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Abstract. One-way and two-way cellular language acceptors with icdstt nondeterminism are
investigated. The number of nondeterministic state ttems is regarded as limited resource which
depends on the length of the input.

We center our attention to real-time, linear-time and utmieted-time computations. A speed-up
result that allows any linear-time computation to be sppdeureal-time is proved. The relationships
to deterministic arrays are considered. For an importabtlass a characterization in terms of
deterministic language families andree homomorphismsis given. Finally we prove strong dlesu
properties of languages acceptable with a constant nuniin@naleterministic transitions.
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1. Introduction

Systems of interconnected parallel acting automata haengively been investigated from a language
theoretic point of view.

The specification of such a system includes the type andfgimin of the single automata (these
are in almost all cases finite or pushdown automata), thecim@ection scheme (which sometimes
implies a dimension of the system), a local and/or globaiditeon function and the input and output
modes. Various types have been studied for a long time (&,&2, 5, 6, 8, 9, 16, 23, 24, 27, 28, 29, 31)).

One kind of system is of particular interest: the cellulatoawata. In this well-investigated model
homogeneously connected deterministic or nondeterririsite automata work synchronously at dis-
crete time steps.

*Address for correspondence: Institute of Informatics Marsity of Giessen, Arndtstr. 2, D-35392 Giessen, Germany



2 Th. Buchholz et al./ On Interacting Automata with Limitecheterminism

Here we are investigating linear arrays with very simpleticbnnection schemes. Each node is con-
nected to its both immediate neighbors or to its right imratgneighbor only. Correspondingly they are
called two-way or one-way cellular automataX or OCA) resp. nondeterministic two-way or honde-
terministic one-way cellular automat&iCA or NOCA). Although deterministic and nondeterministic
finite automata have the same computing capability, nonsétesm can strengthen the power of the
deterministic parallel devices.

Nondeterministic arrays have been investigated e.g. ih [2Bere it was proved thaVCAs can
exactly accept the context-sensitive languages, in [9gretihe equivalence dfCAs andNOCAs
without time restrictions has been shown, and in [18], whermas shown in terms of homogeneous
trellis automata that the real-timéOCA languages contain thefree context-free languages as well as
a NP-complete language and form an AFL closed under intéosec

Here we are interested in a refinement of the amount of nomdigtism in order to identify the power
and limitations of known cellular automata. The limitatiohthe number of allowed nondeterministic
transitions is done according to a mapping N — Ny depending on the length of the input. By
regarding the nondeterminism as a restrictable resourte@frrays the spectrum is drawn from the pure
deterministic ¢(n) = 0) to the full nondeterministicg(n) = ¢(n)) devices. Limited nondeterminism in
sequential automata has been investigated e.g., in [4 21262

In Section 2 we introduce sugfG-CAs andgG-OCAs (g guess(O)CAs) and define the notions
in terms of formal language processing. Even for constampingsg the resulting arrays are powerful
devices whose language recognition capabilities are eredfiected by reducing the time complexity
from linear- to real-time nor by restricting the informatidlow to one-way. Section 3 is devoted to
the possibility to reduce the number of nondeterministangitions. In Section 4 a speed-up result
is shown that is stronger than all known results. Compasidoetween various devices especially to
deterministic ones are made in section 5. In Section 6 a cteization of an important subclass in terms
of deterministic language families amefree homomorphisms are given. Thus, the nondeterminism ca
be replaced by the homomorphism and vice versa. Finallyedtian 7 the strong closure properties of
the real-timeG-(O)CA languages are shown. They form ARL closed under intersection and reversal.

2. Basic notions

We denote the rational numbers Qy the integers byZ, the positive integer$1,2, ...} by N, the set
N U {0} by Ny and the powerset of a s8thy 2°. The empty word is denoted hyand the reversal of a
word w by w®. For the length ofv we write |w|. The set of mappings from to N is denoted byVY.

A nondeterministic two-way resp. one-way cellular autamas a linear array of nondeterministic
finite automata, sometimes called cells, each of them isexind to its both nearest neighbors resp. to
its nearest neighbor to the right. For our convenience watiiyethe cells by positive integers. The state
transition depends on the actual state of each cell and thalatate(s) of its neighbor(s). The transition
function is applied to all cells synchronously at discrétgetsteps. More formally:
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Definition 2.1. A nondeterministic (two-way) cellular automat@NCA) is a system
(S,0n4, %, A, F), where

a) S is the finite, nonempty set states

b) # ¢ S is theboundary state

c) A C Sis the nonempty set dafput symbols
d) F C Sis the nonempty set @fccepting states

e) dpa: (SU {#})3 — (2% \ 0) is the (nondeterministidpcal transition function

Let M = (S,0,4,#, A, F') be anNCA. A configurationof M at some timg > 0 is a description
of its global state, which is actually a mapping: [1,...,n] — S for n € N. The configuration at
time 0 is defined by the initial sequence of states. For a dgnpat wordw = wy ---w, € AT we
setcg (i) == w;, 1 < 4 < n. During its course of computation a&iCA steps nondeterministically
through a sequence of configurations, whereby successfiggmmtions are chosen according to the
global transitionA,,4:

Letn € N be an arbitrary positive integer andesp.c’ be two configurations defined By, ..., s, €
Sresp.si,...,s €85.

d € Apy(c) < s € 0na(#,s1,52), 55 € 0nal(s1,52,83); -+, 80 € Ona(Sn—1, Sn, #)

Thus,A,,4 is induced by,,4. Fori € Ny thei-fold composition ofA,,; is defined as follows:

Anale) = {c}
Aitle) = |J Anald)
et (c)

mi(s1-+ - s,) = s; selects theth component of; - - - s,,. If the state set is a Cartesian product of
some smaller set§ = Sy x S x --- x .S, we will use the notiomegisterfor the single parts of a state.
The concatenation of a specific register of all cells fornraek

# S1 S9 S3 Sq S5 #

Figure 1. A (two-way) cellular automaton.

If the flow of information is restricted to one-way, the rdigd device is anondeterministic one-way
cellular automaton(NOCA). l.e. the next state of each cell depends on the state okthiself and the
state of its immediate neighbor to the right.

S1 S9 S3 Sq S5 #

Figure 2. A one-way cellular automaton.

An NCA (NOCA) is deterministicif d,,4(s1, s2, s3) (0na(s1,2)) is a singleton for all states, ss,
s € S U {#}. Deterministic cellular arrays are denoted®yx resp.OCA.



