Applications of the ¢—transform
Tauberian theorems. Part I

Jasson Vindas ' (and Stevan Pilipovi¢ ?)
jvindas@cage.Ugent .be

' Department of Mathematics, Ghent University
2 Department of Mathematics and Informatics, University of Novi Sad

Generalized Functions in PDE, Geometry, Stochastics and

Microlocal Analysis
(September 04, 2010, Novi Sad)

Jasson Vindas Applications of the ¢-transform



We will consider various applications of the ¢—transform of
tempered distributions, defined as

Fof(x,y) = (f(x + yt). 6(1)),  (x.y) € H™T,

where f € S'(R"), ¢ € S(R"), and H™' = R" x R,.
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We will consider various applications of the ¢—transform of
tempered distributions, defined as

Fof(x,y) = (f(x + yt). 6(1)),  (x.y) € H™T,

where f € S'(R"), ¢ € S(R"), and H™' = R" x R,.
@ The essential assumption will be

o(t)dt = 1.
Rn
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Weak-asymptotics (by dilation)

In the next definitions L is a Karamata slowly varying function.

Let f € S'(R").

@ It has weak-asymptotic behavior at 0 (resp. at infinity) if
dg € §’(R") such that

f(et)

|'
10 22 L(e)

=g(t <resp. AILmOO )\Z(i(t/)\) = g(t)> in S'(R").

@ It is weak-asymptotically bounded at O (resp. at infinity) if the net

{si(i(z) }0<€<1 (resp' { Ai(zg) }Wm)

is weakly bounded in S'(R").
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Weak-asymptotics

Notation

We write:
@ For weak-asymptotic behavior

f(et) ~ e*L(e)g(t) in S'(R") ase — 07

f(At) ~ A*L(N\)g(t) inS'(R") as A — oo

@ For weak-asymptotic boundedness
f(et) = O(e“L(e)) inS'(R") ase — 0O

f(A) = O(AL())) in S'(R) as A — oo
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Tauberian theorems for the ¢p—transform

Weak-asymptotic

f has weak-asymptotic behavior if and only if

lim_ saL( )F¢f(5x cey) = Fyy, foreach |xP+y?>=1,y>0, (1)

(resp Fof(Ax,Ay) = Fx,y)

1
2o A*L(X)
yk
limsup sup |Fuf (ex,ey)| < oo, forsomek € N, (2)
e—0+ |x|2+y2:1, y>0 9 L(€)

k

(resp. limsup sup /\aL( )

A—00  |x|P4y2=1, y>0

[Fof (Ax, Ay)| < o0).

In such a case, g is completely determined by Fy,g(x,y) = Fx,y.
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Tauberian theorems for the ¢p—transform
Weak-asymptotic

The estimate

yk

lim sup sup —— |Fof (ex,ey)| < oo, forsomek € N,
e—0+ |X|2+y2:1, y>0 g L(E)
yk
resp. limsup sup o [Fof (X Ay)| < oo
oo [x[24y2=1, y>0 A L(X)

is necessary and sufficient for f to be weak-asymptotically bounded,
namely, ase — 0T (resp. A — )

f(ct) = O(cL(e)) (resp. f(A) = O(\*L(N))) inS'(R™).
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Summability of numerical series and Tauberian theorems The role of distributional poin
Connection with the ¢—transfo
Littlewood’s Tauberian theorem

Summability of series

Let >",~ cn be a numerical series. We are interested in
divergent series.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

Summability of series

Let >",~ cn be a numerical series. We are interested in
divergent series. Let p be a function. We write

d =58 (p)
n=0

if "2 Cn p(en) is convergent for small
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

Summability of series

Let >",~ cn be a numerical series. We are interested in
divergent series. Let p be a function. We write

d =58 (p)
n=0

if >~2 o Cn p(en) is convergent for small ¢ and

lim i Cn p(en) = .
=0

e—0t
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

Summability of series

Let >",~ cn be a numerical series. We are interested in
divergent series. Let p be a function. We write

d =58 (p)
n=0

if >~2 o Cn p(en) is convergent for small ¢ and

e—0t

lim i Cn p(en) = .
=0

In such a case we say that the series is p-summable.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform

Littlewood’s Tauberian theorem

Examples of summability methods
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Summability of numerical series and Tauberian theorems The role of distributional point values

n with the ¢ —tr: orm
berian theorem

Examples of summability methods
@ Cesaro summability if p(u) = (1 — u)*xjo,1)(u). Notation:

> en=p (CK).
n=0

Connected with Fourier series.
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Summability of numerical series and Tauberian theorems The role of distributional point value

Connection with the ¢
Littlewood’s Tauberian theorem

Examples of summability methods
@ Cesaro summability if p(u) = (1 — u)*xjo,1)(u). Notation:

> en=p (CK).
n=0

Connected with Fourier series.
@ If p(u) = e~¥, we obtain Abel summability. Notation:

Z Cp = ﬁ (A)
n=0

Related to radial behavior of analytic functions.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connec with the ¢ —transform

Littlewood’s Tauberian theorem

Examples of summability methods
@ Cesaro summability if p(u) = (1 — u)*xjo,1)(u). Notation:

> en=p (CK).
n=0

Connected with Fourier series.
@ If p(u) = e~¥, we obtain Abel summability. Notation:

Z Ch = ﬁ
n=0

Related to radial behavior of analytic functions.

@ If p(u) = &5, we obtain Lambert summability. One writes:
Z Ch=p (L)
n=0

Important in combinatorics and prime number theory.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

A typical Tauberian question

Our setting will be:
@ p € S(R), many important kernels are of this form
@ {cn},_, has at most polynomial growth
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

A typical Tauberian question

Our setting will be:
@ p € S(R), many important kernels are of this form
@ {cn},_, has at most polynomial growth
@ Observe > "7, ch = 3 = p-summability (Abelian theorem)

@ Tauberian question: Is it possible to go back to
convergence under an additional hypothesis?
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Summability of numerical series and Tauberian theorems The role of distributional poir es
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

A typical Tauberian question

Our setting will be:
@ p € S(R), many important kernels are of this form
@ {cn},_, has at most polynomial growth
@ Observe > "7, ch = 3 = p-summability (Abelian theorem)

@ Tauberian question: Is it possible to go back to
convergence under an additional hypothesis?

A Tauberian theorem for series looks like

p-summability & Tauberian hypothesis = Z ch=0
n=0

A typical Tauberian hypothesis is ¢, = O(1/n).
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

The role of distributional point values

Point values of distributions were defined in Pilipovié’s lecture.
We set f(x) = > 72 cne™.

f( ) = B, distributionally, if and only if Y7, ca is p-summable to
Bp(0), Vp € S(R).
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Connection with the ¢ —transform
Littlewood’s Tauberian theorem

The role of distributional point values

Point values of distributions were defined in Pilipovié’s lecture.
We set f(x) = > 72 cne™.

f(0) = B, distributionally, if and only if Y2 Cn is p-summable to
Bp(0), Vp € S(R).

Proof: Set ¢ = 5-p € S(R), namely, p(u) = / o(t)e“dt. Then,

— 00

S omlem =Y e [ p(heiat = (f(et). o(0)
n=0 n=0 >
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

The role of point values for convergence

Suppose f(0) = (3, distributionally. Then, the Tauberian
condition ¢, = O(1/n) implies that >, ch = 3.

Proof: From the last lemma lim._q+ > Cap(en) = B, if p(0) = 1.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

The role of point values for convergence

Suppose f(0) = (3, distributionally. Then, the Tauberian
condition ¢, = O(1/n) implies that >, ch = 3.

Proof: From the last lemma lim._q+ > Cap(en) = B, if p(0) = 1.
If we were able to replace p(u) = x|o,1;(t), we would have

a|l>n8+ Z Cn :ﬂ

1
0<n< 2

Jasson Vindas Applications of the ¢-transform



Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

The role of point values for convergence

Suppose f(0) = (3, distributionally. Then, the Tauberian
condition ¢, = O(1/n) implies that >, ch = 3.

