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Motivational Example 2
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How many times is S1 executed ?
for(i=max(0,NM; 1| <=NM3; | ++)
for(j=0; j<=N-2*i; j++)

S1:
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Motivational Example 2
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Motivational Example 3
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How many elements of array a are accessed ?

for (J =1; ] <=p; ++4)
for (i = 1; i <= 8 ++i)

a[61+9)-7] = a[61+9]-7] + 5;
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How many elements of array a are accessed ?

for (J =1; ] <=p; +4)
for (1 =1, I <= 8; ++i)
a[61+9)-7] = a[61+9]-7] + 5;

Equal to the number of elements in

Sp=Al€Z|F,j€Z:1=6+97-TAN1<j<pA1<i<8}

8 ifp=1
S _—
#or {3p+10 if p > 2




Motivational Example 3
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Array reference: a[ 61 +9j - 7]
Array elements accessed for p = 3:

e e o o ° o o °
e o e . e e e e e
o o ° 00 e o °
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Ehrhart Quasi-Polynomials

fP C Q rational polytope T
sP: P dilated by a factor of s
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Ehrhart Quasi-Polynomials

o N

P C Q rational polytope
sP: P dilated by a factor of s

cp(s) = #(sP N Z%)

Ehrhart (1962): c¢p(s) is a quasi-polynomial
# ID: period of quasi-polynomial
® dg; cQT|for0<i<D

cp(s) = g;j(s) s=j modD

® 7D divides the Icm of the denominators of the vertices
#® degree of g; Is at most d

o |
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Ehrhart Quasi-Polynomials

o N

1
[0, 2] cQ

e
|
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Ehrhart series:




Vector Partition Functions
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A € N7 of rank d

c(s):#{)\ENd]s:)\la1+)\2a2+---+)\dad}

Clx) = (1—xa1)(1 — x2) - (1 — xa) > cls)x®
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Vector Partition Functions

-

A € N7 of rank d

c(s):#{)\ENd]s:)\la1+)\gag+---+)\dad}

1 S
Clx) = (1—xa1)(1 — x2) - (1 — xa) D cls)x

scZ4
Sturmfels (1995):

#® Chamber complex { C; }: polyhedral subdivision of
pos A; common refinement of pos A, witho C {1...,n}

# On each chamber C;: (P, Q; polynomials)

B P 2, ol B

21.9%
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Vector Partition Functions

c(s)#{AeN‘lG i (1) ?))\s}

C(x) = !

(1 —x@DY) (1 —xZD)(1 — x(1,0))(1 — x(0.1))
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Vector Partition Functions
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Parametric Polytopes

o N

c(p)=#ZN{xecQ?| Ax+Cp+b>0})




Parametric Polytopes

o N

c(p)=#ZN{xecQ?| Ax+Cp+b>0})

® Vertices Vi(p) = >_; \jipi + f;
o Chamber decomposition { C; }

# On each chamber C;
s Fixed set of active vertices V (p)

Py = {XEQd | V(p)I/,I/ZO,Zyzl}

s Multivariate quasi-polynomial of degree d in p
s Period in dimension ¢ is lcm of denominators of \j;

26.8%




Vertices and Chambers
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Vertices and Chambers

{z|x>02c<p+6,z<p}

p—
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Active If

Vertices

QUNQ, O

|-
28 B

fixed set of vertices

Chambers:
0<p<6

p =06
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General Problem

o N

Enumeration of projection of integer points in a polytope

c(p) = #({xeZ¥|3yeZ? : Ax+Dy+Cp+b >0}
= #(Z' Nmaf(x,y) € Q™" | Ax+ Dy + Cp+b > 0})

o |

31.7%
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Piecewise Step-Polynomials

o N

f:7% — Qs a step-polynomial iff

n dj
f&) =2 a; ]| lajms) +bj]  aj €Qaj Qb eQ
k=1

degree of f: deg f = max;{d; }




Piecewise Step-Polynomials

o N

f:7% — Qs a step-polynomial iff

f(s)=> o

j=1 k=

d;
(ajk,s) + by aj € Q,a;; € Qb cQ
1

degree of f: deg f = max;{d; }

¢: Z% — Q is a piecewise step-polynomial iff there exists a
polyhedral subdivision { C; } and step-polynomials f; such
that
fi(s) ifsecC;nz?
c(s) = , d
0 Ifsg(UiCi)ﬂZ