4 Th. Buchholz et al./ On Interacting Automata with Limitecheterminism

Definition 2.2. Let M = (S, 0,4, #, A, F') be anNCA or anNOCA.

a) Awordw € AT is accepted byM if there exists a time stefy, € N such that there exists a
configurationc,, € A (co.,) wheree,, (1) € F.

b) L(M) = {w € A" | wis accepted b\ } is the formal language accepted b

c) Lett : N — N, t(n) > n, be a mapping. If allv € L(M) are accepted within, < ¢(Jw|) time
steps, therl. is said to be of time complexity.

The family of all languages which can be accepted bjN&am (NOCA) with time complexityt is
denoted by%;(NCA) (£(NOCA)). If ¢t equals thedentity functionid(n) := n, acceptance is said
to be inreal-timeand we write.Z,,(NCA) (%+(NOCA)). In the sequel we will use a corresponding
notion for other types of acceptors. Theear-time languages?;;(NCA) (£;(NOCA)) are defined
according to

Z(NCA) = | ) Z.ia(NCA)
keQ, k>1

There is a natural way to restrict the nondeterminism of thaya. One can limit the number of
allowed nondeterministic state transitions of the cellsr fhis reason aeterministic local transition
6q: (SU {#})3 — S is provided and the global transition induceddgyis denoted by\ ;.

Letg : N — Ny be a mapping that gives the number of allowed nondeterrdrtisinsitions depen-
dent on the length of the input. The resulting syste1Y,,4, 44, so, #, A4, F') is agG-CA (¢G-OCA) if
starting with the initial configurationy ., (for somew € A™) the possible configurations at some time
are given by the global transition as follows:

{C(),w} ift=0
Aalco.w) if ¢ < g(|uwl)

U A9 () otherwise

c’EAfL(d‘w‘)(CQ’w)

Observe, that all nondeterministic transitions have todmdied before the deterministic ones and that
for somesy, so, s3 € SU{#} the nondeterministic part may contain the deterministe: 6g(s1, sz, s3) €
5nd(51> S92, 83).

Up to now we havey not required to be computable. Of course, for almost alliapfbns we will
have to do so but some of our general results can be develagealtvsuch requirement. The following
example shows what might happen if we use a non-computabéidn.

Let L C {a}* be an arbitrary not necessarily recursively enumerabiguage that does not contain

the worda. By
1 if a” ¢ L
9(n) '_{ n if a” € L
agG-OCA can accepL in real-time simply by verifying whether or not more than eromdeterministic

transitions have been performed.
In the sequel the (certainly computable) constant mappjraye playing an important role.
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3. Guess reduction

The next two results show that+ 1 guesses per cell are not better ttkaguesses. On the other hand,
they yield the possibility to reduce the number of nondeteistic transitions by a constant as long as
one remains.

Theorem 3.1. Letg : N — Ny, g(n) > 1, be a mapping anil € Ny be a constant number. Then
Zi((g+k)G-CA) C £ (9G-CA)
holds for all time complexities : N — N, ¢(n) > g(n) + k.

Proof:
It suffices to prove the assertion for= 1. For a given(g+1)G-CA M = (S, 0,4, 4, #, A, F') we define
agG-CAM = (5,9 ;,0),#, A, F) as follows. LetS, := S U {#}.

S =5U(S x G x 54 k)
V81,82783 (= S#, f17f27f3 c SS#XS#XS# .

8 (s1,82,83) = dq(s1,s2,53) Q)

8y ((s1, /1), (s2, f2), (s3, f3)) = fa(s1,52,53) 2)
0q(s1,82,83) = {(s,f) ] € nals1,52,83) N\ f € §5#x5x5 gych that

V 51,52,53 € Sy : [(51,52,53) € 0na(51,52,53) ) (3)

Gna((s1, f1), (s2, f2), (s, f3)) = {(s,f2) | s € Onals1,52,53)} (4)

We are going to shovl,(M) = L(M') and that the time complexities are identical.

In its first (nondeterministic) stepl’ simulates the first step 6fl and, additionally, another nonde-
terministic step ofM for all possible triples of states 6ft (rule(3)). The second result is stored in an
additional register. It is a finite table which contains oo for every(si, sz, s3) € S3. Thus,M can
compute the first component of the state$véf too.

The deterministic transition dft’ applied to states fron§y corresponds to the deterministic transi-
tion of M (rule (1)). Again, it follows thafMl can compute the same states. The deterministic transition
of M’ applied to states frons, x S%*5#xS¢ is an application of the second component of the state of
the cell itself to the actual first components of the celllitaad of its both neighbors (rule (2)). This
corresponds to a nondeterministic transitiorMof Since deterministic transitions df’ always result in
states fromS an application of rule (2) can only happen at tig{@) + 1. But at that timeM performs
its last nondeterministic transition and, hence, can sateit’. It follows L(M') C L(M).

On the other hand, the firg{n) nondeterministic transitions 6ft are simulated byM’ in the first
components of the states (rules (3),(4)). Attigie) + 1 the first deterministic transition &f(’ is the
application of the nondeterministically chosen second mmment to the actual first components (rule
(2)) such that a nondeterministic transition (eff) is deterministically simulated (b$(’). From time
g(n) + 2 to t(n) automatorM’ simulatesM directly (rule (1)). It followsL(M) C L(M'). 0

The next theorem does not follow for structural reasonsesingieneral the single cells are not able
to recognize the time ste(n). So we have to ensure that despite of the additional nondetistic
transitions no additional inputs are accepted.
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Theorem 3.2. Letg : N — Ny, g(n) > 1, be a mapping anél € Ny be a constant number. Then
Zi(9G-CA) C Z((g + k)G-CA)
holds for all time complexities : N — N, ¢(n) > g(n) + k.

Proof:
It suffices to prove the assertion fbr= 1. For a givengG-CA M = (S, §,.4, 04, #, A, F') we define a
(g+1)G-CAM = (5,4 ,,0,.# A, I') as follows.

' Ymd?
S =Sus?
F’ IZFU{(Sl,Sz) € S5? | S92 EF}
v31782733784735736 S S#:

Opa(s1, 52, 53) {(s1,5) | 81 € Onals1,52,53) A sy = q(s1,52,83)} (1)
8q((s1,52), (s3,84), (s5,86)) = {(s1,55) | 8| € Gna(s1,53,85) A sh = da(s1,83,85)}  (2)
8 ((s1,52), (s3,84), (85,86)) = Sals2,54,56) (3)
6y(s1,52,83) = 0q(s1,52,53) 4)

We have to show (M) = L(M’) and thatM andM’ are of the same time complexity.

