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Introduction

Translation-invariant spaces of functions and generalized
functions play a central role in many problems from functional
and harmonic analysis.

In this talk we present the construction of a large family of
translation-invariant spaces of (ultra)distributions. We consider
applications in:

@ Topological properties of spaces of ultradistributions.
@ Convolution of ultradistributions.
© Boundary values of holomorphic functions.

The talk is based on collaborative works with P. Dimovski, S.
Pilipovi¢, and B. Prangoski.
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Motivation: Some classical distribution spaces

Schwartz introduced spaces of distributions based on LP spaces as follows.
Let X = L9 with g € [1, 00] and X’ = LP. Set

Dia=Dx :={peD: ¢ e X, Va e N"}

and
Dip = Dy := (Dx)'.
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Motivation: Some classical distribution spaces

Schwartz introduced spaces of distributions based on LP spaces as follows.
Let X = L9 with g € [1, 00] and X’ = LP. Set

Dia=Dx :={peD: ¢ e X, Va e N"}

and
Dip = Dy := (Dx)'.

This works if g < co and he denoted also B’ = D|, the space of bounded
distributions. For g = oo, one replaces D, by its closed subspace

B={peD: nm ©(x) =0, Va € N"}

and defines the space of integrable distributions D, = (B).
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Schwartz introduced spaces of distributions based on LP spaces as follows.
Let X = L9 with g € [1, 00] and X’ = LP. Set

Dia=Dx :={peD: ¢ e X, Va e N"}
and
Dip = Dy := (Dx)'.
This works if g < co and he denoted also B’ = D|, the space of bounded
distributions. For g = oo, one replaces D, by its closed subspace

B={peD: nm ©(x) =0, Va € N"}

and defines the space of integrable distributions D, = (BY.
These spaces are crucial in classical distribution theory. Some examples:

@ For convolution (Schwartz, Ortner-Wagner, ...).
@ For boundary values (Tillmann, Carmichael, ...).
@ B’ and D, for Tauberian theory (Beurling, Pilipovi¢-Stankovic, ...).
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Motivation: Some classical distribution spaces

Schwartz introduced spaces of distributions based on LP spaces as follows.
Let X = L9 with g € [1, 00] and X’ = LP. Set

Dia=Dx :={peD: ¢ e X, Va e N"}
and
Dip = Dy := (Dx)'.
This works if g < co and he denoted also B’ = D|, the space of bounded
distributions. For g = oo, one replaces D, by its closed subspace

B={peD: nm ©(x) =0, Va € N"}

and defines the space of integrable distributions D, = (BY.
These spaces are crucial in classical distribution theory. Some examples:

@ For convolution (Schwartz, Ortner-Wagner, ...).
@ For boundary values (Tillmann, Carmichael, ...).
@ B’ and D, for Tauberian theory (Beurling, Pilipovi¢-Stankovic, ...).

Our goal: to single out properties of a Banach space X preserving the
richness of Dx and Dy, .

J. Vindas Translation-invariant spaces of ultradistributions



Weight sequences

Let (Mp)p be a sequence of positive numbers satisfying:

(M.1) (Logarithmic convexity)
M5 < My_1My 1 for p € N,

(M.2) (Stability under ultradifferential operators)
JA>0,H >0, M, < AHP min MyM,_, for p € N,
0<g<p
(M.3) (Strong non quasi analyticity)

p1< Mg
JA > 0, Z Aqu+1 for g > 0.
p=q-+1
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Weight sequences

Let (Mp)p be a sequence of positive numbers satisfying:

(M.1) (Logarithmic convexity)
M5 < My_1My 1 for p € N,

(M.2) (Stability under ultradifferential operators)
JA>0,H >0, M, < AHP min MyM,_, for p € N,
0<g<p
(M.3) (Strong non quasi analyticity)

p1< Mg
JA > 0, Z Aqu+1 for g > 0.
p=q-+1

Its associated function M is defined as:

Yol
M(t) = suplog, —— Mot

, t€[0,00).
sup W, [0, 00)

We also write M,, := M, and M(x) := M(|x|) for x € R" and o € N".
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The basic spaces of ultradistributions

We consider the standard spaces of test functions (over R")
D*, &£, and S
and ultradistributions
D™, &% and S,

where we use the convention « = &, (M,), or {M,}. More concretely,

@ o stands for the Schwartz case (C* case).