Ldeg c = max; deg f; J

34.1%
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Rational Generating Functions

-

C'(x) Is a rational generating function iff

= 5
Q; , .
o (L—xP)(1 —xbi) . (1 —xPim)

x € C¢, a; € Q, p; € Z%, b;; € 24\ {0}




Comparison

YA
Evaluation: Trivial Not so trivial
Summation: d(t) = > . c(s,t) D(x) = C(1,x)
New counting problem(s) Plugin 1
Projection: Hard Polynomial

|
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Main Theorem

o N

For fixed dimensions:

# The generating function of a piecewise step-polynomial
can be computed in polynomial time in the form of a
rational generating function.

# The explicit function corresponding to a rational
generating function can be computed in polynomial time
In the form of a piecewise step-polynomial.

Strateqgy: reduce problem to a set of counting problems and
apply Barvinok’s algorithm

o |

41.4%
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Definitions

-

#® Indicator function of a set A:

1 Ifsed

[A]:@dﬁ@:ws){o oo

® Generating function of A (or AN Z%):
“generating function of [Al|;4”

fAx)= ) x°

sc€ ANZ«d

If A contains a line then f(A;x) =0
Note: f(A4;1) = #(ANZ9)

o |

43.9%




Barvinok’s Algorithm

Given a polytope P ¢ Q¢
o Compute generating function f(P;x)

o Evaluate f(P;1)
= constant term in Laurent expansion of each term

|
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Given a polytope P ¢ Q¢
o Compute generating function f(P;x)

o Evaluate f(P;1)
= constant term in Laurent expansion of each term

Parametric polytope P:

#® Pilecewise step-polynomial
s Compute parametric vertices and chambers
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Barvinok’s Algorithm

Given a polytope P ¢ Q¢
o Compute generating function f(P;x)

o Evaluate f(P;1)
= constant term in Laurent expansion of each term

Parametric polytope P:

#® Pilecewise step-polynomial
s Compute parametric vertices and chambers
s Apply Barvinok’s algorithm on each chamber

# Generating function
s Consider polyhedron P ={(p,t) |t € P, }
s Apply Barvinok’s algorithm with partial evaluation
f(P;(x,y)) ~ f(P;(x,1)) o




Barvinok Example
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Barvinok Example
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o+ 2 o o o o -5 S={s|[s>0A2s<13}

|
Generating function: f(P;x) = ) cpnze X°

f(S;2) =2+ 2t +a* + 2% + a2t + 2° + 20




Barvinok Example

bbb b s bl S {s5|5>0A25<13) .

Generating function: f(P;x) = ) cpnze X°

f(S;z) =a + a2t + 2 + 27 + 2 + 2 +2°
FO; ) =19+ 11+ 124+ 13+ 14+ 15+ 10 =7=#S




Barvinok Example

-

—6>0 o o o o o -5 S={s|s>0A25<13}

Generating function: f(P;x) = > cpnze X&

f(S;2) =2+ 2t + 0% + 23 + a2t + 2° +2°
FO; ) =19+ 11+ 124+ 13+ 14+ 15+ 10 =7=#S

Generating function of a polytope = sum of generating
functions of its “supporting cones”

f(S;x) =

1l —=x

|

7.5%




Barvinok Example

-

oo o o o +e|é: >s S={s|s>0A2s<13}

Generating function: f(P;x) = > cpnze X&

f(S;2) =2+ 2t + 0% + 23 + a2t + 2° +2°
f(S;1) =1+ 11+ 124+ 1P+ 14+ 15+ 10 = 7= 45