If ¢/ , is applied to pairs fron? its result is independent on the second components (rule g
first component of the result corresponds to an applicatiod, @ whereas the second component of
the result corresponds to an applicationdgf Thus, M can compute the first components of the first
g(n) configurations of\(’, respectively. The last nondeterministic transitio\of at timeg(n) + 1 is
computed byM with respect to the second components only, becausgythg + 1)-th transition ofM
is a deterministic one. But since the next transitionvéifat timeg(n) + 2 uses the second components
only (rule (3)),M computes the corresponding configuration correctly. Fiiame {(n) + 2 to t(n) the
transitionsd; andd/, are identical. By the definition of” the casgy(n) + 1 = t(n) is handled. It follows
L(W') C L(M).

For the converse, it follows directly from the definition »f that M’ simulatesM whereby addi-
tionally to the nondeterministic transitions in the firstjisters a deterministic transition in the second
registers is simulated (rules (1),(2)). Since the first oheieistic transition ofM’ uses the second com-
ponents only (rule (3)), the last simulation®f; is not regarded. It followd, (M) C L(MW'). O

The following corollary summarizes the last two theorems.
Corollary 3.1. Letg: N — Ny, g(n) > 1, be a mapping and € Ny be a constant number. Then
Z(9G-CA) = Z((g9 + k)G-CA)
holds for all time complexities : N — N, ¢(n) > g(n) + k.
By the techniques shown above the following corollary conitgy one-way arrays is easily derived.
Corollary 3.2. Letg: N — Ny, g(n) > 1, be a mapping and € Ny be a constant number. Then
Z1(9G-OCA) = Z((g + k)G-OCA)
holds for all time complexities : N — N, ¢(n) > g(n) + k.
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In general, we cannot reduce the number of nondeterministitsitions to O even i§ is a constant
mapping. In Theorem 5.1 it will be shown th&f.,(OCA) = £,.,(0G-OCA) is a proper subfamily of
2,1(1G-OCA). Therefore, the conditiop(n) > 1 is necessary.

4. Speed-up

Itis known that several types of cellular automata can bd-geby a constant amount of time as long as
the remaining time complexity does not fall below real-timeproof in terms of trellis automata can be
found in [6]. In [19, 20] the speed-up results are shown faedrinistic and nondeterministic cellular
and iterative automata. The proofs are based on sequerdicthine characterizations of the parallel
devices. Both techniques can be adapte@:t00O)CAs in a straightforward manner. Exemplarily, a
corresponding result has been shownifégrOCAs in [3].

Lemma4.1. Letg : N — Ny be a mapping anél € Ny be a constant number. Then
Z11(9G-CA) = Z(9G-CA)  and Z,4(9G-OCA) = Z(9G-OCA)
hold for all time complexities : N — N, ¢(n) > n.

It is sometimes convenient to have such results for cortstng: For example, after thieth non-
deterministic step a deterministi¢n)-time (O)CA can be simulated and subsequently the resulting
(t(n) + k)-time kG-(O)CA can be sped-up to @n)-time kG-(O)CA again. Observe that in case of
real-time it is not possible to speed-up the determinigtigCA by & time steps before its simulation.

DeterministicCAs andOCAs can be sped-up froifn + t(n))-time to (n + @)-time [1, 19, 20].
Thus, linear-time is close by real-time. The question weetvery linear-timeCA can be sped-up to
real-time is an open problem. Related to that question i®suck property of the familyZ,;(CA):
The real-timeCA languages are closed under reversal iff the linear-timer@aletimeCA languages are
identical [17].

Both problems are solved fddCAs. The family.Z,,(OCA) is closed under reversal [6] and the
real-time OCA languages are a proper subfamily of the linear-ti®€A languages ¢,.(OCA) C
Z112.44(OCA) = Z,(OCA)) [6, 30].

Now we are going to show a stronger result €1 O)CAs from which follows that real-time is as
powerful as linear-time. Since we need just one nondetéstidrtransition and one-way information
flow only, the strong speed-up is shown for-OCAs (i.e. the weakest device in question) at first.
Subsequently, the result follows foi-(O)CAs as corollary.

In order to prove the theorem we introduce a technique thiatés on referenced gsacking-and-
checking The basic idea is to guess the input in a packed form on thefi¢ie array. The verification
of the guess can be done by a determini€tiCA in real-time what is shown by the next two lemmas.

Let B be an arbitrary alphabet that does neither contain the tsamiole nor the border symbai.
Following the idea each cell of tHeCA hask registers for the packed part of the input and one register
for its original input. The next two mappings extract thelgatresp. the original input from a cell.

hiea: (BU{e))' xB — (BU{e})"

Wiy ..oy Wy W41 +H— W1--- Wk
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and

h2 : (BU{e})k xB — B

Wiy .o, Wy Wit+1 > Wil

The following lemma allows to verify whether (after a gueth®) concatenation of the firgtregisters
of all cells yields to a word beginning with symbols fromB and ending with{(k — 1) - n. blank symbols
e. l.e., whether the packed input has the correct length aodnitained in the leftmosity | cells.

Lemma 4.2. Letk > 1 be a constant number. Then
Ly, = {w1 ceewy | w, . wy € (B U {e})k X B A hpi(wi) - hi(wy) € B”e(k_l)'"}
is a real-timeOCA language.

Proof:

A correspondingOCA has to perform two checking tasks (cf. Figure 3). The firstoiverify that
hii(wr) -+ by 1(wy,) is of the formB*e™. Therefore, the cell which contains the last symbol of the
packed input generates a sigfidh the corresponding register. The signal passes throwghetiisters
and cells in descending order and must not meet a symb@therwise an error signal is generated
that prohibits the leftmost cell to accept. Additionallyra signals are generated if a register of a cell
contains the blank symbol followed by a nonblank symbol.

The second task is to verify that the length of the packedtinpeets the length of the array. It is
simply performed by initiating a left moving signal in thghtmost cell at the first time step. The lengths
are identical iff it arrives at the left border exactly whéw tsignal® of the first task arrives in the first
register of the leftmost cell. O

To verify the guess it remains to show that the packed inpidteistical to the original input on the
(k + 1)-th track:

Lemma 4.3. Let k£ > 1 be a constant number. Then

Lipo:={w - wy|wi,...,w, € (BU{e})k < B A
hk71(w1) - hk,l(wn) = hk,Q(wl) - hk72(wn)e(k—1).n}

is a real-timeOCA language.

Proof:
Since.Z,+(OCA) is closed under intersection [21] we may assume that the bdangs to the language
Ly, of Lemma 4.2.

