The packing problem in statistics, coding theory and finite projective spaces: update 2001

J.W.P. Hirschfeld School of Mathematical Sciences University of Sussex Brighton BN1 9QH United Kingdom http://www.maths.sussex.ac.uk/Staff/JWPH jwph@sussex.ac.uk

L. Storme Department of Pure Mathematics Krijgslaan 281 Ghent University B-9000 Gent Belgium http://cage.rug.ac.be/∼ls ls@cage.rug.ac.be

Abstract This article updates the authors’ 1998 survey [133] on the same theme that was written for the Bose Memorial Conference (Colorado, June 7-11, 1995). That article contained the principal results on the packing problem, up to 1995. Since then, considerable progress has been made on different kinds of subconfigurations.

1 Introduction 1.1 The packing problem

The packing problem in statistics, coding theory and finite projective spaces regards the determination of the maximal or minimal sizes of given subconfigurations of finite projective spaces. This problem is not only interesting from a geometrical point of view; it also arises when coding-theoretical problems and problems from the design of experiments are translated into equivalent geometrical problems.

The geometrical interest in the packing problem and the links with problems investigated in other research fields have given this problem a central place in Galois geometries, that is, the study of finite projective spaces.

In 1983, a historical survey on the packing problem was written by the first author [126] for the 9th British Combinatorial Conference. A new survey article stating the principal results up to 1995 was written by the authors for the Bose Memorial Conference [133].

Since 1995, many interesting results have appeared: for instance, the result of Szőnyi [213] confirming the 1 (mod p) conjecture of Blokhuis on small minimal blocking k-sets in P G(2, q), q = p^h, p prime; the classification of small Rédei-type blocking k-sets in P G(2, q) by Blokhuis, Ball, Brouwer, Storme and Szőnyi [30]; the unified construction of Cherowitzo, O’Keefe and Penttila for hyperovals in P G(2, q), q even [58]; greatly improved upper bounds on the sizes of caps in P G(N, q) by Meshulam [158], and Bierbrauer and Edel [26]; and the determination of the maximal size of a cap in P G(4, 4) by Edel and Bierbrauer [70].

These recent results are the motivation for updating [133]. We collect in this article the known results up to 2001. For connections with Coding Theory and Statistics, see [133].

With the aim of making this survey both easily accessible and self-contained, in the next subsection the exact definition of the packing problem and the notation used in this article are repeated.

When comparing this survey to the one of 1995, it is a pleasure to see both the progress made on different subconfigurations and the new techniques. It is hoped that these results may motivate others to study the packing problem.

The authors also wish to thank all the colleagues for their suggestions and remarks in writing this update.

1.2 Subsets in projective spaces

Let P G(N, q) be the projective space of N dimensions over the finite field F_q of q elements, q = p^h with p prime, and let |P G(N, q)| = θ_N = (q^{N+1} − 1)/(q − 1).

In P G(N, q), subspaces will be denoted by Π_l, where l is the dimension of the subspace. A Π_0 is a point, a Π_1 is a line, a Π_2 is a plane, a Π_3 is a solid, and a Π_{N−1} is a hyperplane or prime.

Let e_i = (0, . . . , 0, 1, 0, . . . , 0), for i = 0, . . . , N, where 1 is in the (i + 1)-th position and let e = (1, . . . , 1).

For a unified notion of subsets of projective spaces, an (n; r, s; N, q)-set K is defined to be a set satisfying the following properties:

(a) the set K consists of n points of P G(N, q) and is not contained in a proper subspace;

(b) some subspace Π_s contains r points of K, but no Π_s contains r + 1 points of K;

(c) there is a subspace Π_{s+1} containing r + 2 points of K.

An (n; r, s; N, q)-set K is called complete if it is not contained in an (n + 1; r, s; N, q)-set. Several natural problems on (n; r, s; N, q)-sets K arise immediately.

(I) Find the maximum value m(r, s; N, q) of n for which a

(n; r, s; N, q)-set exists.

(II) Characterize the sets with this size m(r, s; N, q).

(III) Find the size m^′(r, s; N, q) of the second largest complete (n; r, s; N, q)-set. (IV) Find the size t(r, s; N, q) of the smallest complete (n; r, s; N, q)-set. The following examples of these sets will be considered in subsequent sections. (1) An (n; 2, 1; N, q)-set is an n-set with at most two points on any line of P G(N, q) and is called an n-cap when N ≥ 3 and a (plane) n-arc when N = 2. The numbers m(2, 1; N, q), m^′(2, 1; N, q) and t(2, 1; N, q) are respectively denoted by m_2(N, q), m^′_2(N, q) and t_2(N, q).

(2) An (n; N, N − 1; N, q)-set is an n-set with at most N points in any hyperplane of P G(N, q) and is called an n-arc. For N = 2, the two definitions of n-arc coincide. Here, m(N, N − 1; N, q), m^′(N, N − 1; N, q) and t(N, N − 1; N, q) are denoted by m(N, q), m^′(N, q) and t(N, q). (3) An (n; r, 1; N, q)-set K is a set of n points with at most r on a line. When N = 2, the set K is called a (plane) (n, r)-arc; when N > 2, the set K is called an (n, r)-cap. For these sets, the parameters m(r, 1; N, q), m^′(r, 1; N, q), t(r, 1; N, q) are respectively denoted by m_r(N, q), m^′_r(N, q), t_r(N, q). (4) An (n; r, r − 1; N, q)-set K is a set of n points at most r of which lie in a Π_{r−1} but some r + 2 lie in a Π_r; that is, r + 1 points are always linearly independent, but some r + 2 points are linearly dependent. Such a set K is called an (n, r)-set or n-set of kind r. The value m(r, r − 1; N, q) is denoted by M_r(N, q). Hence M_N (N, q) = m(N, q) and M_2(N, q) = m_2(N, q).

For n-arcs, Problem (I) has been studied in detail. The main conjecture for this problem is given in Table 1.1.

m(N, q) Conditions N + 2 N ≥ q − 1 q + 2 q even, N ∈ {2, q − 2} q + 1 in all other cases

Table 1.1: Main conjecture for m(N, q)

The results for this problem are gathered in Tables 2.1, 3.1, 3.3, 3.4, 3.5, and 3.7. The sets above are discussed in the following sections: §2: n-arcs in P G(2, q); §3: n-arcs in P G(N, q), N ≥ 3; §4: n-caps in P G(N, q), N ≥ 3; §5: (n, r)-arcs in P G(2, q); §6: Multiple blocking sets in P G(2, q); §7: Blocking sets in P G(N, q); §8: n-tracks and almost MDS codes; §9: Minihypers.

Throughout the article, ⌊x⌋ denotes the greatest integer smaller than or equal to x, while ⌈x⌉ denotes the smallest integer greater than or equal to x.

2 n-arcs in P G(2, q) q m(2, q) q odd q + 1 [37] q even q + 2 [37]

Table 2.1: m(2, q)

An m(2, q)-arc in P G(2, q), q odd, is called an oval and an m(2, q)-arc in P G(2, q), q even, is called a hyperoval. Formerly, the term oval was used in both cases.

Theorem 2.1 (Segre [191, 192]) For q odd, an oval is the set of rational points of a conic.

Bose [37] showed that, for q even, a conic plus its nucleus (the intersection point of its tangents) is a hyperoval. A hyperoval of this type is called regular. As shown by Segre [194], for q = 2, 4, 8, every hyperoval is regular.

For q = 2^h, h ≥ 4, there exist irregular hyperovals, that is, hyperovals which are not the union of a conic and its nucleus. Several infinite classes of irregular hyperovals are known. In general, the following result is valid.

Theorem 2.2 (Segre [194], [129, §8.4]) Any hyperoval of P G(2, q), q = 2^h and h > 1, is projectively equivalent to a hyperoval D(F ) = {(1, t, F (t)) ‖ t ∈ F_q} ∪ {e_1, e_2}, where F is a permutation polynomial over F_q of degree at most q−2, satisfying F (0) = 0, F (1) = 1, and such that F_s(X) = (F (X + s) + F (s))/X is a permutation polynomial for each s in F_q, satisfying F_s(0) = 0.

