b,a) and
fOx) = c( ANz + XFL(\)g(z) + oM\ L)) as A — oo in S'(R) . (11.7.11)

Moreover, ¢(A) = O(L(X)). Additionally, if there ezists ¢ € S'(R) satisfying
(11.7.5) and having non-zero k™-moment, i.e. py, = [*_aFp(x)dz # 0, then f

has quastasymptotic behavior of degree k with respect to L.

11.8 Remarks on Progressive and Regressive
Distributions

We end this chapter with some comments about progressive and regressive distri-
butions.

Suppose first that f € S’ (R). Since only the positive frequency part of a wavelet
is relevant for the wavelet transform of f, and any non-vanishing ¢ € S, (R) is
a progressive admissible wavelet (hence it is its own reconstruction wavelet), it is
enough to assume in Theorems 11.3-11.5 that v is an arbitrary non-zero element of
S.(R). Likewise, if f € 8’ (R), Theorems 11.3-11.5 hold for an arbitrary non-zero

regressive ¢ € S_(R).
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Assume now that f € S'(R) is a progressive distribution, that is, supp f C
[0,00). Then, Theorems 11.9-11.21 hold if ¢ is an arbitrary non-zero element of
S, (R). Similarly, for a regressive distribution, they hold for a arbitrary non-zero

regressive ¢ € S_(R).
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Chapter 12

Measures and the Multidimensional
¢p—transform

12.1 Introduction

The aim of this chapter is to use the distributional ¢—transform, introduced in
Chapter 7 (see also [215]) in the one variable case, and here in the multidimensional
case, in order to characterize the positive measures that belong to the distribution
space D’ (R™). As seen in Section 7.6, the ¢p—transform is a very powerful tool to
study global properties of distributions from local information. It is also our objec-
tive to provide extensions of the results from Section 7.4 to the multidimensional
setting.

We use the notation H = {(x,¢) : x € R" and ¢ > 0} . Let F'(x,t), (x,t) € H,

be the ¢p—transform of a distribution f € D’ (R™), namely

F(x,t)=(f(x+ty),o(y)) ,

where ¢ is a fixed positive test function of the space D (R™). We prove that [ is
a positive measure if and only if the inferior limit of F'(x,t), as (x,t) approaches
any point in the boundary OH = R™ x {0}, in an angular fashion, is positive. Since
any positive measure is equal to a function almost everywhere, this result provides
a technique to show the existence of the almost everywhere angular limits of the
¢—transform of a distribution.

The plan of this chapter is as follows. We start by giving some necessary back-
ground in Section 12.2, we are particularly interested in the concepts of distri-
butional point values and Cesaro order symbols for distributions of several vari-
ables. We then continue by proving some useful properties of the multidimensional

¢—transform in Section 12.3, an important result to be established is the distri-
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butional convergence of the transform to the analyzed distribution. Finally, we
consider the characterization of positive measures in Section 12.4. The results to

be discussed in this chapter have already been published in [219].

12.2 Preliminaries
We will discuss in this section how to extend the notions of distributional point val-
ues and Cesaro order symbols to distributions of several variables. The definitions

are essentially the same as in the one-dimensional case.

12.2.1 Distributional Point Values in Several Variables

We shall use the notion of the distributional point value of distributions introduced
by Lojasiewicz for the multidimensional case in [129]. Actually, the definition does
not differ from the one variable case. Let f € D' (R"), and let x, € R". We say

that f has the distributional point value v at x = x(, and write

f (x0) =y, distributionally, (12.2.1)

if lim._¢ f (xo + £x) = 7 in the space D’ (R"), that is, if

lim - <f (), (X - X)> — [ 000 ax, (12.2.2)

for all test functions ¢ € D (R™). It can be shown that f (x¢) = 7, distributionally,
if and only if there exists a multi-index ko € N" such that for all multi-indices
k > k, there exists a k primitive of f, G with D¥G = f, that is a continuous

function in a neighborhood of x = x; and satisfies

k
G(X) — w_l_oox_xoﬂk') , as X — Xg. (1223)

It is important to observe that the distributional point values determine a distri-
bution if they exist everywhere, that is, if f € D' (R") is such that f(x¢) = 0

distributionally Vxq € €2, where Q) is an open set, then f =0 in Q [128, 129].
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There is a related but different notion of distributional point value in several
variables, that of a radial symmetric value. It extends the corresponding one-
dimensional notion studied in Section 3.10. We say that f has the (radial) sym-

metric distributional value v at x = x, and write
fsym (X0) = 7y, distributionally , (12.2.4)

if (12.2.2) holds for radial test functions, that is, test functions ¢ € D'(R™) such
that ¢(x) = ¢(Tz), for all T € O(n), the group of orthogonal linear transfor-
mations. In the one variable case this means that (f (zo + z) + f (2o — x))/2 has
the distributional value v at = 0. In several variables it means that R (r) =
Js f (%0 +rw) do (w) , when suitable extended to D’ (R) , has the value y at r = 0,
where S is the unit sphere. A distribution like ¢’ (x) has the symmetric value 0 at all
points, so, in general, the symmetric distributional point values do not determine
a distribution uniquely.

12.2.2 Multidimensional Cesaro Order Symbols

We shall follow [49, 61] for the notions related to Cesaro behavior of distributions.
If f €D (R") and a € R is not a negative integer, we say that f is bounded by

|x|* in the Cesaro sense for |x| large, and write
fx)=0(x|") (C), as |x|— 0, (12.2.5)
if there exists a multi-index k € N” and a k- primitive, DXG = f, which is a
(locally integrable) function for |x| large and satisfies the ordinary order relation
Gx) =0 (|xya+“") . as [x| — oo, (12.2.6)

Naturally (12.2.6) will not hold for all primitives of f, and if it holds for k it will
also hold for bigger multi-indices. Naturally, we may also include k in the notation
by writing (C, k) in (12.2.5) instead of (C), but the nature of the problems to be

consider will not require us to do so.
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12.3 The Multidimensional ¢—transform
In this section we explain how we can extend to several variables the ¢—transform
introduced in Section 7.4 of Chapter 7 (see also [215, 40, 41] ). Let ¢ € D (R™) be

a fixed normalized test function, that is, one that satisfies
¢(x)dx=1. (12.3.1)
RTL

If f € D'(R") we introduce the function of n + 1 variables F' = Fy{f} by the

formula

Fx,t) = (f (x+1y) . 6 (¥)) . (12.3.2)

where (x,t) € H, the half-space R™ x (0, 00) . Naturally the evaluation in (12.3.2)
is with respect to the variable y. We call F' the ¢p—transform of f. This transform
also receives other names, such as the standard average with kernel ¢ [40, 41].
Whenever we consider ¢p—transforms we assume that ¢ satisfies (12.3.1).

The definition of the ¢—transform tells us that if f (x¢) = =, distributionally,
then F (xg,t) — 7 as t — 01, but actually F (x,t) — v as (x,t) — (%0,0) in
an angular or non-tangential fashion, that is if |x — xo| < Mt for some M > 0
(just replace ¢ (x) in (12.2.2) by ¢ (x — rw) where |w| = 1 and 0 < r < M). On
the other hand, if fsm (Xo) = 7, distributionally, then F'(x¢,t) — v as t — 07F
whenever ¢ is radial. However, in general F' (x,t) does not approach v radially for
general test functions and in general F'(x,t) does not approach « in an angular
fashion even if ¢ is radial.

We can also consider the ¢p—transform if ¢ € A (R") satisfies (12.3.1) and f €
A" (R™), where A (R") is a suitable space of test functions, such as S (R") or
K (R™).