@ (M,) stands for the Beurling case.

@ {M,} stands for the Roumieu case.
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D*, &£, and S
and ultradistributions
D™, &% and S,

where we use the convention « = &, (M,), or {M,}. More concretely,

@ o stands for the Schwartz case (C* case).

@ (M,) stands for the Beurling case.

@ {M,} stands for the Roumieu case.

P(D) = ) a.D* is an ultradifferential operator of class » if:
aeNn

@ « = o: P(D) is a usual differential operator of finite order.
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The basic spaces of ultradistributions

We consider the standard spaces of test functions (over R")
D*, &£, and S
and ultradistributions
D™, &% and S,

where we use the convention « = &, (M,), or {M,}. More concretely,

@ o stands for the Schwartz case (C* case).

@ (M,) stands for the Beurling case.

@ {M,} stands for the Roumieu case.

P(D) = ) a.D* is an ultradifferential operator of class » if:
aeNn

@ « = o: P(D) is a usual differential operator of finite order.
@ « = (M) ({Mp}): the coefficients satisfy the estimate

lal
‘ Ao ‘S CLVa Va,

for some L > 0 and C > 0 (for every L > 0 and some C, > 0.)
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TIB spaces of tempered (ultra)distributions

Ty is the translation operator, namely, Tpf = f(- + h).

Definition

A Banach space E is said to be a translation-invariant Banach
space (TIB) of tempered (ultra)distributions of class  if

() D* — E — D™.
(I) Th(E) C E for each h € R".

o
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TIB spaces of tempered (ultra)distributions

Ty is the translation operator, namely, Tpf = f(- + h).

Definition
A Banach space E is said to be a translation-invariant Banach
space (TIB) of tempered (ultra)distributions of class  if
() D* — E — D™.
(I) Th(E) C E for each h € R".
(/) The function w(h) = || T_p| £ satisfies the estimates:
o If x =9, thereare C,7 >0

w(h) < C(1 + |h))", VheR"

o Ifx = (Mp) ({Mp}), there exist C,7 > 0 (V7 > 0,
3C = C; > 0) such that

w(h) < ceMIl) - wh e R,
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Properties of TIB of (ultra)distributions

The function w(h) = || T_p[| £y will be called the weight function
of E.
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Properties of TIB of (ultra)distributions

The function w(h) = || T_p[| £y will be called the weight function
of E. The associated Beurling algebra of E is the convolution
algebra L], = {u: ||ull;1 = [|uw|;r < oo}

Theorem
We have the following properties:
(a) 8* = E — §™.

V.

J. Vindas Translation-invariant spaces of ultradistributions



Properties of TIB of (ultra)distributions

The function w(h) = || T_p[| £y will be called the weight function
of E. The associated Beurling algebra of E is the convolution
algebra L], = {u: ||ull;1 = [|uw|;r < oo}

Theorem

We have the following properties:

(a) 8* = E — §™.

(b) lim [|Thg — glle =0, Vg € E.
h—0

V.
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Properties of TIB of (ultra)distributions

The function w(h) = || T_p[| £y will be called the weight function
of E. The associated Beurling algebra of E is the convolution
algebra L], = {u: ||ull;1 = [|uw|;r < oo}

Theorem
We have the following properties:
(a) 8* = E — §™.
(b) lim [|Thg — glle =0, Vg € E.
h—0
(¢) The convolution mapping * : $* x §* — S* extends to

x: L x E— E and E becomes a Banach module over the
Beurling algebra L! , i.e.

luxgle <llullliglle-

V.
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Properties of TIB of (ultra)distributions

The function w(h) = || T_p[| £y will be called the weight function
of E. The associated Beurling algebra of E is the convolution
algebra L], = {u: ||ull;1 = [|uw|;r < oo}

Theorem
We have the following properties:
(a) & — E — S™.
b) lim |[Thg — glle =0, Vg € E.
h—0
(¢) The convolution mapping * : $* x §* — S* extends to
x: L x E— E and E becomes a Banach module over the
Beurling algebra L, , i.e
luxglle < llulle liglle-

(d) For ¢ € §* with [, o(x)dx =1, set p.(x) = e "p(x/¢).

lim ||g—¢.*gl|le=0, VgeE.
e—0*
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The dual of a TIB of tempered (ultra)distributions

The weight function of E’ is &(x) := w(—x), it has Beurling
algebra L}.
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The dual of a TIB of tempered (ultra)distributions

The weight function of E’ is &(x) := w(—x), it has Beurling
algebra L}.

