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Abstract. Devices of interconnected parallel acting sequential raata are investigated from a
language theoretic point of view. Starting with the wellbkm result that each unary language
accepted by a deterministic one-way cellular automatonAJQOi@ real time has to be a regular
language, we will answer the three natural questions ‘Hovehmime do we have to provide?’
‘How much power do we have to plug in the single cells (i.ewlomplex has a single cell to be)?’
and ‘How can we modify the mode of operation (i.e., how muchdeierminism do we have to
add)?’ in order to accept non-regular unary languages.

We show the surprising result that for classes of generlizieracting automata parallelism does
not yield to more computational capacity than obtained byngle sequential cell. Moreover, it
is proved that there exists a unary complexity class in betvtbe real-time and linear-time OCA
languages, and that there is a gap between the unary reaf2@®A languages and that class.
Regarding nondeterminism as limited resource it is shova ghslight increase of the degree of
nondeterminism as well as adding two-way communicationced the time complexity from linear
time to real time. Furthermore, by adding a wee bit nondetgsm an infinite hierarchy of unary
language families dependent on the degree of nondetermigsiderived.

Keywords: Cellular automata; Unary formal languages; Limited noedetnism; Generalized
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1. Introduction

Devices of interconnected parallel acting automata hatensively been investigated from a language
theoretic point of view. The specification of such a systedfuides the type and specification of the sin-
gle automata, the interconnection scheme (which someiimgfes a dimension to the system), a local
and/or global transition function, and the input and outpotes. One-dimensional devices with nearest
neighbor connections whose cells are deterministic finit®raata are commonly called cellular au-
tomata (CA) resp. iterative arrays (IA) in case of parakkdp. sequential input mode. One-way informa-
tion flow is indicated by the notion OCA resp. OIA. The familfjlanguages accepted by, e.g., CAinreal
time (linear time) is denoted by, (CA) (.£:(CA)) and the corresponding subfamily of unary languages
by .Z4(CA) (£} (CA)). There are several important open problems concerningetations between
the various families. Unary languages play an importarg imolinvestigations in that field. Though any
language can be unarily encoded there are differences édimd space complexity. Several works on se-
guential automata and complexity theory deal with unargleges (e.g., [1, 2, 8, 11, 16]). Under unary
restriction several essentially different families arentical (e.g., the regular and the context-free lan-
guages, orZ(IA) C £+ (CA) [9, 25] but.Z4(IA) = £4(CA) [23], or Z(DFA) C £,.(OCA) [20]

but #*(DFA) = £ (OCA) [24], where.Z (DFA) denotes the languages accepted by deterministic fi-
nite automata, the regular languages), from which folldwed the capabilities of some devices become
noticeable not for unary languages. There are incomparfabidies that become comparable (e.g.,
%,+(OCA) is not comparable taZ,;(IA) [10] but £%(OCA) c Z%(I1A) [7]), which means that the
restriction affects the families differently. Moreovewy unary families some general open properties are
known (e.g.,.Z4%(CA) is closed under concatenation [17]) and some others areptih (e.g., whether

or not.Z};(CA) = Z(CA)). From these examples one can obtain that there is no gentdibr what
happens if we change from arbitrary to unary languages.

Unary languages serve in many proofs as (counter-)exampgg, in the past the only languages
known not to belong taz,;(OCA) have been the non-regular unary ones. If one intends to twoep
regular unary languages by parallel one-way devices at teeee natural questions arise: How much
time do we have to provide for OCAs? How much power do we havaug in the single cells (i.e.,
how complex has a single cell to be)? and How can we modify tbdenof operation (i.e., how much
nondeterminism do we have to add)?

The paper is organized as follows: In section 2 we define thie Im@tions and the model in question.
Thereby, the parallel model is derived from the definitiogefieral sequential machines that are actually
the single cells.

In order to answer the second question in Section 3 we géreethe resultz*(DFA) = £ (OCA)
to one-way cellular automata whose cells are much more @mphd draw a borderline to cells that
give one-way cellular automata the power to accept nonkzegmary languages. A consequence is that
for these devices parallelism does not yield to more contipuia capacity than obtained by a single
sequential cell.

Section 4 is devoted to the first question. We show that thestsea complexity class between the
real-time and linear-time OCA language%;;(OCA) C Z;11105(OCA) C Z(11¢).,:(OCA). Moreover,
there is a gap betweef}(OCA) and £} |, (OCA). Thus (in terms of unary languages) it follows
that at least a logarithmic number of time steps have to bedddorder to increase the computational
capacity of real-time one-way cellular automata.

Regarding nondeterminism as limited resource it is showadation 4 that a slight increase of the
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degree of nondeterminism as well as adding two-way comnatioit reduces the time complexity from
linear time to real time. Furthermore, by adding a wee bitded@rminism an infinite hierarchy of unary
language families dependent on the degree of nondetemmisislerived, from which an answer to the
third question follows.

2. Models and Definitions

We denote the non-negative integersNjyand the positive integefd, 2, ... } by N,. The empty word
is denoted by\, and the reversal of a word by w®. Similarly, the notions.? and.#** are used for
languages and families of languages. For the lengthwg write|w|. We useC for inclusions andc for
strict inclusions. If(x1, ..., z4) is ad-tuple,m;(x1,...,z4) = z; is the projection to théth component.

In order to avoid technical overloading in writing, two laragesl andL’ are considered to be equal,
if they differ at most by the empty word, i.el,\ {\} = L'\ {\}. If £ is a family of languages, we
denote the subfamily of unary languages.8¥, i.e., the languages over a singleton.

For a functionf we denote its-fold composition byf[!, i € N,. As usual, we define the set of
functions that grow strictly less thafhiby

NN |t 50
o(f) = {g : N = Ny | lim T8 =0},

Conversely, the set of all functionssuch thatf grows strictly less thap is
w(f)={9:N—=Ny | feo(g)}

2.1. Sequential Machines

A sequential machine is basically a memory augmented nerdatistic finite automaton. Its state
transition depends on the current state, on the current sypabol, and on the current memory content.
The memory access is restricted in such a way that the finiteaabtains information only on a finite
part of the memory content, although the memory itself maxehafinite capacity. On the other hand,
the memory content may be updated whereby a priori no menumgsa restriction is made.

In order to define sequential machines formally, we intredai infinite seV’ = {m, mao,... } of
symbols from which a finite number of memory symbols have tel@sen, i.e., symbols from which
the memory content is built. Certainly, this is not a reatrieson. However, later it is convenient, since
we are interested in special subfamilies of sequential mashwhere the memory update and memory
access is restricted.

Definition 2.1. A nondeterministic sequential machiisea systemS, M, D, so, A, F'), where
1. Sis the finite, nonempty set atates
2. M c V is the finite set omemory symbo]s
3. 59 € S is theinitial state

4. Ais the finite, nonempty set afiput symbols
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5. F C S'is the set oficcepting statesand
6. D is the finite, nonempty set of triplés, i, o) of computable functions, where

(@ 0: 85 x (MU{\}) x A— Sis thestate transition function
(b) p:8x M*x A— M*isthememory update functiomnd
() a: M* — (M U{\}) is thememory access function

Observe, that fol/ = () the memory access function and the memory update functrensnegquely
determined.

A sequential machine @eterministicif |D| = 1.