We start with the distributional convergence of the ¢—transform.
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Theorem 12.1. If ¢ € D(R"™) and f € D' (R"), then

lim F(x,t) = f(x), (12.3.3)

t—0t

distributionally in the space D' (R™), that is, if p € D (R™) then

Jim (F(x, 1), p(x)) = (f (x), p(x)) . (12.3.4)
Proof. We have that
(F(x,t),p(x)) = {e(ty), o (y)) . (12.3.5)

where
0(z) =(f(x),p(x—12)), (12.3.6)

is a smooth function of z. The Lojasewicz point value ¢ (0) exists and equals the

ordinary value and thus

Jlim {o(ty), ¢ (y)) = ¢(0) = (f (x),p(x)) , (12.3.7)

as required. O]

The result of the Theorem 12.1 also hold in other cases. In order to obtain those
results we need some lemmas. Recall that an asymptotic order relation is strong if

it remains valid after differentiation of any order. So, we write
o(x)=0 <|X|ﬁ) , strongly as |x| — oo,
if € E(R™) and it satisfies
Dig (x) = O (|x* 1) .

for each multi-index j € N™.
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Lemma 12.2. Let f € & (R") be a distribution with compact support K. Let

¢ € E(R™) be a test function that satisfies (12.3.1) and
¢(x)=0 <|X|ﬁ> . strongly as x| — oo, (12.3.8)
where 3 < —n. Then

lim F(x,t) =0, (12.3.9)

t—0t

uniformly on compacts of R"\ K.

Proof. There exits a constants M > 0 and ¢ € N such that

(F @) oM< MY |[Dipl|.. Voe&®RY), (12.3.10)

=0
where [[p|| ., = sup{|p(x)| : x € K}. There exist ro > 0 and constants M; > 0
such that [Dig(x)| < M; x|[?7H for [x| > 7y and |j| < ¢. Let L be a compact
subset of R™\ K, and let to > 0 be such that if 0 < ¢ < ¢ then ¢t~ |x —y| > rq for

all x € L, y € K. Then, since
F(xt)=t"{(f(y),o(t " (y—x))), (12.3.11)

it follows that for 0 < t < ty,
|F(x,t)] < Mot™ ", V¥x€L, (12.3.12)

where M, = MZ%|:0 M; is a constant. Since —f —n > 0, we obtain that (12.3.9)

holds uniformly on x € L. O

The definition of the Lojasiewicz point value is that if f € D' (R") then f (x¢) =

v, distributionally, if
i (f (xa + %), 0/x)) =7 [ 9(x) dx. (123.13)
RTL
whenever ¢ € D (R"). If f belongs to a smaller class of distributions, then the

evaluation (f (xo + €x), ¢ (x)) will be defined for test functions of a larger class,
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not only for those of D (R"™), and one may ask whether (12.3.13) remains true in
that case. There are cases where (12.3.13) is not true, for instance if f € £ (R)
sometimes there are ¢ € £ (R) that do not satisfy (12.3.13) (see Remark 7.5).
However, it was shown in [54], and already used in Chapter 7, that in the one
variable case, (12.3.13) holds if f (zq) = =, distributionally, and the following

conditions are satisfied:

f@)=0(=z") (C), as |z] = o0, (12.3.14)
¢ (z) = O(|z]%), strongly as |z| — o0, (12.3.15)
atf<—1, f<-—1. (12.3.16)

In particular, (12.3.13) is valid when f € &’ (R) and ¢ € S (R) [54, 153, 227]. Ac-
tually a corresponding result is valid in several variables, and the proof is basically

the same.

Theorem 12.3. Let f € D' (R") with f (x0) = 7, distributionally. Let ¢ € € (R™).

Suppose that

fx)=0(xI")  (C), as|x|— o0, (12.3.17)
é(x) =0 (|x|ﬁ) . strongly as |x| — oo, (12.3.18)
a+B<-n, and B<-n. (12.3.19)
Then
i (f (xa + %) 0/) = [ 9(x) dx. (12.3.20)
n

Proof. Suppose that xy = 0. There exists a multi-index k and two primitives of f,

DXG, = DXGy = f such that they are continuous and

G (x)=0 (|xya+“") . as x| — oo, (12.3.21)
Xk K
Ga (x) = L5 +0 <|x\ ) . as x| — 0. (12.3.22)

370



Hence we can combine them into a single function G that satisfies

k
G(x) = % +o <|X\|k‘> , as |x| —0,
G x)| < Mx|™, for x| <1,

G (x)| < M|x[*T™ | for [x| >1,

and

f=g+DkG, (12.3.23)

where g has compact support and g vanishes near the origin. Then (12.3.20) holds
for g (with v = 0), because of the Lemma 12.2. Therefore it is enough to prove
(12.3.20) if f = DXG; but in this case we may use the Lebesgue dominated con-

vergence theorem to obtain

e—0 e—0

1\
_ =Dy 1}2! 7 / XD (x) dx

=7 [ ¢(x)dx,
Rn

lim (f (ex) , ¢ (x)) = lim (—1) ¢~/ / G (ex) DX¢ (x) dx

as required. O

In particular, (12.3.20) holds if f € &' (R™) and ¢ € S (R").

Corollary 12.4. Let f € §' (R") with f (x0) = 7, distributionally. Let ¢ € S (R™).
Then

e—0

lim (f (x0 + x), ¢ (x)) = V/QS (x) dx. (12.3.24)

Using the same argument as in the last proof we can prove that if f(x) = 0
for x € €2, an open set, and the conditions (12.3.17), (12.3.18), and (12.3.19) are

satisfied, then the convergence in (12.3.20) is uniform on compacts of .

371



Corollary 12.5. If ¢ € £(R") and f € D' (R") satisfy the conditions (12.3.17),

(12.3.18), and (12.5.19). Then

lim F (x,t) =0, (12.3.25)

t—0+
uniformly on compact subsets of R™ \ supp f. In particular, (12.8.25) holds if ¢ €
S(R™) and f € S’ (R™).

We can now extend the distributional convergence of the ¢—transform, Theorem

12.1, to other cases.

Theorem 12.6. If ¢ € £E(R™) and f € D' (R™) satisfy the conditions (12.3.17),

(12.3.18), and (12.5.19), then

lim F(x,t) = f(x) , (12.3.26)

t—0t

distributionally in the space D' (R™), that is, if p € D (R™), then

lim (F(x,), p(x)) = {f (x),p(x)) . (12.3.27)

t—0+
In particular, distributional convergence, (12.3.26), holds if ¢ € S(R™) and f €

S' (R™) actually in the space 8" (R™).
Proof. We proceed as in the proof of the Theorem 12.1 by observing that

(F(x,t),p(x)) ={e(ty), o (y))

where o (z) = (f (x), p(x — z)) . Next we observe that ¢ is a smooth function, and
that it satisfies o (x) = O (|x|*) (C), as |x| — oo. Indeed, there exists a multi-index
k and a primitive of f of that order, DXG = f, which is an ordinary function for
large arguments and satisfies |G (x)| = O (]x||k|+a> as |x| — oo. We have then

that

0(z) = (DG (%), p (x — 2))

=D; (G (x),p(x~2)),
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and (G (x),p(x—12)) = fsupppG(X +2) p(x) dx =0 <|z]‘k‘+°‘) as |z| — oo, since

supp p is compact. Hence, Theorem 12.3 allows us to obtain that

lim (o(ty), ¢ (y)) = 2(0) = (f (x),p(x)) .

t—0+t

]

Remark 12.7. Observe also if ¢ € E(R™) and f € D' (R") satisfy the conditions
(12.3.17), (12.5.18), and (12.3.19), then when the distributional point value f (xo)
exists, then F (x,t) — f(xo) as (x,t) — (X0,0) in an angular fashion, while if
the distributional symmetric value fsym (Xo) ezists and ¢ is radial then F (xo,t) —

fsym (X0) ast — 0.

12.4 Measures and the ¢—transform

We shall use the following nomenclature. As usual, a positive (Radon) measure
is a positive functional in the space of compactly supported continuous functions,
which would be denoted by integral notation, or by distributional notation, f = f,,,

so that

(f.0) = | 6(x) dux). (12.4.1)

Rn

Recall [180] that a distribution f is a positive measure if and only if (f,¢) > 0
whenever ¢ > 0. A signed measure is a real continuous functional in the space
of compactly supported continuous functions, denoted as, say v, or as ¢ = g,.
Observe that any signed measure can be written as v = v, — v_, where v, are
positive measures concentrated on disjoint sets. We shall also use the Lebesgue
decomposition, according to which any signed measure v can be written as v =
Vabs 1 Vsig, Where v, is absolutely continuous with respect to the Lebesgue measure,
so that it corresponds to a regular distribution, while v, is a signed measure
concentrated on a set of Lebesgue measure zero. We shall also need to consider the

positive measures (vgg)+ = (V4 )sig, the positive and negative singular parts of v.
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Our first results are very simple, but useful.

