
Partial ovoids in 
lassi
al �nite polar spa
esAndreas KleinJuly 3, 2002Abstra
tOvoids in �nite polar spa
es are related to many other obje
ts in FiniteGeometries. In this arti
le we prove some new upper bounds for the sizeof partial ovoids in Q�(2n + 1; q) and W (2n + 1; q). Further we give a
ombinatorial proof for the non-existen
e of ovoids of H(2n + 1; q2) forn > q3.1 Introdu
tionLet P be a �nite polar spa
e of rank � 2. A set O of points is 
alled a partialovoid, if every maximal isotropi
 subspa
e 
ontains at most one point of O. Ois 
alled an ovoid of P if every maximal isotropi
 subspa
e 
ontains exa
tly onepoint of O. A good survey on ovoids 
an be found in [7℄.For a polar spa
e P we de�ne:O(P ) = maxfjOj j O is a partial ovoid of PgIn the following we shall improve the 
ounting arguments from [7℄ to proveindu
tive bounds for the size of partial ovoids in polar spa
es of type Q�(2n+1; q) and W (2n + 1; q). Combining these indu
tive bounds with known upperbounds in small dimensions we obtain improved upper bounds for the size ofpartial ovoids. In the last se
tion we use a similar 
ounting argument to provethe non-existen
e of ovoids of H(2n+ 1; q2) for n > q3.Other indu
tive bounds on the size of partial ovoids 
an be found in [2℄,where the authors prove(qn+1 + 1)�O(P ) < (q � 1)((qn + 1)�O(P 0))for P = Q�(2n + 1; q) and P 0 = Q�(2n � 1; q) or P = W (2n + 1; q) andP 0 =W (2n� 1; q). This formula is weaker than the formulas in Theorem 1 andTheorem 2, but it has a natural generalization to polar spa
es of other types.2 Partial ovoids in Q�(2n+ 1; q)It is known that no ovoid exists in Q�(2n + 1; q) for n � 2 (see [5℄). We �rstprove: 1



Theorem 1For n � 3, we haveO(Q�(2n+ 1; q)) � qn + 1qn�1 + 1(O(Q�(2n� 1; q))� 2) + 2 (1)ProofThe proof of this theorem is inspired by the proof of Theorem 22 in [7℄.Let O be a partial ovoid of Q�(2n + 1; q) with jOj = O(Q�(2n + 1; q)).Let � be the polarity of PG(2n + 1; q) 
orresponding to Q�(2n + 1; q). Letx; y 2 O with x 6= y. De�ne � = (xy)�. � is a (2n � 1)-dimensional subspa
eand � \Q�(2n+ 1; q) is an ellipti
 quadri
 Q�(2n� 1; q) = Q. Sin
e x; y 2 ��we 
on
lude � \ O = ;.Now we 
ount the number N of pairs (u; v) with u 2 Q, v 2 Onfx; yg su
hthat uv is a line of Q�(2n + 1; q). For ea
h possible v the point u must lie inthe non singular quadri
 (xyv)� \Q�(2n+1; q). This quadri
 
ontains q2n�2�1q�1points, i.e. N = (O(Q�(2n+ 1; q))� 2) q2n�2�1q�1 .On the other hand for ea
h u 2 Q the points of O \ u� de�ne a partialovoid in u�=u. Sin
e x; y 2 O \ u�, for ea
h possible u 2 Q there exist at mostO(Q�(2n� 1; q))� 2 
orresponding v's. Therefore we haveN � (qn�1�1)(qn+1)q�1 (O(Q�(2n� 1; q))� 2).All together we get:(O(Q�(2n+ 1; q))� 2)q2n�2 � 1q � 1 � (qn�1 � 1)(qn + 1)q � 1 (O(Q�(2n� 1; q))� 2)Simplifying we get (1). �The next 
orollary improves the bound O(Q�(2n+1; q)) � qn+1� q2+2 of [7℄.Corollary 1O(Q�(2n+ 1; q)) � qn+1 � qn + qn�1 � qn�2 + 2, if n � 2.ProofThas proves in [6℄ that O(Q�(5; q)) � q3 + 1� q(q � 1). The 
orollary followsfrom Theorem 1 sin
e qn+1qn�1+1 � q. �Remark 1Blokhuis and Moorhouse have proven:O(Q�(2n+ 1; q)) � [�p+ 2n5 ��� p+ 22n� 2�℄e + 1for a prime number p and q = pe (see [1℄). If p is small in 
omparison with nthis bound is better than the one of Corollary 1.2



