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Abstract. Devices of interconnected parallel acting sequential automata are investigated from a
language theoretic point of view. Starting with the well-known result that each unary language
accepted by a deterministic one-way cellular automaton (OCA) in real time has to be a regular
language, we will answer the three natural questions ‘How much time do we have to provide?’
‘How much power do we have to plug in the single cells (i.e., how complex has a single cell to be)?’
and ‘How can we modify the mode of operation (i.e., how much nondeterminism do we have to
add)?’ in order to accept non-regular unary languages.
We show the surprising result that for classes of generalized interacting automata parallelism does
not yield to more computational capacity than obtained by a single sequential cell. Moreover, it
is proved that there exists a unary complexity class in between the real-time and linear-time OCA
languages, and that there is a gap between the unary real-time OCA languages and that class.
Regarding nondeterminism as limited resource it is shown that a slight increase of the degree of
nondeterminism as well as adding two-way communication reduces the time complexity from linear
time to real time. Furthermore, by adding a wee bit nondeterminism an infinite hierarchy of unary
language families dependent on the degree of nondeterminism is derived.
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1. Introduction

Devices of interconnected parallel acting automata have extensively been investigated from a language
theoretic point of view. The specification of such a system includes the type and specification of the sin-
gle automata, the interconnection scheme (which sometimesimplies a dimension to the system), a local
and/or global transition function, and the input and outputmodes. One-dimensional devices with nearest
neighbor connections whose cells are deterministic finite automata are commonly called cellular au-
tomata (CA) resp. iterative arrays (IA) in case of parallel resp. sequential input mode. One-way informa-
tion flow is indicated by the notion OCA resp. OIA. The family of languages accepted by, e.g., CA in real
time (linear time) is denoted byLrt(CA) (Llt(CA)) and the corresponding subfamily of unary languages
by L u

rt(CA) (L u
lt (CA)). There are several important open problems concerning therelations between

the various families. Unary languages play an important role in investigations in that field. Though any
language can be unarily encoded there are differences in time and space complexity. Several works on se-
quential automata and complexity theory deal with unary languages (e.g., [1, 2, 8, 11, 16]). Under unary
restriction several essentially different families are identical (e.g., the regular and the context-free lan-
guages, orLrt(IA) ⊂ Lrt(CA) [9, 25] butL u

rt(IA ) = L u
rt(CA) [23], or L (DFA) ⊂ Lrt(OCA) [20]

but L u(DFA) = L u
rt(OCA) [24], whereL (DFA) denotes the languages accepted by deterministic fi-

nite automata, the regular languages), from which follows that the capabilities of some devices become
noticeable not for unary languages. There are incomparablefamilies that become comparable (e.g.,
Lrt(OCA) is not comparable toLrt(IA ) [10] but L u

rt(OCA) ⊂ L u
rt(IA) [7]), which means that the

restriction affects the families differently. Moreover, for unary families some general open properties are
known (e.g.,L u

rt(CA) is closed under concatenation [17]) and some others are still open (e.g., whether
or notL u

rt(CA) = L u
lt (CA)). From these examples one can obtain that there is no generalrule for what

happens if we change from arbitrary to unary languages.
Unary languages serve in many proofs as (counter-)examples. E.g., in the past the only languages

known not to belong toLrt(OCA) have been the non-regular unary ones. If one intends to accept non-
regular unary languages by parallel one-way devices at least three natural questions arise: How much
time do we have to provide for OCAs? How much power do we have toplug in the single cells (i.e.,
how complex has a single cell to be)? and How can we modify the mode of operation (i.e., how much
nondeterminism do we have to add)?

The paper is organized as follows: In section 2 we define the basic notions and the model in question.
Thereby, the parallel model is derived from the definition ofgeneral sequential machines that are actually
the single cells.

In order to answer the second question in Section 3 we generalize the resultL u(DFA) = L u
rt(OCA)

to one-way cellular automata whose cells are much more complex, and draw a borderline to cells that
give one-way cellular automata the power to accept non-regular unary languages. A consequence is that
for these devices parallelism does not yield to more computational capacity than obtained by a single
sequential cell.

Section 4 is devoted to the first question. We show that there exists a complexity class between the
real-time and linear-time OCA languages:Lrt(OCA) ⊂ Lrt+log(OCA) ⊆ L(1+ǫ)·rt(OCA). Moreover,
there is a gap betweenL u

rt(OCA) andL u
rt+log(OCA). Thus (in terms of unary languages) it follows

that at least a logarithmic number of time steps have to be added in order to increase the computational
capacity of real-time one-way cellular automata.

Regarding nondeterminism as limited resource it is shown inSection 4 that a slight increase of the
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degree of nondeterminism as well as adding two-way communication reduces the time complexity from
linear time to real time. Furthermore, by adding a wee bit nondeterminism an infinite hierarchy of unary
language families dependent on the degree of nondeterminism is derived, from which an answer to the
third question follows.

2. Models and Definitions

We denote the non-negative integers byN, and the positive integers{1, 2, . . . } by N+. The empty word
is denoted byλ, and the reversal of a wordw by wR. Similarly, the notionsLR andL R are used for
languages and families of languages. For the length ofw we write|w|. We use⊆ for inclusions and⊂ for
strict inclusions. If(x1, . . . , xd) is ad-tuple,πi(x1, . . . , xd) = xi is the projection to theith component.

In order to avoid technical overloading in writing, two languagesL andL′ are considered to be equal,
if they differ at most by the empty word, i.e.,L \ {λ} = L′ \ {λ}. If L is a family of languages, we
denote the subfamily of unary languages byL u, i.e., the languages over a singleton.

For a functionf we denote itsi-fold composition byf [i], i ∈ N+. As usual, we define the set of
functions that grow strictly less thanf by

o(f) = {g : N → N+ | lim
n→∞

g(n)

f(n)
= 0}.

Conversely, the set of all functionsg such thatf grows strictly less thang is

ω(f) = {g : N → N+ | f ∈ o(g)}.

2.1. Sequential Machines

A sequential machine is basically a memory augmented nondeterministic finite automaton. Its state
transition depends on the current state, on the current input symbol, and on the current memory content.
The memory access is restricted in such a way that the finite control obtains information only on a finite
part of the memory content, although the memory itself may have infinite capacity. On the other hand,
the memory content may be updated whereby a priori no memory access restriction is made.

In order to define sequential machines formally, we introduce an infinite setV = {m1,m2, . . . } of
symbols from which a finite number of memory symbols have to bechosen, i.e., symbols from which
the memory content is built. Certainly, this is not a real restriction. However, later it is convenient, since
we are interested in special subfamilies of sequential machines where the memory update and memory
access is restricted.

Definition 2.1. A nondeterministic sequential machineis a system〈S,M,D, s0, A, F 〉, where

1. S is the finite, nonempty set ofstates,

2. M ⊂ V is the finite set ofmemory symbols,

3. s0 ∈ S is theinitial state,

4. A is the finite, nonempty set ofinput symbols,
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5. F ⊆ S is the set ofaccepting states, and

6. D is the finite, nonempty set of triples(δ, µ, α) of computable functions, where

(a) δ : S × (M ∪ {λ}) × A → S is thestate transition function,

(b) µ : S × M∗ × A → M∗ is thememory update function, and

(c) α : M∗ → (M ∪ {λ}) is thememory access function.

Observe, that forM = ∅ the memory access function and the memory update functions are uniquely
determined.

A sequential machine isdeterministic, if |D| = 1.
The computations of a sequential machine is now formalized in terms of configurations and a global

transition function. A configuration of a sequential machine is a description of its global state which is
actually an element ofS × M∗ × A∗. During its course of computation a sequential machine nondeter-
ministically steps through a sequence of configurations. For a given inputw the initial configuration is
set to(s0, λ, w), while successor configurations are chosen according to theglobal transition function∆
as follows: Letc = (s, u,w) andc′ = (s′, u′, w′) be two configurations such thatw = ax, for some
a ∈ A andx ∈ A∗. Then

c′ ∈ ∆(c) ⇐⇒ ∃ (δ, µ, α) ∈ D : s′ = δ(s, α(u), a) ∧ u′ = µ(s, u, a) ∧ w′ = x.