Theorem 12.8. Let f € D' (R™). Let U be an open set of R™. Then f is a positive
measure in U if and only if its ¢—transform F = F,{f} with respect to a given
normalized, positive test function ¢ € D (R™) satisfies F' (x,t) > 0 for all (x,t) € 4,

where L is some open subset of H with U C $4 N OH.

Proof. If f is a positive measure in U, and ¢ (x) = 0 for |x| > R, then F'(x,t) >
0 if the ball of center x and radius Rt is contained in U, and the set of such
points (x,t) € H could be taken as i . Conversely, if such i exists then (f, 1) =

lim; o (F (x,t),1 (x)) > 0 whenever ¢» € D (R"), ¢ > 0, and suppy C U. ]

Theorem 12.9. Let f € D' (R™). Then f is a positive measure if and only if its
p—transform F = Fy{f} with respect to a given normalized, positive test function

¢ € D (R") satisfies F' (x,t) > 0 for all (x,t) € H.

Proof. The proof is clear. O]

If xo € R" we shall denote by Cy, ¢ the cone in H starting at x, of angle ¥ > 0,
Cro = {(x,1) € H : [x — x0| < (tan )t} . (12.4.2)

If f e D (R") is real valued and xq € R" then we consider the upper and lower
angular values of its ¢p—transform,

Jgo (x0) = limsup F(x,1), (12.4.3)

(x,t)—(x0,0)
(x,t)GCxO,qg

fs9 (X0) = liminf F(x,t) . (12.4.4)
7 (x,t)—(x0,0)
(X,t)ECxOyﬁ

The quantities f;;ﬂ (xg) are well defined at all points xg, but, of course, they could

be infinite.
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Theorem 12.10. Let f € D' (R™). Let U be an open set. Then f is a positive
measure in U if and only if its g—transform F = F,{f} with respect to a given

normalized, positive test function ¢ € D (R™) satisfies
foo(x) >0  VxeU, VJe[0,7/2). (12.4.5)

Proof. If f is a positive measure in U, then F' > 0 in some open set of H, 4 with
U C 4N OH, and thus (12.4.5) is satisfied. Conversely, let us show that if f is not
a positive measure in U then (12.4.5) is not satisfied. First, if f is not a positive
measure then there exists o > 0 such that g = f + o is not a positive measure; let
G be the ¢p—transform of g. There exists an open ball B, with B C U, such that
g is not a positive measure in B. Using Theorem 12.8, if 0 < ¢ < 1 we can find
(x1,t,) € H with x; € B and t; < ¢, such that G (x;,t;) < 0.

The test function ¢ has compact support, so suppose that ¢ (x) = 0 for |x| > R.
Since G (x1,t1) depends only on the values of ¢ on the closed ball | — x| < Rty
it follows that g is not a positive measure in that ball and consequently given
S > R and o small enough, there exist t, and &, with |{,—x;| < St; such that
G (&,t,) < 0. Let 0 < a < 1, and choose ¢ such that the distance from B to the
complement of U is bigger than Se (1 — 04)71 . Hence we can define recursively two

sequences {x,} and {t,} such that
1%, — Xp_1| < Stp-1, 0<t,<at,_1, G (Xp,tn) <0. (12.4.6)

The sequence {x,} converges to some x*, because » -, |X,+1 — X,| converges,
due to the inequality |x,41 —x,| < Sa™ ;. Then x* € U, since |x* —x;| <

Se(1—a)™'. Actually,

- St,,
and it also follows that (x,,t,) € Cy« g if tan? = S (1 — )", and thus
Gy (X7) < 0. (12.4.8)
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But (12.4.8) in turn yields that f;, (x*) < —o < 0, in contradiction with the

hypothesis. O

If f is a signed measure then it has distributional point values almost everywhere
and thus the angular limit of its ¢—transform exists almost everywhere and equals
the absolutely continuous part of the distribution. Therefore we immediately obtain

the following result.

Theorem 12.11. Let f € D' (R™). Suppose its ¢p—transform F = Fy{f} with

respect to a given normalized, positive test function ¢ € D (R™) satisfies
fow (x) > —-M, Vxe U, V9 €0,7/2), (12.4.9)
where U is an open set and where M is a constant. Then the angular boundary

limit

fang (x) = lim  F(x,t), (12.4.10)
(th)*(IXmO)
angular

exists almost everywhere in U and defines a locally integrable function. Also there

exists a singular positive measure p such that in U

f = fang + pis - (12.4.11)

Proof. Indeed, Theorem 12.10 yields that f+ M is a positive measure in U, whose

Lebesgue decomposition yields (12.4.11), after a small rearrangement of terms. [

We also obtain the following result on the existence of almost everywhere angular

limits of the ¢—transform.

Theorem 12.12. Let f € D' (R"). Suppose its p—transform F = Fy{f} with

respect to a given normalized, positive test function ¢ € D (R™) satisfies

My > fry(x) 2 fo9(x)>—-M_, VxecU, Vdel0,7/2). (12.4.12)
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where U is an open set and where My are constants. Then the angular boundary
limit

fang (X) = lim  F(x,t), (12.4.13)
(X,t)—>(l>€o,0)
angular

exists almost everywhere in U and defines a function in L>(U), and the distribution

f is a reqular distribution equal to fang in U :

(f (%), ¥ (x) = . fang (X) ¥ (x) dx, (12.4.14)

for all p € D (R™) with suppy C U.
We end this chapter with an useful remark.

Remark 12.13. It is clear from the proof of Theorem 12.10 that is enough to
assume (12.4.5), (12.4.9), or (12.4.12) for just some ¥ > arctan R, in order to
obtain the same conclusions of Theorems 12.10, 12.11, or 12.12, respectively, where

the number Ry is given by Ry =inf {R > 0 :supp¢ C [—R, R|}.
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Chapter 13

Characterizations of the Support of
Distributions

13.1 Introduction

In a recent study, Gonzéalez Vieli and Graham [75] characterized the support of cer-
tain tempered distributions in several variables in terms of the uniform convergence
over compacts of the symmetric Cesaro means of its Fourier inversion formula. In-
deed, they proved that for a large class of tempered distributions f € S’ (R"), if
for some k € N

lim fu) e du=0 (Ck), (13.1.1)

r—00 |u|§r

uniformly on compacts of an open set Q2 C R™, then  C R™\ supp f. See also
(72, 74, 78, 79]. Results on this subject have a rich tradition that goes back to the
work of Kahane and Salem [105] and that of Walter [236]. Here we use the constants
in the Fourier transform such that f (u) = Jen [ (x) e7™**dx if the integral exists.
Hence, the inversion formula becomes f (x) = (2m)™" [.. f (u) e™**du when the
integral makes sense. If instead of uniform convergence one has only pointwise
convergence, then it is easy to see that maybe Q Nsupp f # @.

The aims of this chapter are the following:

1. To obtain the characterization of the support of any tempered distribution.

2. To prove the result under weaker conditions than uniform convergence of the

means, in particular, when the means are locally L' bounded.

3. To obtain the corresponding result for other summability methods such as

Abel summability and Gauss-Weierstrass summability.

It should be pointed out that in the one-variable case one can completely char-

acterize the support of a tempered distribution in term of the pointwise Cesaro
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behavior if one uses slightly asymmetric means. It was proved in Chapter 3 (see
also [47]) that a periodic distribution of period 27, f € 8’ (R), with Fourier series
S cpe™ has the distributional point value f(zo) = 7 in the Lojasiewicz

n=-—oo N

sense if and only if there exists k such that Va > 0,
li L0 = Ck) . 13.1.2
im Y e v (Ch) (13.1.2)

This result was recently generalized to arbitrary tempered distributions [215, 216],
we presented a complete discussion of such a generalization in Chapter 3 and

obtained in Theorem 3.21 that if f € &' (R) then
f(xo) =~ distributionally, (13.1.3)

if and only if
e.v. <f(u) ,ei“””°> =21y (Ck), (13.1.4)
where the e.v. involves slightly Cesaro asymmetric means of the distributional
evaluation.
Therefore, since the Lojasiewicz point values determine a distribution completely
if they exist at all points [128], we obtain the following characterization of the

support of a distribution.