Proof: From the last lemma lim._q+ > Cap(en) = B, if p(0) = 1.
If we were able to replace p(u) = x|o,1;(t), we would have

a|l>n8+ Z Cn :ﬂ
0<n<!

Fix arbitrary o > 1. Choose 0 < p < 1 such that suppp C [0, o] and
p(u) =1foru e [0,1]. Then

lim sup Z ¢n— G| < limsup Z chp(en)| < (e —1)0O(1).

+ +
e=0" o<n<t =0ty Son<o

Since o was arbitrary, we conclude the convergence of the series.
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢—transform
Littlewood’s Tau an theorem

The connection with the ¢—transform

@ Suppose that
. > onen) = ¢
n=

@ Setyp =S peSR)
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Connection with the ¢—transform
Littlewood’s Tauberian theorem

The connection with the ¢—transform

@ Suppose that
. > onen) = ¢
n=

@ Setyp =S peSR)
@ Then,

> cnplen) = (f(et), ¢(1)) = Fyf(0,¢)
n=0
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢—transform
Littlewood’s Tauberian theorem

The connection with the ¢—transform

@ Suppose that
i S emfen) =
n=

@ Setyp =S peSR)
@ Then,

> cnplen) = (f(et), ¢(1)) = Fyf(0,¢)
n=0

@ Therefore, p-summability is equivalent to the boundary limit

lim F,f(0,) = 5.

e—07t
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

Tauberian theorem for distributional point values

f(0) = g, distributionally, if and only if
@ there exist k € N and M > 0 such that

M
|Fof(ex,ey)| < JE’ IXP+y?=1,0<e<1.

@ and, for each |x|? + y2 =1,

ﬂ& Fsf(ex,ey) = .
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform
Littlewood’s Tauberian theorem

Application: Littlewood’s Tauberian theorem

Theorem (Littlewood, 1912)
Suppose that

o0
H —en __
EILn3+ nz_:o che <" = 8.

The Tauberian condition ¢, = O(1/n) implies >, ch = 3.

Proof: Choose ¢ in such a way
F(z):=) che ™™ = Fyf(x,y) =, z=x+1y, y > 0.
n=0

We check the conditions of the previous theorem, i.e.,
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform

Littlewood’s Tauberian theorem

Proof of Littlewood’s theorem (continuation):
We check the two conditions of the previous theorem, i.e.,

@ The estimate: for [x|* + y?> =1,and 0 < ¢ < 1:
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform

Littlewood’s Tauberian theorem

Proof of Littlewood’s theorem (continuation):
We check the two conditions of the previous theorem, i.e.,

@ The estimate: for [x|* + y?> =1,and 0 < ¢ < 1:
|F(ex + iey)| < |F(ex + izy) — F(izy)| + F(izy) < O(1) + | cne™ 6™
n=0

O 4—eyn i o
<o +oMmY eT g _ 1‘ <O(1)+0(1)eY e

n=0 n=0

o(1)

y
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Summability of numerical series and Tauberian theorems The role of distributional point values
Connection with the ¢ —transform

Littlewood’s Tauberian theorem

Proof of Littlewood’s theorem (continuation):
We check the two conditions of the previous theorem, i.e.,

@ The estimate: for [x|* + y?> =1,and 0 < ¢ < 1:

|F(ex + iey)| < |F(ex + iey) — F(iey)| + F(iey) < O(1

IA

che syn /sxn'
0(1)+O(1)i%syn e’“”—1‘ <O(1)+O(1)52e’””
o(1)

n=0 n=0

y

@ Since F is analytic, bounded on cones with vertex at the origin, and has
a radial limit, we must have that it has 8 as non-tangential boundary
value, namely, for each z € H?,

lim F(ez) =p.

e—0t
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h . - Lapl i
Boundary behavior of holomorphic functions D TN RS

Holomorphic functions on tube domains

Laplace transform

Let I be a closed convex acute cone with vertex at the origin
Acute means that the conjugate cone

M ={¢eR": £ -u>0,YueTl} has non-empty interior.
Set

Sr

{he S'(R"): supphCT}

Cr =intl and T¢ = R" + iCr.