Generating function of a polytope = sum of generating
functions of its “supporting cones”

¥ 0

f(S§X): + 1

l—2 1—=2x

|

.8%
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Barvinok Example

-

o+ 2 o o o o -5 S={s|[s>0A2s<13}
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f(S;2) =2+ 2t +a* + 2% + a2t + 2° + 20
FO; ) =19+ 11+ 124+ 13+ 14+ 15+ 10 =7=#S

Generating function of a polytope = sum of generating
functions of its “supporting cones”
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Barvinok Example

-

o+ 2 o o o o -5 S={s|[s>0A2s<13}

|
Generating function: f(P;x) = ) cpnze X°

f(Si) =a+ ot + 2 + 23 + 2t 4 2° + 2F
FS;)=104+11+ 124+ P4+ 14+ 15+ 10 =7=#S
Generating function of a polytope = sum of generating
functions of its “supporting cones”

0 6 0 6
£(5:%) = 3 (: T _xm)

1—z 1—21 l1—2 1—2=x

—1(z—1)"1+0z-1)"+- +1z-1)"1+7(z-1)"+---

o |

4%




Barvinok Example

-

o+ 2 o o o o -5 S={s|[s>0A2s<13}

|
Generating function: f(P;x) = ) cpnze X°

f(Si) =a+ ot + 2 + 23 + 2t 4 2° + 2F
FS;)=104+11+ 124+ P4+ 14+ 15+ 10 =7=#S
Generating function of a polytope = sum of generating
functions of its “supporting cones”

0 6 0 6
£(5:%) = 3 (: T _xm)

1—z 1—21 l1—2 1—2=x

~1(z—1)"1'+0z-1)"+- +1z-1)"14+7@x-1)"+---
f(S;1)=0+7=7
|

1%




Parametric Barvinok Example
| P={s|5>0,2s<p+6,s<p} -

p

@)
Y

Vertex 0

Generator supporting cone

L Laurent coefficient 0

|

%




Parametric Barvinok Example

N P={s]|s>0,2s<p+6,s<p}
P

p>6=Ep) =0+ |5 +4 4

0<p<6=E(p)=0+p+1 <

Vertex

Generator supporting cone

L Laurent coefficient

|
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Brion’s Theorem

[(Px)= > flcone(P,v)ix)

v a vertex of P

P c Q% a polyhedron; cone(P, v) the supporting cone at v
cone(P, F) = {x c Q| (a;,x) >b; foric JF}

where Iz is the set of inequalities active on face F'.

|
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Brion’s Theorem

o N

Intuition:

(Q*| =T = [H1]+[Ha)+[Hs]—[H1 N Hao]—[Ha N Hs|—[Hs N H)]

T| =[H1N Ho|+ [HyN H3| + [H3 N Hy| mod L
f(Hy N Hy;x) = f(cone(T,vy);x)




Unimodular Cone

K = pos{ u; } is unimodular iff

|det{u1 us - udH:1

KﬂZd:{s:)\1u1+)\2u2+---+)\dud\)\ENd}

C(S) = #{)\ENd|s:)\1u1—|—)\2u2+---+)\dud}
= 1 ifsc KNZzd




Arbitrary Cone
- -

# Non-simplicial cone
= Triangulate

# Simplicial cone
= Barvinok’s decomposition

K] =) alK)
el

with K; unimodular, ¢; € { —1,1 } and |/| bounded by a
polynomial in the input size of K

o |




-

.

Barvinok’s Decomposition

-

K = pos {uihgz‘gd
Consider

d
B = {Z@iui ‘ Ve ’Ozz| < det(K)|1/d}

1=1

B is centrally symmetric and has volume 2¢
= B contains an integer point w

et
Kj =pos ({ui} \ {u;} U{w})

| det K| < |a;||det K| < |detK,(d—1)/d

|




Polar Cone

-

® Polar cone

Pr={y|VxeP:(x,y) <0}

Or




-

.