The computations of a sequential machine is now formalimddrims of configurations and a global
transition function. A configuration of a sequential maehis a description of its global state which is
actually an element of x M™ x A*. During its course of computation a sequential machine aetand
ministically steps through a sequence of configurations.argiven inputw the initial configuration is
set to(sp, A, w), while successor configurations are chosen according tgldbal transition functionA
as follows: Letc = (s,u,w) and¢ = (s',u/,w’) be two configurations such that = ax, for some
a € Aandz € A*. Then

deA) < F(6,pua)€D:s" =68s,a(u),a) N = p(s,u,a) ANw' = .

Thus, the global transition function is induced by the setripfes D. Thei-fold composition ofA is
defined as follows:

Ay ={e}, A= |J A(),

ceAlil(c)

where0 < i < |w|.
Definition 2.2. Let M be a sequential machine. Then

LM) ={we A* | Tce Al(so, \,w) : m1(c) € F}
is the languageacceptedoy M.

Since, in particular, the memory update functions are nbjest to any restriction except for being
computable, the family of languages accepted by nondetéstici and even deterministic sequential
machines is the well-known family of recursive languageswelver, sequential machines are intended
to serve as a general framework to consider various (mor#éid@nsequential models at the same time.
To this end, we define subfamilies of sequential machinescfware actually single cells of parallel
devices) by introducing predicates that restrict the mgranctions. Predicaté restricts the memory
update functioru, and predicaté) restricts the memory access function

Definition 2.3. Let P and(@ be two decidable predicates that relate words d&¥erespectively, where
P(u,u) for all u € V*. The family of all sequential machinés, M, D, sq, A, F') which satisfy

P(u, p(s,u,a)) A Q(u,a(u)), forall (6, u,a)) € D,s € S;u € M*,a € A,

is denoted bYSEQ P, Q).
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Observe, that the first condition is a very natural one. Setiplenachines iIfSEQ P, Q) need not
change their memory content. By supplying suitable préd&cave may obtain well-known subfamilies
of sequential machines.

Example 2.1. Let P(u,v) <= u = vandQ(u,v) <= v = A, then NFA= SEQP, Q) is the
family of nondeterministic finite automata. If the sequahthachines are required to be deterministic,
we obtain the family of deterministic finite automata DFA bg tsame predicates.

Example 2.2. Let P(u,v) <= (u=v)V (u =A) V (u = ay A v = xy), wherea € V and
z,y € V¥, and letQ(u,v) <= (u=v =A)V (u=ay A v = a), Wwherea € V andy € V*.
Then NPDA = SEQP, Q) is the family of nondeterministic pushdown automata. If Heguential
machines are required to be deterministic, we obtain thelyfaoh deterministic pushdown automata
without A-moves (deterministic real-time pushdown automata) bys#ime predicates.

In the sequeSEQalways denotes a subfamily of sequential machines whictdisded by some two
predicatesP and Q. The family of all languages which are accepted by s@®&®(i.e., by some se-
quential machine ISEQ is denoted byZ (SEQ. Observe, that the sequential machines — following the
concept of abstract families of automata [12] — have beeiguded to meet the requirements a model has
to fulfill in order to construct an interconnected and intdireg array of such machines easily. Therefore,
we did not introduce the capability to perform transitionghwut consuming input symbols. For the
same reason it is adequate to allow real-time computatinlys(be., the length of the input determines
the number of transitions), although the model can easikgxXbended to operate beyond real time.

2.2. Cellular Machines

A cellular machine is an infinite linear array of copies of gusntial machine, sometimes called cells,
where each of them is connected to its both nearest neighBorconvenience we identify the cells by
integers. The state transition as well as the memory updateatch cell depends on its current state and
memory content, and the current states of its neighborseMuecisely, at discrete time stemselocal
transition function is nondeterministically chosen anglegal to all cells synchronously. More formally:

Definition 2.4. A cellular machines a systemS, M, D, #, A, '), where
1. there exists, € S such that(S, M, D, sy, S x S, F') is a sequential machine,
2. # € S'is theboundary statesatisfying
VseS,Vme MU{A,WVpeSxS: s=# < i(s,m,p) =#

and
VseSVue M*VpeSxS: s=# — pu(s,u,p) =u,

3. A C Sis the finite, nonempty set afiput symbols

A configuration of a cellular machine at some time 0 is a description of its global state, which
is actually a mapping; : [0,...,n + 1] — S x M*, for n € N, giving the current states and
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memory contents of the cells. The initial configuration, at time0 is defined by the input word
w=ay---ay, € At:

cow(i) = (ai, A), fori e {1,...,n}, and cp,(i) = (#,A), fori e {0,n+ 1}.
Similarly, successor configurations are chosen accorditigeiglobal transition functionA: Let c andc
be two configurations with(:) = (s;, u;) andd' (i) = (s, u}), then

17 71

d eAc) = F(0,u,a) €D :s,=0(si,a(u;), (m1(ci — 1)), m(c(i +1)))) A

up = p(si, ug, (m1(e(i — 1)), m1(c(i + 1)))),
foralli e {1,...,n}.

# S1 59 53 S4 S5 #

Figure 1. A two-way cellular machine. Memory contents aréttau.

If the flow of information is restricted to one-way (leftwa)d the resulting device is ane-way
cellular machinel.e., the behavior of each cell is independent of its leitinieor.

S1 52 53 S4q S5 #

Figure 2. A one-way cellular machine. Memory contents aréteoh

An input is accepted by a cellular machine, if at some timenduits course of computation the
leftmost cell enters an accepting state.

Definition 2.5. Let M = (S, M, D, #, A, ') be a cellular machine.

1. Aninputw € At is acceptedby M, if there exists a time stepe N, such thatr(¢;(1)) € F
for at least one configuration € Al(cg.,).

2. L(M) = {w | wis accepted byM } is thelanguage accepted by!.

3. Lett : Ny — Ny, t(n) > n, be a mapping. If altv € L(M) are accepted with at most|w|)
time steps, thed is said to be ofime complexity.

Let SEQbe a subfamily of the sequential machines, th&EQ(OCSEQ denotes the induced family
of two-way (one-way) cellular machines. The family of alh¢piages which are accepted by 81
with time complexityt is denoted by%;(CSEQ. If ¢ is theidentity functiont(n) = n, acceptance is
said to be irreal timeand we write%,,(CSEQ. The linear-time language%’;(CSEQ are defined by

Z4(CSEQ = | J %n(CSEQ.
keN4
Whenever deterministic finite automata are used to buildlalaemachine, we write CA resp. OCA
for CDFA resp. OMFA and call the machinesellular automataresp.one-way cellular automataFor
simplicity, in connection with CA resp. OCA we often omit teemory augmentation such that they are
considered to be merely systerts o, #, A, F'), whered maps fromS x S x S resp. fromS x Sto S.
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3. Cells Beyond Finite Automata

It is known that.Z(DFA) C .Z,.(OCA) [20] but £*(DFA) = Z%(OCA) [24]. l.e., although the
cells of an OCA are copies of just one finite automaton, thegraction yields capabilities exceeding
those of a single finite automaton. On the other hand, in cheeary languages the power gained in
the parallelism collapses. A similar result is known for lpd@wn cellular automata. Translated to our
notion, . (DPDA) C .%4,,(OCDPDA) and.Z“(DPDA) C .£%(OCDPDA) has been shown [22].

The goal of this section is to show that it is an intrinsic pdp of real-time one-way cellular ma-
chines that their computational power becomes effectivedn-unary languages only. First, we prove
the inclusion.Z(SEQ C .%,,(OCSEQ. In general, the inclusion is not a proper one since, as men-
tioned above, the family of languages accepted by generaleterministic sequential machines is the
well-known family of recursive languages and, due to thestlmund, any language accepted by a real-
time cellular machine has to be recursive, too.