Theorem 13.1. Let f € S’ (R). Let Q be an open set of R. If there exists k such
that

e, <f<u) e> —0 (Ck), VzoeQ, (13.1.5)
then Q C R\ supp f.

We introduced in Section 3.11 the principal value distributional evaluations in
the Cesaro sense. Naturally the Theorem 13.1 is not true for principal value evalu-
ations, as the example f (x) = ¢’ () shows, since here the means converge to zero

in the p.v. sense for all x € R.
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The plan of the chapter is as follows. The basic summability procedures for the
Fourier inversion formula, and their relation with the distributional ¢—transform
are presented in Section 13.2; we observe that summability results for the Fourier
transform and its inverse can be considered as particular cases of the results for the
distributional ¢—transform that were obtained in Section 12.3. In Section 13.3 we
show the uniform convergence on compacts of the distributional ¢—transform of a
function continuous in an open set and its converse, and consequently for summa-
bility in the Fourier inversion formula. Finally in Section 13.4 we characterize the
complement of the support of a distribution in the case when the means are locally
L! bounded.

It should be mentioned that the results of this chapter will be published soon in

[221].

13.2 Summability Methods in Several Variables

In this section we explain several methods of summability that one can use in
connection with the multidimensional Fourier inversion formula. We start with the
1—summability.

13.2.1 The yy—summability

Let ¢ € S (R™) be any function with ¢ (0) = 1. If ¢ € &' (R") and p is a smooth

function in R™ with pg € &’ (R"), then the evaluation

(9(x).p(x)), (13.2.1)

is not defined, in general, because p may not longer belong to S (R"). However, if

€ > 0, the evaluation

G () = (9 (%) p(x) ¥ (%)) | (13.2.2)
is well-defined. If
lim G (e) = S, (13.2.3)
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exists, then we say that the evaluation (g (x),p(x)) is ¥»—summable to S, and

write
(9(x),p(x) =5 (¥). (13.2.4)

When g is locally integrable, then (13.2.4) can be written as

[ s0peax=5 ). (13.25)

while if g (x) = Y>> ¢,0 (x — b,,), then (13.2.4) becomes

n=1

Y cap(dy) =5 (¥). (13.2.6)

n=1
In particular, if ¥ (x) = ¢ *° then the (1)) summability becomes the Gauss-

Weierestrass summability; we may write (g (x), p(x)) (G-W) in this case.

Proposition 13.2. Let ¢ € S (R™) with ¢ (0) = 1. Let f € §'(R™). Then

F00) = o (P, ™) (@), (13.2.7)

distributionally in the space S' (R"), that is, Vp € S (R"),

~

lim <# <f(u) €Y (€U)> : p(X)> = (f(x),p(x)) . (13.2.8)

e—0t

Moreover, relation (13.2.7) holds pointwise at any point x = xo where the distri-

butional point value f (xo) ezists.

Proof. The result follows immediately from Theorem 12.6 and Corollary 12.4 be-

e (F e ) = F ) (1329)

where F is the ¢—transform of f for ¢ (x) = (27) "¢ (x). O

Observe, in particular, that the Fourier inversion formula is always valid distri-
butionally, in the space D’ (R"), in the Gauss-Weierestrass summability sense for

any tempered distribution.
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We also have pointwise convergence at all points where the symmetric point

value exists, provided that v is radial.

Proposition 13.3. Let ¢» € S (R") be a radial test function with v (0) = 1. Let
f e S (R"). Let xg € R™ be a point where the distributional symmetric value

fsym (X0) exists. Then

1 ¢ iuexg
fsym (X0) = o) <f(u) e > (¥) . (13.2.10)

13.2.2 Abel Summability

The Abel method of summability follows by taking ¢ (x) = e~ in the (¢)) summa-

bility procedure:

(g(x),p(x) =5 (A). (13.2.11)
if
51—i>1(1)1+ (g(x),p(x) e*E|x|> =S5. (13.2.12)

There is an obvious problem in the application of this method, namely, the
function e~ does not belong to S (R™) since it is not differentiable at x = 0. It
is fair to say, however, that e~¥l does have the behavior of the space S (R") as
x| — oo. If g satisfies certain conditions near x = 0, then (g (x), p (x) e <) can
be computed, for instance, if g is a locally integrable function in a neighborhood
of x = 0, or more generally if it is a Radon measure in such a neighborhood.

We can consider Abel means for general g if we accept that in some cases these
means are not unique. Indeed, let e (g) be an extension of g € S’ (R™) to the dual
space (X@D (S))/, where we use polar coordinates x =rw, r > 0, w € S, and
where X is the space of restrictions of functions p (r) for p € S(R) to [0, 00),
i.e., X = 8[0,00). Then p (x) e~ belongs to X®D (S) and thus we can consider

the Abel means G () = (e(g) (x),p(x)e ), and its limit as ¢ \, 0 instead
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of (13.2.12). Some ¢ have canonical extensions e (g), but in general e(g) is not
uniquely defined.

If we use Abel summability in the Fourier inversion formula, we obtain the means

N

U(x,t) = ﬁ <e ( f> (u), eim—tlu\> , (13.2.13)

which is harmonic in H : Uy + Z?Zl Ugje; = 0. A similar analysis to that of
Proposition 13.2 yields
lim U (x,t) = f(x) . (13.2.14)

t—0t
We also observe that for a fixed ¢t > 0 the function U (x,t) belongs to &’ (R") .
We can thus say that the Abel means in the Fourier inversion formula of a
tempered distribution f € S’ (R") are those harmonic functions in H with these
properties. Functions like U (x,t) =t or U (x,t) = 3z3t — t* are Abel means of
f =0, and thus the source of non-uniqueness.
If fe& (R"), or more generally if f (x) = O (1) (C) as |x| — oo, then one can

define a canonical Abel mean for the Fourier inversion formula as

U(x,t)=c, <f (y), ! — > : (13.2.15)

2+ x—y|?) "

where .
[ (kL dy
Cp = (n;) = / . , (13.2.16)
m B (14 |lyll%)

and where the kernel in (13.2.15) is the Poisson kernel for H. In this case U (x,t)
_nt1
is the ¢—transform of f for ¢ (y) = ¢, (1 + [y|*) * .

Observe that if the distributional symmetric value fsm (Xo) exists then for any

Abel mean U (x,t) we have that U (xo,t) — fsym (X0) , that is,

1 ¢ iuexq
fom (50) = 5.7 (Flu), e (A). (13.2.17)
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13.2.3 Cesaro Summability
We can also consider Cesaro summability by spherical means [61, Section 6.8].
Summability by spherical means can actually be reduced to summability in one

variable since using polar coordinates, x =rw, r > 0, w € S, we obtain

(f (%), L) =(F (r),m™ ") (C), (13.2.18)

where
F(r)=(f(rw), Lu)pg)xn) - (13.2.19)

The distribution F' is not uniquely defined at r = 0, however we can always write
f = fi+ fa, where f; has compact support and where 0 ¢ supp fo. The evaluation
(f1 (x),¢(x)) is well-defined for any ¢ € £ (R™), so we need to consider only the
case when f = f, satisfies that supp f C {x : |x| > a} for some a > 0. Then F will
be uniquely defined if we require that supp F' C [a, 00).

We now explain when (f (x),¢ (x)) is Cesaro summable by spherical means of

order N,

(f(x),¢(x))=¢ (C,N),. (13.2.20)

If ¢ =1 the (C,N), summability means that the one-variable evaluation
(F(r),r" )=t (CN), (13.2.21)

exists in the (C,N) sense. For a general ¢ it means that (¢ (x) f (x),1x) = ¢
(C,N),. The notation (C), is used for Cesaro summability by spherical means,
namely when there exists some N such that the evaluation is (C,N), .