A polynomial F (X) of this type is called an o-polynomial [56] and, conversely, every opolynomial gives rise to a hyperoval. Table 2.2 presents the known infinite classes of hyperovals. For each infinite class, the simplest form of the corresponding o-polynomial is given [59, 182]. The references for these infinite classes of hyperovals are: (1) regular (Bose [37]), (2) translation (Segre [194]), (3) Segre [197], (4) Glynn I and Glynn II [98], (4) Payne [173], (5) Cherowitzo [57], (6) Subiaco (Cherowitzo, Penttila, Pinneri and Royle [59], Payne [174], Payne, Penttila and Pinneri [175]), (7) Adelaide (Cherowitzo, O’Keefe and Penttila [58]).

In Table 2.2,

P (X) = X^{1/6} + X^{3/6} + X^{5/6}; C(X) = X^σ + X^{σ+2} + X^{3σ+4};

S_1(X) = ω^2(X^4 + X) X^4 + ω^2X^2 + 1

+ X^{1/2};

S_2(X) = δ^2X^4 + δ^5X^3 + δ^2X^2 + δ^3X X^4 + δ^2X^2 + 1 + ( X δ )_{1/2} ; S_3(X) =

(δ^4 + δ^2)X^3 + δ^3X^3 + δ^2X X^4 + δ^2X^2 + 1 + ( X δ )_{1/2} ; S(X) = T (β^m)(X + 1) T (β) + T ((βX + β^q)^m) T (β)(X + T (β)X^{1/2} + 1)^{m−1}

+ X^{1/2}.

In fact, the derivation of the Subiaco and Adelaide hyperovals is more complicated [59, 174, 175, 58]. They come in a set of q + 1, called a herd, which is defined by two o-polynomials f, g satisfying the property that

T_2 ( c(f(s) + f(t))(g(s) + g(t)) s + t ) = 1 for all s, t ∈ F_q with s ≠ t, and a fixed c with T_2(c) = 1, where T_2 is the trace function from F_q to F_2.

Name F (X) q = 2^h Conditions Regular X^2 Translation X^{2i} (h, i) = 1 Segre X^6 h odd Glynn I X^{3σ+4} h odd σ = 2^{(h+1)/2} Glynn II X^{σ+λ} h odd σ = 2^{(h+1)/2}; λ = 2^m if h = 4m − 1; λ = 2^{3m+1} if h = 4m + 1 Payne P (X) h odd Cherowitzo C(X) h odd σ = 2^{(h+1)/2} Subiaco S_1(X) h = 4r + 2 ω^2 + ω + 1 = 0 Subiaco S_2(X) h = 4r + 2 δ = ζ^{q−1} + ζ^{1−q}, ζ primitive in F_q2 Subiaco S_3(X) h ≠ 4r + 2 T_2(1/δ) = 1 Adelaide S(X) h even, β ∈ F_q2 \ {1}, β^{q+1} = 1, h ≥ 4 T (x) = x + x^q, m ≡ ±(q − 1)/3 (mod q + 1)

Table 2.2: Hyperovals in P G(2, q), q even Then, with f_s(X) = f(X) + csg(X) + s^{1/2}X^{1/2} 1 + cs + s^{1/2} , the herd is given by the o-polynomials g and f_s for s ∈ F_q. For q = 2^h, h ≢ 2 (mod 4), all Subiaco hyperovals are projectively equivalent to D(S_3), whereas for q = 2^h, h ≡ 2 (mod 4), there are two classes of hyperovals D(S_1), D(S_2).

Apart from the infinite classes of Table 2.2, there is one other sporadic hyperoval known, namely the O’Keefe–Penttila hyperoval in P G(2, 32) [164].

It is interesting to remark that the translation hyperoval with F (X) = X^4, the Subiaco hyperovals and Adelaide hyperovals also arise from a unified construction of Cherowitzo, O’Keefe and Penttila [58]. In a personal communication, T. Penttila [179] confirmed that the Adelaide hyperovals are distinct from the Subiaco hyperovals.

Except for the O’Keefe–Penttila hyperoval in P G(2, 32), every known hyperoval arises from an α-flock [57, 58].

In P G(2, q), q ≤ 32, the complete classification of hyperovals has been determined and is given in the next theorem.

Theorem 2.3 (i) (Segre [194]) In P G(2, q), q = 2, 4, 8, the only hyperovals are the regular hyperovals.

(ii) (Hall [109], O’Keefe and Penttila [163]) In P G(2, 16), there are exactly two distinct hyperovals. They are the regular hyperoval and the Subiaco hyperoval. This latter hyperoval is also called the Lunelli-Sce hyperoval [151].

(iii) (Penttila and Royle [181]) In P G(2, 32), there are exactly six distinct hyperovals. They are the regular hyperoval, the translation hyperoval D(X^4), the Segre hyperoval, the Payne hyperoval, the Cherowitzo hyperoval and the O’Keefe–Penttila hyperoval.

Finding the values of n for which an n-arc is always contained in an oval, for q odd, or hyperoval, for q even, is relevant for solving problems in higher-dimensional spaces. Table 2.3 surveys the known results on this problem. In P G(2, q), for q subject to the conditions in the second column, the third column gives an upper bound for m^′(2, q); the fourth column indicates when this upper bound is sharp in the case that equality does not hold in general. The fifth column gives the value of m(2, q). So any n-arc with n > m^′(2, q) is contained in an m(2, q)-arc. This latter arc is a conic when q is odd and a hyperoval when q is even.

q m^′(2, q) Sharp m(2, q) (1) q = p^{2e}, ≤ q − √ q/4 + 25/16 q + 1 p > 2, e ≥ 1 (2) q = p^{2e+1}, ≤ q − √ pq/4 q + 1 p > 2, e ≥ 1 +29p/16 + 1 (3) q prime, q > 2 ≤ 44q/45 + 8/9 q + 1 (4) q = p^h, p ≥ 5 ≤ q − √ q/2 + 5 q + 1 (5) q = p^h, p ≥ 3, ≤ q − √ q/2 + 3 q + 1 q ≥ 23^2, q ≠ 5^5, 3^6, h even for p = 3 (6) q = 2^{2e}, e > 1 = q − √ q + 1 q + 2 (7) q = 2^{2e+1}, e ≥ 1 ≤ q − √ 2q + 2 q = 8 q + 2

Table 2.3: Upper bounds for m^′(2, q)

Result (1) is due to Thas [220]; (2) and (7) to Voloch [225]; (3) to Voloch [223]; (4) and (5) to Hirschfeld and Korchmáros [130, 131]; (6) as an upper bound is due to Segre [198].

The sharpness of (6) was shown independently by Boros and Szőnyi [36], Fisher, Hirschfeld and Thas [87], and Kestenband [142]. That these arcs are unique follows from Hirschfeld [124, §14.8], [129, §8.7], Lisonek [146, p.193], Chao and Kaneta [54, 55].

Theorem 2.4 In P G(2, q), q = p^{2e}, q > 4, a complete (q− √ q+1)-arc exists. For q = 9, 16, 25, a complete (q − √ q + 1)-arc is projectively unique.

Conjecture m^′(2, q) = q − √ q + 1 for q = p^{2e}, q > 9.

For arcs in P G(2, q), q = 2^{2e}, q > 4, of size smaller than q − √ q + 1, there is the following result of Hirschfeld and Korchmáros [132].

Theorem 2.5 A complete n-arc of P G(2, q), q = 2^{2e}, e > 2, has size either q+2, or q− √ q+1, or at most q − 2 √ q + 6.

For q = 16, the list of sizes n of complete n-arcs in P G(2, 16) is 9, 10, 11, 12, 13, 18.

For small q, the values m^′(2, q) for the size of the second largest complete arc are given in Table 2.4. For q ≤ 5, there is no second largest complete arc, so we do not consider these values of q. For q ≤ 9, see [124, 129, Ch.14]; for q = 11, see [189], [129, §14.8]; for q = 13, see [5], [100], [190], [6], [7], [129, §14.9]; for q = 17, 19, see [54, 77, 159]; for q = 23, 25, 27, see [55]; for q = 29, see [53]. See also [82], [146, p.193], [183], [212].

q 7 8 9 11 13 16 17 19 23 25 27 29 m^′(2, q) 6 6 8 10 12 13 14 14 17 21 22 24

Table 2.4: m^′(2, q) in small planes

Similarly, for small q, the size t(2, q) of the smallest complete arc in P G(2, q) has been calculated and is given in Table 2.5; see [77], [82], [146, p.193], [183], [212].

q 2 3 4 5 7 8 9 11 13 16 17 19 23 25 27 29 t(2, q) 4 4 6 6 6 6 6 7 8 9 10 10 10 12 12 13

Table 2.5: t(2, q) in small planes

General lower and upper bounds are given in Table 2.6. In the upper bound of Kim and Vu [143], d and c are absolute constants. Giulietti [96] has shown that, for q an odd square with q ≤ 1681 or q = 2401, there exists a complete 4( √ q − 1)-arc in P G(2, q). q t(2, q) q > √ 2q + 1 [195] q = p^h, p prime, h = 1, 2, 3 > √ 3q +^1_2 [27, 11, 185] q ≤ d √ q log^c q [143]

Table 2.6: Lower and upper bounds for t(2, q)

To conclude this section on arcs in P G(2, q), the following theorem presents results on the spectrum of the values n for which a complete n-arc in P G(2, q) exists.