Theorem 3.1. For any subfamilySEQof sequential machines it holds
Z(SEQ C %4,,(OCSEQ.

Proof:

Let P and@ be two predicates such th@EQ= SEQP, ). Further, letM = (S, M, D, sy, A, F') be
someSEQ whereD = {(d;, ui, ;) | 1 < i < k}, for somek € N,. The construction of an equivalent
real-time OGEQM' = (S', M', D', #, A', F') follows a simple idea:

The input word is shifted to the left through the cells symbylsymbol. Each cell fetching such a
symbol simulates a corresponding transitionAdf A cell stops the simulation when it fetches informa-
tion from the rightmost cell which can identify itself by titial state# of its right neighbor. So, the
leftmost cell simulates\1 on the entire input and, thud/’ is a real-time acceptor fat(M).

However,SEQis some subfamily of sequential machines for which almosting is known. There-
fore, it might be possible that the sequential machine we liaplug into the cells of\’ in order to
achieve the described behavior does not belorfgEQ Fortunately, the condition (on predicaiy that
a cell need not change its memory content overcomes thisgonob

Formally, M’ is constructed as follows. Létbe a new symbol not belonging tbnor to S x A.

S = Sx(AU#)UAU{#Y, M =M, A=A F ={(s#)|scF}
D' = {(&),1f,0l) | 1 < i <k}, whereforalli € {1,...,k} :

/

i =

Vse AVre AU{#},Vme MU{\}:

Si(#,m,r) = #

52(8,7)1,?”) = (62‘(80,7’)7,,8),7“)
VSlES,VSQEA,V(Tl,TQ)ESX(AU{#}),VmEMU{)\}:

5;((817#)77717(7‘177‘2)) = (817#)
0;((s1,82),m, (r1,72)) = (di(s1,m,52),72)
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Vse AVre AU{#},VYue M*:
pi(#u,r) = u
M;(S,U,T) = /.LZ‘(S(],U,S)

Vs €S, Vsy€ AV (r1,m) € S x (AU{#}),Yue M*:

H;((Sh#)uuu (T17T2)) = u
(i ((s1,82),u, (r1,72)) = pis1,u, 52)
The functiony’ meets the predicat® since P(u, w) andu meetsP. O

In general, the converse of the theorem is not true. For ebantpas been mentioned above that the
proper inclusion? (DFA) C .%,,(OCA) is known. But nevertheless, for unary languages the coavers
can be shown.

Lemma 3.1. For any subfamilySEQof sequential machines it holds
“(OCSEQ C Z“(SEQ.

Proof:

Let L € Z%(OCSEQ be alanguage defined over the alphabet {a}, andM = (S, M, D #, A, F)

be a real-timeZ;(OCSEQ acceptingL, whereD = {(d;, i, ;) | 1 < ¢ < k}, for somek € N, .
Without loss of generality we may assume that once a celdias entered an accepting state it remains
in an accepting state.

On inputw = o™ we make two observations (cf. Figure 3): At every time step ohthe local
transition functions is applied to all cells. Thereforepteells having the same state and memory con-
tent behave equally if they fetch the same state informdtiom their corresponding right neighbors.
Therefore,ci(1) = -+ = ¢1(n — 1), sincec, (1) = -+ = cow(n) = (a,A). Similarly, we have
(1) =---=c¢(n—t),forall timestepg with0 < ¢ <n — 1.

The behavior of the leftmost cell 0¥1’ is not affected by the states of a cglll < i < n, at timet
wheret > n —i+ 1. Furthermore, a cell is not able to access the memory of ighber directly. Hence,
together with the first observation it suffices to know theestd the cells at timen — ¢ + 1 in order to
simulate the state and memory transitions of the leftmdktipdo timen.

A correspondingSEQM’ = (S", M', D', s(, F', A’) acceptingL uses two registers. In the first one
it simulates the behavior of the cells. . . , i at timen — 4, and in the second one the behavior of ¢eit
timen — i+ 1, for 1 <4 < n. Now the construction aM’ is straightforward:

S'=SxS M=M A={a}, F ={(s,r)|reF}, so=Ia,#)
D' ={(0},p}, ) | 1 < i<k}, whereforali € {1,...,k}: a) =
V(s,r) €S \Vme MU{N}: 8i((s,r),m,a) = (§;(s,m,s),d;(s,m,r))

V(s,r) € S",Vue M*: wi((s,r),u,a) = pi(s,u, s) The functiony’ meets the predicat®
sinceu meetsP. O
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a a a#
t

a; a; aib;] a;|b;

aj aj [ bj a; bj

ag bk‘ kb

bl b,

Figure 3. Example to the proof of Lemma 3.1. Memory contergaitted.

The previous lemma together with Theorem 3.1 yields the mesualt in this section:
Theorem 3.2. For any subfamilySEQof sequential machines it holds
Z'1(OCSEQ = Z“(SEQ.

In [21] so-callednondeterministic time-varying cellular automatahich actually are CNFA) have
been investigated and related to classitahdeterministic cellular automatdNCA). The difference is
that at every time step all cells of a CNFA apply the same niamaenistically chosen local transition
function, whereas the cells of a classical nondeterminstilular automaton may nondeterministically
choose a local transition function individually. 1t has béeft open whether or not the inclusion between
the real-time one-way familie&’,;(OCNFA) and.Z,;(NOCA,) is a proper one. Now we can answer it
in the affirmative.

Corollary 3.1. .%,,(OCNFA) C .%,;(NOCA)

Proof:

By Theorem 3.2 we obtaitZ;(OCNFA) = Z*“(NFA) which, in turn, is the family of regular unary
languages. On the other hand, in [3];(CA) C .Z,,(NOCA) has been shown. Sinc#;(CA) contains
non-regular unary languages [7], the assertion follows. O

Intrinsically, the first question ‘How much power do we hageptug in the single cells’ in order
to accept non-regular unary languages has been answerededtlesequential machines that accept
non-regular unary languages. For exampléegerministic one-way stack automat@OSA) which is a
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deterministic pushdown automaton with an additional fieafaf. Figure 4). In addition to push and pop
at the top of the stack a stack head can enter the stack irorégdrode and move up and down the stack
without rewriting any symbol. So, intuitively, one-way skaautomata are only slightly more complex
than pushdown automata. But on the other hand, their phvalieant OCDOSA draws a borderline since
it is able to accept non-regular unary languages in real.time

input
Finite a1 | as
e control
=
E
~
g
&
9]
s
b1
>
=
=
< 1 b
&
[}
=
N b2

Figure 4. A one-way stack automaton.

Now we define stack automata in terms of sequential machatesysng predicates® and(@. The
transition function of a stack automaton depends on theentlyr read stack symbol. In addition, it
depends on whether the stack head is at the top of the staak.oFar example, in the former case a
write operation may be performed whereas this is impossibtee latter case. In order to distinguish
between both cases, we use two memory symbols for each staxtdos Moreover, we have to keep
track of the position of the simulated stack head. To this, ¢mel symbolm; is used to indicate the
position (for convenience we identify it byin the sequel). Now for each> 2 the memory symbols:;
andm,; represent the same stack symbol. The difference is thatemiedex indicates that the stack
head is at the top of the stack in read/write mode, and an atiximdicates that the stack head is inside
the stack in read only mode. Thus, 1ét = {mq, m4, ms, ... }, and leta, m; € Vy andz,y € Vj.