The [#] cells containing the packed input are able to identify thelies by the contents of their
first k registers. For what follows every cell has anotheegisters which work like a first-in-first-out
(FIFO) queue (cf. Figure 4). The next input symbol to the guistthe content of thék + 1)-th register,
respectively.

The rightmost, — [ 7] cells shift the content of th@: + 1)-th track successively leftward. Thus, they
are implementing the input stream to the FIFO queue. At tlikoéthe input stream — marked byea-
each of the leftmost; | cells compares its FIFO content to its packed input. If thegarisons of all
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Figure 3. Example to the proof of Lemma 4R 3).

cells are successful the input is accepted by a sigirathe (k + 1)-th registers. Since theis generated
one time step after the arrival of the end-of-input-streaarkare the OCA works inn + 1 time, but can
be sped-up by one time step to real-time. O

Now we are prepared to prove the strong speed-up resulGadCAs:
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1.1/4 4|7 7/1010[1313/e e e’ e
#225588111414ee e e
3.3|6.6/9 9/1212/e eje e e e
L] + + + + L] L] L] L] L] L] L] L] L]
1:1/4 4|7 7/1010/1313/e e ee
#225588111414ee e e
3.3/6.6|9 9|1212(e eje e e'e
+ + + + + e ] ] ] e ] L) o o

Figure 4. Example to the proof of Lemma 483 3).
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Theorem 4.1. Let k € N be a constant number. Then
Z1:+(1G-OCA) = Z,(1G-0OCA)
holds for all time complexities : N — N, ¢(n) > n.

Proof:
From the definition we obtain the inclusio#;(1G-OCA) C %.+(1G-OCA). It remains to show
Z1:+(1G-OCA) C Z(1G-0OCA).

Let L be a language belonging 1#}..(1G-OCA) and letM be a1G-OCA that acceptd. with
time complexityk - t. We construct 2G-OCA M’ that simulate$\ in time ¢(n) + 1. The underlying
technique is packing-and-checking.

The idea is as follows: On an input of lengiteach cell with 1 < i < [%] of M’ guesses the initial
states of the cells(i — 1)+ 1, k(i —1)+2,..., ki inits firstk registers and remembers its original input
in its (k + 1)-th register (here we may assume that all cels » initially contain ane). Based on this
compressed representatidfi can simulatek time steps ofM per time step which yields the required
speed-up. For this reaso’ needs a second nondeterministic transition and anothgtime steps.

In parallelM’ has to check whether the guesses of the initial states wenectavhich can be done by
the simulation of the acceptor of Lemma 4.3. For the verificat time steps are needed. By Corollary
3.2 and Lemma 4.1 there existd@-OCA acceptingL (M) with time complexityt(n). O

Although the simulation on the compressed representatian e faster than real-time a speed-
up below real-time is, of course, not possible due to the tiraeded for packing-and-checking. The
necessary conditions for the strong speed-up are the [ditggib simulate the original device witl-
fold speed on a compressed representation of the input,obeljility to speed-up the resulting device
by a constant amount of time, and the possibility to redueentimber of nondeterministic transitions
by a constant. Due to Corollaries 3.1 and 3.2 and Lemma 4sk thenditions are met byG-OCAs and
gG-CAs as well.

Corollary 4.1. Letg : N — Ny, g(n) > 1, be a mapping anél € N be a constant number. Then
Zi1(9gG-OCA) = Z(9gG-OCA) and %.+(9G-CA) = Z(9G-CA)
hold for all time complexities : N — N, ¢(n) > n.

In [9] Z(NOCA) = Z(NCA) has been shown. The proof is based on a set of signals alog whi
verifications of previous guesses are done. The last vdiificaeeds anotherl time steps such that the
simulation of anNCA by anNOCA is at the cost of additionall time steps. ThusZ;,;4(NOCA) =
Z,(NCA) is proved. As an application of our strong speed-up resultavestrengthen the simulation
avoiding the increase of the time complexity.

Theorem 4.2. £, (NOCA) = £, (NCA) holds for all time complexities : N — N, ¢(n) > n.

Proof:
From [9] %, 1,a(NOCA) = %, (NCA) is known. In order to apply Corollary 4.1 lgt:= ¢ + id and
k = 2. By Z1q(NOCA) = Z1q4((t + id)G-OCA) it follows %1 ;¢(NOCA) = Zivia (NOCA).
2
Sinceid < t we obtainZ:.. (NOCA) C .,2”% (NOCA) = Z(NOCA). O
2
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Throughout the present paper real-time and linear-timef@ocs are of particular interest. Therefore,
we emphasize their specific relations.

Corollary 4.2. Letg: N — Ny, g(n) > 1, be a mapping. Then

Z.4(9G-OCA) = Z,(9G-OCA) and Z,(gG-CA) = Z(¢G-CA).

5. Ranging in the hierarchy of deterministic (O)CA language

The present section is devoted to compare the computingrpaivike £G-(O)CAs to the well investi-
gated deterministic devices. We proceed by ranging in timeothe following hierarchy of deterministic
(O)CA language families.

It is known that the real-tim&CA languages are properly included in the linear-tim€A lan-
guages, which in turn are identical to the reversal of thetieee CA languages
(Z+(OCA) C Z;(0OCA) = LE(CA)) [6, 19, 30]. In [5, 16] the inclusior};(CA) C .Z(OCA) has
been shown. Together with the inclusions for structuratoea we obtainZ,;(OCA) C .4;(OCA) =
ZLR(CA) C 4(CA) C Z(0CA) C .Z(CA).

Most of the following results are obtained fo6-(O)CAs but hold forkG-(O)CAs, too. On the
other hand, due to the homomorphic characterization (@e6)iand the enormous increase of computing
power by adding just one nondeterministic transition Iie(O)CAs are an important subclass of the
9G-(O)CAs.

At first we show that the computing power of real-tifd€ As is, in fact, strictly increased by adding
one nondeterministic step to that device.

Theorem 5.1. Z,,(OCA) C £.(1G-OCA)

Proof:
Obviously, we have an inclusion between the families siheenbndeterministic part of the state transi-
tion can be designed to be deterministic.

Let L be the languagéa? | p is a prime numbar. In [10] it is shown thatZ belongs ta%,,(CA).
SinceL is a unary language from the hierarchye .£};(OCA) follows. For structural reasons we obtain
L € 4,(1G-OCA). By Theorem 4.1 a corresponding linear-tiif@-OCA can be sped-up to real-time,
hence,L belongs taZ,,(1G-OCA).