Le Truc de Brion

Barvinok’s decomposition yields:
K= K]+ erlF]
j F
Brion’s trick: apply decomposition on polar of K

K =) Bl + ) erlF]
F

J

K= e K]+ er =3 o [

J J

(F' Is lowerdimensional = F* contains a line)




Polar Decomposition

-
= 1

-




Fundamental Parallelepiped

-

# Fundamental parallelepiped II of cone K

K = pos {ui}lgigk

H{Z)\iui|0<)\i<1}




Translation

o N

In general, supporting cone does not have apex 0, but v

® Compute K = cone(P,v(p)) — v(p)
o Compute Barvinok’s decomposition { (¢;, K;) }
® f((Ki+v(p));x) =x" P f(K;;x)

s Vv'(p) is (single) point in fundamental parallelepiped
of K; + V(p)

s v(p) = |{a,p) + 3] forsome a € Q4,3 € Q
® f(cone(P,v(p));x) = _; f((Ki+v(p));x)

o |




2D Example
-
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Specialization

-

# Given f(x) as a rational generating function

o Compute g(z) = f(z1,...,2m,1,...,1) as a rational
generating function

C'(x) Is a rational generating function Iiff

23
07 , , ;
(X)L xPe) (1 xP)

x € C4, a; € Q, p; € Z%, b;; € 24\ {0}

(21,.-+,2m, 1,...,1) may be a pole of some term !

o |




Specialization

-

® Compute X\ € Z¢ ™ such that for each i € I
» (bu,...,bz’m);éOor
® <(bi(m—|—1)7 SR bid)a A> # 0.

® Substitute (1 + t)* for z,,;
h(t) = f(z1,. .. 2m, (140, (14 t)Mm)

# Compute constant term in Laurent expansion of each
term

[T (1 -2+ )

h; (t) =

|




Specialization

ZPi (t + 1)4

hi(t) = oy (1 P+ 1)%)
= 0= [1((t+1)5 —(tl)JFTEC(](t + 1) — 2%)
- H]Zz(j)(t; z)
B C(Z)tféii)
Constant term of 4(t) is coefficient of ¢” in £k

.




Specialization

w:ZCO‘FClt‘FCQtQ_'_"'
Q(t)

P(t) —: a0+a1t+a2t2+---
Q(t) =: b+ byt + bot® 4 - - -
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Conversion

-

# Rational generating function to piecewise
step-polynomial

000 = D b

= ) axP <(1 —xbi) (1 — Xiza) (1 - Xb““i)>

el

= |I| vector partition functions

D(x) = axPC(x) = d(s) = a-c(s — p)

o |




-

#® Piecewise step-polynomial to rational generating

Conversion

-

function
Base case:
d .
o(s) = szl L(aj,s> + bjj ifsecCnz?
0 ifs¢ C Nz

c(s) =#{t € Z"| (s,t) € Q}
Q={(s,t) €eCxQ*|1<t; <(aj,s)+bj, for1 <j<d}

= (Js IS a parametric polytope

|

I T 1 o121




Projection

Pp,={(xy) € QM | Ax+ Dy + Cp +b > 0}
Qp — 77de
How to compute c(p) = #(Z4 N Qp) ?




Projection

Pp,={(xy) € QM | Ax+ Dy + Cp +b > 0}
Qp — 77de
How to compute c(p) = #(Z4 N Qp) ?

# Compute generating function f(P;x)

# Apply projection (Barvinok and Woods 2003)
= f(Q;x) = C(x)

# Apply conversion to piecewise step-polynomial
= ¢(p)
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Conclusions and Future Work

o N

# “Equivalence” of explicit functions and generating
functions

# Polynomial algorithm for enumerating projections of the
Integer points in parametric polytopes

® Future Work

s Simplification of step-polynomials
s Implementation of projection algorithm

Available from
http://freshnmeat. net/ projects/barvi nok/

o |
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