Observe that the (C,N), summability corresponds to the case where

a—xp*

Yy (x) = H (1 —|x]) i , (13.2.22)

in the vy—summability. Here H is the Heaviside function.
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If fe K'(R") and ¢ € K(R"), then the evaluation (f,¢) exists in the (C),
sense, that is, it exists (C,N), for some N. The value of N depends on ¢ in this
case: Consider the example where f (x) = € and ¢ (z) = 2. On the other hand,
if f e S'(R") and ¢ € S(R") then the evaluation (f,¢) also exists (C), since
(f,0) = (of, 1), and ¢of € K'(R™), but now if f € &' (R") is fixed then there
exists N such that (f,¢) exists (C,N), for all test functions ¢ € S (R").

The Cesaro means of the Fourier inversion formula will converge distributionally,

as in the case of the Abel means and the (1)) means, but this happens if N is large.

Proposition 13.4. Let f € 8’ (R"™). Then there exists N such that

1 ¢ iuex
f(x):(%)n<f(u),e ) (N, (13.2.23)

distributionally in the space 8" (R™), in the sense that for each p € S (R™)

i (e (700 (20)) p30)) = (7 (. () (), - (13220

e—0t

Proof. Indeed,

1 A , R
<(W (F ), ey (cu)) , p <x>> = Gy (W p (0 oy (ew)
(13.2.25)
and there exists N such that the evaluation < f, gz5> exists (C,N), for all test func-
)

tions ¢ € S (R™), in particular for ¢ (u) = p(—u). But since

(2m) " (f (w),

>
N
£
~~———"
I
=
®
>
x

then (13.2.24) is obtained. O

It is interesting to observe if f € £ (R™) then there is no need to use Cesaro
summability in (13.2.23), that is, we actually get convergence of the spherical
means. Similarly, if f is periodic of periods in H?:l 7,2, so that its Fourier trans-

form is concentrated on a discrete set, and the Fourier inversion formula is the

385



Fourier series, then we also get convergence. However, for a general f € &’ (R")
there is a value IV for which (13.2.23) holds, but the spherical means are not (C,M)
summable if M < N.

When the distributional symmetric value fsm (Xo) exists then (13.1.4) implies

that we have pointwise Cesaro summability,

Fom (30) = g (). 6™0) (€,

if N is large.

13.3 Continuity

If U (x,t) is harmonic in H, with distributional boundary value f (x) = U (x,07) €
S'(R™), and f is continuous in an open set 2 C R", then it is well-known that
actually U (x,t) can be extended as a continuous function to HU (22 x {0}), and
consequently, U (x,t) — f (x) uniformly on compacts of €. In fact, this is a general

result for the ¢—transform.

Proposition 13.5. Let f € D' (R™) and let F (x,t) be its ¢p—transform. Suppose
that ¢ € D (R™) or that (12.3.17), (12.5.18), and (12.3.19) are satisfied. If f is
an ordinary bounded function in a neighborhood of a point xo and that function is

continuous at X = Xq then

lim F(x,t) = f(xo), (13.3.1)

(x,t)—(x0,0)

so that F' can be extended as a continuous function to HU ({xo} x {0}).

Proof. The results of Section 12.3 show that (13.3.1) holds if xq € R™ \ supp f.
Hence, it is enough to prove (13.3.1) when f is an ordinary bounded function
with compact support. Let € > 0, and let B be an open neighborhood of xq, with

compact closure, such that |f (y) — f (x0)| < € for y € B. Write F (x,t) — f (xo) =
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G1 (x,t) + Gy (x,t), where

G xt) =t [ (1) = F b o (7 (v =) dy. (13.3.2)
Goet) =t [ @ fo T o) dy. (1339

Then G, (x,t) — 0 as t — 0 uniformly on compacts of B, while

Gy (xt)| < e - [0 (y)l dy, (13.3.4)

and (13.3.1) follows. O

Observe that if the conditions of the Proposition 13.5 are satisfied and f (xq) = 7
distributionally then F' (x,t) — v as (x,t) — (X0,0) in a non-tangential fashion,
while if the distributional symmetric value exists, fsym (X0) = 7, and ¢ is radial
then F' (xq,t) — 7 as t — 07. According to Proposition 13.5 if f is continuous at

x = Xg then F (x,t) — v as (x,t) — (X0,0) in an unrestricted fashion.

Proposition 13.6. Let f € D' (R™) and let F (x,t) be its ¢p—transform. Suppose
that ¢ € D(R"™) or that (12.5.17), (12.3.18), and (12.3.19) are satisfied. If f
is a continuous function in an open set @ C R™ then F can be extended as a
continuous function to HU (Q x {0}), and F (x,t) — f (x) uniformly on compacts
of Q. Conversely, if F(x,t) — f(x) uniformly on compacts of 0, then f is a

continuous function in Q.

Proof. The direct part follows immediately from the previous proposition, while
the converse result follows because uniform convergence on compacts implies dis-

tributional convergence. O

In particular, we have the following result for summability of the Fourier inver-

sion formula.
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Corollary 13.7. Let f € 8" (R"™). If f is a continuous function in an open set
Q C R" then the b means, for any ¥ € S(R™), any Abel means, or the Cesaro

means of large order converge to f uniformly on compacts of § :

1 £ tuex
f(x):@T)n<f(u),e ) (M), (13.3.5)

uniformly on x € K, K a compact subset of Q, for (T) = (¢), (4), or (C,N),
for N large. Conversely, if (13.53.5) holds uniformly on compacts of Q then f is a

continuous function on Q.

13.4 The Support of a Distribution

We now show how we can obtain a characterization of the complement of the sup-
port of a distribution if we add some extra conditions to the pointwise convergence
to zero of the symmetric means. Naturally, the uniform convergence to zero of
the means on compacts of an open set ) gives that 2 C R"™ \ supp f, because
of the Corollary 13.7; this is the result of Gonzédlez Vieli and Graham [75] when
(T) = (C,N), for N large.

Let us start with the ¢—transform.

Theorem 13.8. Let f € D' (R™) and let F (x,t) be its p—transform. Assume that
¢ (x) > 0 Vx € R™, while ¢ (0) > 0. Suppose that ¢ € D (R"™) or that (12.3.17),

(12.3.18), and (12.53.19) are satisfied. Suppose that pointwise

lim F(x,t) =0, VxeQ, (13.4.1)

t—0t

where Q is an open set. Let p € [1,00] and suppose that for 0 < t <ty the function
F (x,t) is locally bounded in LP (), i.e., if K is compact in ), there exists a

constant M = M (K, p) such that

( /K IF (x, t)|pdx) v <M, (13.4.2)
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for p < oo, orif p= o0,
sup {|F (x,t)]:xe K} < M. (13.4.3)
Then Q@ C R™ \ supp f.

Proof. 1t is enough to do it when p = 1, since local boundedness in L7 (£2) for
q > 1 implies local boundedness in L! (). Now, local boundedness in L' (Q) plus
distributional convergence yield that f is a Radon measure in Q : if {¢,,} is any
sequence of positive numbers that converges to zero then local boundedness in
L* (Q) implies that there exists a subsequence {t,, } such that F'(x,t,,) converges
x—weakly in the dual space of C. (), the continuous functions with compact
support in €, that is, F (x,t,,) — v (x) where v is a measure in §; but clearly
f=vin Q.

