
Exterior sets of hyperboli
 quadri
sAndreas KleinUniversity of GiessenAbstra
tExtensive studies have been made on exterior sets to hyperboli
 quadri
sQ+(2n�1; q) that 
ontain exa
tly (qn�1)=(q�1) points. There are only fewtheorems on exterior sets with less than (qn�1)=(q�1) points. In this arti
lewe will prove better upper bounds for exterior sets.AMS Mathemati
s 
lassi�
ation 
odes: 51E20, 51E21, 51E23, 05B251 Introdu
tion and Basi
 ResultsA set X of points of a proje
tive spa
e PG(d; q) (d odd) is 
alled an exterior set withrespe
t to the hyperboli
 quadri
 Q+(d; q), if no line joining two distin
t elementsof X has a point in 
ommon with Q+(d; q). For d = 2n� 1, we have thatjXj � qn � 1q � 1 ; (1)be
ause there are (qn � 1)=(q � 1) subspa
es of dimension n that 
ontain a �xed(n � 1)-dimensional singular subspa
e and ea
h of these subspa
es 
an 
ontain atmost one point of X. By a singular subspa
e we mean a subspa
e of PG(d; q)
ontained in Q+(d; q).Exterior sets X to Q+(2n� 1; q) with (qn� 1)=(q� 1) points are 
alled maximalexterior sets (MES). The maximal exterior sets are 
ompletely 
lassi�ed (see [6℄,[1℄ and [2℄).Result 1The only MES of Q+(2n� 1; q), n � 2 are(i) the unique MES of Q+(5; 2),(ii) the linear MES of Q+(3; q),(iii) the Thas MES of Q+(3; q), q odd,(iv) the ex
eptional MES of Q+(3; q), q = 11; 23; 59.
1



(A linear MES 
onsist of the q + 1 points of a exterior line. The MES of Thas-type
onsists of q+12 points on a line l and q+12 points of a line l0. In addition l and l0 areorthogonal with respe
t to the quadrati
 form de�ning Q+(3; q).)As we 
an see, in most 
ases equality 
annot be rea
hed in (1). In this arti
le,better upper bounds for jXj will be proved. De�neM(2n� 1; q) = maxfjXj;X is an exterior set of Q+(2n� 1; q)g (2)Equation (1) says M(2n� 1; q) � (qn � 1)=(q � 1).In se
tion 2 of this arti
le we prove a re
ursion formula for M(2n� 1; q) that isbetter than (1). In se
tion 3 and 4 we prove bounds for M(5; q) as starting valuesof the re
ursion formula.2 A re
ursion formulaThe re
ursion formula of Theorem 1 is better than (1), be
ause (3) together withM(3; q) = q + 1 implies (1).Theorem 1For ea
h n � 2 and ea
h prime power q we haveM(2n+ 1; q) � qn+1 � 1qn � 1 M(2n� 1; q) : (3)ProofLet X be an exterior set with respe
t to the hyperboli
 quadri
 Q+(2n + 1; q) withjXj = M(2n+1; q). Let ? be the polarity of PG(2n+1; q) related to Q+(2n+1; q).For two points P and X we have P 2 X? if and only X 2 P?.We will 
ount the number m of pairs (P;X) with P 2 Q+(2n + 1; q) and X 2X \ P?.For a point X 2 X, the set X? \ Q+(2n + 1; q) is a paraboli
 quadri
 Q(2n; q).Therefore m = jXj � jQ(2n; q)j =M(2n + 1; q)(qn � 1)(qn + 1)q � 1 : (4)For ea
h point P 2 Q+(2n + 1; q) let nP be the number of points in X \ P?.Put Y = fPXjX 2 X \ P?g. Sin
e X is an exterior set, ea
h plane spanned bytwo lines in Y has only the point P in 
ommon with Q+(2n+ 1; q). Therefore Y isan exterior set to the hyperboli
 quadri
 Q+(2n+ 1; q)=P in P?=P . It follows thatnP = jYj �M(2n� 1; q). This yieldsm = XP2Q+(2n+1;q) np � (qn+1 � 1)(qn + 1)q � 1 M(2n� 1; q) : (5)Equations (4) and (5) together imply (3). �
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Corollary 1For ea
h n > 2 and ea
h prime power q we haveM(2n + 1; q) � qn+1 � 1q3 � 1 M(5; q)ProofThis follows immediately from Theorem 1 by indu
tion. �Note that the statement of Corollary 1 is weaker than the re
ursion formula ofTheorem 1. For example in the next se
tion we prove M(5; 4) � 20. Corollary 1yieldsM(9; 4) � 324:762. Sin
eM(9; 4) must be an integer we getM(9; 4) � 324. Ifwe use the re
ursion formula of Theorem 1 we get M(7; 4) � 80:9524 and thereforeM(7; 4) � 80. Using the re
ursion formula a se
ond time we obtain M(9; 4) � 320.3 Bounds for exterior sets of Q+(5; q), q evenIn this se
tion we will assume that q is even.Theorem 2An exterior set with respe
t to Q+(5; q) where q = 2n � 4 has at most q2+q+1� 14qpoints.For the proof of Theorem 2, we need the following result about linear spa
es.Re
all that a linear spa
e is an in
iden
e stru
ture 
onsisting of points and linessu
h that any two points are joined by a unique line and su
h that every line has atleast two points.For a linear spa
e L, let v denote the number of points of L and b the numberof lines of L. For ea
h point P 2 L, let rP be the number of lines through P .Result 2 (Erd}os, Flower, S�os, Wilson, [3℄)If L has more than one line that do not 
ontain the point P , then the number b�rPof lines that do not 
ontain P is at least bv � pv
. If equality holds then L is aproje
tive plane.Proof of Theorem 2Let X be an exterior set of Q+(5; q) and put 
 := q2+ q+1� jXj. Sin
e q = 2n � 4,Theorem 1 shows that 
 > 0. For the proof we may assume that 2
 � q and we haveto show that 4
 � q.In the following we denote the polarity of PG(5; q) asso
iated to Q+(5; q) by ?.For P 2 Q+(5; q), the set Y = fPXjX 2 X \ P?g is an exterior set of thehyperboli
 quadri
 Q+(5; q)=P , as was shown in the proof of Theorem 1. Equation(1) yields that there are at most q+1 points of X in P?. We 
all a point P 2 Q+(5; q)big if there are q+ 1 points of X in P?. Otherwise we 
all P small. By s we denotethe number of small points.Now we pro
eed in several steps.Step 1: For a big point P , the q + 1 points of X \ P? lie in one plane on P .3