On the other hand], does not belong ta%,;(OCA) since it is not a regular language and in [27] it
has been shown that real-tifdgCAs cannot accept non-regular unary languages. Thus, thesianlis
a proper one. O

The previous result can be strengthened furthermore. Aeldiy{ we loose the strictness of the

inclusion. The question of the strictness is strongly eglab the famous open problem whether or not
the real-timeCA languages are a proper subfamily of tha languages.

Theorem 5.2. .%,(CA) C .%,,(1G-OCA)
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Proof:

LetL € 4 (CA). Since4;(CA) is closed under reversal [28] there exists a linear-idethat accepts
L%, This CA, in turn, can be sped-up by a multiplicative and additivestant [20]. We obtain & A
M = (S, 64,#, A, F) that acceptd.” with time complexity2n — 1.

Now in a first step a deterministoCA M’ = (', 0/, #, A, F) is constructed such that’ accepts
the languagde”lw! | w € L(M)} with time complexity2n — 2. Here we assume ¢ S and w.l.0.g.
n > 1.

S = (SU{e}) U(Su{e})’

A= AU {e}

Vsi,80 € SU{e}:

S(s1,#) = (s1,e)
5&(81,82) = (81,82)

V (s1,52), (s3,54) € (SU {e})2 :

04(84,82,81) f(s1#£eANsas#eNsyF#e)
dq(#,s0,81) f(s1#eNsyFeNsy=e)
04(84,82,#) if(sg=eANsyFeNssFe)
e otherwise

dg((s1,52), (83,54)) 1=

The basic idea is that during an intermediate step the deN§ are collecting the information needed
to simulate one step of theA (cf. Figure 5). Due to the one-way information flow a cethereby can
collect information from the cell$ + 1 and: + 2 and, thus, simulate one step of thé\ cell i + 1.
Therefore, the relevant part of the configuration shiftgoiace to the left.

Since.%,:(OCA) is closed under reversal Lemma 4.3 holds fgf,, too, andLf, is a real-time
OCA language. 7 7

The cells of alG-OCA M” that accepts the languadev™ | w € L(M)} are constructed such
that they can store two input symbols. Under inpdt the 1G-OCA M” guesses in its first step the
configuratione”!w® whereby two adjacent symbols are stored in one cell, reisp8ctThe verification
of the guess corresponds to the acceptance of the Iangﬂ@g&)r k=2.

In parallel to the verificatiodM” simulates th&DCA M’ with double speed on the compressed input.
Therefore M” accepts with time complexity + 222 = n. SinceL(M") = {wf | w € L(M)} =
(L))" = (LB)™ = L the theorem follows. O

The next result fits the family;..(1G-OCA) (and by Theorem 6.2 the family,.,(1G-CA) as well)
into the known hierarchy of deterministic language farsiliéMloreover, it shows that the increase of
computing power gained in adding one nondeterministicsitienm to real-timeD CAs cannot be achieved
in general (i.e. for arrays without time limits). Convessele can avoid the nondeterministic transitions
without reducing the computing power.

Theorem 5.3. Z(1G-OCA) = Z(OCA)
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n
‘ # 19 | 20 | 30 | 4o # ‘ # e e e e 40 | 39 | 20 | 10 #
# ee | ee | ee |e,dq|40,30/30,20|20.10| 10, | #
t
‘#‘11‘21‘31‘41‘#‘ # e e 641‘31‘21‘118 #
# ee | ee |ed 41,31‘31,21‘21,11 1,,e| ee #

e, 43 |43,3333.23|23,13| 13.e | e,e | ee | ee
‘ # 14 2y 34 4, # ‘ # 4, 34 24 14 e e e e #
# [44.34/34,24/24.14| 14| €€ | €56 | ee | e,e #
‘#‘1‘2‘35‘4‘#‘ # | 35 25 15 e e e e e #
# [35.25|25,15 15, | €, | e.e | e,e | ee | ee #
‘ # 16 26 35 4g # ‘ # 26 1 e e e e e e #
# |[26,16|16,e| €.6 | €6 | ee | ee | ee | ee #
‘#‘17‘27‘37‘47‘#‘ #‘17 e e e e e e e #
CA OCA

Figure 5. Example to the proof of Theorem 5.2.

Proof:

In [16] the equivalence 0©CAs and a restricted online single-tape Turing machine has beewn.
Such asweeping machinégsSM) works as follows: The semi-infinite working tape is boundedhe
right. Initially all cells except the rightmost one are esnpEhe rightmost cell contains an endmarker
The SM starts scanning th# and performs successively right to left sweeps over the mpihepart of
the working tape. At the beginning of itgh sweep,l < i < n, it reads the-th input symbol and moves
its read-write head from to the left. Subsequently, it continues moving leftwardniing the nonempty
cells passed through (but does not erase them). The swespertte first empty cell which may be
rewritten. Now the read-write head resets to the rightmeltand theSM starts the next sweep. After
reading the whole input an end-of-input symbol is assumdaketthe permanent input. When reading
the end-of-input symbol for the first time thV rewrites the empty cell at the end of its sweep#by
and subsequent sweeps are bounded by the left and#rgtdmarkers, thus, not expanding the working
tape.
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It is easily seen and shown in [5] that under inpyt- - - w,,, w; € A, such a sweeping machine can
partition its working tape during the firat+ 1 sweeps as depicted in Figure 6 (here we may assume that
each cell of the working tape has two registers, thus, spgdkbsely of a tape of lengthn). The cells
of the left partition are divided into three tracks. On thetfone the input is stored. The second and third
track is empty. The cells of the right partition are contagnzeroes.

wy | wa Wp—1| Wy

Figure 6. Partitions of th8M in the proof of Theorem 5.3.

Let M = (S, 6na, 04, #, A, F) be an arbitraryy G-OCA. A SM that acceptd.(M) works as follows:

On the right partition 8.5|-ary counter is realized where the least significant digatishe right.
Obviously, theSM can increment the counter during one sweep. The generdtiarcarry-over at the
most significant digit synchronizes the computation on #fe partition (it occurs aftefrS|" sweeps,
respectively).

Suppose now on one of the tracks of the left partition the gonditionc; at some time > 1 of M
is stored. Then th&M can compute the successor configuratipn during one sweep. It suffices to
remember the contenf(j) of a cellj, 1 < j < n, while moving one cell to the left. On the new cell the
SM finds the state;(j — 1) and now is able to simulate the local transformatigfic; (j — 1), ¢;(j)) in
order to obtairc;1(j — 1).