Theorem 2.6 (i) (Bose [37]) In P G(2, q), a complete (q+1)-arc exists for q odd and a complete (q + 2)-arc exists for q even.

(ii) (Boros and Szőnyi [36], Fisher, Hirschfeld and Thas [87], Kestenband [142]) In P G(2, q), q square, q > 4, there exists a complete (q − √ q + 1)-arc.

(iii) (Szőnyi [209]) Let A = {n/q ‖ there exists a complete n-arc in P G(2, q), for some prime power q}. Then A ∩ [0, 1/2] is dense in [0, 1/2].

(iv) (Voloch [222]) If E ⊆ P G(2, q) is an elliptic cubic curve with 2n rational points, then there exists an n-arc contained in E, which is complete if the modular (or j-)invariant j(E) ≠ 0 ([117, Ch.IV, §4]) and q ≥ 175 for q odd or q ≥ 256 for q even.

(v) (Giulietti [97]) When j(E) = 0 and q > 9887, then the n-arc can be completed to an arc of size at most n + 3.

(vi) (Hadnagy [106], Voloch [224] and Szőnyi [210]) Let p ≥ 5^{10} be a prime number. Then there exists a complete n-arc in P G(2, p) for every integer n satisfying ⌊2.46 · log p · p^{3/4}⌋ ≤ n < ( √ p + 1)^2/2.

Many constructions of complete arcs are based on an idea of Segre [197] and Lombardo-Radice [147]; the points of the arc are chosen, with some exceptions, among the points of a conic or cubic curve.

This leads to complete arcs with approximately q/2 [124, §9.4], [129, §9.3], [198], q/3 [2, 144, 208, 224], q/4 [144], 2q^{9/10} [208] points.

3 n-arcs in P G(N, q)

In Tables 3.1–3.3, NRC stands for normal rational curve, that is, a (q + 1)-arc in P G(N, q), 2 ≤ N ≤ q − 2, projectively equivalent to the (q + 1)-arc {(1, t, . . . , t^N ) ‖ t ∈ F^+_q }, where F^+_q = F_q ∪ {∞} and where t = ∞ defines the point e_N . In P G(3, q), q = 2^h, h > 2, L_e = {(1, t, t^e, t^{e+1}) ‖ t ∈ F^+_q }, with e = 2^v, (v, h) = 1, and with t = ∞ defining the point e_3.

Table 3.1 shows the value of m(N, q) for small dimensions N. The characterization of the m(N, q)-arcs L in P G(N, q) is given in the last column. q N m(N, q) L (1) q = p^h N ≥ q − 1 N + 2 {e_0, . . . , e_N , e} (2) q odd, q > 3 3 q + 1 NRC (3) q = 2^h, q > 4 3 q + 1 L_e, e = 2^v, (v, h) = 1 (4) q odd, q > 5 4 q + 1 NRC for q > 83 (5) q = 2^h, q > 4 4 q + 1 NRC (6) q = 2^h, q ≥ 8 5 q + 1 NRC for q ≥ 16 (7) q = 2^h, q ≥ 16 6 q + 1 NRC for q > 64

Table 3.1: m(N, q) and m(N, q)-arcs

Result (1) is due to Bush [46] and (2) to Segre [193]. The value of m(N, q) in (3) is due to Casse [48], as well as to Gulati and Kounias [105], while the characterization of the (q+1)-arcs is by Casse and Glynn [49]. In (4), the value of m(N, q) is due to Segre [193]; the characterization of L follows from Table 3.2. The bound in (5) is by Casse [48], and by Gulati and Kounias [105], while the characterization of the (q + 1)-arcs is due to Casse and Glynn [50]. Result (6) is by Maruta and Kaneta [155], and (7) by the same authors [141, 155] for the bound and by Storme and Thas [203] for the characterization of the (q + 1)-arcs.

A problem that has been intensively studied is the extendability of n-arcs in P G(N, q) to larger arcs. Table 3.2 summarizes the main results on this topic. An n-arc in P G(N, q), satisfying the condition on n in the third column, can be extended uniquely to a (q + 1)-arc L, whose description is given in column 4. Alternatively, the third column gives an upper bound for m^′(N, q). The results are respectively due to Thas [217, 220], Voloch [225], Voloch [223], Hirschfeld and Korchmáros for the next two formulas [130, 131], and Storme and Thas [203] for the latter two formulas.

Theorem 3.1 (Kaneta and Maruta [141]) If every (q+1)-arc of the space P G(N, q) is a normal rational curve, then q + 1 is the maximum value of n for which n-arcs exist in P G(N + 1, q). N q n > L ≥ 2 q = p^{2e}, p odd, e ≥ 1 q − √ q/4 + N − 7/16 NRC ≥ 2 q = p^{2e+1}, p odd, e ≥ 1 q − √ pq/4 + 29p/16 NRC +N − 1 ≥ 2 q prime, q > 2 44q/45 + N − 10/9 NRC ≥ 2 q = p^h, p ≥ 5 q − √ q/2 + N + 3 NRC ≥ 2 q = p^h, p ≥ 3, q ≥ 23^2, q − √ q/2 + N + 1 NRC h even for p = 3, q ≠ 5^5, 3^6 3 q = 2^h, h > 1 q − √ q/2 + 9/4 L_e ≥ 4 q = 2^h, h > 2 q − √ q/2 + N − 3/4 NRC

Table 3.2: Upper bounds for m^′(N, q)

Applying the results in Table 3.2 for n = q + 1 gives an upper bound on the dimension N for the spaces P G(N, q), q = p^h, p prime, in which every (q + 1)-arc is a normal rational curve. The upper bound is given in the second column of Table 3.3. Column 3 of Table 3.3 gives the upper bound, obtained from Theorem 3.1, on the dimension N of the spaces P G(N, q) in which m(N, q) = q + 1.

As indicated in [133, §1.3], an n-arc in P G(n − k − 1, q) defines an [n, k, n − k + 1] MDS code C. But the dual code C^⊥ of an [n, k, n − k + 1] MDS code is an [n, n − k, k + 1] MDS code [152, Ch.11, §2]. Hence, to C^⊥ also corresponds an n-arc K̂ in P G(k − 1, q).

This theorem, proved independently by Thas [218] and by Halder and Heise [108], makes it possible to link n-arcs in P G(n−k−1, q) to n-arcs in P G(k−1, q). An n-arc K in P G(n−k−1, q) and an n-arc K̂ in P G(k − 1, q) are called C-dual arcs if and only if they define dual MDS codes.

q (q + 1)-arc = NRC m(N, q) = q + 1 q = p^{2e}, p odd, 2 ≤ N < 2 ≤ N < e ≥ 1 √ q/4 + 23/16 √ q/4 + 39/16 q = p^{2e+1}, p odd, 2 ≤ N < 2 ≤ N < e ≥ 1 √ pq/4 − 29p/16 + 2 √ pq/4 − 29p/16 + 3 q prime, q > 2 2 ≤ N < q/45 + 19/9 2 ≤ N < q/45 + 28/9 q = p^h, p ≥ 5 2 ≤ N < √ q/2 − 2 2 ≤ N < √ q/2 − 1 q = p^h, p ≥ 3, 2 ≤ N < √ q/2 2 ≤ N < √ q/2 + 1 h even for p = 3, q ≥ 23^2, q ≠ 5^5, 3^6

q = 2^h, h > 2 4 ≤ N < √ q/2 + 7/4 4 ≤ N < √ q/2 + 11/4

Table 3.3: (q + 1)-arcs in P G(N, q)

Combining this C-duality principle on arcs with the result stating that an n-arc of P G(n − k − 1, q) is contained in a normal rational curve if and only if its C-dual n-arc in P G(k − 1, q) is contained in a normal rational curve [152, Ch.10, §8], the results in the preceding tables on arcs in P G(N, q), with N small, immediately imply other results on arcs in P G(N, q), where N is close to q.