We can then write, in Q, f = fic + fais + fsin, Where f,c, the absolutely con-
tinuous part, is a locally integrable function in €, fais (X) = > c4¢ad (x —a)
where A is countable at the most and ), _,x |ca| converges for all K compact
with K C €2, and where fg, is a continuous measure concentrated on a set of
Lebesgue measure zero. But the distributional point value f,. (x) exists almost ev-
erywhere because f,. is locally integrable and equals the distributional point value
f (x) almost everywhere since fgis (X) = foin (x) = 0 almost everywhere, and from
(13.4.1) those values are 0, so that the function f, is null a.e. in €2, and so the
distribution f,o = 0 in 2. On the other hand, if c,, # 0 then the contributions
form 3. 4\ () Cad (x — @) and from fn (x) give parts of I (ao,?) that are of order
o(t™) as t — 0T, so that the main contribution comes from c,,d (x — agy), which
yields F'(ag,t) ~ cayt "¢ (0) as t — 0. However, this is not possible because of
(13.4.1); hence the discrete part fq;s also vanishes. Thus f = fg4, = p, a singular

measure. We can write u = pu, — pu_, where 4 are positive continuous measures,
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concentrated on disjoint sets, Z,. But using the results of [173, Chap.4], the set of

points xq with infinite upper symmetric derivative

lim sup 5"/ dpg (x) = 00, (13.4.4)
‘X—X0|<E

e—0t
is of full measure with respect to |u|, and at those points, because ¢ (x) > 0

Vx € R" and ¢ (0) > 0,

lim sup | F' (xq,€)| > limsup 8”/ ¢ (0) dps (x) (13.4.5)
e—0t e—0t |x—xo|<e
contradicting (13.4.1); therefore fg, = 0. O

We immediately obtain a corresponding result for the characterization of the

complement of the support in the Fourier inversion formula.

Corollary 13.9. Let f € 8’ (R"). Suppose that pointwise

ﬁ (fw, ey =0 (1), (13.4.6)

for all x € Q, where ) is an open set, and where (T) = (¢), (A), or (C,N),
for N large. If the means are locally bounded in LP () for some p € [1,00] then

Q C R™\ supp f.
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Chapter 14
Global Behavior of Integral Transforms

14.1 Introduction

In this chapter we investigate global estimates for various integral transforms of a
certain class of functions.
In a recent article, R. Berndt [13] obtained the following global estimate for the

Fourier sine transform of the function f,

%f (%) < /000 f(u) sin(ux) du < ?f (i) , Vo >0, (14.1.1)

where A and B are positive constants, provided that f is a differentiable function

defined on (0, c0) that satisfies

oI oy < 10 (14.1.2)
x x
where ¢; and ¢y are constants with
0<cg <ecp <2, (1413)

It should be remarked that asymptotic estimates of the behavior of the sine and
of other integral transforms of regularly varying functions [183] in terms of the
function f(1/x) had been obtained before [189, 190, 191], both as z — 0% and
as © — oo. However, (14.1.1) is a global estimate, that considers not only the
endpoint behavior but that holds for all 2 > 0.

Our aim is to generalize (14.1.1) in two directions. On the one hand, we want
to consider other kernels than sine, so we shall give conditions on the kernel k (x)

such that an estimate of the form

A (1 > B (1
?f (E) S/O fw)k(uz) du < ?f (5> , Vo >0, (14.1.4)
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holds if f satisfies (14.1.2).

On the other hand, we shall remove the condition ¢y < 2 for the sine transform.
Actually, this condition was imposed by R. Berndt to guarantee the integrability
of sin(uzx)f(z) at x = 0; if ¢; > 2, it may not be longer integrable near from
0. In such a case, the ordinary sine transform of f will not exist, but one may
consider regularizations of f which are tempered distribution of the space S’'(R),
and whose Fourier sine transforms satisfy a global estimate as in (14.1.1), modulo
a polynomial. In this way, we remove the problem of nonintegrability at x = 0.
We are also able to remove the integrability condition (in general, if co > 1, f may
not be integrable at 0) and obtain global estimates modulo a polynomial for the
Laplace transform of f.

Our analysis is based on a characterization of the class of function U, which
consists of those differentiable functions that satisfy (14.1.2). This characterization
is given in Section 14.3. Using this characterization we are able to give several global
estimates for integral transforms of elements of U both for general oscillatory
kernels, particularly for the sine transform, and for the Laplace transform; it is
done in Sections 14.4 and 14.5.

The results of the chapter are already published in [214].

14.2 Preliminaries

We shall briefly discuss the concept of regularization [48, 61, 108]. Let f be a real-
valued function, which we assume to be locally integrable in R\ {0} ; we say that
a distribution f € &’ (R) is a regularization of f at 0, if for all ¢ € S(R) with

supp ¢ C (—00,0) U (0,00) , we have

(Faro)) = [ faote)ds.
In other words, f is an extension of f € S'(R\ {0}) to the whole real line. The

function f has a regularization at x = 0 if and only if it has algebraic growth near
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the origin, in the Cesaro sense [48]. If a function f has a regularization at 0, then
it has infinitely many regularizations at 0, and all of them are obtained by adding
a linear combination of the Dirac delta function and its derivatives concentrated

at 0 [61, 208, 252]. Thus, given f and fi, two regularizations of f at 0, they satisfy

fi(w) = f(z)+ ) aid? (), (14.2.1)
i=0

for some constants ag, ..., a,.

We shall define the sine transform of an odd tempered distribution by duality.

Note that if ¢ € S(R) is an odd function, then its sine transform, defined as

/OOO ¢(u) sin(zu) du = %qg(x) ; (14.2.2)

is also an odd element of S(R). So, the sine transform is an isomorphism on the
subspace of odd elements of S(R). We define the sine transform for odd distri-
butions in §’(R) as the transpose of the sine transform on the subspace of S(R)
consisting of odd functions. Alternatively, the sine transform of an odd distribution

f € §'(R) is the odd tempered distribution F' € S'(R) given by
F= %f. (14.2.3)

14.3 Characterization of the Class ‘U

In this section we shall define and characterize the class of functions U. The study
of integral transforms of elements in this class will be the central subject of this

chapter.

Definition 14.1. A positive, differentiable function f defined on (0,00) is said to

be an element of U if it satisfies

Clm < —f(z) < 02M7

(14.3.1)

where ¢; and co are positive numbers.
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We shall prove that the functions in U satisfy a variational property. Let us start

by setting
—tf'(t)
€(t) = . 14.3.2
0= (1432
It follows that e satisfies
o <e€(t)<cy, Vt>0. (14.3.3)
By integrating —e(t)/t, we obtain
e(t)
log f(z) = — 5 dt +log f(1), (14.3.4)
1
and hence
e(t)
f(z)=f(1)expq — Tdt : (14.3.5)
1

which gives us a representation formula for f. Conversely, if (14.3.5) and (14.3.3)

hold, then f satisfies (14.3.1). This fact is stated in the following lemma.

Lemma 14.2. A function f defined on (0,00) belongs to the class U if and only

if it satisfies (14.3.5), where € satisfies (14.3.3).
We now give another characterization of the elements of 5.

Theorem 14.3. A function f, defined on (0,00), belongs to B if and only if it is

a positive differentiable function and satisfies

1 1
L < f;ztmﬂc)) < Vre(000), Vue (0,1], (14.3.6)
and
1 1
. ff((uxﬂ;) <. V€ (0,00), Vuel[lo0). (14.3.7)

Proof. We assume that f € 0. By the Lemma 14.2,

f(e) =f(1)eXp{—/lwﬂdt} ,

t
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where ¢; < €(t) < ¢g. Therefore,

fjf(“;;) — exp {/j @ dt — /;w @ dt} . (14.3.8)
Let us take u € (0, 1]. Then we have
[ [ [ Wy g

Moreover,

() [ [ e [ ()

Therefore, (14.3.6) holds. By using a similar argument, we can see that (14.3.7)
follows.
Let us now assume the converse. First of all, we shall show that f is a decreasing

function. Let us take y > x; by setting u = z/y in (14.3.6), we obtain

f@)  f/y) | 2\
O Z() =

Y
and so f is a decreasing function. Set now g(y) = log f(e¥); by (14.3.6), we have

—cu<gly+u)—gly) < —cou, Vu<0,

or

9(y +u) — g(x)

—cy < < —c, Vu<0.
Taking u — 07, we obtain

—c < g'(y) < —cq,

and hence
—f'(e¥)
< v <

U Ty T

Therefore,
le<l’) S _f/<.’17> S C2f('r>

x x

and thus f € Q. m
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Corollary 14.4. If f belongs to U, with constants ¢, and co, then

fit)y=0 ( ! ) , t— 0", (14.3.10)

o

Proof. According to the Theorem 14.3,

= < % <t7, forallt € (0,1] .