The dual space E’ — S™ carries two convolution structures.

@ x: Ll x E' — E', so that E is a Banach module over L}.
@ «: E' x E — L (where L2 = (L])").

J. Vindas Translation-invariant spaces of ultradistributions



The dual of a TIB of tempered (ultra)distributions

The weight function of E’ is &(x) := w(—x), it has Beurling
algebra L}.

The dual space E’ — S™ carries two convolution structures.

@ x: Ll x E' — E', so that E is a Banach module over L}.
@ «: E' x E — L (where L2 = (L])").

When E is reflexive, E’ is also a TIB of tempered
(ultra)distribution.
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The dual of a TIB of tempered (ultra)distributions

The weight function of E’ is &(x) := w(—x), it has Beurling
algebra L}.

The dual space E’ — S™ carries two convolution structures.

@ x: Ll x E' — E', so that E is a Banach module over L}.
@ «: E' x E — L (where L2 = (L])").

When E is reflexive, E’ is also a TIB of tempered
(ultra)distribution.

Otherwise, E’ is not a TIB of tempered (ultra)distribution, in
general. The following properties may fail:
@ S* may not be dense in E'.
@ The translation operators may not be a Cy-group.
@ E’ may not have ‘nice’ approximative units for convolution
structure on L}.
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The Banach space E!

Definition
The Banach space E/, is defined as E. = L} * E'.

That E/ is a Banach space follows from the Cohen-Hewitt
factorization theorem.
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The Banach space E!

Definition

The Banach space E/, is defined as E. = L} * E'.

That E/ is a Banach space follows from the Cohen-Hewitt
factorization theorem.

Properties of E.,
(/) E. inheres the two convolution structures from E’.

(i) E. = {f € E'| lim ||Tpf — fllgr = 0}. In particular, its
h—0

translation group is a Cy-group.
(iii) E. has approximative units from S*,

lim |[f— g+ fllr =0, VfeE.
e—0t

(iv) If E is reflexive, then E;, = E'.
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Examples of E and E;

n is an ultrapolynomially bounded weight function of class x if

_ . nx+h) r
0 x=o: T < 01+
0 x = (Mp) ({Mp}): W < ceM1h) for some C, 7 > 0

(for every T > 0 there exists C > 0).

Consider L = {f: \|f||L,37 = ||[fn]|p < oo} for p € [1,00) and
Ly =A{f: fllge = 1f/nllLee < o0} for p = oc.
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Examples of E and E;

n is an ultrapolynomially bounded weight function of class x if

_ . nx+h) r
0 x=o: T < 01+
0 x = (Mp) ({Mp}): W < ceM1h) for some C, 7 > 0

(for every T > 0 there exists C > 0).

Consider L = {f: \|f||L,37 = ||[fn]|p < oo} for p € [1,00) and
Ly =A{f: fllge = 1f/nllLee < o0} for p = oc.

oE:Lg,1=>EfF:E’:LfI’if1<q<oo.
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Examples of E and E;

n is an ultrapolynomially bounded weight function of class x if

_ . nx+h) r
0 x=o: T < 01+
0 x = (Mp) ({Mp}): W < ceM1h) for some C, 7 > 0

(for every T > 0 there exists C > 0).

Consider L = {f: \|f||L,37 = ||[fn]|p < oo} for p € [1,00) and
Ly =A{f: fllge = 1f/nllLee < o0} for p = oc.