Result 1 yields that for a big point P the set Y = fPXjX 2 X \ P?g is a lineof P?=P . This means that all q + 1 points of X \ P? lie in one plane on P .Step 2: We have s � 
(q3 + q2 + q + 1).We 
ount the number of pairs (P;X) with P 2 Q+(5; q), X 2 X and X 2 P?.For every point X 2 X there are q3 + q2 + q + 1 (= number of points in Q(4; q))points P 2 Q+(5; q) with X 2 P?. For ea
h big point P there are q + 1 pointsX 2 X with X 2 P? and for ea
h small point P there are at most q points of X inP?. This gives[(q2 + q + 1)(q2 + 1)� s℄(q + 1) + sq � (q2 + q + 1� 
)(q3 + q2 + q + 1);hen
e s � 
(q3 + q2 + q + 1) : (6)proving Step 2.Sin
e X is an exterior set, a line joining two points of X is an exterior line of thequadri
 Q+(5; q). Therefore its pole l? meets the quadri
 in an Q�(3; q), whi
h isan ovoid in the 3-spa
e l?.Step 3: If a line l meets X in at least two and at most q=2 + 1 points, then theovoid l? \Q+(5; q) 
ontains at least q2 + 1� 2q small points.Let l be a line that 
ontains d � 2 points of X. Then Ol = l? \ Q+(5; q) is anovoid, be
ause l is an exterior line of Q+(5; q). Let sl be the number of small pointsin Ol. For ea
h big point P 2 Ol there are at least d and therefore q + 1 points ofX in the plane P l � P?. We 
ount the number m of points of X that lie in one ofthe planes P l with P 2 Ol. If we only look at the planes P l with big points P weobtain: m � (q2 + 1� sl)(q + 1� d) + d :Sin
e m � jXj = q2 + q + 1� 
, this yields:q2 + q + 1� 
 � (q2 + 1� sl)(q + 1� d) + d ;that is sl � q2 + 1� q2 + q + 1� 
� dq + 1� d : (7)Sin
e d � q=2 + 1 and 
 > 0, it follows that sl > q2 � 2q proving Step 3.Step 4: There exists at most one line that meets X in more than q=2 + 1 points.Assume there exists two lines h and h0 that 
ontain more than q=2 + 1 points ofX. First suppose that h and h0 lie in a plane �. Then � 
ontains more than q + 1points of X. Sin
e every plane meets Q+(5; q), the plane � 
ontains a singular point,whi
h then lies on a line of � having two points in X. But X is an exterior set, a
ontradi
tion. 4