Thus, the global transition function is induced by the set oftriples D. The i-fold composition of∆ is
defined as follows:

∆[0](c) = {c}, ∆[i+1](c) =
⋃

c′∈∆[i](c)

∆(c′),

where0 ≤ i < |w|.

Definition 2.2. LetM be a sequential machine. Then

L(M) = {w ∈ A∗ | ∃ c ∈ ∆|w|(s0, λ, w) : π1(c) ∈ F}

is the languageacceptedby M.

Since, in particular, the memory update functions are not subject to any restriction except for being
computable, the family of languages accepted by nondeterministic and even deterministic sequential
machines is the well-known family of recursive languages. However, sequential machines are intended
to serve as a general framework to consider various (more familiar) sequential models at the same time.
To this end, we define subfamilies of sequential machines (which are actually single cells of parallel
devices) by introducing predicates that restrict the memory functions. PredicateP restricts the memory
update functionµ, and predicateQ restricts the memory access functionα.

Definition 2.3. Let P andQ be two decidable predicates that relate words overV , respectively, where
P (u, u) for all u ∈ V ∗. The family of all sequential machines〈S,M,D, s0, A, F 〉 which satisfy

P (u, µ(s, u, a)) ∧ Q(u, α(u)), for all (δ, µ, α) ∈ D, s ∈ S, u ∈ M∗, a ∈ A,

is denoted bySEQ(P,Q).



A. Klein, M. Kutrib / Cellular Devices and Unary Languages 5

Observe, that the first condition is a very natural one. Sequential machines inSEQ(P,Q) need not
change their memory content. By supplying suitable predicates we may obtain well-known subfamilies
of sequential machines.

Example 2.1. Let P (u, v) ⇐⇒ u = v andQ(u, v) ⇐⇒ v = λ, then NFA= SEQ(P,Q) is the
family of nondeterministic finite automata. If the sequential machines are required to be deterministic,
we obtain the family of deterministic finite automata DFA by the same predicates.

Example 2.2. Let P (u, v) ⇐⇒ (u = v) ∨ (u = λ) ∨ (u = ay ∧ v = xy), wherea ∈ V and
x, y ∈ V ∗, and letQ(u, v) ⇐⇒ (u = v = λ) ∨ (u = ay ∧ v = a), wherea ∈ V andy ∈ V ∗.
Then NPDA = SEQ(P,Q) is the family of nondeterministic pushdown automata. If thesequential
machines are required to be deterministic, we obtain the family of deterministic pushdown automata
withoutλ-moves (deterministic real-time pushdown automata) by thesame predicates.

In the sequelSEQalways denotes a subfamily of sequential machines which is induced by some two
predicatesP andQ. The family of all languages which are accepted by someSEQ(i.e., by some se-
quential machine inSEQ) is denoted byL (SEQ). Observe, that the sequential machines – following the
concept of abstract families of automata [12] – have been designed to meet the requirements a model has
to fulfill in order to construct an interconnected and interacting array of such machines easily. Therefore,
we did not introduce the capability to perform transitions without consuming input symbols. For the
same reason it is adequate to allow real-time computations only (i.e., the length of the input determines
the number of transitions), although the model can easily beextended to operate beyond real time.

2.2. Cellular Machines

A cellular machine is an infinite linear array of copies of a sequential machine, sometimes called cells,
where each of them is connected to its both nearest neighbors. For convenience we identify the cells by
integers. The state transition as well as the memory update for each cell depends on its current state and
memory content, and the current states of its neighbors. More precisely, at discrete time stepsonelocal
transition function is nondeterministically chosen and applied to all cells synchronously. More formally:

Definition 2.4. A cellular machineis a system〈S,M,D, #, A, F 〉, where

1. there existss0 ∈ S such that〈S,M,D, s0, S × S,F 〉 is a sequential machine,

2. # ∈ S is theboundary statesatisfying

∀ s ∈ S,∀ m ∈ M ∪ {λ},∀ p ∈ S × S : s = # ⇐⇒ δ(s,m, p) = #

and
∀ s ∈ S,∀ u ∈ M∗,∀ p ∈ S × S : s = # =⇒ µ(s, u, p) = u,

3. A ⊆ S is the finite, nonempty set ofinput symbols.

A configuration of a cellular machine at some timet ≥ 0 is a description of its global state, which
is actually a mappingct : [0, . . . , n + 1] → S × M∗, for n ∈ N+, giving the current states and
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memory contents of the cells. The initial configurationcw,0 at time 0 is defined by the input word
w = a1 · · · an ∈ A+:

c0,w(i) = (ai, λ), for i ∈ {1, . . . , n}, and c0,w(i) = (#, λ), for i ∈ {0, n + 1}.

Similarly, successor configurations are chosen according to theglobal transition function∆: Let c andc′

be two configurations withc(i) = (si, ui) andc′(i) = (s′i, u
′
i), then

c′ ∈ ∆(c) ⇐⇒ ∃ (δ, µ, α) ∈ D : s′i = δ(si, α(ui), (π1(c(i − 1)), π1(c(i + 1)))) ∧

u′
i = µ(si, ui, (π1(c(i − 1)), π1(c(i + 1)))),

for all i ∈ {1, . . . , n}.

# s1 s2 s3 s4 s5 #

Figure 1. A two-way cellular machine. Memory contents are omitted.

If the flow of information is restricted to one-way (leftwards), the resulting device is aone-way
cellular machine. I.e., the behavior of each cell is independent of its left neighbor.

s1 s2 s3 s4 s5 #

Figure 2. A one-way cellular machine. Memory contents are omitted.

An input is accepted by a cellular machine, if at some time during its course of computation the
leftmost cell enters an accepting state.

Definition 2.5. LetM = 〈S,M,D, #, A, F 〉 be a cellular machine.

1. An inputw ∈ A+ is acceptedby M, if there exists a time stepi ∈ N+ such thatπ1(ci(1)) ∈ F
for at least one configurationci ∈ ∆[i](c0,w).

2. L(M) = {w | w is accepted byM} is thelanguage accepted byM.

3. Let t : N+ → N+, t(n) ≥ n, be a mapping. If allw ∈ L(M) are accepted with at mostt(|w|)
time steps, thenL is said to be oftime complexityt.

Let SEQbe a subfamily of the sequential machines, then CSEQ(OCSEQ) denotes the induced family
of two-way (one-way) cellular machines. The family of all languages which are accepted by a CSEQ
with time complexityt is denoted byLt(CSEQ). If t is the identity functiont(n) = n, acceptance is
said to be inreal timeand we writeLrt(CSEQ). The linear-time languagesLlt(CSEQ) are defined by

Llt(CSEQ) =
⋃

k∈N+

Lk·n(CSEQ).

Whenever deterministic finite automata are used to build a cellular machine, we write CA resp. OCA
for CDFA resp. OCDFA and call the machinescellular automataresp.one-way cellular automata. For
simplicity, in connection with CA resp. OCA we often omit thememory augmentation such that they are
considered to be merely systems〈S, δ, #, A, F 〉, whereδ maps fromS × S × S resp. fromS × S to S.



A. Klein, M. Kutrib / Cellular Devices and Unary Languages 7

3. Cells Beyond Finite Automata

It is known thatL (DFA) ⊂ Lrt(OCA) [20] but L u(DFA) = L u
rt(OCA) [24]. I.e., although the

cells of an OCA are copies of just one finite automaton, their interaction yields capabilities exceeding
those of a single finite automaton. On the other hand, in case of unary languages the power gained in
the parallelism collapses. A similar result is known for pushdown cellular automata. Translated to our
notion,L (DPDA) ⊂ Lrt(OCDPDA) andL u(DPDA) ⊂ L u

rt(OCDPDA) has been shown [22].
The goal of this section is to show that it is an intrinsic property of real-time one-way cellular ma-

chines that their computational power becomes effective for non-unary languages only. First, we prove
the inclusionL (SEQ) ⊆ Lrt(OCSEQ). In general, the inclusion is not a proper one since, as men-
tioned above, the family of languages accepted by general nondeterministic sequential machines is the
well-known family of recursive languages and, due to the time bound, any language accepted by a real-
time cellular machine has to be recursive, too.

Theorem 3.1. For any subfamilySEQof sequential machines it holds

L (SEQ) ⊆ Lrt(OCSEQ).