° E:Lg,1=>E;:E’:L’,‘7’if1<q<oo.
e E=L=E =UC, = {UGL%O:,LTOHThU_UHL;’f:O}-

PN oy B,

@ E=C, = e C: lim
= e e O M )
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The test function space D¢

In the distribution case, we define

DE:{chD':go(O‘)EE,Va}. ’
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The test function space D¢

In the distribution case, we define

DE:{cpED':go(O‘)EE,Va}. \

In the ultradistribution case, we set

ngMp)— lim D{M"}m and D{M”} lim D{M"}m7 where,
m—>oo m—>0

|| ple
DML _ o e D (@) ¢ E Va, and sup m‘,‘(j”E < 00}
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The test function space D¢

In the distribution case, we define

DE:{cpED':go(O‘)EE,Va}. ’

In the ultradistribution case, we set

ngMp)— lim D{M"}m and D{M”} lim D{M"}m7 where,
m—>oo m—>0

mlel|| (e
DML _ o e D (@) ¢ E Va, and sup WE < 00}
« «
Notation: We also consider 5} := D} ... We use the special
. n
notation 5, = D¢, .
n
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Properties of D¢

@ Dg is a Fréchet space for x = @, (Mp). It is a regular and
complete inductive limit for «+ = {M}.
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Properties of D¢

@ Dg is a Fréchet space for x = @, (Mp). It is a regular and
complete inductive limit for «+ = {M}.
e It is a topological convolution module over L .
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Properties of D¢

@ Dg is a Fréchet space for x = @, (Mp). It is a regular and
complete inductive limit for «+ = {M}.

e It is a topological convolution module over L .

@ §* = D — E— 8™

@ Every element of D is a smooth function of class ,
furthermore, D — O — £* and (yet sharper)
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Properties of D¢

@ Dg is a Fréchet space for x = @, (Mp). It is a regular and
complete inductive limit for «+ = {M}.

e It is a topological convolution module over L .

@ §* = D — E— 8™

@ Every element of D is a smooth function of class ,
furthermore, D — O — £* and (yet sharper)

*

(1 = Dg — B,
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Properties of D¢

@ Dg is a Fréchet space for x = @, (Mp). It is a regular and
complete inductive limit for «+ = {M}.

e It is a topological convolution module over L .

@ §* = D — E— 8™

@ Every element of D is a smooth function of class ,
furthermore, D — O — £* and (yet sharper)

*

(1 = Dg — B,

Alternative description for {M,}. Let % be the set of (rp)p
increasing to co. Set

{Mp},(r0) _ . Pa I1D%¢lle
Dg ={pe E: D*p € E,Va, and sup, ORVRE < oo}

D,{_:M"}: lim D{EM"}’(rp) as t.v.s..

<—
(rp)eR

€
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The (ultra)distribution space Dg,

Definition
The space Dy, is the strong dual of Df.

v

Theorem
Let B C ™. The following statements are equivalent:
(7) Bis abounded subset of D, .
(if) {f=|f € B} is a bounded subset of E’ for each ¢ € S*.
(iii) {f | f e B} is a bounded subset of E_ for each ¢ € S*.
)

(iv) B = P(D)B; for some bounded subset B; of E’ and an
ultradifferential operator P(D) of class .

(v) B= P(D)B; for some B, C E, n UC,, which is
simultaneously bounded in E, and in UC,, and an
ultradifferential operator P(D) of class . Moreover, if E is
reflexive, we may choose B, C E,. N C,.
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Convolution of Roumieu ultradistributions

The following theorem provides a Shiraishi type
characterization of the convolution of Roumieu ultradistributions

Theorem

Let f,g € D'{Mo}. Then the following statements are equivalent:
(/) The convolution of f and g exists.

(i) (p* g D/L{1Mp} for all ¢ € DIMe},
(iii) (¢ % )f € DM for all p € DM},
(iv) (p*F)(v*g) € L forall g, € DM},
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Boundary values

@ C open convex cone and C(r) = Cn B(0,r).
@ dc(y) = dist(y,00).
e TC) =R 4 iC(r).
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Boundary values

@ C open convex cone and C(r) = Cn B(0,r).