Now suppose that h and h0 are skew lines. The 3-dimensional spa
e hh; h0iinterse
ts Q+(5; q) in a 3{dimensional hyperboli
 quadri
, an Ovoid or a 
one. Inea
h 
ase there exists a point X 2 h \ X for whi
h h0X is a plane that interse
tsQ+(5; q) in a 
oni
. Sin
e X is an exterior set, all lines XX 0 with X 0 2 h0 \ X areexterior lines to this 
oni
. But h0 
ontains more than q=2 + 1 points of X and nopoint in a plane lies on that many lines that miss a 
oni
. This 
ontradi
tion provesStep 4.For every big point P we denote by �P the plane on P that 
ontains the q + 1points of X\P?. From now on, we �x a singular plane S. Then S lies in q2+ q+1solids. Sin
e X is an exterior set with q2 + q + 1 � 
 points, exa
tly q2 + q + 1 � 
of these solids 
ontain one point of X and the remaining 
 solids H1; : : : ; H
 do not
ontain a point of X. The subspa
es H?i are lines of S and a point of S is small i�it lies on one of these lines. We 
hoose a line l of S di�erent from the 
 lines H?i .Then l 
ontains at most 
 small points and therefore at least q + 1 � 
 big points.The subspa
e l? is a solid on S, whi
h meets X in a unique point. We denote thispoint by R. Then R is the unique point of X\ �P \ �P 0 for any two di�erent pointsP and P 0 of l.By Step 4, there exists at most one line h with more than q=2 + 1 points in X.If su
h a line h exists, then h is an exterior line and h? \ S is a point. In this 
asewe 
hoose l in su
h a way that l does not 
ontain this point h? \ S.Step 5: If P is a big point of l, then there exist at least q �pq lines that 
ontaintwo points of P? \ X that do not 
ontain R, and that have at most q=2 + 1 pointsin X.Consider the linear spa
e L indu
ed by PG(5; q) on the q + 1 points of P? \X.We have 
hosen l in a way that ea
h line of L 
ontains at most q=2+ 1 points. Thepoint R is a point of the linear spa
e L and the 
laim is that L has at least q �pqlines that do not 
ontain R.By Theorem 2 there is either exa
tly one line in L that does not 
ontain R orthere are at least bq + 1�pq + 1
 > q �pq of these lines.Sin
e every line of L 
ontains at most q2 + 1 points, the se
ond 
ase must o

ur.Thus the 
laim is established.Step 6: s � 14q4 � 34q3 + q5=2 � 2q2 + 32q3=2 + q �pq.We 
ount the number of small points that lie in ovoids Oh for all lines h thatsatisfy the following two 
onditions:1. h lies in a plane �P for a big point P 2 l and h does not 
ontain R.2. h 
ontains at least 2 and at most q=2 + 1 points of X.By Step 5 we �nd at least q �pq su
h lines in every plane �P for the big points Pof l.For two lines h and h0 in the same plane �P we have h? \ h0? = �?P . Thus theonly 
ommon point of Oh and Oh0 is P , and P is not a small point. If h lies in �Pand h0 in �P 0 for P 6= P 0, then hh; h0i is a 3-dimensional spa
e, be
ause otherwiseh \ h0 6= ; but �P \ �P 0 = fRg. Thus h? \ h0? is a line and Oh and Oh0 have atmost two points in 
ommon. 5