Proof:
Let P andQ be two predicates such thatSEQ= SEQ(P,Q). Further, letM = 〈S,M,D, s0, A, F 〉 be
someSEQ, whereD = {(δi, µi, αi) | 1 ≤ i ≤ k}, for somek ∈ N+. The construction of an equivalent
real-time OCSEQM′ = 〈S′,M ′,D′, #, A′, F ′〉 follows a simple idea:

The input word is shifted to the left through the cells symbolby symbol. Each cell fetching such a
symbol simulates a corresponding transition ofM. A cell stops the simulation when it fetches informa-
tion from the rightmost cell which can identify itself by theinitial state# of its right neighbor. So, the
leftmost cell simulatesM on the entire input and, thus,M′ is a real-time acceptor forL(M).

However,SEQis some subfamily of sequential machines for which almost nothing is known. There-
fore, it might be possible that the sequential machine we have to plug into the cells ofM′ in order to
achieve the described behavior does not belong toSEQ. Fortunately, the condition (on predicateP ) that
a cell need not change its memory content overcomes this problem.

Formally,M′ is constructed as follows. Let# be a new symbol not belonging toA nor toS × A.

S′ = S × (A ∪ {#}) ∪ A ∪ {#}, M ′ = M, A′ = A, F ′ = {(s, #) | s ∈ F}

D′ = {(δ′i, µ
′
i, α

′
i) | 1 ≤ i ≤ k}, where for alli ∈ {1, . . . , k} :

α′
i = αi

∀ s ∈ A,∀ r ∈ A ∪ {#},∀ m ∈ M ∪ {λ} :

δ′i(#,m, r) = #

δ′i(s,m, r) = (δi(s0,m, s), r)

∀ s1 ∈ S,∀ s2 ∈ A,∀ (r1, r2) ∈ S × (A ∪ {#}),∀ m ∈ M ∪ {λ} :

δ′i((s1, #),m, (r1, r2)) = (s1, #)

δ′i((s1, s2),m, (r1, r2)) = (δi(s1,m, s2), r2)



8 A. Klein, M. Kutrib / Cellular Devices and Unary Languages

∀ s ∈ A,∀ r ∈ A ∪ {#},∀ u ∈ M∗ :

µ′
i(#, u, r) = u

µ′
i(s, u, r) = µi(s0, u, s)

∀ s1 ∈ S,∀ s2 ∈ A,∀ (r1, r2) ∈ S × (A ∪ {#}),∀ u ∈ M∗ :

µ′
i((s1, #), u, (r1, r2)) = u

µ′
i((s1, s2), u, (r1, r2)) = µi(s1, u, s2)

The functionµ′ meets the predicateP sinceP (u, u) andµ meetsP . ⊓⊔

In general, the converse of the theorem is not true. For example, it has been mentioned above that the
proper inclusionL (DFA) ⊂ Lrt(OCA) is known. But nevertheless, for unary languages the converse
can be shown.

Lemma 3.1. For any subfamilySEQof sequential machines it holds

L
u
rt(OCSEQ) ⊆ L

u(SEQ).

Proof:
Let L ∈ L u

rt(OCSEQ) be a language defined over the alphabetA = {a}, andM = 〈S,M,D, #, A, F 〉
be a real-timeL u

rt(OCSEQ) acceptingL, whereD = {(δi, µi, αi) | 1 ≤ i ≤ k}, for somek ∈ N+.
Without loss of generality we may assume that once a cell ofM has entered an accepting state it remains
in an accepting state.

On inputw = an we make two observations (cf. Figure 3): At every time step one of the local
transition functions is applied to all cells. Therefore, two cells having the same state and memory con-
tent behave equally if they fetch the same state informationfrom their corresponding right neighbors.
Therefore,c1(1) = · · · = c1(n − 1), sinceco,w(1) = · · · = c0,w(n) = (a, λ). Similarly, we have
ct(1) = · · · = ct(n − t), for all time stepst with 0 ≤ t ≤ n − 1.

The behavior of the leftmost cell ofM′ is not affected by the states of a celli, 1 ≤ i ≤ n, at timet
wheret > n− i+1. Furthermore, a cell is not able to access the memory of its neighbor directly. Hence,
together with the first observation it suffices to know the state of the cellsi at timen − i + 1 in order to
simulate the state and memory transitions of the leftmost cell up to timen.

A correspondingSEQM′ = 〈S′,M ′,D′, s′0, F
′, A′〉 acceptingL uses two registers. In the first one

it simulates the behavior of the cells1, . . . , i at timen− i, and in the second one the behavior of celli at
timen − i + 1, for 1 ≤ i ≤ n. Now the construction ofM′ is straightforward:

S′ = S × S, M ′ = M, A′ = {a}, F ′ = {(s, r) | r ∈ F}, s0 = (a, #)

D′ = {(δ′i, µ
′
i, α

′
i) | 1 ≤ i ≤ k}, where for alli ∈ {1, . . . , k} : α′

i = αi

∀ (s, r) ∈ S′,∀ m ∈ M ∪ {λ} : δ′i((s, r),m, a) = (δi(s,m, s), δi(s,m, r))

∀ (s, r) ∈ S′,∀ u ∈ M∗ : µ′
i((s, r), u, a) = µi(s, u, s) The functionµ′ meets the predicateP

sinceµ meetsP . ⊓⊔
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t

a a · · · a #

ai ai · · · ai bi
aj aj · · · aj bj

ak bk

bn

a #

...

ai bi
aj bj

...

ak bk

bn

Figure 3. Example to the proof of Lemma 3.1. Memory contents are omitted.

The previous lemma together with Theorem 3.1 yields the mainresult in this section:

Theorem 3.2. For any subfamilySEQof sequential machines it holds

L
u
rt(OCSEQ) = L

u(SEQ).

In [21] so-callednondeterministic time-varying cellular automata(which actually are CNFA) have
been investigated and related to classicalnondeterministic cellular automata(NCA). The difference is
that at every time step all cells of a CNFA apply the same nondeterministically chosen local transition
function, whereas the cells of a classical nondeterministic cellular automaton may nondeterministically
choose a local transition function individually. It has been left open whether or not the inclusion between
the real-time one-way familiesLrt(OCNFA) andLrt(NOCA) is a proper one. Now we can answer it
in the affirmative.

Corollary 3.1. Lrt(OCNFA) ⊂ Lrt(NOCA)

Proof:
By Theorem 3.2 we obtainL u

rt(OCNFA) = L u(NFA) which, in turn, is the family of regular unary
languages. On the other hand, in [3]Llt(CA) ⊆ Lrt(NOCA) has been shown. SinceLlt(CA) contains
non-regular unary languages [7], the assertion follows. ⊓⊔

Intrinsically, the first question ‘How much power do we have to plug in the single cells’ in order
to accept non-regular unary languages has been answered. Weneed sequential machines that accept
non-regular unary languages. For example, adeterministic one-way stack automaton(DOSA) which is a
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deterministic pushdown automaton with an additional feature (cf. Figure 4). In addition to push and pop
at the top of the stack a stack head can enter the stack in read-only mode and move up and down the stack
without rewriting any symbol. So, intuitively, one-way stack automata are only slightly more complex
than pushdown automata. But on the other hand, their parallel variant OCDOSA draws a borderline since
it is able to accept non-regular unary languages in real time.

Finite

control

b1

b2

b2

...

a1 a2 · · ·

input

re
ad

/w
ri

te
re

ad
on

ly

Figure 4. A one-way stack automaton.

Now we define stack automata in terms of sequential machines satisfying predicatesP andQ. The
transition function of a stack automaton depends on the currently read stack symbol. In addition, it
depends on whether the stack head is at the top of the stack or not. For example, in the former case a
write operation may be performed whereas this is impossiblein the latter case. In order to distinguish
between both cases, we use two memory symbols for each stack symbol. Moreover, we have to keep
track of the position of the simulated stack head. To this end, the symbolm1 is used to indicate the
position (for convenience we identify it by• in the sequel). Now for eachi ≥ 2 the memory symbolsmi

andmi+1 represent the same stack symbol. The difference is that an even index indicates that the stack
head is at the top of the stack in read/write mode, and an odd index indicates that the stack head is inside
the stack in read only mode. Thus, letV0 = {m2,m4,m6, . . . }, and leta,mi ∈ V0 andx, y ∈ V ∗

0 .
PredicateQ(u, v) restricts the memory access. If the current memory content is empty, i.e.,u = λ

or u = •, then the access yields tov = λ, i.e.,α(u) = λ. If the current memory content is not empty
and the head is at the top of the stack, i.e.,u = •miy, thenα(u) = mi. Sincemi ∈ V0, the even index
indicates the fact that the head is at the top of the stack. If otherwise the head is inside the stack, i.e.,
u = xa•miy, thenα(u) = mi+1, wheremi andmi+1 represent the same stack symbol, but the odd
indexi + 1 indicates that the head is inside the stack. PredicateQ reads

Q(u, v) ⇐⇒ (u ∈ {λ, •} ∧ v = λ) ∨ (u = •miy ∧ v = mi) ∨ (u = xa•miy ∧ v = mi+1).