Predicatel) (u, v) restricts the memory access. If the current memory congeatnpty, i.e.u = A
or u = e, then the access yields to= ), i.e.,a(u) = A. If the current memory content is not empty
and the head is at the top of the stack, ie= em;y, thena(u) = m;. Sincem; € Vj, the even index
indicates the fact that the head is at the top of the stackthHraise the head is inside the stack, i.e.,
u = zaem;y, thena(u) = m;41, wherem,; andm,;,, represent the same stack symbol, but the odd
indexi + 1 indicates that the head is inside the stack. PrediQateads

Q(u,v) <= (ue{\ e} ANv=X)V (u=emy Av=m;)V (u=zaem;y \v=mii).

PredicateP (u, v) restricts the memory update. A stack automaton is allowetidgmge nothing, i.e.,
u = v. If the stack is empty, i.eyy = X or u = e, some word can be pushed, whereby the head stays
at the top of the stack, i.ev, = ey. If the head is at the top of a non-empty stack, e+ eay, the
topmost symbol can be replaced by some word, #.e=, exy. If it is not at the bottom of the stack, i.e.,
u = xeay, then it can move one position down, i.e.= raey. Moreover, whenever the head is inside
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the stack, i.e.u = zaey, it can move one position up, i.e.,= xeay. PredicateP reads

P(u,v) <= (u=v)Vu=AANv=ey)V(u=eAv=0y)V
(u=eoay AN v=exy)V (u=zaey A\ v=uzeay)V (u=zeay \ v = zaey).

Lemma 3.2. £%(OCA) C £%(OCDOSA

Proof:
It is known thatZ“(DOSA) contains non-regular languages [13, 14] 4 (OCA) does not. 0

4. One-Way Arrays Beyond Real Time

In particular, from the previous section we derive that theputational capacity of finite automata is as
powerful as the computational capacity of much more compaktime one-way cellular automata as
far as unary languages are considered. Now we turn to thé fhraicthe situation does not change, even
if we provide more time of sublogarithmic order.

Theorem 4.1. Let f : Ny — N, f € o(log) be a mapping, then
" ;(OCA) = 2" (DFA).

Proof:
Let L C {a}" be a unary language accepted by sdmiet f)-time OCAM = (S, 4, #, A, F). Without
loss of generality we may assume ttiais infinite.

For eacha™ € L we consider the smallest timg, such thata™ is accepted im + ¢, time steps,
i.e., (Altanl (o 4n))(1) € F. We are going to prove that the sBt= {q, | " € L} is bounded
by some constari. Since.Z,,.;(OCA) = Z..(OCA) [18] and all unary languages i, ;(OCA) are
regular [24], in this cas& must be regular, too.

Assume contrarily, the sek is unbounded, and lét = (|S| + 1)3. Sincef € o(log), there exists
no € N such thatf(n) < [log,(n)] andl < [log,(n)], for all n > ny. Moreover, there are infinitely
many wordsa”™ € L, n > ng, such thay,, > g, for all «™ € L with n > m, sinceR is unbounded
(cf. Figure 5).

Now assume for the rest of the proof that the cells are nundbet@n from right to left. For input™
we denote the sequences | (i)c;(i)ci+1(i) - "Ciﬂlog‘sp(nuq(i) by e;, for 1 < i < n. Sequence;
represents the evolution of thih cell (from right) from time; —1 to timei + |log; g2 (n) | — 1. Obviously,
all these sequences have the same lefigi)g2(n) | + 1. Therefore, there are at most

|S|Llog\s\z(n)J+1 _ ‘S‘_|S|Llog\s\z(n)J
BRI
S| - [|5]2 os1s1 ()
= |S]- |(IS]*B1s1(M)3 ]
S| [n2]
[n%] - [n2]

n

A

IN A
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n(>m)

[logfs (n)] +1

Figure 5. Example to the proof of Theorem 4.1.

different sequences, since we knawe [log(g11)s(n)], and thereforéS|®> < n, and thugS| < Lnéj
since|S| > 2.

Now the pigeonhole principle ensures that at least two odtpiencesy, . . ., e, are equal, say;
andu; with 1 < i < j < n. Due to the deterministic behavior and the same initiakestat all cells
we know thate;; is uniquely determined by;. Therefore, the equality; = e; implies the equality
€n+i—j = €n.

Sincea™ is accepted im + f(n) time steps, angf(n) < [log(s|11)3(n)] < [logigp(n)| + 1, at
least one symbol of,, = e, ;—; belongs toF'. Due to the one-way information flow the evolution of
a cell is independent of the behavior of the cells on its I8f. we can conclude thatt*—7 ¢ L and,
moreovery, = q,+;—; which contradicts our choice of. O

The theorem reveals a gap in between real-time and realginselogarithmic time for unary OCA
languages. The following lemma shows that this gap is in seemse maximal, since if we allow loga-
rithmically more time steps, the computational capaciticky increases, which answers our first ques-
tion. This result is independent of the base of the logaritimae we can speed-up the computation time
beyond real time by any constant factor.

Lemma 4.1. The non-regular language®” | n € N, } belongs taZ’“

“t110g (OCA).

Proof:
The following OCAM = (S, 6, #,{a}, F) accepts. = {a®" | n € N, } with time complexityrt -+ log:

S ={a,e,1,+,0,0,1*,#}, A={a}, F={+}
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Vs,res:

e if (s¢{0,1",+,a} Arefe+})V(s=anr==%#)

+ if (s=1"Ar=e)

1" if (s=aAre{e0})V(s=1"Ar=1)
ds,r)=4¢ 0 if (s=aAr=1")Vv(s=0Are{l*1})

0 if (s¢{a,0} Are{0,0})

1 if (s=0Are{0,e,+})V(s£1"Ar=1)

s otherwise

An accepting computation far'¢ is depicted in Figure 6.

n

#la|lalalalalal|alalalala|la|alal|a|al]|#
#lalalalalalal|lalalalala|lal|alal|la]|el]|t#
#lala|lalalala|lalala|al|lalal|la|al|lt|e]|#
#lala|lalalala|lalala|al|lalala||+]|e]|#
t #lalalalalalalalalalala|lal|gH|T|+|e]|#
#lalalalalala|lalala|alal|@|1F|e|+]|e]|#
#|lalalalalalalalala|al|llf|0]|+|e|+]|e]|#
#|lalalalalalalalalalf 0771 + e |+ e | #
#lalalalalala|alallt 1771 el +|e|+|e|#
#|la|lalalalalal|alp 1:71 elel|+|e|+|e|#
#|la|lalalalalallt (_)771"’ elele|+|e|+]e|#
#|lalalalalal( 0776 +lelele|+|e|+|e|#
#|la|a|alalft 1770771 +lelelel|l+|e|+|el|#
#|lalalall 1"'770771 el+|elelel+|el|l+]|e|#
#la|allt (‘)770771 ele|l+|elelel|l+|el|+|e|#
#|a |0 0771771 elele|+|elelel+]|e|+]|el|#
# |17 1771771 elelelel+|elelel|l+|el|+]|el|#
# 1"'771771 elelelele|l+|ele|lel|l+|e|+|e|#
# 1: 71 elelelelele|+]|el|e|e|+]|e|+]|e|#
#l1f|lelelele|lel|lelel+|elele|+|e|+|e]|#
#|l+|elelele|lel|lelel+|elele|+|e|+|e]|#

Figure 6. Example to the proof of lemma 4.1.