During the whole computation tH&M keeps the original input on the first track of the left paotiti
unchanged.

On the second track again §-ary counter is realized that produces successively afigarations
of M after its guess (at time 1) (here we identify the state5d®y the ordered s€i0, . .., |S|—1}). Since
the original input is available on the first track th&l can verify whether a counter value corresponds
to a valid configuration at time 1 (i.e., whether the stateegiby the digit of a cellj — 1 belongs to
Sna(co(j —1),c0(j)) = Ona(wj—1,wy)).

The counter on the second track is incremented if and onhgeifsynchronizing counter on the right
partition overflows, thus, eadl¥|” sweeps. In parallel during such sweeps the second trackpiscco
onto the third one.

During the following|S|™ — 1 sweeps the content of the third track is updated accorditigettocal
transformationd, of M. Hence, the configurations, . .., csj» are generated successively. Sidde
has at mostS|™ different configurations of length, the simulation started with the configuratienis
completely performed.

On the other hand, all possible configuratiensare generated at the second track such thatitie
simulates all possible computations Jdf on inputw; - - - w,. The SM accepts the input if one of the
simulations is accepting, it rejects if the counter on tHe partition overflows before one accepting
computation has been simulated.

It follows .Z(1G-OCA) C Z(OCA) and for structural reason®’(OCA) C Z(1G-OCA) what
proves the theorem. O

The following Corollary gives an upper bound for the langaigmily ., (1G-OCA).
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Corollary 5.1. .Z4(1G-OCA) € Z(0OCA)

Now we haveZ};(CA) C £.(1G-OCA) C Z(OCA). As will be shown by Theorem 6.2 the
real-time computing power dfG-OCAs is not increased when two-way information flow is provided.

A summary of the relations between several language fasididepicted in Figure 7.

6. Homomorphic characterization

In [25] Myhill has proved that the regular languages are tixde closure of the finite languages under
union, concatenation and iteration. Such results open dissilpility to characterize certain language
families by, in some sense, simpler ones and some kind oktipes. Besides they shed some light on
the structure of the family itself they may be used as poweeduction tool in order to simplify some
proofs or constructions.

In the present section we are going to characterize thetirrali G-(O)CA languages by the clo-
sure of.Z.,((O)CA)s undere-free homomorphism. Thus replacing the nondeterminisna-frge ho-
momorphisms and vice versa. An application of the homomiorpharacterization yields the result
Z+(1G-CA) = %.(1G-OCA) from which follows that for such devices one-way informatftow is
sufficient.

In order to prove the characterization for real-tiff@-OCAs we need the closure of the real-time
OCA languages under a weak kind of homomorphism.

Definition 6.1. Let h : A* — B* be ane-free homomorphismh is structure preservingff for every
two a,a’ € A with a # a’ andh(a) = by---b,, andh(a’) = b} ---b), the sets{b;,...,b,,} and
{b},...,b,} are disjoint.

Lemma 6.1. .%,,(OCA) is closed under structure preserving homomorphism.

Proof:
LetA = {a,...,a,} beanalphabet, C A* be alanguage belonging 16,,(OCA) andh : A* — B*
be a structure preserving homomorphism:

h(a1) =11+ brngs- - Mam) = bm1 - by,

whereb; ; € B. Observe that the; ; are not necessarily different.

A deterministic generalized sequential machine (gsm) {4 8fined as follows: The input alphabet
is B, the output alphabet id and the set of states = {s; ; | 1 <i <mand2 < j <n;} U {sg, sc}
wheres is starting and final state. The gsm does its computationrditepto the local transformation
6:9xB— 8 x A*.
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Foralll <i<mandsy; €S\ {s0,5c}:

Si,2,€) if j=1 andn; > 1

(
5(80,bi7j) (so,al-) if j=1andn; =1
(se,e)  otherwise
(Skit1,€) If k=1diandl = jandn; >
5(5k,labz’,j) (30, al-) if k=4iandl = jandn; =1
(Se,€) otherwise
I(se,bij) = (Se,€)

The gsm reads an input word from B* and emits an output wora from A*. If additionally the
gsm stops in a final state we write formallym (w’) = w. For a given languagg;,, C B* it defines the
languageysm(L;,) = {w € A* | 3w’ € Ly, : gsm(w') = w}.

Since.%,.(OCA) is closed under inverse deterministic gsm mappings with §tades [18] the lan-
guagegsm (L) = {w' € B* | 3w € L : gsm(w') = w} belongs taZ,;(OCA), too. Now it suffices
to showh (L) = gsm~1(L).

For an arbitraryw = a;---a, € L we haveh(w) = by1---bip, -- bp1---byy,. Sinceh is
structure preserving thie; ; are all different, thus, if started in statg the computation path of gsm
under inputh(a;), 1 < i < m, is (sg,bi1) 2, so if n; = 1. The output is written on top of the arrow. If
n; > 1 we obtain(so,b;1) — (s:2,bi2) — (5:3,0i3) — -+ = (Sin,,bin;) — s0. In both cases gsm
mapsh(a;) — a;. Since starting and final states are identical we have(h(w)) = w and therefore
h(w) € gsm™1(L).

Now letw’ be aword ingsm~!(L). There must existaword = a; - - - a, € L such thagsm(w’) =
w. We consider an arbitrary symbol in, saya;. The possible transition steps of gsm that eajit
are (S;n,;,bin,) 2 o and (50,bi1) 2 so. Note that these steps result in the staterespectively.
Sincen; is uniquely defined by: we have forn; = 1 the transition(so, b; 1) 2, s and sinceh is
structure preserving (i.eb; ; is uniquely determinedysm~!(a;) = b;;. Forn; > 1 the transition
(Sings Din,) 2, 5o must take place to emit the symhgl The only way to enter statg ,,, is from state
sin;—1 With inputb; ,,_1 whereby the empty word is emitted. We can trace back the ctatipno until
we reach state, again. The only way to entey, is by transition steps that emit nonempty symbols.
Therefore,gsm™1(a;) = bi1---bin,. Since starting and final states are identical we obtain theue
word gsm™!(w) which must bew’: w' = gsm™(w) = b11- b1, - bp1-  bpn,. It follows
w' = b1 by bp1 bp,np = h(al) cee h(ap) = h(w) € h(L) a

Now we can use the previous lemma to prove the charactenizati
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Theorem 6.1.

a) Let L be a language belonging t&,,(OCA) and h be ane-free homomorphism. Theh(L)
belongs taZ,;(1G-OCA).

b) Let L be a language belonging 1#,,(1G-OCA). Then there exist ap-free homomorphisn
and a languagé’ € .%,;(OCA) such that(L') = L holds.