PredicateP (u, v) restricts the memory update. A stack automaton is allowed tochange nothing, i.e.,
u = v. If the stack is empty, i.e.,u = λ or u = •, some word can be pushed, whereby the head stays
at the top of the stack, i.e.,v = •y. If the head is at the top of a non-empty stack, i.e.,u = •ay, the
topmost symbol can be replaced by some word, i.e.,v = •xy. If it is not at the bottom of the stack, i.e.,
u = x•ay, then it can move one position down, i.e.,v = xa•y. Moreover, whenever the head is inside
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the stack, i.e.,u = xa•y, it can move one position up, i.e.,v = x•ay. PredicateP reads

P (u, v) ⇐⇒ (u = v) ∨ (u = λ ∧ v = •y) ∨ (u = • ∧ v = •y) ∨

(u = •ay ∧ v = •xy) ∨ (u = xa•y ∧ v = x•ay) ∨ (u = x•ay ∧ v = xa•y).

Lemma 3.2. L u
rt(OCA) ⊂ L u

rt(OCDOSA)

Proof:
It is known thatL u(DOSA) contains non-regular languages [13, 14] butL u

rt(OCA) does not. ⊓⊔

4. One-Way Arrays Beyond Real Time

In particular, from the previous section we derive that the computational capacity of finite automata is as
powerful as the computational capacity of much more complexreal-time one-way cellular automata as
far as unary languages are considered. Now we turn to the proof that the situation does not change, even
if we provide more time of sublogarithmic order.

Theorem 4.1. Let f : N+ → N+, f ∈ o(log) be a mapping, then

L
u
rt+f (OCA) = L

u(DFA).

Proof:
Let L ⊆ {a}+ be a unary language accepted by some(rt + f)-time OCAM = 〈S, δ, #, A, F 〉. Without
loss of generality we may assume thatL is infinite.

For eachan ∈ L we consider the smallest timeqn such thatan is accepted inn + qn time steps,
i.e., (∆[n+qn](w0,an))(1) ∈ F . We are going to prove that the setR = {qn | an ∈ L} is bounded
by some constantk. SinceLrt+k(OCA) = Lrt(OCA) [18] and all unary languages inLrt(OCA) are
regular [24], in this caseL must be regular, too.

Assume contrarily, the setR is unbounded, and letb = (|S| + 1)3. Sincef ∈ o(log), there exists
n0 ∈ N+ such thatf(n) < ⌊logb(n)⌋ and1 ≤ ⌊logb(n)⌋, for all n ≥ n0. Moreover, there are infinitely
many wordsan ∈ L, n ≥ n0, such thatqn > qm, for all am ∈ L with n > m, sinceR is unbounded
(cf. Figure 5).

Now assume for the rest of the proof that the cells are numbered 1 to n from right to left. For inputan

we denote the sequencesci−1(i)ci(i)ci+1(i) · · · ci+⌊log|S|2(n)⌋−1(i) by ei, for 1 ≤ i ≤ n. Sequenceei

represents the evolution of theith cell (from right) from timei−1 to timei+⌊log|S|2(n)⌋−1. Obviously,
all these sequences have the same length⌊log|S|2(n)⌋ + 1. Therefore, there are at most

|S|⌊log|S|2(n)⌋+1
= |S| · |S|⌊log|S|2(n)⌋

≤ |S| · ⌊|S|log|S|2(n)⌋

= |S| · ⌊|S|
1
2

log|S|(n)⌋

= |S| · ⌊(|S|log|S|(n))
1
2 ⌋

= |S| · ⌊n
1
2 ⌋

< ⌊n
1
2 ⌋ · ⌊n

1
2 ⌋

≤ n
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t

n (> m)
︷ ︸︸ ︷

n0
︷ ︸︸ ︷

︷
︸
︸

︷

⌊log2
|S|(n)⌋ + 1

F

F

Figure 5. Example to the proof of Theorem 4.1.

different sequences, since we know1 ≤ ⌊log(|S|+1)3(n)⌋, and therefore|S|3 < n, and thus|S| < ⌊n
1
2 ⌋

since|S| ≥ 2.
Now the pigeonhole principle ensures that at least two of thesequencese1, . . . , en are equal, sayui

anduj with 1 ≤ i < j ≤ n. Due to the deterministic behavior and the same initial state for all cells
we know thatei+1 is uniquely determined byei. Therefore, the equalityei = ej implies the equality
en+i−j = en.

Sincean is accepted inn + f(n) time steps, andf(n) < ⌊log(|S|+1)3(n)⌋ ≤ ⌊log|S|2(n)⌋ + 1, at
least one symbol ofen = en+i−j belongs toF . Due to the one-way information flow the evolution of
a cell is independent of the behavior of the cells on its left.So we can conclude thatan+i−j ∈ L and,
moreover,qn = qn+i−j which contradicts our choice ofn. ⊓⊔

The theorem reveals a gap in between real-time and real-timeplus logarithmic time for unary OCA
languages. The following lemma shows that this gap is in somesense maximal, since if we allow loga-
rithmically more time steps, the computational capacity strictly increases, which answers our first ques-
tion. This result is independent of the base of the logarithmsince we can speed-up the computation time
beyond real time by any constant factor.

Lemma 4.1. The non-regular language{a2n

| n ∈ N+} belongs toL u
rt+log(OCA).

Proof:
The following OCAM = 〈S, δ, #, {a}, F 〉 acceptsL = {a2n

| n ∈ N+} with time complexityrt + log:

S = {a, e, 1, +, 0, 0̄, 1+, #}, A = {a}, F = {+}
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∀ s, r ∈ S :

δ(s, r) =







e if (s 6∈ {0̄, 1+, +, a} ∧ r ∈ {e, +}) ∨ (s = a ∧ r = #)

+ if (s = 1+ ∧ r = e)

1+ if (s = a ∧ r ∈ {e, 0̄}) ∨ (s = 1+ ∧ r = 1)

0̄ if (s = a ∧ r = 1+) ∨ (s = 0̄ ∧ r ∈ {1+, 1})

0 if (s 6∈ {a, 0̄} ∧ r ∈ {0̄, 0})

1 if (s = 0̄ ∧ r ∈ {0, e, +}) ∨ (s 6= 1+ ∧ r = 1)

s otherwise

An accepting computation fora16 is depicted in Figure 6.

t

n

# a a a a a a a a a a a a a a a a #

# a a a a a a a a a a a a a a a e #

# a a a a a a a a a a a a a a 1+ e #

# a a a a a a a a a a a a a 0̄ + e #

# a a a a a a a a a a a a 1+ 1 + e #

# a a a a a a a a a a a 0̄ 1+ e + e #

# a a a a a a a a a a 1+ 0̄ + e + e #

# a a a a a a a a a 0̄ 0 1 + e + e #

# a a a a a a a a 1+ 1 1 e + e + e #

# a a a a a a a 0̄ 1+ 1 e e + e + e #

# a a a a a a 1+ 0̄ 1+ e e e + e + e #

# a a a a a 0̄ 0 0̄ + e e e + e + e #

# a a a a 1+ 1 0 1 + e e e + e + e #

# a a a 0̄ 1+ 0 1 e + e e e + e + e #

# a a 1+ 0̄ 0 1 e e + e e e + e + e #

# a 0̄ 0 1 1 e e e + e e e + e + e #

# 1+ 1 1 1 e e e e + e e e + e + e #

# 1+ 1 1 e e e e e + e e e + e + e #

# 1+ 1 e e e e e e + e e e + e + e #

# 1+ e e e e e e e + e e e + e + e #

# + e e e e e e e + e e e + e + e #

Figure 6. Example to the proof of lemma 4.1.