Oninputa™, n € N, a (vertical) binary counter is set up at the right end of tli@0OThe counter
moves to the left one cell per time step. Furthermore, it @dmented by one in every time step.
Whenever a carry over appears, the counter is enlarged bgigihe
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Apart from the self-explanatory states, statepresents digit zero with carry over flag, and stidte
represents digit one with the additional information tHbatamer digits which have passed through the
cell have been ones. A cell changes to the accepting stateeiféntire counter which passes through
consists of ones only. In this case, the counter represemtmber?k — 1, for somek € N,..

Altogether, the counter reaches the leftmost cell at tirep st After that it takes anothdobg(n)
time steps in order to let the counter pass through. So, th& @eys the time complexityt + log. O

Corollary 4.1. Let f : Ny — N, f € o(log) be a mapping, then
£"(DFA) = Z}4(OCA) = £, ;(OCA) C Z4,,,(OCA) C Z%(OCA).

5. A Wee Bit Nondeterminism

We turn to our last question ‘How much nondeterminism do weeha add?’ in order to accept non-
regular unary languages. To this end, we consider cellutomaata with limited nondeterminism. In
general, there are two natural limitations. One can lingtilondeterminism in time, that is the number
of time steps at which nondeterministic transitions arevadid, or one can limit the nondeterminism
in space, that is the number of cells which are allowed togperfnondeterministic transitions. In [3]
cellular automata have been investigated where all cells peaform one nondeterministic transition.
It turned out that the corresponding devices are surptisipgwerful. Here we are going to limit the
nondeterminism more strictly in the following way. The sétlacal transition functions is divided
into two partsD = {4} U D,4, Whered, is a distinguished so-called deterministic local trapsiti
function andD,,; is a possibly empty set of so-called nondeterministic Itr@adsition functions. During
the first time step a nondeterministically chosen transifinction from D,,; is applied to at mosk
nondeterministically chosen cells, whéte= N is a constant. The other cells change states according
to 64. The cells performing a local transition function frofy,; are called nondeterministic and the
others deterministic with respect to the current compomatiAfter the first time stepy is applied to all
cells. We denote such models b§ 1G-CA (k cells one guess CA). The aim of the next two subsections
is to investigate:C 1G-CA and their one-way variants th€ 1G-OCA with respect to unary languages.
Observe that in case &f= 0 these models are deterministic CA resp. OCA. It will turn inait a speed-

up from linear time to real time is possible at the cost of omdittonal nondeterministic cell. Similarly,
one can simplify the information flow from two-way to one-w#yone nondeterministic cell is added.
In general, we obtain an infinite hierarchy dependent on timeber of nondeterministic cells.

5.1. Time versus Nondeterminism

The following theorem states that it is possible to tradestfor nondeterminism.

Theorem 5.1. Lett : N, — N4, ¢(n) > n, be a mapping andl € N andk; € N be constants, then
2, (k1C1G-0OCA) C Z*((k1 + 1)C1G-OCA).

Proof:
Let M be ak;C1G-OCA accepting a unary languadeC {a}* with time complexityk - ¢. In order to
achieve the desired speed-up an equivalent-1)C 1G-OCA acceptorM’ has to simulateV exactlyk
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times faster. To this end, in principle, each celllef is designed to simulate consecutive cells oM.
This implies thatM’ simulatesk time steps ofM at every time step.

More precisely, on input” automatonM’ works as follows. Sincé. is a unary language, each cell
‘knows’ the initial states of the cells it has to simulate, state:. The additional nondeterministic power
of M’ is used to guess and to mark ce# [n/k|. Additionally, the marked cell guesses= n mod k.

If » = 0 it simulatesk, otherwiser cells of M, whereas the cells to its left simulatecells, respectively.

In order to verify the guesses, initially, a signal is geteatan the rightmost cell. The signal moves
with maximal speed to the left. It can verify that exactly aredl has been marked. In particular, it
prohibits each cell it passes through to switch into an aouggstate unless it has already passed through
exactly one marked cell. Moreover, initially another sigsagenerated in the marked cellThis signal
is delayed forr time steps. Subsequently, it moves to the left one cellfpéme steps. Now, the
leftmost cell may switch to an accepting state only if botnsis arrive at the same time, that is, if
k(i — 1) + r = n. So, if the leftmost cell acceptd«’ has simulated exactly cells of M.

Finally, it is straightforward to use the first signal to Weithat M’ has simulated at mogtnonde-
terministic cells ofM. O

Corollary 5.1. Letk € N be a constant, then
LY (kC1G-OCA) C Z%((k + 1)C1G-OCA).
Theorem 5.1 can directly be transferred to two-way inforamaflow.
Theorem 5.2. Lett : N, — N4, ¢(n) > n, be a mapping andl € N, andk; € N be constants, then
Z.(kiC1G-CA) C £ ((k1 + 1)C1G-CA).

Here we traded speed for nondeterminism. The converseethetion of the number of nondeter-
ministic cells at the cost of linear slow-down does not fallfor structural reasons from the properties
of the models. The next result shows the converse for rea &nd linear time. It improves Corol-
lary 5.1: not only inclusion but equality holds. So, in thisiation we have a trade-off between time and
nondeterminism.

Theorem 5.3. Let k € N be a constant, then
2$(kC1G-OCA) = Z4((k +1)C1G-OCA).

Proof:

It suffices to proveZ((k + 1)C1G-OCA) C £} (kC1G-OCA). Roughly, the outline of the proof
is as follows. If one of the nondeterministic cells is locht the rightmost position, it can be made
deterministic as usual. In this case all nondeterminigticiaes are simulated in parallel on different
tracks. Therefore, we shift the computation to the rightldiné rightmost nondeterministic cell is at the
rightmost position of the automaton. In order to be able ifh sbmputations, we make them independent
of the right border. That is, the rightmost cell is modifiedisthat it behaves as if there were infinitely
many cells to the right of it and, moreover, the automaton daglified that it recognizes any accepted
prefix, i.e., it recognizes any time stéguch thaia! belongs to the accepted language. After the shift,
we have to ensure that only the input word is accepted. We togpeevent from accepting the input, if
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only a prefix belongs to the language. To this end, the coripatés delayed from real time to linear
time such that specific signals can be set up which realizevthification. According to the outline, we
transform &k + 1)C 1G-OCA real-time acceptaM accepting a unary languadeC {a} in five steps
into a desired linear-time acceptor with the reduced amotlinbndeterminism.

Step 1 At first, M is modified such that the leftmost cell recognizes at timéthe already pro-
cessed prefix of length of the inputa™ belongs tol.. More precisely, if the current distribution and
action of the nondeterministic cells within the leftmostells would lead to acceptance @t

To this end, each cell of the resultifg + 1)C1G-OCA M; consists of two registers. The first
register is used to simulate an unmodified transitiooMof In addition, during the first time step each
cell computes its state under the assumption that its rigighior is in the boundary state, and stores
the result in its second register. Subsequently, the coofehe second register is updated by applying
the deterministic local transition function (8#) to the state stored in its first register and to the content
of the second register of its neighbor. So, the second egidtcell i, 1 < ¢ < n, stores at time,

1 <t <n—i+1,the state cell of M would be in, if the input wera**~1. In particular, celll stores
attimel < t < n the state cell of M would be in, if the input wera’. We conclude that cell of M;
recognizes at timg, whether or not:! belongs to the languagds

Step 2 Next we have to overcome the concrete number of cells in Bivlee rightmost nondeter-
ministic cell and the right border. That is, we want delb recognize at time, whether or not.! belongs
to the languagd., also fort > n. To this end,M; is modified such that its rightmost cell behaves as
if there were infinitely many cells to the right of it. Concirg the distribution of the nondeterministic
cells in the simulation, clearly, we can only cover casesre/tieek + 1 nondeterministic cells are located
somewhere in the first cells.