By Step 3, for ea
h line h we get at least q2 � 2q + 1 small points. Using �rstq � pq lines h in �P for the �rst big point P of l, then q � pq for the se
ond andso on for exa
tly q=2 + 1 of the at least q + 1� 
 big points of l, we obtains � (q �pq)[q2 � 2q + 1)℄ + (q �pq)[q2 � 2q + 1� 2(q �pq)℄ + : : :+ (q �pq)[q2 � 2q + 1� 2q2(q �pq)℄ : (8)Using the summation formula for arithmeti
 sums, this establishes the 
laim in Step6. Now we 
an 
omplete the proof of Theorem 2. Step 2 and Step 6 together imply
(q3 + q2 + q + 1) � 14q4 � 34q3 + q5=2 � 2q2 + 32q3=2 + q �pqHen
e 
 � 14q4 � 34q3 + q5=2 � 2q2 + 32q3=2 + q �pq(q3 + q2 + q + 1)� 14q � 1 + q5=2 + O(q2)q3 + q2 + q + 1 : (9)Sin
e q � 4, this implies 
 � 14q. (The O(: : : ) term is small enough.) Theorem 2 isthus proved. �4 Bounds for exterior sets of Q+(5; q), q oddIf q is odd and q 6= 11; 23; 59, then a maximal exterior set of Q+(3; q) is either linearor an exterior set of Thas-type. In this 
ase we 
an prove an upper bound forM(5; q)similar to Theorem 2.For the proof we will need the following result on linear spa
es:Result 3 (S
hmidt, [5℄)For a linear spa
e L with v points, let n be the unique positive number with n2 +n + 1 = v. If P1 and P2 are two distin
t points of L, then the number of lines thatdo not 
ontain P1 or P2 is either at most one or at least n2 � n.Now we are able to prove:Theorem 3Let X be an exterior set with respe
t to Q+(5; q), q odd and q 6= 11; 23; 59. IfjXj = q2 + q + 1� 
 then
 � (p5� 2)q + (22p55 � 10)p2q + 3 + (1077p550 � 1012 ): (10)
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ProofBy Result 1 we have 
 > 0. Furthermore we 
an assume q � 11, be
ause for q < 11the inequality (10) only implies 
 > 0.We go through the same steps as in the proof of Theorem 2. We 
an assumethat 
 � 12q. As in the proof of Theorem 2 we denote the polarity asso
iated withQ+(5; q) by ?.For ea
h point P there are at most q + 1 points of X in P?. We say P is a bigpoint if there are exa
tly q + 1 points of X in P? and otherwise P is a small point.By s we denote the number of small points.Step 1: For a big point P , the q + 1 points of X \ P? lie in one plane or there aretwo plans through P and exa
tly q+12 of the points lie in ea
h of these planesSin
e q 6= 11; 23; 59 Result 1 shows that the exterior set Y = fPXjX 2 X\P?gin the quotient geometry at P is either linear or of Thas-type.Step 2: We have s � 
(q3 + q2 + q + 1).Step 2 is the same as in the proof of Theorem 2.Let l be a line that 
ontains either d � 3 points of X, or d = 2 points of X whi
hare not orthogonal with respe
t to Q+(5; q). We will 
all su
h lines ni
e lines.Step 3: If a ni
e line l meets X in at most q=4+1 points, then the ovoid l?\Q+(5; q)
ontains at least q2 + 1� 4q small points.As in Step 3 of the proof of Theorem 2 we put Ol := Q+(5; q) \ l?. Let slbe the number of small points in Ol. For a big point P in Ol the exterior setY = fPXjX 2 X\P?g is either linear or of Thas-type. As in the proof of Theorem2 we obtain the bound:q2 + q + 1� 
 � (q2 + 1� sl)(q + 12 � d) + d ;that is sl � q2 + 1� q2 + q + 1� 
� dq+12 � d : (11)(In the prove of Theorem 2 we have the term q + 1 � d instead of q+12 � d. Thisdi�eren
e is due to the possibility that Y may be a set of Thas-type.)Sin
e d � q+14 and 
 > 0, it follows that sl > q2 � 4q proving Step 3.From now on we �x a singular plane S of Q+(5; q). For ea
h big point P 2 S,there is either one plane �P through P that 
ontains all q + 1 points of P? \ Xor there are two planes �(1)P and �(2)P through P that 
ontain exa
tly q+12 points ofP? \ X. Let P be a big point of S and � be the plane �P or one of the planes �(i)P .Let b be the number of lines in � that 
ontain at least 3 points of X, or 2 points ofX whi
h are not orthogonal to ea
h other. Either all points of X \ � lie on one lineor there is at most one point R 2 � \ X whi
h is in
ident with more than b+12 ofthese lines. In the se
ond 
ase R? \ S is a line of S and we say P 
orresponds to7