On inputan, n ∈ N+, a (vertical) binary counter is set up at the right end of the OCA. The counter
moves to the left one cell per time step. Furthermore, it is incremented by one in every time step.
Whenever a carry over appears, the counter is enlarged by onedigit.
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Apart from the self-explanatory states, state0̄ represents digit zero with carry over flag, and state1+

represents digit one with the additional information that all former digits which have passed through the
cell have been ones. A cell changes to the accepting state iffthe entire counter which passes through
consists of ones only. In this case, the counter represents anumber2k − 1, for somek ∈ N+.

Altogether, the counter reaches the leftmost cell at time step n. After that it takes anotherlog(n)
time steps in order to let the counter pass through. So, the OCA obeys the time complexityrt + log. ⊓⊔

Corollary 4.1. Let f : N+ → N+, f ∈ o(log) be a mapping, then

L
u(DFA) = L

u
rt(OCA) = L

u
rt+f (OCA) ⊂ L

u
rt+log(OCA) ⊆ L

u
lt (OCA).

5. A Wee Bit Nondeterminism

We turn to our last question ‘How much nondeterminism do we have to add?’ in order to accept non-
regular unary languages. To this end, we consider cellular automata with limited nondeterminism. In
general, there are two natural limitations. One can limit the nondeterminism in time, that is the number
of time steps at which nondeterministic transitions are allowed, or one can limit the nondeterminism
in space, that is the number of cells which are allowed to perform nondeterministic transitions. In [3]
cellular automata have been investigated where all cells may perform one nondeterministic transition.
It turned out that the corresponding devices are surprisingly powerful. Here we are going to limit the
nondeterminism more strictly in the following way. The set of local transition functions is divided
into two partsD = {δd} ∪ Dnd, whereδd is a distinguished so-called deterministic local transition
function andDnd is a possibly empty set of so-called nondeterministic localtransition functions. During
the first time step a nondeterministically chosen transition function fromDnd is applied to at mostk
nondeterministically chosen cells, wherek ∈ N is a constant. The other cells change states according
to δd. The cells performing a local transition function fromDnd are called nondeterministic and the
others deterministic with respect to the current computation. After the first time stepδd is applied to all
cells. We denote such models bykC1G-CA (k cells one guess CA). The aim of the next two subsections
is to investigatekC1G-CA and their one-way variants thekC1G-OCA with respect to unary languages.
Observe that in case ofk = 0 these models are deterministic CA resp. OCA. It will turn outthat a speed-
up from linear time to real time is possible at the cost of one additional nondeterministic cell. Similarly,
one can simplify the information flow from two-way to one-way, if one nondeterministic cell is added.
In general, we obtain an infinite hierarchy dependent on the number of nondeterministic cells.

5.1. Time versus Nondeterminism

The following theorem states that it is possible to trade time for nondeterminism.

Theorem 5.1. Let t : N+ → N+, t(n) ≥ n, be a mapping andk ∈ N+ andk1 ∈ N be constants, then

L
u
k·t(k1C1G-OCA) ⊆ L

u
t ((k1 + 1)C1G-OCA).

Proof:
LetM be ak1C1G-OCA accepting a unary languageL ⊆ {a}+ with time complexityk · t. In order to
achieve the desired speed-up an equivalent(k1 +1)C1G-OCA acceptorM′ has to simulateM exactlyk
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times faster. To this end, in principle, each cell ofM′ is designed to simulatek consecutive cells ofM.
This implies thatM′ simulatesk time steps ofM at every time step.

More precisely, on inputan automatonM′ works as follows. SinceL is a unary language, each cell
‘knows’ the initial states of the cells it has to simulate, i.e, statea. The additional nondeterministic power
of M′ is used to guess and to mark celli = ⌈n/k⌉. Additionally, the marked cell guessesr = n mod k.
If r = 0 it simulatesk, otherwiser cells ofM, whereas the cells to its left simulatek cells, respectively.

In order to verify the guesses, initially, a signal is generated in the rightmost cell. The signal moves
with maximal speed to the left. It can verify that exactly onecell has been marked. In particular, it
prohibits each cell it passes through to switch into an accepting state unless it has already passed through
exactly one marked cell. Moreover, initially another signal is generated in the marked celli. This signal
is delayed forr time steps. Subsequently, it moves to the left one cell perk time steps. Now, the
leftmost cell may switch to an accepting state only if both signals arrive at the same time, that is, if
k(i − 1) + r = n. So, if the leftmost cell accepts,M′ has simulated exactlyn cells ofM.

Finally, it is straightforward to use the first signal to verify thatM′ has simulated at mostk nonde-
terministic cells ofM. ⊓⊔

Corollary 5.1. Let k ∈ N be a constant, then

L
u
lt (kC1G-OCA) ⊆ L

u
rt((k + 1)C1G-OCA).

Theorem 5.1 can directly be transferred to two-way information flow.

Theorem 5.2. Let t : N+ → N+, t(n) ≥ n, be a mapping andk ∈ N+ andk1 ∈ N be constants, then

L
u
k·t(k1C1G-CA) ⊆ L

u
t ((k1 + 1)C1G-CA).

Here we traded speed for nondeterminism. The converse, the reduction of the number of nondeter-
ministic cells at the cost of linear slow-down does not follow for structural reasons from the properties
of the models. The next result shows the converse for real time and linear time. It improves Corol-
lary 5.1: not only inclusion but equality holds. So, in this situation we have a trade-off between time and
nondeterminism.

Theorem 5.3. Let k ∈ N be a constant, then

L
u
lt (kC1G-OCA) = L

u
rt((k + 1)C1G-OCA).

Proof:
It suffices to proveL u

rt((k + 1)C1G-OCA) ⊆ L u
lt (kC1G-OCA). Roughly, the outline of the proof

is as follows. If one of the nondeterministic cells is located at the rightmost position, it can be made
deterministic as usual. In this case all nondeterministic choices are simulated in parallel on different
tracks. Therefore, we shift the computation to the right until the rightmost nondeterministic cell is at the
rightmost position of the automaton. In order to be able to shift computations, we make them independent
of the right border. That is, the rightmost cell is modified such that it behaves as if there were infinitely
many cells to the right of it and, moreover, the automaton is modified that it recognizes any accepted
prefix, i.e., it recognizes any time stept such thatat belongs to the accepted language. After the shift,
we have to ensure that only the input word is accepted. We haveto prevent from accepting the input, if
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only a prefix belongs to the language. To this end, the computation is delayed from real time to linear
time such that specific signals can be set up which realize this verification. According to the outline, we
transform a(k + 1)C1G-OCA real-time acceptorM accepting a unary languageL ⊆ {a} in five steps
into a desired linear-time acceptor with the reduced amountof nondeterminism.

Step 1 At first, M is modified such that the leftmost cell recognizes at timet, if the already pro-
cessed prefix of lengtht of the inputan belongs toL. More precisely, if the current distribution and
action of the nondeterministic cells within the leftmostt cells would lead to acceptance ofat.

To this end, each cell of the resulting(k + 1)C1G-OCA M1 consists of two registers. The first
register is used to simulate an unmodified transition ofM. In addition, during the first time step each
cell computes its state under the assumption that its right neighbor is in the boundary state, and stores
the result in its second register. Subsequently, the content of the second register is updated by applying
the deterministic local transition function (ofM) to the state stored in its first register and to the content
of the second register of its neighbor. So, the second register of cell i, 1 ≤ i ≤ n, stores at timet,
1 ≤ t ≤ n− i + 1, the state celli of M would be in, if the input wereai+t−1. In particular, cell1 stores
at time1 ≤ t ≤ n the state cell1 of M would be in, if the input wereat. We conclude that cell1 of M1

recognizes at timet, whether or notat belongs to the languagesL.
Step 2 Next we have to overcome the concrete number of cells in between the rightmost nondeter-

ministic cell and the right border. That is, we want cell1 to recognize at timet, whether or notat belongs
to the languageL, also fort ≥ n. To this end,M1 is modified such that its rightmost cell behaves as
if there were infinitely many cells to the right of it. Concerning the distribution of the nondeterministic
cells in the simulation, clearly, we can only cover cases where thek+1 nondeterministic cells are located
somewhere in the firstn cells.