@ dc(y) = dist(y,00).

e TC) =R 4 iC(r).
Problem: Characterize those holomorphic functions F on 7¢(")
such that F has boundary values in D, , i.e., 3f € D, such that

f=1lim F(- +1iy), stronglyinDy,. (1)
y—0 *

yeC
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Boundary values

@ C open convex cone and C(r) = Cn B(0,r).
@ dc(y) = dist(y,00).
e TC) =R 4 iC(r).

Problem: Characterize those holomorphic functions F on 7¢(")
such that F has boundary values in D, , i.e., 3f € D, such that

f=1lim F(- +1iy), stronglyinDy,. (1)
y—0 *
yeC

Theorem

F has boundary values in Df, if and only if 3r" < r such that
(a) F(- +1iy) e E',Vy e C(r).
(b) There are k,M >0

. M ,
IF(- +)lle < AR ly| < r'.
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Analytic representations of D,

Let Cy,..., Cpn be open convex cones of R” with R" = U] 1 C*

Every f € D . admits the boundary value representation

f—ZIlmF + iy) 2)
yec,

strongly in DE,, where each F; is holomorphic in the tube TG,
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Analytic representations of D,

Let Cy,..., Cpn be open convex cones of R” with R" = U] 1 C*

Every f € D, admits the boundary value representation

f—ZIlmF + iy) 2)
yec,

strongly in DE,, where each F; is holomorphic in the tube TG,

Other results
@ “Edge of the wedge” theorems.
@ Hyperfunctional represention of D, .

J. Vindas Translation-invariant spaces of ultradistributions



Quasianalytic case

We have obtained analogous results for the quasianalytic case.
@ (Mp), and (Ap)p: weight sequences. A : associated function of (Ap),.
@ S; mixed Gelfand-Shilov type space, where = (Ap) or {Ap}.
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Quasianalytic case

We have obtained analogous results for the quasianalytic case.
@ (Mp), and (Ap)p: weight sequences. A : associated function of (Ap),.
@ S; mixed Gelfand-Shilov type space, where = (Ap) or {Ap}.

Definition

E is said to be a TIB of (ultra)distributions of class « — 7 if
() 8§ — E < S
() Th(E) C E,VheR".
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Quasianalytic case

We have obtained analogous results for the quasianalytic case.
@ (Mp), and (Ap)p: weight sequences. A : associated function of (Ap),.
@ S; mixed Gelfand-Shilov type space, where = (Ap) or {Ap}.

Definition

E is said to be a TIB of (ultra)distributions of class « — 7 if
() 8§ — E < S
() Th(E) C E,VheR".
iy 1f+=(Ap) ({Ap}), 3C,7 > 0 (V7 > 0,3C = C- > 0) such that

w(h) < ce’1) wh e R
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Quasianalytic case

We have obtained analogous results for the quasianalytic case.
@ (Mp), and (Ap)p: weight sequences. A : associated function of (Ap),.
@ S; mixed Gelfand-Shilov type space, where = (Ap) or {Ap}.

E is said to be a TIB of (ultra)distributions of class « — 7 if
() 8§ — E < S
() Th(E) C E,VheR".
iy 1f+=(Ap) ({Ap}), 3C,7 > 0 (V7 > 0,3C = C- > 0) such that

w(h) < ce’1) wh e R

Assumptions on the weight sequences:

@ (Ap)p satisfies (M.1), (M.2) and p! C A, (A(x) = O(e™)).
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Quasianalytic case

We have obtained analogous results for the quasianalytic case.
@ (Mp), and (Ap)p: weight sequences. A : associated function of (Ap),.
@ S; mixed Gelfand-Shilov type space, where = (Ap) or {Ap}.

E is said to be a TIB of (ultra)distributions of class « — 7 if
() 8§ — E < S
() Th(E) C E,VheR".
iy 1f+=(Ap) ({Ap}), 3C,7 > 0 (V7 > 0,3C = C- > 0) such that

w(h) < ce’1) wh e R

Assumptions on the weight sequences:

@ (Ap)p satisfies (M.1), (M.2)and p! C A, (A(x) = O(e|x|))_
@ (M,), satisfies (M.1), (M.2) and there is s > 0 such that
St pit Mg_1/ M5 < copM3 /M1, Yp € Z+.
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