Proof:
a) LetL € Z,(OCA) be alanguage over the alphabkt= {ay,...,a} and ans-free homomor-
phismh : A* — B* be defined according to

h(a1) =11+ brngs- - M@m) = bm1 - by,

whereb;; € B.
We introduce an alphabé? := {b; 1,...,b1,,021,--.,0mn,, } Of different symbols and a struc-
ture preserving homomorphisht : A* — B*:

h'(al) = 6171 e Blmw e ,h/(am) = Bm,l e bm,nm-

Since %,:(OCA) is closed under structure preserving homomorphig(i.) is a real-timeOCA
language. Define anfree length preserving homomorphisiff : B* — B*: h”(b11) = by 1,...,
R (Brmnm) = P -

Obviously, we havéy(L) = h" (L' (L)).

A 1G-OCA M’ acceptingh(L) in n + 1 time steps works as follows. Siné€ is length preserving,
in the first time step every cell can guess the inverse imags ivfitial state undeh”. During the next
time steps\’ simulates a real-tim&®CA M acceptingy’ (L). As shown in Lemma 4.1 we can speed-up
M’ by one time step.

Trivially, for eachw € h(L) there exists a’ € L such thath(w') = w. Definew” := h'(w’) then
w” is a preimage ofv underh” and, thusM’ acceptsw.

On the other hand, iM’ accepts an inpub then there must exist@’ such thath”(vw') = w and
w' € W(L) hold. Therefore, there existsid’ € L such that'(vw”) = w’. It follows " (1 (w")) = w
and, hencew € h(L).

b) LetM = (S, 4,04, %, A, F') be a real-timelG-OCA with global transformationg\,,; and A,
configurations:; andL = L(M). Define a languagé’ C (A x S)* as follows:

L= {(al,sl)---(an,sn) | w=ai---ap€ LATer € Apalcow) :c1(l) =s1,...,c1(n) = sp
A (AT (e) (1) € F}

L’ is a real-timeOCA language: The cells of a correspondig”A M’ are verifying the condition
S; € Ondlai,a;y1), 1 <i <n-—1,ands, € d,q4(an,#) during their first time step. If the verification
fails an error signal is sent to the left preventing ®€A from accepting. Otherwise celenters stats;.
For these cases the configuration§vofunder inputa; - - - a,,) andM’ (under input(as, s1) - - - (ap, $n))
at time 1 are identical.
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During the nextn — 1 time stepsM’ simulates the deterministic behavior f from time 2 ton.
Therefore M’ accepts ifM accepts the input; - - - a,, by running through the configuration - - - s,, at
time step 1. Thus, i - - - a,, € L. Itfollows L’ € %.,(OCA).

An e-free homomorphisnt : (A x S)* — A*, h((a,s)) := a, maps a pair fromd x S to its
first component. It follows for allv = (a1, s1) -+ (an, sn) € L' : h(w) = a1 ---a, € L and, hence,
h(L') = L. 0

Now we apply the characterization and its proof.

Lemma 6.2. Let L be a language belonging 16,,(1G-CA). Then there exist atrfree homomorphism
h and a languagé’ € .%,(CA) such thati(L') = L holds.

Proof:
The proof is only a slight modification of part b) of the prodfidhheorem 6.1. It can easily be adapted.
O

Lemma 6.3. Let L be a language belonging 1&,;(CA) andh be ans-free homomorphism. The(L)
belongs taZ,;(1G-OCA).

Proof:
Theorem 6.1 and Theorem 7.3 show tH&t, (1G-OCA) is closed undee-free homomorphism. The
Lemma follows immediately from the factj,(CA) C .Z,,(1G-OCA) shown by Theorem 5.2. O

Theorem 6.2. Z,,(1G-CA) = Z£+(1G-OCA)

Proof:
Z1(1G-OCA) C .Z,+(1G-CA) follows for structural reasons.

For the converse suppose contrarily there existsa.%,;(1G-CA) that does not belong t (G —
OCA). From Lemma 6.2 we obtain that there must be a langudge .%,.(CA) and anc-free homo-
morphismh such that,(L') = L. By Lemma 6.3 it followsh(L') € .%,,(1G-OCA), a contradiction.

O

Figure 7 summarizes the relations between the languagdéidami

7. Closure properties

In the following we are studying the closure properties aficheterministic cellular automata. Figure 7
separates the language families into five groups where fbtiremn are corresponding to well-known
classes.

The first group is formed by the familie®’(NCA) = .#(NOCA) that are identical to the context-
sensitive languagesNSPACE(n)). From the group%(NCA) = £ (NOCA) = Z£4(NCA) =
Z,1(NOCA) the family .Z,,(NOCA) has been well investigated in terms of homogeneous trells a
tomata [18]. The closure properties of the gragf{kG-CA) = Z(CA) are corresponding to the
closure properties of the deterministic context-seresitanguagesIfSPACE(n)), whereas the group
Z(kG-OCA) = Z(0CA) has been studied in terms of iterative arrays [5, 16].
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Z(NCA) = Z(NOCA) = 7
Ul < ) Ul

Zi(NCA) = Z4;(NOCA) Z(kG-CA) = ZL(CA) = Digua
Il [ Ul Ul U

Zu(NCA) = Z,(NOCA) Z(kG-OCA) = Z(OCA) > %
Ul ) & Ul

Zu(kG-CA) = Z(kG-OCA) D Zu(CA) U
Il I Ul

Z1(kG-CA) = Z4(kG-OCA) Zi(CA) D Doge
[ [ [

Z(1G-CA) = Z1(1G-OCA) ZF(OCA) U
[ [ U

Zuy(1G-CA) = Z4(1G-OCA) o) Z4(OCA) > £

Figure 7. Relations between language families.

Now we are exploring the strong closure properties of theareimg group
Z1:(kG-CA) = L4(kG-OCA) = £ (kG-CA) = £, (kG-OCA) = £ (1G-CA) =
21(1G-0OCA) = Z,.(1G-CA) = Z..(1G-OCA) on the hand of the simplest structure@d-OCAs.

Lemma 7.1. .Z,,(1G-OCA) is closed under union and intersection.

Proof:
Using the same two channel technique of [9] and [28] the tieges easily seen. Each cell consists of
two registers in which acceptors for both languages arelabeiin parallel. O

Theorem 7.1. Z,,(1G-OCA) is closed under concatenation and iteration.