Jasson Vindas
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Laplace transforms

Boundary behavior of holomorphic functions - ) ) )
Holomorphic functions on tube domains

Laplace transform

Let I be a closed convex acute cone with vertex at the origin.
Acute means that the conjugate cone

M ={¢eR": £ -u>0,YueTl} has non-empty interior.

Set
St={heS'R"): supphCT}

Cr =intl and T¢ = R" + iCr.

Given h € S/, its Laplace transform is defined as
L{hz) = <h(u),e’z'“>, zeTC

it is a holomorphic function on the tube domain 7.
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Laplace transforms

ior of holomorphic function
Boundary behavior of holomorphic functions Holomorphic functions on tube domains

Laplace transforms as ¢—transforms

We may express the Laplace transform as a ¢—transform if we
fix a direction in Cr.

@ Fixwe Cr
@ Choose 1, € S(R") such that n,(u) = e Y, YueTl

@ Set A
b, = 1/(2m)"h, and f = (27)"h
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Laplace transforms

ior of holomorphic function
Boundary behavior of holomorphic functions Holomorphic functions on tube domains

Laplace transforms as ¢—transforms

We may express the Laplace transform as a ¢—transform if we
fix a direction in Cr.

@ Fixwe Cr
@ Choose 1, € S(R") such that n,(u) = e Y, YueTl
@ Set A
b, = 1/(2m)"h, and f = (27)"h
Then,

L{h;x +iow} = Fy f(x,0), xeR" ocecRy.
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Laplace transforms
Holomorphic functions on tube domains

Tauberian theorem for Laplace Transforms

Boundary behavior of holomorphic functions

Corollary

Let h € Sf. Then, an estimate (for some w € Cr, k € N)

k5n+a
limsup sup

T Lk jow 69
e—0%  |x24o2=1 L(1/5) |£{ ,€(X+I )}| < 00, (3)

and the existence of an open subcone C' C Cr such that
a—+n

5L0+ L€(1/ )L{h ie¢} = G(i€), foreach¢ e C, (4)

are necessary and sufficient for

h(Au) ~ A*L(N)g(u) as A — oo inS'(R"), forsome g € Sf.

In such a case G(z) = L{g;z},z€ TC.
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Laplace transforms

Boundary behavior of holomorphic functions Holomorphic functions on tube domains

Boundary behavior of holomorphic functions

The last corollary may be reformulated in terms of boundary
behavior of holomorphic functions.

@ Let F(z) be holomorphic on the tube domain T¢r
@ Suppose F admits a boundary distribution

f(x) = F(x +i0%) € S'(R")

@ Assume F satisfies a "tempered growth condition” (i.e., it
belogs to the Vladimirov algebra).

Then f has weak-asymptotic behavior at 0 if and only if
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Laplace transforms

Boundary behavior of holomorphic functions Holomorphic functions on tube domains

Boundary behavior of holomorphic functions

The last corollary may be reformulated in terms of boundary
behavior of holomorphic functions.

@ Let F(z) be holomorphic on the tube domain T¢r
@ Suppose F admits a boundary distribution

f(x) = F(x +i0%) € S'(R")

@ Assume F satisfies a "tempered growth condition” (i.e., it
belogs to the Vladimirov algebra).

Then f has weak-asymptotic behavior at 0 if and only if
@ F(ic&) has the same kind of asymptotics for ¢ € C' C Cr

@ There is a direction w € Cr such that F(ex + icow) satisfies
a certain estimate (in fact, the same as in the Tauberians
for the ¢—transform!)
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Relation with the ¢ —transform

S Asymptotic stabilization in time
Stabilization in time for Cauchy problems Symptotic stabiization In time

A Generalized Cauchy problem

We will consider the Cauchy problem

Jupn =P (;() U(x. 1),

Jim U(x, 1) = f(x) in S'(R"),

@ [ C R"is a closed convex cone with vertex at the origin.
Possible situation: ' = R".