Thus,

0<t2f(t) < f(1), forall ¢t € (0,1]

as required. O

Note that the last corollary implies the integrability of f(u) sin(ux) (with respect
to u), in any interval (0,a), a < oo, only for ¢y < 2. Moreover, if k is continuous
on (0, 00) and

k(t)=0(t%), ast — 0,

then for the integrability of f(u)k(ux) at 0 it is sufficient to have ¢ < a+ 1. We
observe also that the corollary implies that any f € U admits regularizations in
the space 8’(R) since f (t) is bounded by a power of t as t — 0%,

It is interesting that one may obtain inequalities similar to (14.3.6) and (14.3.7)
for functions that do not belong to U. Indeed, the following result applies to

oscillatory functions like f (x) = 27¢(2+sinlnx).

Theorem 14.5. Let f be a positive function defined in (0,00) . Suppose that for
each compact set J C (0,00) there are constants m = m (J) and M = M (J) with

0<m < M such that

[ (ux)
[ ()

Then there exist constants K,, 1 < g <4, and cy, cy such that

m < <M, Vre(0,00), YueJ. (14.3.11)

K K
u—; < f;g‘;;) < u—2 Vr € (0,00), Yue (0,1], (14.3.12)
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and

s < ) < — Vo € (0,00) , Yu € [l,00). (14.3.13)
Proof. Let
M, (u) = sup {f f&“;’;) L2 € (0, oo)} . (14.3.14)

Then M, is locally bounded in (0, c0) and satisfies
M, (uwv) < My (u) My (v) . (14.3.15)

If we now write logu = n + 6, where n € N and where 0 < 0 < 1, for u > 1, we

obtain

My (u) < sup {M, () : 0 <6 <1} M, ()", (14.3.16)

whenever u > 1, and thus the right inequality in (14.3.12) follows with Ky =
sup { M, (¢”) : 0 <6 <1} and ¢ = —logmax {M, (e), 1} . This also gives us the
left inequality in (14.3.13) with K35 = 1/K5. The proof of the other two inequalities

is similar (or can be obtained by applying what we already proved to the function

1/f). 0

14.4 Oscillatory Kernels

Let f € 0. Suppose that ¢, < 2 in Definition 14.1. It was proved by R. Berndt

[13, 14] that its sine transform satisfies

%f G) < /OOO f(u)sinfuz) du < 2 f (i) Yz > 0. (14.4.1)

The previous inequality provides us with an estimate of the global behavior for the
sine transform of f in terms of f (1/x).

Our aim is to generalize (14.4.1) in two directions. First , we want to consider
other kernels than sine, so we shall give conditions on the kernel such that an

estimate similar to (14.4.1) holds. Second, we shall remove the condition ¢y < 2 for

397



the sine transform; in such a case, the sine transform of f will exist as a tempered
distribution satisfying a global estimate as in (14.4.1), modulo a polynomial.

For our first goal, we define the k transform of f as the function F' given by
F(z) = /OO k(zu) f(u)du. (14.4.2)
0
We shall assume that k satisfies:
1. k is continuous on [0, 00) .

2. k has only simple zeros, located at ¢t = \,, where {\,} , satisfies that
A =0,and \g < \; <...< A\, <..., where \, — 00 as n — o0; k changes

sign at every \,, being positive on (Ag, A1), and
)\n+1
/ k(1) dt’ >

3. k(t) = O(t*), @ > 0, t — 0.

)\n+2
/ k(t) dt‘ . (14.4.3)
An+1

We can now state our first theorem.

Theorem 14.6. Let f be an element of the class 0. If k satisfies (1), (2) and (3),

and co < o+ 1, then

F(z) = %f (%) h(z), Vx>0, (14.4.4)

where h is continuous and bounded above and below by positive constants. Hence

there exist positive constants A and B such that

= (%) <Fa)<2f (%) V>0 (14.4.5)

Note that Theorem 14.6 is applicable to a wide variety of kernels. For example,

it applies to the Hankel kernel defined by

1
k(t) = t2J,(t), v > -3 (14.4.6)

under the assumption ¢y < v + % Let us consider the proof of the Theorem 14.6.

398



Proof. 1f we perform a change of variables we obtain

Let

It follows that

F(z) =27 du(z).

(14.4.7)

(14.4.8)

(14.4.9)

Since Y, d,(x) is an alternating series and |d,,(z)| decreases to zero as n — oo,

we have
2n+1 2n
7t Z di(v) < F(z) <z7! Zdj(m), n>0,
=0 =0

which is equivalent to

s (2) P@ g
/0 k(u)du < ) §/0 k(u)du.

F(2) v (G f(z)
In particular, for n = 0,
1 () F(x) M fGE)
Lk(u)du < ————< < Lo k(u) du.
o TOMME T E L TH
Next, we shall find positive constants A, B < oo such that
A1 u
f(“{)k:(u)dug B, Vx>0,
o f(2)
and
A u
Qf(f) du>A,Va>0,
o f(2)

and then (14.4.5) will follow. By Theorem 14.3,

{ : : }
<max<{q—,— ¢,
Ut uc2

and hence
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If we set

B:/OAI max{ L }k:(u) du, (14.4.17)

uer” ye
then (14.4.13) follows. Since f is a decreasing function and k is negative on (A, Ag2) ,
910 10
o F(2) w6

k(u)du + k(u)du

so that

F(u) du > /Al UG =T E) g du. (14.4.18)

Therefore, applying the mean value theorem, we obtain

-0 (2) - () (25).

for some point 7 € (u, A1) . Then, by the left inequality in the Definition 14.1,

1) () 2ar ()2

()2 (2) 22 (2)

Combining (14.4.18) and the last inequality, it follows that

"1 a0z LG

L2 k(u)du > z crk(uw)du .
o MM o
By Theorem 14.3, this implies that

)\Qf(%) u) du cmin{i L} 5 u) du
0 f(%)k( Jduz o AT\ /0 k(u) du. (14.4.19)

Setting A equal to the right side of the last inequality, the relation (14.4.14) has

been proved.
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Set now

xr) = —F(a:) x
h(z) S 0, (14.4.20)
so that
hx) = lim 3- ?J((f; . (14.4.21)

We shall show that each d; is continuous. Pick zy € (0, 00) and choose a such that

a > max {zo, 1}. By Theorem 14.3

£(5) k)| < max {2} f(wk(w),

so that, for any = € (0,al, it follows that

(%) k)| < 0= () k(w)]

We have found an integrable function that dominates f (%) k(u) for z € (0,a], this
implies that
lim d](.’lf) = dj(.’l?o) .

Tr—T0

Finally, we show that h is continuous. We claim that the convergence in (14.4.21)
is uniform on each interval [a,b], 0 < a < b < co. By (14.4.10),

|don41(2)]

We also have

|don+1(2)] :/M"“ f(5) k(u)] d

() s/ (2)
<t oG )|k:< ) du
L [

f (3
((";1)/0 k(u)du.

Since the last term approaches to 0 as n — oo, the convergence in (14.4.21) is

uniform on any interval [a,b], 0 < a < b < co. Therefore, h is continuous. O
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We now consider the second generalization of the estimate (14.4.1). We want to
emphasize that the sine transform in this analysis shall be considered as a tempered
distribution, so that we shall take a regularization of f, instead of f. If we let ¢ > 2
with no restriction, the sine transform of f may not exist, as we remarked at the
end of Section 14.3. In order to define a regularization of f, we need to extend f
to the whole real line; we do this by setting f(z) = —f(—x) for < 0, so that
it becomes an odd function; for the sake of simplicity, we shall keep denoting this
extension by f.

We state our second result.

Theorem 14.7. Let f be an odd function such that its restriction to (0, 00) belongs
to € U. Suppose that f is any reqularization of f in S'(R) which defines an odd

distributions. Denote the sine transform off by F'. Then, for x > 0, either

Plz) - @ / (i) L Pa), (14.4.22)
Flz) = —@f (i) 4+ Pa), (14.4.23)

where h is continuous and bounded above and below by positive constants and P is

a polynomial.