3 Partial ovoids in W (2n+ 1; q)Ovoids ofW (3; q) exist only if q is even, and there are no ovoids inW (2n+ 1; q)for n > 1 (see [4℄ and [5℄). In this se
tion we prove some upper bounds forO(W (2n+ 1; q)).Theorem 2Let O be a partial ovoid of W (2n+1; q), n > 1. Let g be a line of PG(2n+1; q)whi
h 
ontains m, with 2 � m � q+1, points of O. Let M be the maximal sizeof a partial ovoid of W (2n� 1; q) whi
h 
ontains a line with at least m points.Then the number of points in O is bounded above by:jOj � q2n � 1q2n�1 � 1(M �m) +m (2)In parti
ular:O(W (2n+ 1; q)) � q2n � 1q2n�1 � 1(O(W (2n� 1; q))� 2) + 2 (3)ProofThe proof of this theorem is inspired by the proof of Theorem 23 in [7℄.Let � be the polarity of PG(2n + 1; q) 
orresponding to W (2n + 1; q) andlet � = g�. Then � is a (2n� 1)-dimensional subspa
e of PG(2n+ 1; q) whi
h
ontains no point of O.We 
ount the number N of pairs (u; v) with u 2 �, v 2 Ong su
h that uv isa singular line of W (2n+ 1; q).For v 2 Ong the point u must lie in v�\�. This is a (2n�2)-dimensional sub-spa
e of PG(2n+1; q) whi
h 
ontains q2n�1�1q�1 points. ThusN = (jOj �m) q2n�1�1q�1 .For ea
h point u 2 � the points of O\u� de�ne a partial ovoid in u�=u. Thepoints of g \O lie in u�=u on the line gu=u. By assumption every partial ovoidin W (2n� 1; q) with at least m points on a line 
ontains at most M points, i.e.ju�\Oj �M and ju�\ (Ong)j �M �m. Sin
e � 
ontains exa
tly q2n�1q�1 points,we 
on
lude N � q2n�1q�1 (M �m).Together we have:(jOj �m)q2n�1 � 1q � 1 � q2n � 1q � 1 (M �m)This proves (2). Sin
e every partial ovoid 
ontains at least one line with 2points, (3) follows from (2) if we set m = 2. �In [7℄ Thas proves O(W (2n + 1; q)) � qn+1 � q + 2. Now we 
an use Theorem2 to improve this result.Corollary 2For n � 2 we have O(W (2n + 1; q)) � qn+1 � qn�1 + 2. If q is odd and n � 1the bound 
an be improved to O(W (2n+ 1; q)) � qn+1 � qn � qn�1 + 2.3



ProofAs a spe
ial 
ase of the result in [7℄ we obtain O(W (5; q)) � q3 � q + 2. Nowthe 
orollary follows from Theorem 2 together with b q2n�1q2n�1�1 (qn � qn�2)
 �qn+1 � qn�1.Tallini proves in [3℄ that every partial spread of Q(4; q) with q odd 
ontainsat most q2 � q + 1 lines. Sin
e W (3; q) is isomorphi
 to the dual of Q(4; q) thisimplies O(W (3; q)) � q2+1�q if q is odd. If we apply Theorem 2 to that upperbound we obtain O(W (2n+ 1; q)) � qn+1 � qn � qn�1 + 2. �Another 
orollary of Theorem 2 is:Corollary 3Every ovoid of W (3; q), q even, is an ovoid of PG(3; q).ProofSuppose O is an ovoid of W (3; q) but not an ovoid of PG(3; q). In this 
asethere is a line whi
h 
ontains m > 2 points of O. Applying Theorem 2 we get:jOj � q2 � 1q � 1 (q + 1�m) +m � q2 + 2q �mq + 1 < q2 + 1 :This is a 
ontradi
tion sin
e jOj = q2 + 1. �4 Ovoids in H(d; q2)The situation inH(d; q2) is more 
ompli
ated than the situation inQ�(2n+ 1; q)and W (2n+ 1; q). The main reason is:Let � be the polarity of PG(d; q2) 
orresponding to H(d; q2). If a plane �
ontains at least 3 points of an ovoid, �� 
an interse
t the polar spa
e H(d; q2)either in a polar spa
e of type H(d � 3; q2) or in a 
one over a polar spa
e oftype H(d� 4; q2).It is obvious that there exist ovoids in H(3; q2). In [5℄ Thas proves that thereare no ovoids in H(2n; q2) for n > 1. In this se
tion we prove:Theorem 3For n > q3 there exist no ovoids in H(2n+ 1; q2).To prove this we need the following lemma:Lemma 1LetO be an ovoid ofH(2n+1; q2). Let � be a plane whi
h interse
tsH(2n+1; q2)in a polar spa
e of type H(2; q2). Let m = j� \ Oj � 2.Then there exists an ovoid O0 of H(2n�1; q2) and a plane �0, whi
h interse
tH(2n� 1; q2) in a polar spa
e of type H(2; q2) and with j�0 \O0j > m.4