Proof:

Let Ly, Ly € %4+(1G-OCA) andM;, M be acceptors fof; andL,. We construct @G-OCA M’ that
accepts the concatenatidn L, in n + 1 time steps. To accept an inputws, wi; € L1, wy € Lo, M/
guesses in its first time step the cell in which the first syndfal, occurs. In the remaining time steps
2ton + 1 M’ simulatesM; in the left part onw; andMs in the right part of the array om,. Due to
Theorem 3.1 we can constructl&-OCA that acceptd.; L» in time n + 1 which according to lemma
4.1 can be sped-up to work in real-time. The closure undecatenation follows.

The closure under iteration follows analogously. During finst time step a corresponding acceptor
guesses the cells which contain the first symbols of each@ubvBubsequently acceptors for the basic
language are simulated on each subword in parallel. A lefingosignal that is started at the right border
collects the results of the simulations. O

It is known that%,..,(OCA) is closed under reversal [6] which is a long-standing opemlpm for
Z+(CA).
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Theorem 7.2. £,,(1G-OCA) is closed under reversal.

Proof:
Let A be an arbitrary alphabet. In [9] it has been shown that thguage

Lp={we A" |w=uw?}

belongs taZ,,(OCA).

Let M be alG-OCA that accepts a languadeC A* in real-time.

An Z,;(1G-OCA) M’ that accepts.” in n+ 1 time steps works as follows. On input= w; - - - wy,
every celll < i < n of M’ guesses the symbal, ;1 and stores it in an additional register. If the
guesses are correct thaff has the symbolsy,,w,,_1 - - - wow; = w? on its additional track. Further-
more, the cell in the center of the array is hondetermirafitianarked (ifn is even the two cells in the
center). Altogether, after the first time st®f performs three tasks in parallel.

One is to simulatévl onw® becausev € LT iff wf € L = L(M).

The second task is to verify that the cell(s) in the centernig)(marked. It is realized by a signal
which moves with speeg from the marked cell(s) to the left. Since accepting is in-timae it can only
be done at the time step the signal arrives at the left bohd¢his case the center was marked.

The last task is to check that the guessed wofdvas correct. Since the input as well as its (guessed)
reversal is stored on different tracks and the center is etdvK can simulate two real-tim@CAs for the
languagel r where the input is the left half of one track and the right ls&the other track, respectively.

O

Now some closure properties concerning homomorphismshasers
Theorem 7.3. .Z,.(1G-OCA) is closed undeg-free homomorphism.

Proof:

Suppose contrarily there is a langualfec .%,,(1G-OCA) and ans-free homomorphisn’ such that
L" .= h(L') ¢ £+(1G-OCA). From Theorem 6.1 follows that there exist a language .%,:(OCA)
and ans-free homomorphisnk such that.(L) = L'. Therefore we havé&” = h/(h(L)). Sinceh' o h
is ane-free homomorphism too, Theorem 6.1 is contradicted. Theurtk undee-free homomorphism
follows. O

Corollary 7.1. .%+(1G-OCA) is closed under injective length-multiplying homomorphis

We can relate an unsolved closure property to the power efbgtistic two-wayCAs. In [17] it
has been shown that the family,.(CA) is closed under reversal iff the linear-time and real-tighe
languages are identical.

Lemma 7.2. If the family .%,,(CA) is closed undet-free homomorphism thet;;(CA) = £ (CA)
holds.

Proof:

Assume%,;(CA) is closed undet-free homomorphism. Due to the inclusioff,(OCA) C £.,(CA)
and the Theorems 6.1 and 7.3 one obtaiis(1G-OCA) C .Z,(CA). The lemma follows from
Z1(CA) C Z(CA) C Z4(1G-OCA). O
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Theorem 7.4. Z,,(1G-OCA) is closed under inverse homomorphism.

Proof:
Let L € £..(1G-OCA) be a language over some alphaldeandh : B* — A* be a homomorphism.
From Theorem 6.1 we obtain a real-tir&C A languagel.’ over some alphabet’ and a length preserv-
ing homomorphisni’ : A”* — A with /(L") = L.

Lethy : {(z,2') € Bx A" | h(z) = W (2/)}* — A’ be the homomorphism with, ((z,2')) =
a'. Further leth; : (B x A’)* — B* be anc-free homomorphism withh, ((z,2")) := «. Then
hy (hy (L)) = h=(I(L')) = h~Y(L) holds.

Since.%,;(OCA) is closed under inverse homomorphism [Z7],' (L') belongs taZ,;(OCA). Now
Theorem 6.1 implied ! (L) € .%,,(1G-OCA) what proves the closure under inverse homomorphism.

O

Theorem 7.5. Z,,(1G-OCA) is not closed under arbitrary homomorphism.

Proof:

The Dyck languages and the regular languages are reaklithe languages [9] and therefore real-time
1G-OCA languages. Chomsky [7] has shown that every context-freguizge is the homomorphic
image of the intersection of a regular language and a Dyakiage.

In contrast to the assertion we assu#g, (1G-OCA) is closed under homomorphism. Since it
contains the regular as well as the Dyck languages it canthmcontext-free languages.

Ginsburg, Greibach and Harrison [13] have shown that evecursively enumerable language is
the homomorphic image of the intersection of two contegeftanguages. Due to our assumption all
recursively enumerable languages have to be contained.ifi G-OCA) from which a contradiction
follows. O

Since homomorphisms are specific substitutions it follows:

Corollary 7.2. .£,,(1G-OCA) is not closed under arbitrary substitutions.

The theory ofabstract families of language\FL) has been founded in [11]. Since the closure
properties ofAFLs are not independent of each other we now derive two moresptiep from known
results abouAFLs.

Corollary 7.3. %+(1G-OCA) is an AFL (i.e. is closed under intersection with regular sets, swer
homomorphisme-free homomorphism, union, concatenation and iteration).

Lemma 7.3. .Z,(1G-OCA) is closed undet-free gsm mappings and inverse gsm mappings.

Proof:
In [11] it has been shown that eveAF'L is closed undet-free gsm and inverse gsm mappings. O

Lemma 7.4. Z,(1G-OCA) is closed undet-free substitution.

Proof:
In [12] it has been shown that aAFL that is closed under intersection is also closed undizee
substitution. Thus the assertion follows from Lemma 7.1 @odbllary 7.3. O
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We have shown the inclusia®;.(1G-OCA) C Z(CA) and thatZ,;(1G-OCA) is closed under
reversal. Up to now it is not known whether the family is cbsemder complement or set difference. A
negative answer would imply that there exisiS & language which is not a real-ting@A language.
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