For the modification, the rightmost cell of the newly obtairié + 1)C 1G-OCA M5 assumes that
there are another infinitely many deterministic cells taigit, which are initialized by the input sym-
bol a. Clearly, at every time step all these cells are in the saate at the rightmost cell g¥15. So, the
desired state transition can easily be realized.

By the modification, it follows that the leftmost cell @#1, (which is no longer real-time bounded)
can recognize at time> 1 whether or not there is an accepting computatior6bn inputa’, such that
thek + 1 nondeterministic cells are located somewhere in thesficstlls.

Step 3 Now we are prepared to consider the right-shift of the coljimn in order to reduce the
number of nondeterministic cells by one. We denoteiie G-OCA which will be constructed from 1,
by M3 (cf. Figure 7 (a) and (b)). Let cellof M, be the(k + 1)st, i.e., the rightmost, nondeterministic
cell, and letd = n — i. By the modifications which led td1, the computation is independent of the
right border cell. Therefore, we simply can assume withauiher modifications that the computation
has been shifted cells to the right. That is, since the leftmost cell.bt; recognizes at time > 1
whether or not there is an accepting computatioi6bn inputa’, such that thé + 1 nondeterministic
cells are located somewhere in the fitstells, now celld + 1 of M3 recognizes at timé > 1 whether
or not there is an accepting computation,ef on inputa’, such that theé: + 1 nondeterministic cells
are located somewhere in the firstells. Moreover, after the shift thé + 1)st nondeterministic cell is
located at the rightmost position of the automaton. It is endeterministic by the usual construction and
now deterministically simulates all nondeterministic icles in parallel on different tracks. To this end,
all cells have an appropriate number of registers. Thesefofs uses onlyk nondeterministic cells.

Step 4 Cell d + 1 of M3 recognizes any accepted prefix, i.e., it recognizes any sieet > 1
such thata’ belongs to the accepted language. Next we have to ensurertlyathe input worda™ is
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Figure 7. Overview of the construction in the proof of Then® 3. (a) Real-timék + 1)C 1G-OCA, (b) right-
shift of the computation in step, (c) delayed computation in stép Nondeterministic cells are marked By

accepted. Moreover, it has to be accepted at tinby the leftmost cell. In order to achieve the desired
behavior, the next step is to delay the computatioovof by one time step for each cell from right to
left. I.e., a celli of the resultingkC 1G-OCA M, simulates at time + (n — i + 1) the state of celt

of M3 at timet.

For the construction, the cells ¢¢1, have two registers (cf. Figure 8). During the first time step
each cell simulates a transition 8f3 and stores the resulting state in its first register. Sulesy
the second register is used to store the previously sintlkstge. If a cell is allowed to proceed with
the simulation only if the second register of its neighbonda empty, then the required delay can be
achieved.

Step 5 Finally, M, is modified in the following way resulting inM; (cf. Figure 7 (c)). During the
first time step the rightmost cell sends a sigaalith speedl/2 to the left. Furthermore, when some
cell recognizes that an input prefix belongs to the accepteduage, it sends a signawith maximal
speed to the left. If the signalmeets some signal in some cell, the cell enters an accepting state. The
leftmost cell is reached hyat time2n. Hence, M5 is a linear-timekC 1G-OCA acceptor.

Leta™ € L. Then there exists some ceélbf M, that recognizes this fact at time+ (n — i+ 1). Its
signalu arrives at the leftmost cell at time+ (n — ¢ + 1) +4 — 1 = 2n. Thus,a”™ € L(Ms).

Conversely, ifa™ € L(Ms5), then the leftmost cell of.(Ms5) has been reached by a signalvhich
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10|20 | 30|40 |50
Co - # #
il 21 31 41 51 121231344556
c1: # # Ce : # #
111223344 |55
1102131452 1324 (35|46 |57
co # # Cr # #
51 19123 |34|45|56
il él 31 42 53 14 25 36 47 58
Cc3: # # gt # #
41 | 52 13124 |35 | 44 | b7
1121 |32 43|54 15|26 |37 |4s |59
C4: # # Cg : # #
31|42 |53 14|25 |3¢6 |47 |5
1122334455 16|27 | 35|49 510
Cs: # # Cio: | # #
2113243 |54 15126 | 37|48 |59

Figure 8. Delayed computation in stépf Theorem 5.3.

was generated in some cétt time2n — i +1 =n+ (n — i+ 1). This is true also for cell of L(My)
and, thusa™ € L,i.e.,L = L(M5). O

5.2. Information Flow versus Nondeterminism

In the sequel the relation between one-wdy1G-OCA and two-waykC 1G-CA is investigated with
respect to the amount of nondeterminism. The following ltaéswalready known for the deterministic
casek = 0. In [29] %.+(CA) C Z[E ,(OCA) has been shown, and in [7] the converse was proved.
By speed-up theorems for cellular automata [19] one obthi@scorresponding result for linear time.
Clearly, for unary languages it holdg;(CA) = .Z}}(OCA).

Theorem 5.4. Let k € N be a constant, then
L1 (kC1G-OCA) = Z(kC1G-CA).

Proof:

The proof is analogous to the previously cited deterministise. However, the adaption could require
a cell of akC 1G-OCA to perform a nondeterministic transition during teeand time step. Therefore,
observe that a local transition function can be represeased finite array ob? x S states. So, a cell
may guess such an array (and hence a local transition fupatizring the first time step. Subsequently,
it is applied to the cell in the second time step. O

It is possible to speed-up linear time to real time at the obsine additional nondeterministic cell.
The next corollary says that it is possible to simplify twaynto one-way information flow for real-time
computations at the same cost. The converse shows that veaeatone nondeterministic cell when we
provide two-way instead one-way information flow.
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Corollary 5.2. Letk € N be a constant, then

£ (kC1G-CA) = Z%((k + 1)C1G-OCA).

Proof:
The assertion follows by Theorem 5.3 and Theorem 5.4, sifige¢kC 1G-CA) = £} (kC1G-OCA)
and.Z (kC1G-OCA) = .Z%((k + 1)C1G-CA). O

From Corollary 5.2 the inclusiotZ}} (kC1G-CA) 2 Z{((k + 1)C1G-OCA) and the inclusion
"(kC1G-CA) C £} ((k + 1)C1G-OCA) follow. So, we obtain the relations depicted in Figure 9.

Ul Ul

Zu(2C1G-CA) L4(3C1G-OCA)
Ul I
LU(201G-CA) = £U(2C1G-OCA)
Ul Ul
Z(1C1G-CA) £4(201G-0CA)
Ul 1
LU(1C1G-CA) = .ZU(1C1G-OCA)
Ul Ul
LU(CA) LE(1C1G-OCA)
Ul 1
Z3(CA) = Zyoca)
U
Z4(OCA)
1
ZY(DFA)

Figure 9. A hierarchy of unary families.

5.3. Superconstant Nondeterminism for Arbitrary Alphabets

Up to now we have investigatgdC 1G-CA, which are devices with a constant amount of nondetermi
ism. A natural generalization is to consider devices withesaonstant nondeterminism. As mentioned
before, in [3] cellular automata have been investigatedrevhl cells may perform one nondeterministic
transition. In our terms these an€C 1G-CA, wheren denotes the length of the cellular automaton. So,
the number of nondeterministic cells is limited by a funetjp: N;. — N, f(n) < n, which depends
on the number of cells. Exactly this is our point of view in giresent subsection. We wrifeC 1G-CA
and, obviously, obtain devices in betwge@ 1G-CA, k € N, andnC 1G-CA.
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We are going to compare the real-tifi€ 1G-CA and real-timef C 1G-OCA with other variants of
cellular automata with respect to their capacities to dactamuages over arbitrary alphabets. To this
end, a notion of computability is useful that is closely tethto the notion of time-constructible functions
in deterministic cellular automata [4, 5, 6].