For the modification, the rightmost cell of the newly obtained (k + 1)C1G-OCAM2 assumes that
there are another infinitely many deterministic cells to itsright, which are initialized by the input sym-
bol a. Clearly, at every time step all these cells are in the same state as the rightmost cell ofM2. So, the
desired state transition can easily be realized.

By the modification, it follows that the leftmost cell ofM2 (which is no longer real-time bounded)
can recognize at timet ≥ 1 whether or not there is an accepting computation ofM on inputat, such that
thek + 1 nondeterministic cells are located somewhere in the firstn cells.

Step 3 Now we are prepared to consider the right-shift of the computation in order to reduce the
number of nondeterministic cells by one. We denote thekC1G-OCA which will be constructed fromM2

by M3 (cf. Figure 7 (a) and (b)). Let celli of M2 be the(k + 1)st, i.e., the rightmost, nondeterministic
cell, and letd = n − i. By the modifications which led toM2 the computation is independent of the
right border cell. Therefore, we simply can assume without further modifications that the computation
has been shiftedd cells to the right. That is, since the leftmost cell ofM2 recognizes at timet ≥ 1
whether or not there is an accepting computation ofM on inputat, such that thek + 1 nondeterministic
cells are located somewhere in the firstn cells, now celld + 1 of M3 recognizes at timet ≥ 1 whether
or not there is an accepting computation ofM on inputat, such that thek + 1 nondeterministic cells
are located somewhere in the firstn cells. Moreover, after the shift the(k + 1)st nondeterministic cell is
located at the rightmost position of the automaton. It is made deterministic by the usual construction and
now deterministically simulates all nondeterministic choices in parallel on different tracks. To this end,
all cells have an appropriate number of registers. Therefore,M3 uses onlyk nondeterministic cells.

Step 4 Cell d + 1 of M3 recognizes any accepted prefix, i.e., it recognizes any timestept ≥ 1
such thatat belongs to the accepted language. Next we have to ensure thatonly the input wordan is
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n
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Figure 7. Overview of the construction in the proof of Theorem 5.3. (a) Real-time(k + 1)C1G-OCA, (b) right-
shift of the computation in step3, (c) delayed computation in step5. Nondeterministic cells are marked by⊠.

accepted. Moreover, it has to be accepted at timen by the leftmost cell. In order to achieve the desired
behavior, the next step is to delay the computation ofM3 by one time step for each cell from right to
left. I.e., a celli of the resultingkC1G-OCAM4 simulates at timet + (n − i + 1) the state of celli
of M3 at timet.

For the construction, the cells ofM4 have two registers (cf. Figure 8). During the first time step
each cell simulates a transition ofM3 and stores the resulting state in its first register. Subsequently,
the second register is used to store the previously simulated state. If a cell is allowed to proceed with
the simulation only if the second register of its neighbor isnot empty, then the required delay can be
achieved.

Step 5 Finally,M4 is modified in the following way resulting inM5 (cf. Figure 7 (c)). During the
first time step the rightmost cell sends a signals with speed1/2 to the left. Furthermore, when some
cell recognizes that an input prefix belongs to the accepted language, it sends a signalu with maximal
speed to the left. If the signals meets some signalu in some cell, the cell enters an accepting state. The
leftmost cell is reached bys at time2n. Hence,M5 is a linear-timekC1G-OCA acceptor.

Let an ∈ L. Then there exists some celli of M4 that recognizes this fact at timen + (n− i + 1). Its
signalu arrives at the leftmost cell at timen + (n − i + 1) + i − 1 = 2n. Thus,an ∈ L(M5).

Conversely, ifan ∈ L(M5), then the leftmost cell ofL(M5) has been reached by a signalu which
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c0 : #
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c1 : #
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#
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Figure 8. Delayed computation in step4 of Theorem 5.3.

was generated in some celli at time2n− i + 1 = n + (n− i + 1). This is true also for celli of L(M4)
and, thus,an ∈ L, i.e.,L = L(M5). ⊓⊔

5.2. Information Flow versus Nondeterminism

In the sequel the relation between one-waykC1G-OCA and two-waykC1G-CA is investigated with
respect to the amount of nondeterminism. The following result is already known for the deterministic
casek = 0. In [29] Lrt(CA) ⊆ L R

2·id(OCA) has been shown, and in [7] the converse was proved.
By speed-up theorems for cellular automata [19] one obtainsthe corresponding result for linear time.
Clearly, for unary languages it holdsL u

rt(CA) = L u
lt (OCA).

Theorem 5.4. Let k ∈ N be a constant, then

L
u
lt (kC1G-OCA) = L

u
rt(kC1G-CA).

Proof:
The proof is analogous to the previously cited deterministic case. However, the adaption could require
a cell of akC1G-OCA to perform a nondeterministic transition during the second time step. Therefore,
observe that a local transition function can be representedas a finite array ofS2 × S states. So, a cell
may guess such an array (and hence a local transition function) during the first time step. Subsequently,
it is applied to the cell in the second time step. ⊓⊔

It is possible to speed-up linear time to real time at the costof one additional nondeterministic cell.
The next corollary says that it is possible to simplify two-way to one-way information flow for real-time
computations at the same cost. The converse shows that we cansave one nondeterministic cell when we
provide two-way instead one-way information flow.
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Corollary 5.2. Let k ∈ N be a constant, then

L
u
rt(kC1G-CA) = L

u
rt((k + 1)C1G-OCA).

Proof:
The assertion follows by Theorem 5.3 and Theorem 5.4, sinceL u

rt(kC1G-CA) = L u
lt (kC1G-OCA)

andL u
lt (kC1G-OCA) = L u

rt((k + 1)C1G-CA). ⊓⊔

From Corollary 5.2 the inclusionL u
lt (kC1G-CA) ⊇ L u

rt((k + 1)C1G-OCA) and the inclusion
L u

rt(kC1G-CA) ⊆ L u
lt ((k + 1)C1G-OCA) follow. So, we obtain the relations depicted in Figure 9.

...
...

⊆ ⊆

L u
lt (2C 1G-CA) L u

rt(3C 1G-OCA)

⊆ =

L u
rt(2C 1G-CA) = L u

lt (2C 1G-OCA)

⊆ ⊆

L u
lt (1C 1G-CA) L u

rt(2C 1G-OCA)

⊆ =

L u
rt(1C 1G-CA) = L u

lt (1C 1G-OCA)

⊆ ⊆

L u
lt (CA) L u

rt(1C 1G-OCA)

⊆ =

L u
rt(CA) = L u

lt (OCA)

⊂

L u
rt(OCA)

=

L u(DFA)

Figure 9. A hierarchy of unary families.

5.3. Superconstant Nondeterminism for Arbitrary Alphabets

Up to now we have investigatedkC1G-CA, which are devices with a constant amount of nondetermin-
ism. A natural generalization is to consider devices with superconstant nondeterminism. As mentioned
before, in [3] cellular automata have been investigated where all cells may perform one nondeterministic
transition. In our terms these arenC1G-CA, wheren denotes the length of the cellular automaton. So,
the number of nondeterministic cells is limited by a function f : N+ → N+, f(n) ≤ n, which depends
on the number of cells. Exactly this is our point of view in thepresent subsection. We writefC1G-CA
and, obviously, obtain devices in betweenkC1G-CA, k ∈ N+, andnC1G-CA.
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We are going to compare the real-timefC1G-CA and real-timefC1G-OCA with other variants of
cellular automata with respect to their capacities to accept languages over arbitrary alphabets. To this
end, a notion of computability is useful that is closely related to the notion of time-constructible functions
in deterministic cellular automata [4, 5, 6].

Definition 5.1. A mappingf : N+ → N+ is defined to beOCA-time-computable, iff there is an OCA
M = 〈S, δ, #, {a}, F 〉 with global transition function∆ such thatf(n), for all n ∈ N+, is the smallest
positive integert for which

π1(∆
[t](c0,an)) ∈ F.

The following strong relation between OCA-time-computability and the notion of time-constructible
functions in so-called deterministic cellular spaces has been shown in [4].