Proof. Tt is known that any two odd regularization of f, say f and f;, satisfy

m

f@)=fi(z)+ ) ad®* (), (14.4.24)
=0
where ag, aq, ..., a,, are constants. Observe that the sine transform of the sum of

delta functions and its derivatives on the right side is a polynomial. To see this

fact, let ¢ be a test function of the space S(R), k € N; then,

<5(k)(a:), /OO o(u) sin(ux) du> =0, if k is even;
0

402



<5(k)(x), /OOO o(u) sin(uzx) du> = /Ow(—x)kgb(x) do, if k=45 +1;

<5(k)(m), /OOO o(x) sin(uzx) du> = /OOO b p(x)de, if k=45 +3.

Therefore, it suffices to work with any particular odd regularization of f. So we
shall find a regularization of f for which the conclusion of the theorem holds. We
shall suppose that co > 2; otherwise, the conclusion of this theorem would be a

consequence of the Theorem 4.1. Let n be the unique natural number such that
n+1<cy<2n+3. (14.4.25)

We shall divide the proof into two cases. We consider the cases when n is odd and
then when n is even.

Assume first that n is odd. Define now fas

N 2 241 )y
(F). o)) = pv. / (@) ((b(a:) -y ¢ ,@ﬂ) de (14.4.26)

—27

T / _ f@eds,

for ¢ € S(R). Here p.v. stands for the Cauchy principal value of the integral at
the origin, that is, p.v. [ = lim. g+ f€<‘$|. We shall prove that fis well-defined.

Let ¢ € S(R), then by Corollary 14.4

2n+1 (3) ‘
f(a) (cb(x) -y d)—fo%:) = 0@, & =0,

and so, by (14.4.25), it is integrable on (0,27). The integrability on (27, 00) is
clear since ¢ € S(R). By an standard argument, ]?E S'(R). Observe that fis odd,
in fact the principal value integral in the definition of the distribution ensures that

<f(:13), ¢(m)> = 0, if ¢ is an even test functions. On the other hand, if the test
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function ¢ is odd, then
(@), o)) =2 / " f@) (¢(x) caiind >x2i+1) de  (14.4.27)

< (20 +1)!
+2/ fa

We shall prove the formula for the sine transform of fv Denote by F the sine

1=

transform of ]7 Let us now set

K(z) =sinz — ; (2(1‘_4})11)!$2i+1' (14.4.28)

Since n is odd,

K(x) >0, forz > 0.

Using the definition of F , we have for an odd test function ¢,

(Flaoa)) = (7, [ otwpsinten du>
/ ( / o(u) K (zu du) da
([

+2 /2 @) w) sin(zu) du> da

:2/?@(/0%“%) K(u)odu—l—/:of<§>sinudu) dz,

Y

For a general ¢ € S(R), we then obtain that

(F(z).6(x)) = p. /_ Z o(x)F(x)de, (14.4.2)

where

Fla) = |71| [ /0 " £ (%) K du+ /2 h 7 (%) smudu] | (14.4.30)

Hence F can be identified with a classical function, in the sense that F is the
distribution generated by the function given by (14.4.30) .
Next we set

h(z) = ———, for x > 0. (14.4.31)
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We shall find two constants, A and B, so that
A<h(z)<B, z>0. (14.4.32)

Notice that

sinu du . (14.4.33)

u@—z%fﬁhq@mzéjigg

We also have that
" f(2) 1) ()
X X d g
e T e TS L P

We can apply the argument that we used in Theorem 14.6 to find positive constants

sinudu < sinuduw . (14.4.34)

A’ and B’ such that

3 u
/ M sinudu < B', (14.4.35)
2

= F )

=[5

T

and

sinwudu, (14.4.36)

for all z € (0,00). Using the last inequalities, we obtain that

A< / &2) sinudu < B'. (14.4.37)
27 f (;)
It follows that
2m 1 1
/ min { : —} K(u)du+ A" < h(zx), (14.4.38)
0 UL " yc2
and
2 1 1
h(z) < / max {—, —} K(u)du+ B', (14.4.39)
0 Ut yc2

which shows that A is bounded above and below by positive constants.
We now prove the continuity of h. The continuity of

/:of (g) sin u du

™

follows from the proof of Theorem 14.6. Moreover, since

f(5)
()

8

_mmgmﬂ{igl}Km% (14.4.40)

uct - uc2

8] =
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it follows by the Lebesgue Dominated Convergence Theorem that

h(z) — 2:0 ; %; sinu du,

is continuous, and so is h(x). This completes the proof for the odd case.

We now assume that n is an even number. Define f as

~ 37 2n+1 (Z) ‘
(F(2).6(x)) = pv. / (@) (qb(x) -y ¢—(0)xl) dz (14.4.41)

3 7!
+Aﬁmﬂ@M@d%

for ¢ € S(R). It follows that f € S'(R). Set

~ (DT i
J(x) = ; me 1 —sinx, (14.4.42)

which is a positive function, since n is an even number. Let F' be the sine transform

of f. We have that if z > 0

F(z) = i {— /Ogﬂf(g) J(w) du+/3 f(g) sinudu] . (14.4.43)

Set
()
= ) 14.4.44
o) =~y # >0 (14.4.44)
It follows that
3 u 00 U
e, r) .
h(z) = = J(u) du — Lo sinwu du, 14.4.45
AN IONE e
for x > 0. We can find two positive constants, A” and B”, such that
am u
— f(f) sinudu < B”,
3 f(;)
and
5m u
— f(f) sinudu > A”.
3 f(;)

From these inequalities, it follows that

3 ‘ 1 1 .
/ min : J(u)du+ A" < h(z),
0

Ul uc2
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and,

3 1 1 ,
h(z) < max { —, — ¢ J(u)du+ B",
0

Ut u
which proves the required inequalities. The continuity of A can be established as

in the odd case. O

14.5 Laplace Transform
In this section, we shall give a result analogous to Theorem 14.7 for the Laplace

transform. The estimate is as follows.

Theorem 14.8. Let f € 0. Suppose that f is any reqularization of f in S'(R)

such that supp f C [0,00). Then, for x > 0, the Laplace transform satisfies either

c {f;a;} - @f (é) + P(x), (14.5.1)

c{fia} = —@f (i) + P(z), (14.5.2)

where h is continuous and bounded above and below by positive constants, and P

18 a polynomial.

Proof. We proceed as in Theorem 14.7. It suffices to consider a particular regular-
ization of f. Let n be the integer part of c,. We shall consider two cases. First, we
assume that n is odd, and then we consider the even case.

Assume that n is odd. Define f as

<f(x),gz5(:r)> - /Olf(a;) <¢(;p) N ¢i,(0)) da (14.5.3)

1!
1=0

" / " f@)éla) de,

for ¢ € S(R). Then, f is a regularization of f in &'(R). Since supp f = [0,00),

its Laplace transform is well-defined. Let us denote its Laplace transform by Z, SO
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that

z(x):/olf(u) (w Y )du+/ Flu)e™ du
:il/olf(g) ( 0< 7>>du+/1°°f(g) d]

e — i <_Zf'f)i >0, forz > 0. (14.5.4)
Set
L(x)
h(z) = —2 14.5.5
)= (145.5)
and
K(z)=e*—=Y (_Z,?Z . (14.5.6)

Then, we have

lK oo —u K oo —u
/ ﬂdu—i—/ e—dugh(:c)g (u )d —|—/ 6—du.
0 uct 1 ucz 0 uc2 0 uct

This completes the proof for the odd case.

Assume now that n is even. Set

—e 7 (14.5.7)

it follows that

J(z) >0, forxz>0.

Take A > 1 such that

1 o —u
/ J(u) du—/ £ _du>0, (14.5.8)
0o u“ 4 ua
and
1 oo —u
/ W) 4, —/ € _du<0. (14.5.9)
0 U 4 u“
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We define f, a regularization of f, as

(fw0w) = [ 1 (¢(x) 53 Q“jfo)) da

+f ) f(x)qb(x;dw-

It follows that L, the Laplace transform of f, is given by

E(x)zi(—/jf(%) J@)dw/jf(%) e_“du) .

Define now h by

We have that

1 A 0o —u
/ T 4 +/ T G — / © du < h(z),
0o u“ 1 u® A4 us

1 A 0o _—u
h(z) < / J () du +/ J(u) du — / ¢ du,
0 u 1 ue 4 U

so h is bounded above and below by positive constants.

and
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