the line R? \ S. Sin
e there are at most two planes �(1)P , �(2)P that belong to P , P
orresponds to at most 2 lines of S.Step 4: There is a line l 2 S that 
ontains at least q + 1 � 
 big points and that
orresponds to at most one big point.In S there are 
 lines that 
ontain the small points of S and ea
h point of these
 lines is small. (See also Step 4 of the proof of Theorem 2.) Therefore the numberof small points of S is greater that 
. It follows that there are more lines whi
h
ontain big points than big points in S. Sin
e ea
h big point 
orresponds to at mosttwo lines, there is a line l 2 S whi
h 
orresponds with at most one big point P . LetR be the unique point of l? \ X. (As we have shown in the proof of Theorem 2 Rexists and is unique.)In S there are 
 lines that 
ontain the small points of S and therefore l has atleast q + 1� 
 big points.For a big point P 2 l let � be the plane in P? through R whi
h 
ontains eitherv = q+12 or v = q+1 points of X. Let L be the linear spa
e de�ned by these v points.We 
all a line of L whi
h 
ontains exa
tly two points X1; X2 of X with X1 2 X?2 abad line. (We 
all these lines bad, be
ause they 
ause additional trouble 
omparedwith the proof of theorem 2.)Step 5: For at least q � 1 � 
 big points of l the linear spa
e L 
ontains at leastq+12 � p2q + 3 lines that are not bad, that 
ontain at most q=4 + 1 points and thatdo not 
ontain R.Let P be a point of l and de�ne � and L as above. We denote the v points ofX \ P? by X1; : : : ; Xv.Suppose fX1; X2g and fX1; X3g are bad lines. It follows that X2X3 = X?1 \ �.Sin
e P 2 � and X1 2 P?, it follows P 2 X2X3. A 
ontradi
tion to X is an exteriorset. This yields: Two bad lines have no points of X in 
ommon.We 
onstru
t a new linear spa
e L0. L0 
ontains all points and lines of L. Fur-thermore L0 
ontains one spe
ial point X 0 whi
h lies on every bad line. If Xi 2 Llies not on a bad line fX 0; Xig is a line of L0. The number of lines of L0 whi
h arenot in
ident with X 0 is equal to the number of non bad lines of L.By Theorem 3 the number of lines of L0 that do not 
ontain X 0 and R is eitherzero or one or at least n2�n, where n is the positive number with n2+n+1 = v+1.(Note: L0 has v + 1 points.)We now investigate the �rst two possibility's:� All points of L lie on one line (i.e. L0 is a near pen
il).If v = q + 1, X 
ontains a whole line h. Suppose X 2 X� h. Then Xh mustbe an exterior plane to Q+(5; q). This is impossible.Now we assume v = q+12 . We prove that for all other big points P 0 2 l this
ase 
an not o

ur. Suppose the opposite. In �P and �P 0 together lie q pointsX1; : : : ; Xq of X. (Xq = R lies in both planes.) Sin
e the q+12 points in �P and�P 0 are part of an exterior set of Thas type, it follows that kXik is a squarefor all Xi, i = 1; : : : ; q or kXik is a non-square for all Xi: (kXik = b(Xi; Xi)for the bilinear form b that belongs to Q+(5; q). That kXik is always a square8



or always a non-square is part of the 
onstru
tion of exterior sets of Thas type(see [4℄).) Let � be the plane that 
ontains the points X1; : : : ; Xq. Withoutloss of generality we assume that kXik is always a non-square.Suppose � 
ontains only one point Q of Q+(5; q). All points X of � with kXkis a non-square lie on q+12 lines through Q. It follows Q lies at least on oneline XiXj, a 
ontradi
tion to X is an exterior set.Now suppose � interse
ts Q+(5; q) in a 
oni
. We 
an assume that the 
oni
 hasthe equation x1x2 + x23 = 0. Investigate the hyperboli
 quadri
 with equationx1x2 + x23 � x24. The points Xi, i = 1; : : : ; q and �X := h(0; 0; 0; 1)i form amaximal exterior set with respe
t two this hyperboli
 quadri
. (Xi � �X =b(Xi; X 0)2 � kXikk �Xk is a non-square, so Xi �X is an exterior line (see [4℄)).This set is neither linear nor of Thas type, a 
ontradi
tion to the assumptionq 6= 11; 23; 59.� There is only one line in L0 that 
ontains neither R nor X 0.In this 
ase L is a near-pen
il and all but one line of L 
ontain the point R.We have 
hosen l so that this 
an o