Let f−1(m) = max({n ∈ N+ | f(n) ≤ m} ∪ {1}) be the inverse of a strictly increasing mapping
f : N+ → N+. Thenf is time-constructible if and only iff−1 + 2n is OCA-time-computable. The
family of time-constructible functions is very rich. For example, it containsnk, for k ∈ N+, 2n, n!,
andpn, wherepn is thenth prime number. Moreover, the family is closed under several operations. So,
the condition of the next theorem is a weak one. In the sequel sometimes we use functionsf whose
range includes real numbers in the context of integers. For simplicity, we often writef instead of⌊f⌋.

Theorem 5.5. Let A be an alphabet andf : N+ → N+ be an increasing mapping such thatf + 2n is
OCA-time-computable, and definef ′ : N+ → N by f ′(n) = max{m ∈ N | f(m) · m ≤ n}. Then

L = {wf(|w|) | w ∈ A+} ∈ Lrt(f̃C1G-OCA)

for f̃ : N+ → N+, wheref̃(n) = f(f ′(n)) if f ′(n) > 0, andf̃(n) = 1 otherwise.

Proof:
For some arbitraryw ∈ A+ with |w| = m we havewf(|w|) ∈ L and|wf(|w|)| = m · f(m). This implies
f̃(m · f(m)) = f(f ′(m · f(m))) = f(max{m′ ∈ N | f(m′) · m′ ≤ f(m) · m}) = f(m) = f(|w|).

Basically, the idea of a real-timẽfC1G-OCA acceptingL is, that all cells which represent the last
symbol of one of the subwordsw are nondeterministically marked during the first time step.Since an
input of lengthn consists off(|w|) = f̃(n) copies ofw, the number of allowed nondeterministic cells
suffices. It remains to be shown how the guesses can be verified, i.e., how to verify that at most̃f(n)
appear, and how to verify that all input fragments between nondeterministic cells are identical.

We start with the second task. SinceL′ = {wcw | w ∈ A+, c /∈ A} is a real-time OCA language,
we can use a slightly modified version of a corresponding acceptor. The nondeterministic cells simulate
the last symbols ofw, i.e., their input symbol, and, in addition, a virtual symbol c. So, each two adjacent
subwordsw can be checked. Moreover, due to the overlapping (forw1w2w3 the subwordsw1w2 and
w2w3 are both checked), it is ensured that the entire input has thecorrect form.

Now we turn to verify the number of nondeterministic cells. If f is a constant mapping, a left-moving
signal which is initially generated at the rightmost cell can do the task. So, assumef ∈ ω(1). At first we
need to stop a OCA computation at some timet1 along the diagonalct1(n)ct1+1(n − 1) · · · ct1+n−1(1),
and to continue the computation at timet2 along the diagonalct2(n) · · · ct2+n−1(1) (in the space time
diagram). By stopping the computation again at timet2 + 1, exactly one more transition per cell is
simulated. In order to realize such a behavior, we use another register in which any cell can be marked.
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The marker of the rightmost cell participating in the task controls the process. More precisely, for some
OCA with state setS and local transition functionδ a modified OCA with state setS′ and local transition
functionδ′ is constructed as follows. LeṫS = {ṡ | s ∈ S} be a dotted copy ofS.

S′ = S ∪ Ṡ

∀ s, r ∈ S, ṡ, ṙ ∈ Ṡ:

δ′(s, r) = δ(s, r)

δ′(s, ṙ) = ṗ with p = δ(s, r)

δ′(ṡ, ṙ) = ṡ

δ′(ṡ, r) = s

After stopping for the first time at stept1 + n − 1, the leftmost cell is in statect1+n−1(1), i.e., it has
performed all transitions up to that time (cf. Figure 10).

t = 0 #
10 20 30 40 50

#

#
11 21 31 41 51

#

t1 = 2 #
12 22 32 42 52

•
#

#
13 23 33 43 52

• •
#

#
14 24 34 43 52

• • •
#

#
15 25 34 43 52

• • • •
#

t1 + n − 1 #
16 25 34 43 52

• • • • •
#

t2 = 7 #
16 25 34 43 52

• • • •
#

t′1 = 8 #
16 25 34 43 53

• • • •
#

#
16 25 34 44 53

• • • •
#

#
16 25 35 44 53

• • • •
#

#
16 26 35 44 53

• • • •
#

t′1 + n − 1 #
17 26 35 44 53

• • • • •
#

Figure 10. Stop (t1 = 2), continue (t2 = 7), stop (t′
1

= 8) of a computation.

Now we come back to the verification. Sincef ∈ ω(1) for all but finitely many numbersn we
havef(n) ≥ 3. The real-timef̃C1G-OCA determines the leftmost nondeterministic cell at position |w|
nondeterministically during its first transition. This guess is easily verified by some left-moving signal.
This cell and all of its left neighbors simulate the OCA-time-computer forf +2n, where the computation
of cell |w| is controlled as follows. All nondeterministic cells send initially signals to the left. The cell at
position|w| stops the computation to its left two time steps after the arrival of the first signal. Therefore,
cell 1 stops at time2 · |w| + 2. All subsequent signals cause cell|w| to continue the computation for
one time step. There should bẽf(m · f(m)) − 2 = f(|w|) − 2 subsequent signals. The last one arrives
from the rightmost cell. At its arrival at cell 1 step2 · |w| + 2 + f(|w|) − 2 = 2 · |w| + f(|w|) of
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the OCA-time-computation has been performed. This is exactly the time step to be distinguished. We
conclude, that all words fromL are accepted.

Conversely, letv be some accepted word. It has to be of the formwi for somew ∈ A+ andi ≥ 3
(constant mappingsf have been treated separately). We derivei = f(|w|) from the time-computation.
Therefore,|v| = |w| · f(|w|) andf̃(|v|) = f(|w|), which implies that there arẽf(|v|) nondeterministic
cells. ⊓⊔

Now we are prepared for the comparison with the deterministic real-time OCA.

Lemma 5.1. Let A be an alphabet andf : N+ → N+, f ∈ ω(1), be an increasing mapping such that
f + 2n is OCA-time-computable, then

L = {wf(|w|) | w ∈ A+} /∈ Lrt(OCA).

Proof:
Let a ∈ A be an arbitrary symbol, and assume in contrast to the assertion L belongs to the family
Lrt(OCA). SinceLrt(OCA) is closed under intersection with regular languages [20], we conclude
L′ = L ∩ {a}+ ∈ Lrt(OCA). But L′ is the non-regular unary language{an·f(n) | n ∈ N+} since
f ∈ ω(1). So,L′ /∈ Lrt(OCA). ⊓⊔

Example 5.1. The identity mappingf(n) = n is increasing and of orderω(1). In [6] it has been
shown thatf + 2n is OCA-time-computable. Moreover,|w|w|| = |w|2. By Theorem 5.5 language
L = {w|w| | w ∈ A+} belongs toLrt(n

1
2 C1G-OCA). On the other hand, by Lemma 5.1 languageL

does not belong toLrt(OCA) (see also [26]).

In the sequel the previous comparison is further improved. For two language familiesLa andLb

their concatenation is defined byLa · Lb = {La · Lb | La ∈ La ∧ Lb ∈ Lb}. It is known that real-
time OCA languages are not closed under concatenation [27].On the other hand, they are closed under
left as well as under right concatenation with regular languages [24]. So, it is natural to ask whether
the concatenation closure ofLrt(OCA) is characterized byLrt(1C1G-OCA), i.e., by devices that can
guess the position of the concatenation.

One inclusion is easily derived:

Corollary 5.3. Lrt(OCA) · Lrt(OCA) ⊆ Lrt(1C1G-OCA)

Proof:
In order to accept the concatenation of two languagesLa andLb from Lrt(OCA) it suffices to con-
struct a real-time1C1G-OCA that guesses the position of the concatenation and simulates in both parts
appropriate acceptors separately. The assertion follows since Lrt(OCA) is closed under marked con-
catenation [24]. ⊓⊔

The next lemma provides us with an important witness language fromLrt(1C1G-OCA).

Lemma 5.2. Let A be an alphabet, then

L = {wvw | w ∈ A+ ∧ v ∈ A∗} ∈ Lrt(1C1G-OCA).
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Proof:
Let wvw be a word belonging toL. The cells of a real-time1C1G-OCA acceptingL are designed to
have three registers. The first register is used to keep the input symbol. The cell which stores the last
symbol of the first subwordw is nondeterministically determined during the first time step. It sends a
signal to the left that identifies the leftmost|w| cells. The second register is used to shift the input one cell
per time step to the left. The leftmost|w| cells delay the shifting such that symbols flow with speed1

2 ,
i.e., one cell for every other time step. To this end, they usetheir third registers. In every time step the
content of the second register is moved to the third one, and the content of the third register is taken into
the second register of the left neighbor.