In Table 3.4, in the spaces P G(N, q), with N satisfying the bounds in the table, any n-arc, where n satisfies the bound in the second column, is contained in a normal rational curve. So, in these spaces, m(N, q) = q + 1 and every (q + 1)-arc is a normal rational curve.

Only n-arcs in P G(N, q), with n ≥ N + 4, are considered since an (N + 3)-arc of P G(N, q), 2 ≤ N ≤ q − 2, is always contained in a unique normal rational curve [127, §21.1]. q n ≥ m(N, q) = q + 1 q = p^{2e}, p > 2, e ≥ 1 N + 4 q − 3 ≥ N > q − √ q/4 − 39/16 q = p^{2e+1}, p > 2, e ≥ 1 N + 4 q − 3 ≥ N > q − √ pq/4 + 29p/16 − 3 q prime, q > 2 N + 4 q − 3 ≥ N > 44q/45 − 28/9 q = p^h, p ≥ 5 N + 4 q − 3 ≥ N > q − √ q/2 + 1 q = p^h, p ≥ 3, N + 4 q − 3 ≥ N > q − √ q/2 − 1 h even for p = 3, q ≥ 23^2, q ≠ 5^5, 3^6 q = 2^h, h > 2 N + 6 q − 5 ≥ N > q − √ q/2 − 11/4 Table 3.4: Arcs in P G(N, q), N close to q

Theorem 3.2 (Glynn [99]) In P G(4, 9), a 10-arc is one of two types; it is either a normal rational curve or is equivalent to L = {(1, t, t^2 + ηt^6, t^3, t^4) ‖ t ∈ F_9} ∪ {(0, 0, 0, 0, 1)}, where η^4 = −1.

The preceding result is of particular interest since this 10-arc L is the only known (q +1)-arc in P G(N, q), q odd, 2 ≤ N ≤ q − 2, which is not a normal rational curve.

There are some fundamental differences between arcs in spaces of even characteristic and odd characteristic; the existence and characterization of (q + 2)-arcs are given by the next two results.

Theorem 3.3 (Thas [218]) In P G(q − 2, q), q even, m(q − 2, q) = q + 2.

Theorem 3.4 (Storme and Thas [204]) A point P = (a_0, . . . , a_{q−2}) extends the normal rational curve K = {(1, t, . . . , t^{q−2}) ‖ t ∈ F^+_q } to a (q + 2)-arc if and only if F (X) = ∑_{q−2} i=0 a_{q−2−i}X^{i+1} defines a (q + 2)-arc K^′ = {(1, t, F (t)) ‖ t ∈ F_q} ∪ {e_1, e_2} in P G(2, q); in this case, K^′ is a C-dual (q + 2)-arc of K ∪ {P }.

This correspondence between the point P and the (q+2)-arc K^′ is one-to-one if the condition F (1) = 1 is added.

Table 3.5 presents the results by Storme and Thas [202] for the values of n for which there exist complete n-arcs in the respective spaces P G(N, q). For more information on complete (N + 4)-arcs and (N + 5)-arcs, see [202]. q N n ∈ q = p^{2e}, e ≥ 1, q − 2 ≥ N {q + 1} p > 2 > q − √ q/4 − 39/16 q = p^{2e+1}, e ≥ 1, q − 2 ≥ N > {q + 1} p > 2 q − √ pq/4 + 29p/16 − 3 q prime, q > 2 q − 2 ≥ N > 44q/45 − 28/9 {q + 1} q = p^h, p ≥ 5 q − 2 ≥ N > q − √ q/2 + 1 {q + 1} q = p^h, p ≥ 3, q − 2 ≥ N > q − √ q/2 − 1 {q + 1} h even for p = 3, q ≥ 23^2, q ≠ 5^5, 3^6 q = 2^h, q ≥ 32, q − 5 ≥ N {N + 4, q ≠ 64 > q − √ q/2 − 11/4 N + 5, q + 1} q = 64 N = 58 or N = 59 {N + 4, q + 1} q = 2^h, q ≥ 8 q − 4 {q, q + 1} q = 2^h, q ≥ 8 q − 3 {q + 1} q = 2^h, q ≥ 4 q − 2 {q + 2}

Table 3.5: Spectrum of complete arcs

Table 3.6 presents the known values for the size m^′(3, q) of the second largest complete n-arc in P G(3, q). These results are by Kaneta [139], Chao and Kaneta [54], in combination with O’Keefe and Storme [167] for q = 13, and Kaneta [140].

q 8 9 11 13 16 17 19 25 m^′(3, q) 7 9 9 10 12 13 14 18

Table 3.6: m^′(3, q)

To conclude this section, Table 3.7 gives known results on arcs in small projective spaces. For the corresponding spaces P G(N, q), 2 ≤ N ≤ q − 2, it is indicated if every (q + 1)-arc is a normal rational curve, the values of N for which m(N, q) = q + 1, and if there exist (q + 2)-arcs. For q ≥ 11, these results are by Chao and Kaneta [54, 55].

q (q + 1)-arc=NRC m(N, q) = q + 1 (q + 2)-arcs 5 ≤ q ≤ 27, N ∈ {2, . . . , q − 2} N ∈ {2, . . . , q − 2} q ≠ 9, q odd 8, 16 N ∈ {3, . . . , q − 4} N ∈ {3, . . . , q − 3} N ∈ {2, q − 2} 9 N ∈ {2, 3} ∪ {5, 6, 7} N ∈ {2, . . . , 7} Table 3.7: n-arcs in small spaces P G(N, q)

As a consequence of Tables 3.1, 3.2, 3.3, 3.4, 3.7, (1) m(5, q) = q + 1 for q ≥ 7, except possibly for q odd and q ∈ {29, . . . , 83}; (2) m(6, q) = q + 1 for q ≥ 9, except possibly for q odd and q ∈ {29, . . . , 127} ∪ {169}. For an alternative summary on n-arcs, see [128].

4 n-caps in P G(N, q) q N m_2(N, q) q odd 3 q^2 + 1 [37] q even, q > 2 3 q^2 + 1 [188] q = 2 N 2^N [37] q = 3 4 20 [177] q = 3 5 56 [119] q = 4 4 41 [70]

Table 4.1: m_2(N, q) The maximum size m_2(N, q) of a cap is known only for the values given in Table 4.1. An m_2(3, q)-cap, q > 2, is called an ovoid or ovaloid.

Theorem 4.1 (i) (Barlotti [21], Panella [172]) For q odd or q = 4, an ovoid in P G(3, q) is an elliptic quadric.

(ii) (Tits [221], [127, §16.4]) There exists an ovoid in P G(3, 2^{2e+1}), e ≥ 1, which is not an elliptic quadric. This ovoid, the Tits ovoid, is projectively equivalent to the set K = {(0, 1, 0, 0)} ∪ {(1, z, y, x) ‖ z = xy + x^{σ+2} + y^σ, with (x, y) ∈ F^2_q and σ = 2^{e+1}}.

(iii) (Fellegara [84], Penttila and Praeger [180]) In P G(3, 8), an ovoid is an elliptic quadric or a Tits ovoid.

(iv) (O’Keefe and Penttila [162, 165]) In P G(3, 16), an ovoid always is an elliptic quadric. (v) (O’Keefe, Penttila and Royle [166]) In P G(3, 32), an ovoid is an elliptic quadric or a Tits ovoid.

(vi) (Segre [195]) In P G(N, 2), a 2^N -cap is the complement of a hyperplane. (vii) (Hill [121]) There are 9 projectively distinct 20-caps in P G(4, 3). (viii) (Hill [120]) The 56-cap in P G(5, 3) is projectively unique. (ix) (Edel and Bierbrauer [70]) There exist at least two types of 41-cap in P G(4, 4).

Table 4.2 displays the values of n for which an n-cap in P G(N, q) is contained in an m_2(N, q)- cap. The table is in two parts. The first part shows the exact values of m^′_2(N, q) for small q and upper bounds for q even. The second part of the table displays the upper bounds on m^′_2(3, q) for q odd, using the following relation between m^′_2(2, q) and m^′_2(3, q). For the corresponding value of m^′_2(2, q), see Table 2.3.

Theorem 4.2 (Nagy and Szőnyi [161]) If, for q odd, m^′_2(2, q) ≥ (5q + 19)/6, then

m^′_2(3, q) < qm^′_2(2, q) +^3_4 (q +^{10}_3 − m^′_2(2, q))^2 − q − 1.