Definition 5.1. A mappingf : N, — N, is defined to béOCA-time-computabl&ff there is an OCA
M = (S,0,#,{a}, F') with global transition functiom\ such thatf(n), for all n € N, is the smallest
positive integet for which

m (Ao an)) € F.

The following strong relation between OCA-time-compulibend the notion of time-constructible
functions in so-called deterministic cellular spaces reenlshown in [4].

Let f~1(m) = max({n € Ny | f(n) < m} U{1}) be the inverse of a strictly increasing mapping
f : N_ — N,. Thenf is time-constructible if and only if ~! + 2n is OCA-time-computable. The
family of time-constructible functions is very rich. Forample, it containg:*, for k € N,, 27, nl,
andp,,, wherep,, is thenth prime number. Moreover, the family is closed under ségrarations. So,
the condition of the next theorem is a weak one. In the sequakmes we use functiong whose
range includes real numbers in the context of integers. iRliity, we often writef instead of| f .

Theorem 5.5. Let A be an alphabet anfi: N, — N, be an increasing mapping such thfat- 2n is
OCA-time-computable, and definfé: N;. — N by f/(n) = max{m € N | f(m)-m < n}. Then

L= {w/ ("D | we At} € 4,(fC1G-OCA)
for f : Ny — N, wheref(n) = f(f'(n))if f(n) >0, andf(n) = 1 otherwise.

Proof:
For some arbitrarys € At with |w| = m we havew!(*!) ¢ L and|w/(“D| = m - f(m). This implies

fm-f(m)) = f(f'(m- f(m))) = f(max{m’ € N| f(m/) -m' < f(m)-m}) = f(m) = f(|w]).

Basically, the idea of a real-timgC 1G-OCA acceptingl is, that all cells which represent the last
symbol of one of the subwords are nondeterministically marked during the first time st§mce an
input of lengthn consists off (Jw|) = f(n) copies ofw, the number of allowed nondeterministic cells
suffices. It remains to be shown how the guesses can be veiiiechow to verify that at mosf(n)
appear, and how to verify that all input fragments betweeardesterministic cells are identical.

We start with the second task. Sinté= {wcw | w € AT ,c ¢ A} is a real-time OCA language,
we can use a slightly modified version of a corresponding@oceThe nondeterministic cells simulate
the last symbols ofv, i.e., their input symbol, and, in addition, a virtual syrhboSo, each two adjacent
subwordsw can be checked. Moreover, due to the overlapping {fow,ws the subwordsv;wy and
wywsg are both checked), it is ensured that the entire input hasdirect form.

Now we turn to verify the number of nondeterministic cellsf s a constant mapping, a left-moving
signal which is initially generated at the rightmost celh @ the task. So, assunfes w(1). At first we
need to stop a OCA computation at some timalong the diagonat;, (n)cy, +1(n — 1) -« ¢ty 4n—1(1),
and to continue the computation at timealong the diagonat;, (n) - - - ¢, +n—1(1) (in the space time
diagram). By stopping the computation again at titwer 1, exactly one more transition per cell is

simulated. In order to realize such a behavior, we use anathéster in which any cell can be marked.
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The marker of the rightmost cell participating in the tasktcols the process. More precisely, for some
OCA with state set' and local transition functiotia modified OCA with state s&t’ and local transition
functiond’ is constructed as follows. L&t = {5 | s € S} be a dotted copy of.

S'=SuS

Vs,res,sres:

§(s,m) = d(s,7)

§(s,7) = pwithp =46(s,7)
5 (57) = 3

§(sr) = s

After stopping for the first time at step + n — 1, the leftmost cell is in state, +,,—1(1), i.e., it has
performed all transitions up to that time (cf. Figure 10).

101201304050

to =17
# 111213141151 # 2 # 16|25|34 |43 |52 #
t1=2|# °l# t=8|a| 1212 °la
' 1229|3942 |52 1 16|25 |34 |43 |53
# [ (] # # [ ] [ ] [ ) [ ] #
13(23|33|43 |52 16|25 |34 |44 |53
# [ ) [ ] [ ] # # [ ] [ ] [ ] [ ] #
14|24 (84|43 |52 16|25 | 85 | 44 | 53
# [ ) [ ) [ ) [ ) # # [ ] [ ) [ ) [ ) #
15|25 |34 |43 |52 16|26 | 35|44 |53
[ [ ] [ ] [ ] [ ] ’ [ [ ] [ ] [ ] [ ]
ti+n—1|# # t4n—1|# #

16 (25|34 |43 |52 17126 |35 |44 |53

Figure 10. Stop#y = 2), continue {; = 7), stop ¢, = 8) of a computation.

Now we come back to the verification. Singec w(1) for all but finitely many numbers. we
havef(n) > 3. The real-timefC 1G-OCA determines the leftmost nondeterministic cell aitpms |w|
nondeterministically during its first transition. This gses easily verified by some left-moving signal.
This cell and all of its left neighbors simulate the OCA-tiw@mputer forf 4+ 2n, where the computation
of cell |w| is controlled as follows. All nondeterministic cells sendiglly signals to the left. The cell at
position|w| stops the computation to its left two time steps after thvalrof the first signal. Therefore,
cell 1 stops at time - |w| + 2. All subsequent signals cause celi| to continue the computation for
one time step. There should fém - f(m)) — 2 = f(|w|) — 2 subsequent signals. The last one arrives
from the rightmost cell. At its arrival at cell 1 step- [w| + 2 + f(Jw|) — 2 = 2 - |w| + f(Jw|) of
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the OCA-time-computation has been performed. This is &kéoe time step to be distinguished. We
conclude, that all words fromh are accepted.

Conversely, lety be some accepted word. It has to be of the fashfor somew € A+ andi > 3
(constant mappingg have been treated separately). We defive f(|w|) from the time-computation.
Therefore|v| = |w| - f(|w|) and f(|v|) = f(|w|), which implies that there arg(|v|) nondeterministic
cells. O

Now we are prepared for the comparison with the deterministal-time OCA.

Lemma5.1. Let A be an alphabet anfi: N, — N,, f € w(1), be an increasing mapping such that
f + 2n is OCA-time-computable, then

L= {w/")|we At} ¢ 4,(OCA).

Proof:

Leta € A be an arbitrary symbol, and assume in contrast to the amsditbelongs to the family
2Z+(0OCA). Since %,:(OCA) is closed under intersection with regular languages [2@,canclude
L' = Ln{a}t € Z,(OCA). But L' is the non-regular unary language™/™ | n € N,} since
few(). So, L' ¢ %,.+(OCA). 0

Example 5.1. The identity mappingf(n) = n is increasing and of order(1). In [6] it has been

shown thatf + 2n is OCA-time-computable. Moreovefw!*!| = |w|?. By Theorem 5.5 language
L = {w*l | w € A*} belongs ta%,;(n2C1G-OCA). On the other hand, by Lemma 5.1 langudge
does not belong td;.,(OCA) (see also [26]).

In the sequel the previous comparison is further improveat. thio language families?, and_.%,
their concatenation is defined by, - 4, = {L, - Ly | Lo € Zu N Ly € %4}, Itis known that real-
time OCA languages are not closed under concatenation (27the other hand, they are closed under
left as well as under right concatenation with regular laggs [24]. So, it is natural to ask whether
the concatenation closure ¢f,.(OCA) is characterized by?,;(1C1G-OCA), i.e., by devices that can
guess the position of the concatenation.