When a left-moving signal initially generated in the rightmost cell arrives at cell|w|, it starts to
compare the original input symbol with the content of the second register, respectively. More precisely,
a1C1G-OCAM = 〈S, δ, #, A, F 〉 is constructed as follows (cf. Figure 11). LetȦ = {ȧ | a ∈ A} be a
dotted copy ofA.

S = {#} ∪ A ∪ ((A ∪ Ȧ) × (A ∪ {+, -}) × (A ∪ { }))
F = {s ∈ S \ ({#} ∪ A) | π1(s) ∈ Ȧ ∧ π2(s) = +}

∀ s ∈ S :
δ(#, s) = {#}

∀ s, r ∈ A :

δnd(s, r) = {(ṡ1, r,  )}

δd(s, r) = (s, r,  )

δd(s, #) = (s, +,  )

∀ (p1, p2, p3), (q1, q2, q3) ∈ S \ ({#} ∪ A):

δd((p1, p2, p3), #) = (p1, +,  )

δd((p1, p2, p3), (q1, q2, q3)) = (r1, r2, r3), where

r1 =

{

ṗ1 if p1 /∈ Ȧ ∧ q1 ∈ Ȧ

p1 otherwise

r2 =







q2 if (p1 /∈ Ȧ) ∨ (p1 ∈ Ȧ ∧ q1 /∈ Ȧ ∧ q2 ∈ A)

+ if p1 ∈ Ȧ ∧ p2 ∈ A ∧ q2 = + ∧ p1 = ṗ2

- if p1 ∈ Ȧ ∧ p2 ∈ A ∧ q2 = + ∧ p1 6= ṗ2

q3 if p1 ∈ Ȧ ∧ q1 ∈ Ȧ ∧ q2 ∈ A

p2 otherwise

r3 =

{

r2 if r1 ∈ Ȧ ∧ r2 ∈ A

p3 otherwise

Let |w| = m, |wvw| = n, and denote the configurations of a computation onwvw by ct, 0 ≤ t ≤ n.
Due to the shifting, form + 1 ≤ i ≤ n, the symbolc0(i) appears at timet, 1 ≤ t ≤ i − m, in the
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c0 : #

1 2 3 4 5 6 7 1 2 3 4

#

c1 : #

1 2 3 4̇ 5 6 7 1 2 3 4

#2 3 4 5 6 7 1 2 3 4 +

c2 : #

1 2 3̇ 4̇ 5 6 7 1 2 3 4

#3 4 5 6

5

7 1 2 3 4 + +

c3 : #

1 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#4 5 5

5

7

6

1 2 3 4 + + +

c4 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#5 5

5

6

5

1

7

2 3 4 + + + +

c5 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#5

5

5

5

7

6

2

1

3 4 + + + + +

c6 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#5

5

6

5

1

7

3

2

4 + + + + + +

c7 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#5

5

7

6

2

1

4

3

+ + + + + + +

c8 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#6

5

1

7

3

2

+

4

+ + + + + + +

c9 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#7

6

2

1

+

3

+

4

+ + + + + + +

c10 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#1

7

+

2

+

3

+

4

+ + + + + + +

c11 : #

1̇ 2̇ 3̇ 4̇ 5 6 7 1 2 3 4

#+

1

+

2

+

3

+

4

+ + + + + + +

Figure 11. Example computation for Lemma 5.2 (w = 1234, v = 567).

second register of celli − t : π2(ct(i − t)) = c0(i). Its speed is reduced at timei − m. So, we have
π2(ct(m − j)) = c0(i), for t = i − m + 2j, 0 ≤ j ≤ m − 1. The comparison takes place in cellm − j,
0 ≤ j ≤ m − 1, when the signal arrives at cellm − j + 1, i.e., at time stepn − m + j. The comparison
is between the content of the first registerc0(m − j) and the content of the second register. The content
of the second one is determined by the time stept = n−m + j = i−m + 2j, which impliesi = n− j.
Therefore,c0(m − j) is compared withc0(i) = c0(n − j). Since the comparison is done for allm − j
with 0 ≤ j ≤ m − 1, an input is accepted if and only if it is of the formwvw. ⊓⊔

Now we are prepared to improve the known relation betweenLrt(OCA) andLrt(1C1G-OCA).

Theorem 5.6. Lrt(OCA) · Lrt(OCA) ⊂ Lrt(1C1G-OCA)

Proof:
Due to Corollary 5.3 it suffices to prove the properness of theinclusion. To this end, we show that the
languageL = {wvw | w ∈ A+ ∧ v ∈ A∗} for |A| ≥ 2 is not represented by the concatenation of two
real-time OCA languages. Then the assertion follows by Lemma 5.2.

In contrast to the assertion, assumeL is the concatenation ofLa andLb belonging toLrt(OCA).
SinceL /∈ Lrt(OCA) [28], we concludeLa 6= L andLb 6= L. Furthermore,La as well asLb are
infinite. Otherwise, if at least one of the languages is finite, it is regular. But sinceLrt(OCA) is closed
under left and right concatenation with regular languages [24], this impliesL = La ·Lb ∈ Lrt(OCA), a
contradiction.

Now let v = v1 · · · vm ∈ La. For allw = w1 · · ·wn ∈ Lb with n ≥ m we havevw ∈ L. If for such
aw there is a1 ≤ i ≤ m such thatwn−i+1 · · ·wm = v1 · · · vi, thenw contains at least one symbolv1. If
there is such aw that does not end with some prefix ofv, then due tov1 · · · vmw1 · · ·wn ∈ L andn ≥ m
there exists a1 ≤ i ≤ ⌊m+n

2 ⌋ − m such thatv1 · · · vmw1 · · ·wi = wn−(m+i)+1 · · ·wn. We conclude,
that also in this casew contains at least one symbolv1.



A. Klein, M. Kutrib / Cellular Devices and Unary Languages 25

Let c 6= v1 be a symbol inA. Fork ≥ 2 all wordsvk
1 andck belong toL, that is, they have to be repre-

sented by concatenations. Therefore, the languagesLv1 = (La∪Lb)∩{v1}
∗ andLc = (La ∪ Lb) ∩ {c}∗

are infinite.
If all words in Lc which are longer thann belong toLa, then all words fromLv1 which are longer

thann belong toLa also. Otherwiseck1 · vk2
1 , k1, k2 > n, would not belong toL. Let u be a word inLb

with |u| > n. Due to the assumption there are wordsck3 ∈ La andvk4
1 ∈ Lb with k3, k4 ≥ |u|. Now, if

ck3u ∈ L, thenvk4
1 u /∈ L and vice versa. From the contradiction we derive that there is a wordck5 ∈ Lb

with k5 > n. This word does not contain symbolv1. Therefore,vck5 /∈ L for v ∈ La andck5 ∈ Lb. The
contradiction concludes the proof. ⊓⊔

This result emphasizes the computational capacity of real-time 1C1G-OCA, since they do not char-
acterize the familyLrt(OCA) · Lrt(OCA) but accept a strict superfamily.

References

[1] Book, R. V.: Tally languages and complexity classes,Information and Control, 26, 1974, 186–193.

[2] Book, R. V.: Context-sensitive tally languages,Bulletin of the European Association for Theoretical Com-
puter Science, 15, 1981, 31–34.

[3] Buchholz, Th., Klein, A., Kutrib, M.: On interacting automata with limited nondeterminism,Fundamenta
Informaticae, 52, 2002, 15–38.

[4] Buchholz, Th., Kutrib, M.: On the power of one-way bounded cellular time computers,Developments in
Language Theory(S. Bozapalidis, Ed.), Aristotle University of Thessaloniki, Thessaloniki, Greece, 1997,
365–375.

[5] Buchholz, Th., Kutrib, M.: Some relations between massively parallel arrays,Parallel Computing, 23, 1997,
1643–1662.

[6] Buchholz, Th., Kutrib, M.: On time computability of functions in one-way cellular automata,Acta Informat-
ica, 35, 1998, 329–352.
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