N q m^′_2(N, q) m_2(N, q)-cap 3 q even, q ≥ 8 ≤ q^2 − q + 5 ovoid [51] 3 3 = 8 elliptic quadric [78] 3 4 = 14 elliptic quadric [135] 3 5 = 20 elliptic quadric [4] 3 7 = 32 elliptic quadric [75] 4 3 = 19 20-cap [216] 5 3 = 48 56-cap [19] N 2 = 2^{N−1} + 2^{N−3} complement of [65] a hyperplane

Table 4.2(i): Upper bounds for and values of m^′_2(N, q)

q odd, q ≥ 17 m^′_2(3, q) q = p^{2e}, p > 2, e ≥ 1 < q^2 − q^{3/2}/4 + 39q/64 + O(q^{1/2}) q = p^{2e+1}, p > 2, e ≥ 1 < q^2 − p^{3e+2}/4 + 119p^{2e+2}/64 − O(p^{e+2}) q prime < 2641q^2/2700 − 4q/135 + 94/27 q = p^h, p ≥ 5 < q^2 − q^{3/2}/2 + 67q/16 − O(q^{1/2}) q = p^h, p ≥ 3, < q^2 − q^{3/2}/2 + 35q/16 + O(q^{1/2}) h even for p = 3, q ≥ 23^2, q ≠ 5^5, 3^6

Table 4.2(ii): Upper bounds for m^′_2(3, q)

The spectrum of the known values n for which there exists a complete n-cap in P G(N, q) is given in the next result.

Theorem 4.3 (i) (Bose [37], Qvist [188]) In P G(3, q), q > 2, a complete (q^2 + 1)-cap exists.

(ii) (Davydov and Tombak [65]) In P G(N, 2), N ≥ 3, a complete n-cap K, with n ≥ 2^{N−1} + 1, has order n = 2^{N−1} + 2^{N−1−g} for some g = 0, 2, 3, . . . , N − 1. For each g = 0, 2, 3, . . . , N − 1, there exists a complete (2^{N−1} + 2^{N−1−g})-cap in P G(N, 2).

(iii) (Faina [76]) Let A = {n/q^2 ‖ there exists a complete n-cap in P G(3, q), for some prime power q}. Then A ∩ [1/3, 1/2] is dense in [1/3, 1/2].

(iv) (Ferret and Storme [85]) There does not exist a complete n-cap in P G(3, q), q even, q ≥ 1024, for which n ∈ [ q^2 − (c − 1)q + (2c^3 + c^2 − 5c + 6)/2, q^2 − (c − 2)q − 2c^2 + 3c ] where 2 ≤ c ≤^4 √ q. Generalizing the idea of Segre [197] and Lombardo-Radice [147] for constructing plane arcs, complete caps containing a large number of points of an elliptic quadric have been constructed. This leads to complete caps with approximately q^2/2 [1, 76, 127, 178], q^2/3 [3, 76, 80] and q √ q/2 [178] points.

In Tables 4.3(i) and 4.3(ii), the known upper bounds on m_2(4, q) are presented. The bounds for q = 9, 11, 13 are obtained by applying the ideas of Gronchi [104] to the results of Heim [118]. The entries in Table 4.3(ii) are a consequence of the results in Theorem 4.4. Since the result by Storme, Thas and Vereecke is better than the bound by Nagy and Szőnyi for large values of q, we only state the bounds following from the second bound on m_2(4, q), q odd.

Theorem 4.4 (i) (Nagy and Szőnyi [161]) For q odd, let m = max{(q^2 + 5q + 2)/2, m^′_2(3, q)}. Then m_2(4, q) < qm + 2q^2.

(ii) (Storme, Thas and Vereecke [205]) Let K be an n-cap in PG(4, q), q odd, n > (41q^3 + 202q^2 − 47q)/48, and assume that every plane section of K, of size bigger than θ_K , with θ_K ≥ (5q + 25)/6, is contained in a conic, then

n < (q + 1) ( q · θ_K + 3 4 ( q + 10 3 − θ_K )_2 − q − 1 − θ_K ) + θ_K .

In particular, when m^′_2(2, q) ≥ (5q + 25)/6, this result can be applied. (iii) (Hirschfeld and Thas [135]) If γ ≥ q^2 − q + 4 for q even and q ≥ 8, and if every n-cap of PG(3, q) with n > γ is contained in an ovoid of PG(3, q), then

m_2(4, q) ≤ (q − 1)γ + q^2 + 2.

In particular, when m^′_2(3, q) ≥ q^2 − q + 4, this result can be applied.

q m_2(4, q) q = 5 ≤ 96 [75] q = 7 ≤ 285 [75] q = 9 ≤ 703 q = 11 ≤ 1266 q = 13 ≤ 2107 q odd, q ≥ 7 ≤ q^3 − q^2 + 8q − 14 [23] q odd, q ≥ 67 < q^3 − q^{5/2}/4 + 31q^2/16 + O(q^{3/2}) [125] q even, q ≥ 8 ≤ q^3 − q^2 + 6q − 3 [51, 135]

Table 4.3(i): Upper bounds for m_2(4, q) q odd m_2(4, q) q = p^{2e}, p > 2, e ≥ 1, < q^3 − q^{5/2}/4 + 39q^2/64 + O(q^{3/2}) q ≥ 49 q = p^{2e+1}, p > 2, e ≥ 1 < q^3 − p^{e+1}q^2/4 + 119pq^2/64 − O(p^{e+2}q) q prime, q ≥ 37 < 2641q^3/2700 − 79q^2/2700 + O(q) q = p^h, p ≥ 5, q ≥ 19 < q^3 − q^{5/2}/2 + 67q^2/16 − O(q^{3/2}) q = p^h, p ≥ 3, < q^3 − q^{5/2}/2 + 35q^2/16 + O(q^{3/2}) h even for p = 3, q ≠ 5^5, 3^6, q ≥ 23^2

Table 4.3(ii): General upper bounds for m_2(4, q), q odd

We now concentrate on m_2(N, q). Tables 4.4(i) and (ii) give the upper bounds for m_2(N, q), N ≥ 5. The results in Table 4.4(ii) follow from those in Table 4.3(ii).

The latter formulas in Table 4.4(i), 4.4(ii) are of Bierbrauer and Edel [26]. This is an improvement to the result, for q odd, of Meshulam [158]. These are the best upper bounds, when the dimension N is large. More precisely, the larger the dimension N, the bigger the difference between the formula of Bierbrauer and Edel, and the other formulas of Table 4.4(i) and 4.4(ii). We remark that the bounds of Bierbrauer and Edel, and Meshulam, were originally bounds on caps in affine spaces AG(N, q); bounds which have been rewritten into bounds on caps in projective spaces. In Table 4.4(i), the reference for q = 3 is Barát et al. [19], for q = 5, 7 is Edel, Storme and Sziklai [75], for q odd, q > 7, is Hill [120], and for q even, q ≥ 16, is Storme, Thas and Vereecke [205].

Table 4.5 now gives general inequalities on m_2(N, q). We first present formulas which are crucial in the determination of lower bounds on m_2(N, q). This is then followed by Hill’s recurrence relation [120], which makes it possible to calculate upper bounds on m_2(N, q). To this formula of Hill, small improvements have been made by Storme, Thas and Vereecke. We refer to [205] for the exact improvements.