One inclusion is easily derived:

Corollary 5.3. .Z,:(OCA) - %4,:(OCA) C .£,.(1C1G-OCA)

Proof:

In order to accept the concatenation of two languabgsnd L, from .., (OCA) it suffices to con-
struct a real-timd C 1G-OCA that guesses the position of the concatenation andaies in both parts
appropriate acceptors separately. The assertion follaveg s/,,(OCA) is closed under marked con-
catenation [24]. O

The next lemma provides us with an important witness langtisgm %, (1C 1G-OCA).
Lemma 5.2. Let A be an alphabet, then

L={wow|we At Av e A*} € 4,(1C1G-OCA).
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Proof:

Let wvw be a word belonging td.. The cells of a real-timéC 1G-OCA acceptingl are designed to
have three registers. The first register is used to keep tha Bymbol. The cell which stores the last
symbol of the first subwora is nondeterministically determined during the first timepst It sends a
signal to the left that identifies the leftmast| cells. The second register is used to shift the input one cell
per time step to the left. The leftmost| cells delay the shifting such that symbols flow with spged
i.e., one cell for every other time step. To this end, theythsé third registers. In every time step the
content of the second register is moved to the third one, l@nddntent of the third register is taken into
the second register of the left neighbor.

When a left-moving signal initially generated in the riglosh cell arrives at cellw|, it starts to
compare the original input symbol with the content of theoselcregister, respectively. More precisely,
alC1G-OCAM = (S,6,#, A, F) is constructed as follows (cf. Figure 11). Lét= {a|ac A} bea
dotted copy ofA.

S={#UAU((AUA) x (AU {+-}) x (AU{}))
F={seS\({#1UA)|m(s) € ANmas) =+}

Vse§:
o(#,s) = {#}
Vs,reA:
Ona(s,m) = {($1,m,0)}
(s,r,1)
da(s, #) = (s,+,u)

o
<
—
@
5
Il

V (p1:p2,p3), (q1,92,43) € S\ ({#} U A):

0a((p1,p2,p3),#) = (p1,+,1)

5d((p17p27p3)7(q17q27q3)) = (T17T27T3)7 Where
, _ p1 ifp1¢A/\qleA
! p1 otherwise
@ fp1¢A)VvpmeArg¢AngeA)
+ fppeAANpEANG=+Ap =D
ro = (- p€AAPEANG=+Ap#po
q3 ifpleA/\(hEA/\QQEA
py  Otherwise

9 ifrleA/\rgeA
rs = .
p3 otherwise

Let|w| = m, lwvw| = n, and denote the configurations of a computationwem by ¢;, 0 < t < n.
Due to the shifting, forn + 1 < i < n, the symbolcy (i) appears at time, 1 < t < i — m, in the
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1/2|3|4|5|6|7]1(2|3|4 112(3|4|5|6|7|1]2|3]|4
Co: | # # Co: |# |56 |1 |3 |4+ |+ |+ |+|+ |+ | #
5165|712
2|13|4|5|6|7 2134 il23]|4|5|6|7|1]2|3|4
c1: | #|2|3|4|5|6|7|1]|2|3|4|+|# CT: | # |5 |T|2|4|+ |+ |+|+|+|+]|+|#
51613
112|345 7111234 1 3|4 6|7(1]2|3]4
Cot | #3466 |7|1[2|3[4|+]|+|# cg: |#|6|1]|3]|+ R B N
5 5 2|4
1|/2|3|4|5|6|7]1(2|3|4 11234 6|7(1]2|34
C3: | # |4 |5 |6 |7 |1 |23|4|+|+]|+]|# Cot | #|T|2|+ |+ |+ |+ |+ |+ |+ |+ |+ | #
56 61134
11213 5/6|7]1|2(3|4 il213|4|5(6|7|1]2[3]|4
Cy4 # 5 5 6 1 2 3 4 + + + + # C10 - # 1 + + + + + + + + + + #
5|57 712|134
il2(3[4|5(6|7]1]2]3|4 il213|4|5|6|7|1]2]3|4
Cs # 5 5 7 2 3 4 | + + + + + # C11 - # + + + + + + + + + + + #
5|/5|6]|1 1 3|4

Figure 11. Example computation for Lemma 52 1234, v = 567).

second register of cell — ¢ : ma(ci (i — t)) = ¢o(3). Its speed is reduced at time- m. So, we have
ma(ce(m — 7)) = (i), fort =i —m+ 25,0 < j < m — 1. The comparison takes place in cell— j,

0 <j <m -1, when the signal arrives at cefl — j + 1, i.e., at time stem — m + j. The comparison

is between the content of the first registg(m — j) and the content of the second register. The content
of the second one is determined by the time gtepn — m + j = ¢ — m + 24, which impliesi = n — j.
Thereforeco(m — j) is compared withey (i) = ¢o(n — 7). Since the comparison is done for all — j

with 0 < j < m — 1, an input is accepted if and only if it is of the foravw. O

Now we are prepared to improve the known relation betwge{OCA) and.Z,.(1C 1G-OCA).
Theorem 5.6. .%,;,(OCA) - £,.,(OCA) C Z,+(1C1G-OCA)

Proof:

Due to Corollary 5.3 it suffices to prove the properness ofitisision. To this end, we show that the
languagelL = {wvw | w € AT A v € A*} for |A| > 2 is not represented by the concatenation of two
real-time OCA languages. Then the assertion follows by LarBr2.

In contrast to the assertion, assuiés the concatenation af, and L, belonging to.Z,,(OCA).
SinceL ¢ £,.(OCA) [28], we concludeL, # L andL, # L. Furthermore,L, as well asL;, are
infinite. Otherwise, if at least one of the languages is fjnitis regular. But sinceZ,,(OCA) is closed
under left and right concatenation with regular langua@é$, this impliesL. = L, - L, € %,:(OCA), a
contradiction.

Now letv = vy --- v, € Ly. Forallw = wy - - - w,, € Ly with n > m we havevw € L. If for such
aw thereis al <i < m such thatv, ;1 ---w,, = v1 - - v;, thenw contains at least one symba|. If
there is such a that does not end with some prefix«@fthen due tay; - - - v, wy - - - w,, € Landn > m
there exists & < i < || — m such thaw; - - vwy -+ w; = Wy (m+i)+1°** Wn. \We conclude,
that also in this case contains at least one symba|.
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Letc # v be asymbol imM. Fork > 2 all wordsv} andc” belong toL, that is, they have to be repre-
sented by concatenations. Therefore, the languages- (L,ULy)N{v;}* andL, = (L, U L) N {c}*
are infinite.

If all words in L. which are longer tham belong toL,, then all words from.,, which are longer
thann belong toL, also. Otherwise*! - v’fQ, k1, ks > n, would not belong td.. Letu be a word inL,
with |u| > n. Due to the assumption there are woelis € L, andv* € L, with k3, ks > |u|. Now, if
cksu e L, thenv’f4u ¢ L and vice versa. From the contradiction we derive that theeeawordc®s € L
with k5 > n. This word does not contain symbal. Thereforepchs ¢ L for v € L, andc®s € L. The
contradiction concludes the proof. O

This result emphasizes the computational capacity oftierd-1C 1G-OCA, since they do not char-
acterize the familyZ,:(OCA) - .Z,.(OCA) but accept a strict superfamily.
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