ur for at most one point of lSin
e ea
h of the above 
ases 
an o

ur only on
e we have shown:For at least q� 
� 1 of the q+1� 
 big points of l there are at least n2�n linesin L that are not bad and do not 
ontain R. If v = q+12 the number n2 � n is equalto q+32 �p2q + 3 and if v = q + 1 the number n2 � n is equal to q + 2�p4q + 5.In addition we have shown that at least q+12 � p2q + 3 lines in L are not badand 
ontain � q+14 points. If v = q + 1 this 
lear, be
ause at most 4 lines 
ontainmore than q+14 points and in this 
ase n2 � n � 4 > q+12 �p2q + 3 If v = q+12 (i.e.n2�n = q+32 �p2q + 3) then at most one line 
ontains more than q+14 points. Thusthe 
laim of Step 5 follows.In the following 
al
ulations we put z = 2q + 3.Step 6:s � z464 � 2132z3 � 
� 34 z5=2 � 
2 � 23
� 9616 z2 + 
2 � 152 z3=2 �28
2 + 268
+ 53132 z � (
� 15)(2
+ 5)4 pz � (2
� 67)(2
+ 5)64As proven in Step 5 there are at least q + 1 � 
 big points in l and in at leastq� 1� 
 planes �P (P is a big point of l) there are at least q+12 �p2q + 3 ni
e linesthat do not 
ontain the point R.As in the proof of Theorem 2 we 
ount the number of small points in ovoids oftype Oh where h is a line in one of the planes �P for a big point P 2 l. In the ea
hplane we have at least q+12 �p2q + 3 ni
e lines that do not 
ontain R. Continuingas in the proof of Theorem 2 using Step 3 we obtain the bound:
9



s � (q + 12 �p2q + 3) �q2 + 1� 4q�+ (q + 12 �p2q + 3) �(q2 + 1� 4q)� 2(q + 12 �p2q + 3)�+(q + 12 �p2q + 3) �(q2 + 1� 4q)� 2 � 2(q + 12 �p2q + 3)�+ � � �+(q + 12 �p2q + 3) �(q2 + 1� 4q)� (q � 
� 2) � 2(q + 12 �p2q + 3)� (12)Using the formula for arithmeti
 sums, this establishes the 
laim of Step 6.Now we 
an 
omplete the proof of Theorem 3. Step 2 and Step 6 together implya quadri
 inequality for 
. Solving this inequality we obtain:
 � p5z6 + 8z11=2 � 160z5 +O(z9=2)� 2z3 � 4z5=2 + 37z2 +O(z3=2)2(z � 4pz � 1)2 (13)Using polynomial division this simpli�es to:
 � (p52 � 1)z + (22p55 � 10)pz + (501p525 � 952 ) + �q (14)With �q > 0 and �q ! 0 for q !1.Repla
ing z by 2q + 3 we obtain the inequality (10). �Remark 1Sin
e the inequality (10) weaker than inequality (13), we 
an sometimes (expe
iallyfor small values q) improve our result, if we use the exa
t solution of the quadrati
inequality. In the following table we list the �st values of q in whi
h we 
an a
hievean improvement:q 3 5 7 9 11 13 17 23 25 27 31 37 41 49
 � 1 1 1 1 1 1 2 3 4 4 5 6 7 9q 59 73 81 109 : : :
 � 11 14 16 22 : : :Of 
ourse we 
an now use Theorem 1 or Corollary 1 to derivate bounds forexterior sets with respe
t to Q+(2n � 1; q), n > 3. For example for q even, q > 2and n > 2 we have M(2n + 1; q) � qn+1�1q3�1 (q2 + 34q + 1).A
knowledgementsI would like to thank Prof. Dr. K. Mets
h for detailed 
omments on the �rst draft.
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