The references for the formulas in Table 4.5 are: Segre [195] for the first two formulas, Edel and Bierbrauer [71] for the third formula, and Hill [120] for the latter two formulas.

q, N m_2(N, q) q = 3, N ≥ 6 ≤ 2 · 3^{N−2} − 3^{N−3} + 2 q = 4, N ≥ 4 ≤ 4^{N−1} − 4^{N−2} − 2 · 4^{N−3} − 2 · 4^{N−4}/3 + 5/3 q = 5, N ≥ 4 ≤ 5^{N−1} − 5^{N−2} − 5^{N−3} − 5^{N−4}/2 + 3/2 q = 7, N ≥ 4 ≤ 7^{N−1} − 7^{N−2} − 4 · 7^{N−3}/3 + 4/3 q = 9, N ≥ 4 ≤ 9^{N−1} − 109 · 9^{N−4}/4 + 5/4 q = 11, N ≥ 4 ≤ 11^{N−1} − 331 · 11^{N−4}/5 + 6/5 q = 13, N ≥ 4 ≤ 13^{N−1} − 547 · 13^{N−4}/6 + 7/6 q odd, q > 7 ≤ q^{N−1} − q^{N−2} + 8q^{N−3} − 15q^{N−4} − 2θ_{N−5} + 1 q even, q ≥ 16 m_2(5, q) < q^4 − q^3 + 5q^2 + 3q − 1 q even, q ≥ 16, < q^{N−1} − q^{N−2} + 5q^{N−3} + 2q^{N−4} + O(q^{N−5}) N ≥ 6 q = Q^h, Q > 2 (Nh + 1)q^N /(Nh)^2 + m_2(N − 1, q)

Table 4.4(i): Upper bounds for m_2(N, q)

q = p^h odd, p prime m_2(N, q) q = p^{2e}, e ≥ 1, q ≥ 49 < q^{N−1} − q^{N−3/2}/4 + 39q^{N−2}/64 + O(q^{N−5/2}) q = p^{2e+1}, e ≥ 1 < q^{N−4}(q^3 − p^{e+1}q^2/4 + 119pq^2/64 − O(p^{e+2}q)) q prime, q ≥ 37 < 2641q^{N−1}/2700 − 79q^{N−2}/2700 + O(q^{N−3}) q = p^h, p ≥ 5, q ≥ 19 < q^{N−1} − q^{N−3/2}/2 + 67q^{N−2}/16 − O(q^{N−5/2}) q = p^h, p ≥ 3, < q^{N−1} − q^{N−3/2}/2 + 35q^{N−2}/16 + O(q^{N−5/2}) h even for p = 3, q ≥ 23^2, q ≠ 5^5, 3^6

q = Q^h, Q > 2 (Nh + 1)q^N /(Nh)^2 + m_2(N − 1, q)

Table 4.4(ii): General upper bounds for m_2(N, q), q odd

q, N m_2(N, q) q m_2(N + 3, q) ≥ q^2m_2(N, q) + 1 q m_2(N + 3r, q) ≥ q^{2r}m_2(N, q) + (q^{2r} − 1)/(q^2 − 1) q m_2(N + 6, q) ≥ (q^4 + q^2 − 1)m_2(N, q) + q^2 + 1 q > 2, N ≥ 4 m_2(N, q) ≤ qm_2(N − 1, q) − (q + 1) q > 2, N ≥ 5 m_2(N, q) ≤ q^{N−4}m_2(4, q) − q^{N−4} − 2θ_{N−5} + 1

Table 4.5: General inequalities

We now present lower bounds on m_2(N, q). The lower bounds for arbitrary values of the dimension N follow from an inductive application of the formulas of Table 4.5. To obtain such a lower bound, in general, we start with the cardinality of a known n-cap in a particular projective space of small dimension. These cardinalities are listed in Table 4.6(i).

q N m_2(N, q) ≥ q even, q > 4 4 2q^2 + q + 9 [72] q ≡ 1 (mod 8) 4 (5q^2 − 2q − 7)/2 [73] 3 < q ≡ 3 (mod 8) 4 (5q^2 − 8q − 13)/2 [73] q ≡ 5 (mod 8) 4 (5q^2 − 6q − 11)/2 [73] q ≡ 7 (mod 8) 4 (5q^2 − 4q − 9)/2 [73] q odd 5 q^3 + q^2 + 3q + 3 [71] q even 5 q^3 + 2q^2 + q + 2 [160] q 6 q^4 + 2q^2 [71]

Table 4.6(i): Lower bounds on m_2(N, q), N = 4, 5, 6

In Tables 4.6(ii) and 4.6(iii), we use the general inequalities to obtain lower bounds for m_2(N, q) for arbitrary dimensions N. The bound for N = 9 follows from Edel and Bierbrauer [71].

q N m_2(N, q) ≥ Condition q > 4 7 aq^4 + bq^3 + cq^2 + 1 m_2(4, q) ≥ aq^2 + bq + c q odd 8 q^5 + q^4 + 3q^3 + 3q^2 + 1 q even 8 q^5 + 2q^4 + 2q^3 + 4q^2 + q + 2

q 9 q^6 + 2q^4 + q^2

Table 4.6(ii): Lower bounds on m_2(N, q), N = 7, 8, 9

The bounds in Table 4.6(iii) follow from an inductive application of the bounds of Edel and Bierbrauer. Namely, for q > 3, the formulas for N = 1 + 6l and N = 4 + 6l start from m_2(4, q) ≥ aq^2 +bq +c, the one for N = 2+6l from m_2(8, q) ≥ aq^5 +bq^4 +cq^3 +dq^2 +eq +f, and the one for N = 5 + 6l from m_2(5, q) ≥ aq^3 + bq^2 + cq + d. For exact values of the parameters a, b, c, d, e, f, we refer to Tables 4.6(i) and 4.6(ii).

In the first formula for q = 3, the corresponding lower bounds on m_2(v, 3) can be found in Table 4.7. The second formula for q = 3 follows from Calderbank and Fishburn [47].

Table 4.7 presents the sizes of the largest known caps in P G(N, q), for N and q small. This table is from Edel and Bierbrauer [74].

For the size t_2(N, q) of the smallest complete n-cap in P G(N, q), the trivial lower bound is t_2(N, q) > √ 2q^{N−1}. Upper bounds on this parameter are given in Table 4.8. Other small caps are given by Östergard [168].

q N m_2(N, q) ≥ 3 6l + v, 112^lm_2(v, 3) v = 7, . . . , 12 3 6l 32^l((3l/8)(7/2)^{l−1} + 1) > 3 6l q^{4l} + (1 + l)q^{4l−2} + (l^2 − 2l + 1)q^{4l−4} > 3 6l + 1 aq^{4l} + bq^{4l−1} + (c − a + al)q^{4l−2} + (bl − l)q^{4l−3} > 3 6l + 2 aq^{4l+1} + bq^{4l} + (c − a + al)q^{4l−1} + (d − b + bl)q^{4l−2} > 3 6l + 3 q^{4l+2} + (l + 1)q^{4l} + (l^2 − 2l + 3)q^{4l−2}/2 > 3 6l + 4 aq^{4l+2} + bq^{4l+1} + (al + c)q^{4l} + blq^{4l−1} > 3 6l + 5 aq^{4l+3} + bq^{4l+2} + (c + al)q^{4l+1} + (d + bl)q^{4l}

Table 4.6(iii): Lower bounds on m_2(N, q), N ≥ 10

q 3 4 5 7 8 9 11 13 N 2 4 6 6 8 10 10 12 14 3 10 17 26 50 65 82 122 170 4 20 41 66 132 208 212 316 388 5 56 126 186 434 695 840 6 112 288 675 2499 4224 6723 7 248 756 1715 6472 13520 17220 8 532 2110 4700 21555 45174 68070 9 1120 4938 17124 122500 270400 544644 10 2744 15423 43876 323318 878800 1411830 11 6272 34566 120740 1067080 2812160 5580100 12 13312

Table 4.7: Large caps in small projective spaces

N q t_2(N, q) 3 2 = 5 [127, §18.2] 3 3 = 8 [127, §18.4] 3 4 = 10 [81], [183] 3 5 = 12 [80], [183] 3 7 ≤ 17 [168] 3 8 ≤ 20 [168] 3 9 ≤ 24 [168] 3 11 ≤ 30 [168] 3 13 ≤ 37 [168] 3 16 ≤ 41 [170] 3 17 ≤ 52 [168] 4 2 = 9 [90] 4 3 = 11 [78], [183] 4 4 ≤ 20 [170] 4 5 ≤ 31 [168] 4 7 ≤ 57 [168] 4 8 ≤ 72 [168] 4 9 ≤ 88 [168] 5 2 = 13 [90] 5 3 ≤ 22 [170] 5 4 ≤ 50 [168] 5 5 ≤ 83 [168] 2m − 1 ≥ 9 2 ≤ 15 · 2^{m−3} − 3 [90] 2m − 2 ≥ 10 2 ≤ 23 · 2^{m−4} − 3 [90] 3 q even ≤ 2q + t_2(2, q) [171] 2r q even, q > 2 ≤ q^r + 3(q^{r−1} + · · · + q) + 2 [170] 2r + 1 q even, q > 2 ≤ 3(q^r + · · · + q) + 2 [170] 4k + 2 q odd, q ≥ 5 ≤ q^{2k+1} + t_2(2k, q) [64]

Table 4.8: Upper bounds for t_2(N, q)

5 (n, r)-arcs in P G(2, q)

To begin this section on (plane) (n, r)-arcs K, Table 5.1 presents the known exact values of m_r(2, q), while Tables 5.2 and 5.3 give upper and lower bounds on m_r(2, q).