ProofLet � be the polarity of PG(2n+1; q2) with respe
t to H(2n+1; q2). Then ��interse
ts H(2n+ 1; q2) in a polar spa
e of type H(2n� 2; q2). We distinguishtwo 
ases:1. There exists a point X 2 On� su
h that X� \ H(2n + 1; q2) is a
one with basis H(2; q2).Let P be the vertex of the 
one. Then H(2n+1; q2) indu
es a polar spa
eof type H(2n � 1; q2) in P �=P and O indu
es an ovoid O0 in this polarspa
e. The plane �0 = (�P )=P 
ontains at least m + 1 points of O0 (them points in � and the point X).2. For all points X 2 On� the spa
e X� interse
ts H(2n+ 1; q2) in apolar spa
e of type H(3; q2).We 
ount the numberN of pairs (u; v) with u 2 ��\H(2n+1; q2), v 2 On�su
h that uv is a singular line of H(2n+ 1; q2).For every point u 2 �� \H(2n+1; q2) the ovoid O indu
es an ovoid in thepolar spa
e u�=u. Therefore for every u we have exa
tly q2n�1 + 1�mpairs (u; v). Thus:N = (q2n�1 + 1)(q2n�2 � 1)q2 � 1 (q2n�1 + 1�m)For every point v 2 On� the spa
e (�v)� interse
ts H(2n+1; q2) in a polarspa
e of type H(2n� 3; q2) (assumption of this 
ase). Sin
e u must lie in(�v)� we haveN = (q2n�2 � 1)(q2n�3 + 1)q2 � 1 (q2n+1 + 1�m) :Comparing the two equalities we �nd:(q2n�1 + 1)(q2n�2 � 1)q2 � 1 (q2n�1 + 1�m) = (q2n�2 � 1)(q2n�3 + 1)q2 � 1 (q2n+1 + 1�m)q2n+1 + 1�m = q2n�1 + 1q2n�3 + 1(q2n�1 + 1�m)q2n+1 + 1�m < q2(q2n�1 + 1�m)m < 1A 
ontradi
tion, sin
e m � 2. Thus 
ase 2 never o

urs. �Proof of Theorem 3Suppose that an ovoid of H(2n + 1; q2) exists for n > q3. At least 2 points ofthis ovoid lie in a plane � whi
h interse
ts H(2n+1; q2) in a polar spa
e of typeH(2; q2). 5



Applying Lemma 1 repeatedly we 
on
lude that there exists an ovoid ofH(2n+1� 2k; q2) with at least 2+ k points in a plane. In parti
ular for k = q3there must be an ovoid with more than q3 +1 points in a plane. Sin
e H(2; q2)
ontains only q3 + 1 points, this is a 
ontradi
tion. �In [1℄ Blokhuis and Moorhouse use algebrai
 methods to obtain a bound forthe non-existen
e of ovoids in H(2n+1; q2). They prove that if q = pe for someprime number p and H(2n� 1; q2) 
ontains an ovoid then p2n�1 � �p+2m�22m�1 �2.This bound is better than the one of Theorem 3 but the 
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