@ Pis a homogeneous polynomial of degree d. Assume:
Re P(iu) <0, uerl, u#0.
e fc S'(R"). Assume supp f C I.
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Relation with the ¢ —transform

I Asymptotic stabiliza ime
Stabilization in time for Cauchy problems P EE PR G

Asymptotic stabilization in time for solutions

We ask for conditions which ensure the existence of a function
T : (A, 00) — Ry such that the following limit exists

. Ux,t)
Al T

=/,

uniformly for x in compacts of R”".
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Relation with the ¢ —transform

I Asymptotic stabiliza ime
Stabilization in time for Cauchy problems P EE PR G

Generalized Cauchy problem

Solution

If U is required to have slow growth over H™', i.e.,

1\ %
sup |U(x,1t)| <t+ > (1 +|x|) 7" < 00, for some ki, ks € N,
(x,t)eHn+1 t

then the Cauchy problem has a unique solution.
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Relation with the ¢ —transform

I Asymptotic stabiliza ime
Stabilization in time for Cauchy problems P EE PR G

Generalized Cauchy problem

Solution

If U is required to have slow growth over H™', i.e.,

1\ %
sup |U(x,1t)| <t+ > (1 +|x|) 7" < 00, for some ki, ks € N,
(x,t)eHn+1 t

then the Cauchy problem has a unique solution. Moreover,

Ux )= (2:r)n ((u), e* vl
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Relation with the ¢ —transform

I Asy ¢ stabiliza ime
Stabilization in time for Cauchy problems symptotic stabilization in time

Relation with the ¢p—transform

Choose a test function n € S(R") with the property

n(u) = eP™ foruer;

setting ¢(&) = (27)~"j(€), we express U as a ¢p—transform,
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Relation with the ¢ —transform

I Asy ¢ stabiliza ime
Stabilization in time for Cauchy problems symptotic stabilization in time

Relation with the ¢p—transform

Choose a test function n € S(R") with the property

n(u) = eP™ foruer;

setting ¢(&) = (27)~"j(€), we express U as a ¢p—transform,

1
Uk, = (H€) g0 (St ) ) = Fefte). withy =1/
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Relation with the ¢ —transform

I Asy ¢ stabiliza ime
Stabilization in time for Cauchy problems P EE PR G

Stabilization along d-curves

We say U stabilizes along d-curves (at infinity), relative to
A“L(N), if the following two conditions hold:

@ there exist the limits

d
im U(Ax, \91)

_ n+1.
M L = U(x,t), (x,t)eH™;

© there are constants C € R, and k € N such that

’ U(\x, )\dt)‘ M
t

2 2
< — .
Loy | S X2+, t>0
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Relation with the ¢ —transform
Asymptotic stabilization in time

Stabilization in time for Cauchy problems

Stabilization in time for Cauchy problems

The solution U to the Cauchy problem stabilizes along d-curves
if and only if f has weak-asymptotic behavior at infinity, relative
fo A*L(N).
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Relation with the ¢ —transform
Asymptotic stabilization in time

Stabilization in time for Cauchy problems

Stabilization in time for Cauchy problems

The solution U to the Cauchy problem stabilizes along d-curves
if and only if f has weak-asymptotic behavior at infinity, relative
fo A*L()\).

Corollary

If U stabilizes along d-curves, relative to \*L(\), then U
stabilizes in time with respect to T(t) = t/9L(t'/9). That is,
there is a constant ¢ such that

. U(x,t)
i T

uniformly for x in compacts of R".

v
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Relation with the ¢ —transform

Stabilization in time for Cauchy problems heypiele SESEEIED I die

Example: The heat equation

We immediately recover a result of Drozhzhinov and Zavialov
for the heat equation.
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Relation with the ¢ —transform
Stabilization in time for Cauchy problems heypiele SESEEIED I die

Example: The heat equation

We immediately recover a result of Drozhzhinov and Zavialov
for the heat equation.
Let U be the solution to the Cauchy problem (here actually
r=R")

0

EU: Axu,

fim U(x, 1) = f(x) in S'(R").

If U stabilizes along parabolas (i.e., d=2), then it stabilizes in
time.
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