Theorem 5.1 (i) (Ball and Blokhuis [15]) In P G(2, q), q even, a (k, r)-arc, with r|q and with k ≥ rq − q + r/2 when r < q/2 or with k > rq − r + 523r/1000 when r = q/2, can be extended in a unique way to an (rq − q + r, r)-arc.

(ii) (Hadnagy and Szőnyi [107]) An (qn − q + n − ε, n)−arc can be embedded into a maximal arc, provided that ε ≤ c · n, c is a constant satisfying 0 < c < 2/3, n divides q, and K = q/n is large enough. More precisely, K = 2, when 0 ≤ c ≤ 1/3, K = 3, when 0 < c ≤ 0.449, K = 4, when 0.449 < c ≤ 1/2, K ≥ (1 + 2c)(1 − c)/(1 − c − c^2), when 1/2 < c ≤ 3/5 and K ≥ (1 + 2c)(4 − 5c)/(4 − 6c), when 3/5 < c < 2/3.

(iii) (Szőnyi [214]) If ε ≤ q^{1/4}/2, then any (k, p)-arc of PG(2, q), q = p^h, p prime, with k = qp − q + p − ε, can be embedded in a maximal arc.

r q = p^h, p prime m_r(2, q) 2 q odd q + 1 [37] 2^e 2^h (2^e − 1)q + 2^e [68] √ q + 1 q square, q ≥ 25 q √ q + 1 [52] (q + 1)/2 q odd prime (q^2 − q)/2 + 1 [10] (q + 3)/2 q odd prime (q^2 + q)/2 + 1 [10] q q q^2 q − 1 q square, q > 4 q^2 − q − 2 √ q − 1 [13] q − 2 q odd square, q > 121 q^2 − 2q − 3 √ q − 2 [9] q + 1 − t, q = p^{2e}, p > 3, q^2 + q + 1 − t(q + √ q + 1) [33] t > 1 t < min(q^{1/6}, q^{1/4}/2) q + 1 − t, q = p^{2e}, p = 2, 3, q^2 + q + 1 − t(q + √ q + 1) [33] t > 1 t < min(2^{−1/3}q^{1/6}, q^{1/4}/2)

Table 5.1: Exact values of m_r(2, q)

The second row of Table 5.2 is implied by the result of Ball, Blokhuis and Mazzocca [16], which states that a maximal arc, that is, an (n, r)-arc with n = (r − 1)q + r, does not exist for q odd. This had previously been shown for q = 3^h with r = 3 by Thas [219] and for q = 9 by Cossu [63]. The proof of [16] has been simplified by Ball and Blokhuis [14].

In Table 5.3, the integer q = p^h is exceptional if h is odd, h ≥ 3 and p divides ⌊2 √ q⌋. For small r and q, the known values and bounds on m_r(2, q) are enumerated in Table 5.4.

The values m_3(2, 11) and m_3(2, 13) were determined by Marcugini, Milani and Pambianco ([153] and [154], respectively). See Ball [10] for the exact references for the other values.

For recent results on multi-arcs in P G(2, q), that is, (n, r)-arcs in P G(2, q) which are allowed to have multiple points, we refer to Ball [12] and Ball et al. [17]. In the latter article, a detailed study of (q^2 + q + 2, q + 2)-arcs in P G(2, q) is made.

r Conditions m_r(2, q) ≤ r (r − 1)q + r [22] r q odd (r − 1)q + r − 2 [16] r q odd, r|q (r − 1)q + r/2 [15] r 4 ≤ r < q, r ̸|q (r − 1)q + r − 3 [151] r 9 ≤ r < q, r ̸|q (r − 1)q + r − 4 [151] r q prime, r ≥ (q + 3)/2 (r − 1)q + r − (q + 1)/2 [10] r r ≤ 2q/3 (r − 1)q + q − r [122] r r ≥ q/2, (r, q) > 1, (r − 1)q + q − r [10] K has a skew line r r > 2q/3 (r − 1)q + (q + r − r/q)/2− [122] √ (q + r − r/q)^2/4 − (r^2 − r) r K does not rq − √ (q + 1 − r)q [10] have a skew line r K does not m_r(2, q) < (r − 1)q + ⌊r^2/q⌋ [12] have a skew line r (r, q) = 1, r < √ q + 1 (r − 1)q + 1 [8] r (r, q) = 1, (r − 1)q + 1 [52] 6 ≤ r ≤ √ 2q + 1 ≤ q − 1 r (r, q) = p^e, K has (r − 1)q + p^e [12] a skew line r q prime, r ≤ (q + 1)/2 (r − 1)q + 1 [10] q − 1 q = 17, 19 q^2 − 3q/2 − 5/2 [10, 13] q − 1 q = p^3, p prime, q ≥ q_0 q^2 − q − 2p^2 + 5p − 1 [149] q − 1 q = p^{2e+1}, q > 19 q^2 − q − p^e⌈^{pe+1+1}_{pe+1} ⌉ − 1 [10, 13] q − 2 q = p^{2e+1}, q > 17 q^2 − 2q − p^e⌈^{pe+1+1}_{pe+1} ⌉ − 2 [9, 10] q − 2 q = 2^{2e}, q > 4, or q^2 − 2q − 2 √ q − 2 [9, 10] q ∈ {25, 49, 81, 121} q − 2 q = 17 q^2 − 5q/2 − 7/2 [9, 10]

Table 5.2: Upper bounds for m_r(2, q) r q m_r(2, q) ≥ r = 3 q non-exceptional q + 1 + ⌊2 √ q⌋ [226] r = 3 q exceptional q + ⌊2 √ q⌋ [226] r = √ q + 1 q square (r − 1)q + 1 [38] r = (q + 1)/2 q odd (r − 1)q + 1 [23] r = (q + 3)/2 q odd (r − 1)q + 1 [23] r = q − 1 q (r − 1)q + 1 [123] r = q − 2 q even (r − 1)q + 2 [123] r q square (r − 1)q + r − √ q+ [123] √ q(r − q) r = q − √ q q square (r − 1)q + √ q [156] (q − r)|q q (r − 1)q + q − r [157] Table 5.3: Lower bounds for m_r(2, q)

q 2 3 4 5 7 8 9 11 13 r 2 4 4 6 6 8 10 10 12 14 3 7 9 9 11 15 15 17 21 23 4 13 16 16 22 28 28 31 − 34 35 − 40 5 21 25 29 33 37 43 − 45 47 − 53 6 31 36 42 48 56 63 − 66 7 49 49 55 67 79 8 57 64 65 77 − 78 92 9 73 81 89 − 90 105 10 91 100 − 102 117 − 119 11 121 131 − 133 12 132 144 − 147 13 169 14 183

Table 5.4: Small values of m_r(2, q)

q = p^h, p prime k ≥ Sharpness q = p, p odd 3(p + 1)/2 sharp q = p^{2e}, e > 0 q + √ q + 1 sharp q = p^{2e+1}, e > 0 q + p^{e+1} + 1 sharp for e = 1 q = p^{2e+1}, e > 0, p > 3 q + q^{2/3} + 1 sharp for q cube q = p^{2e+1}, e > 0, p = 2, 3 q + 2^{−1/3}q^{2/3} + 1

Table 6.1: Lower bounds for the size of a blocking set

6 Multiple blocking sets in P G(2, q)

A t-blocking k-set S in P G(2, q) is a set of k points such that every line of P G(2, q) intersects S in at least t points, and there is a line intersecting S in exactly t points.

For t = 1, a 1-blocking set is simply called a blocking set. A trivial blocking set S is a blocking set containing a line of P G(2, q). A t-blocking set is called minimal or irreducible when no proper subset of it is a t-blocking set. A 2-blocking set is also called a double blocking set and a 3-blocking set a triple blocking set.

A subset S of P G(2, q) is a t-blocking set if and only if its complement S^′ = P G(2, q)\S is a (k^′, q + 1 − t)-arc. So the study of t-blocking sets is equivalent to the study of (n, q + 1 − t)-arcs.

First of all, lower bounds on the sizes of minimal non-trivial blocking sets S are given in Table 6.1. The third column indicates when this bound is sharp. These results are respectively of Blokhuis [27], Bruen [42, 43], Blokhuis [29], and Blokhuis, Storme and Szőnyi [33].

Theorem 6.1 (Bruen [42]) In P G(2, q), q square, a non-trivial blocking set of cardinality q + √ q + 1 is a Baer subplane.

The following two theorems present results on the spectrum of the values k for which there exists a minimal blocking k-set in P G(2, q).

Theorem 6.2 (i) (Bruen and Thas [45]) Let S be a minimal blocking k-set in P G(2, q). Then k ≤ q √ q + 1, with equality holding if and only if S is a unital in P G(2, q), q square.

(ii) (Blokhuis and Metsch [31], Innamorati [137]) In P G(2, q), with q square and q ≥ 25 or q = 9, there is no minimal blocking set of size q √ q. (iii) (Ball and Blokhuis [13]) For q square, q ≥ 16, there is no minimal blocking k-set S with q + √ q + 1 < k < q + 2 √ q + 1.

(iv) (Innamorati and Maturo [138]) In P G(2, q), q ≥ 4, there exists a blocking k-set for every k with 2q − 1 ≤ k ≤ 3q − 3.

Let S be a minimal non-trivial blocking k-set in P G(2, q). Then |S \ L| ≥ q for every line L of P G(2, q). If |S \ L| = q for some line L, then the blocking set S is of Rédei type with respect to L.

A blocking k-set S in P G(2, q) is called small when k < 3(q + 1)/2. We note that the number e described in Theorem 6.3 (i)(2) is called the exponent of the minimal blocking k-set.

Theorem 6.3 (i) (Polverino [185], Szőnyi [213]) Let S be a small minimal blocking k-set in P G(2, q), q = p^h. (1) Then

q + 1 + p^e ⌈ q/p^e + 1 p^e + 1 ⌉ ≤ k ≤ 1 + (p^e + 1)(q + 1) − √ Δ 2 , where Δ = (1 + (p^e + 1)(q + 1))^2 − 4(p^e + 1)(q^2 + q + 1), for some integer e, 1 ≤ e ≤ n/2.

(2) If k lies in the interval belonging to e and p^e ≠ 4, 8, then each line intersects S in 1 (mod p^e) points.

(ii) (Szőnyi [213]) Let q = p^2, p prime, and let S be a minimal blocking k-set which is not a Baer subplane. Then k ≥ 3(q + 1)/2.

(iii) (Polverino [185], Szőnyi [213]) For p prime, p ≥ 7, let S be a small minimal blocking k-set in P G(2, p^3). Then k = p^3 + p^2 + 1 or k = p^3 + p^2 + p + 1.

In P G(2, q), q odd, there exists a minimal blocking k-set of Rédei type, the projective triangle, of cardinality 3(q + 1)/2. This is a blocking k-set projectively equivalent to the set containing the points (1, 0, −c), (0, −c, 1), (−c, 1, 0), where c is a square of F_q. In P G(2, 7), there also exists a sporadic example of a blocking k-set of cardinality 3(7 + 1)/2 = 12; this is the dual of the Hesse configuration (9_4, 12_3) of the nine inflexions of a cubic curve.

Theorem 6.4 (i) (Blokhuis, Ball, Brouwer, Storme, and Szőnyi [30]) Let S be a minimal blocking k-set of Rédei type in P G(2, q), with q = p^h, p prime. Suppose that e, with 0 ≤ e < h, is the largest integer such that each line intersects S in 1 (mod p^e) points. Then k ≡ 1 (mod p^e) and one of the following holds:

(1) e = 0 and 3(q + 1)/2 ≤ k ≤ 2q; (2) e = 1, p = 2 and (4q + 5)/3 ≤ k ≤ 2q − 1; (3) p^e > 2, e|h, and q + q/p^e + 1 ≤ k ≤ q + (q − 1)/(p^e − 1).

Also, if p^e > 3 or (p^e, k) = (3, q + q/3 + 1), and L is a line such that |S \ L| = q, then the subset U = S \ L of the affine plane AG(2, q) ∼= P G(2, q) \ L ∼= F_q2 is an F_pe -linear subspace of F_q2 .

(ii) (Polito and Polverino [184]) There exist small minimal blocking k-sets, not of Rédei type, in every projective plane P G(2, q), q = p^t, p prime, t ≥ 4.

(iii) (Polverino [186]) In P G(2, p^3), p prime, p ≥ 7, every small minimal blocking k-set is of Rédei type.

(iv) (Polverino and Storme [187]) In P G(2, q^3), q = p^h, h ≥ 1, p prime, p ≥ 7, the nontrivial minimal blocking k-sets with exponent e ≥ h are as follows:

(1) A Baer subplane P G(2, q^{3/2}) of cardinality q^3 + q^{3/2} + 1 when q is a square. (2) A minimal blocking k-set of size q^3 + q^2 + 1, projectively equivalent to the set K = {(x, T(x), 1)||x ∈ F_q3 } ∪ {(x, T(x), 0)|| x ∈ F_q3 \ {0}}, with T : F_q3 → F_q : x → x + x^q + x^{q2} .

(3) A minimal blocking k-set of size q^3 + q^2 + q + 1, projectively equivalent to the set K = {(x, x^q, 1)||x ∈ F_q3 } ∪ {(x, x^q, 0)||x ∈ F_q3 \ {0}}. (v) (Lovász and Schrijver [148]) Let S be a blocking k-set of cardinality 3(p + 1)/2 in P G(2, p), p odd prime, of Rédei type. Then S is projectively equivalent to the projective triangle.

(vi) (Sziklai and Szőnyi [207]) Let S be a minimal non-trivial blocking k-set of cardinality 3(p + 1)/2 in P G(2, p), p > 2 prime. Then every point of S lies on exactly (p − 1)/2 tangents and there are at least (p + 1)/2 lines intersecting S in exactly 2 points.

(vii) (Gács [92]) For a Rédei type blocking k-set S in P G(2, p), p odd prime, which is not a projective triangle, |S| ≥ p + 2(p − 1)/3 + 1.

(viii) (Gács [93]) In P G(2, 11), every minimal blocking 18-set is a projective triangle. (ix) (Gács [93]) In P G(2, 7), a minimal blocking 12-set is a projective triangle or is the sporadic example.

A blocking k-set S of P G(2, q) is of almost Rédei type when there exists a line L of P G(2, q) such that |S \ L| is close to q; more precisely, |S \ L| = q + m with m ≤ √ q/2.

Theorem 6.5 (i) (Blokhuis, Pellikaan and Szőnyi [32]) Let S be a minimal non-trivial blocking k-set in P G(2, q), q = p^h, p prime, such that |S ∩ L| = k − q − m, with 0 < m ≤ √ q/2. Then one of the following possibilities occurs:

(1) if k < 3(q + 1)/2, then m ≡ 0 (mod p); (2) if m = 1, then k ≥ 3(q + 1)/2; (3) if m = 2 and p ≠ 2, then k ≥ 3(q + 1)/2;

(4) if m > 2 and m ≢ 0 (mod p), then k ≥ q + (q + 1)/2 + m.

(ii) Let q = p be a prime, let S be a blocking k-set, not of Rédei type, with k = 3(p + 1)/2 in P G(2, p), and let L be a line of P G(2, p). Then, there are three cases:

(1) (Blokhuis, Pellikaan and Szőnyi [32]) when |S ∩ L| ≤ (p + 3)/2 − 3, then |S ∩ L| ≤ (9p − 15)/20;

(2) (Gács, Sziklai and Szőnyi [94]) if |S \ L| = p + 1, then p = 3 or p = 5 and S is of Rédei type with respect to an other line, or p = 7 and S is the sporadic blocking 12-set in P G(2, 7);

(3) (Gács [91]) if |S \ L| = p + 2, then p ≤ 7 and S is of Rédei type with respect to an other line.

Table 6.2 shows the values of n for which there exists a minimal blocking k-set in P G(2, q) (Blokhuis [29]). The non-existence of a minimal blocking 14-set in P G(2, 8) was proved by Barát, Del Fra, Innamorati and Storme [18], and the non-existence of minimal blocking k-sets in P G(2, 8) for k = 22, 23 was proved by Del Fra and Innamorati [67]. q n ∈ 4 {7, 8, 9} 5 {9, . . . , 12} 7 {12, . . . , 19} 8 {13, 15, 16, . . . , 21} 9 {13, 15, 16, . . . , 26, 28} Table 6.2: The sizes of a blocking k-set in small planes

To give an idea of how good Theorem 6.2(i) is in general, there are asymptotic results on large minimal blocking k-sets.

Theorem 6.6 (i) (Szőnyi [211]) In P G(2, q), q > q_0, there exist minimal blocking k-sets of size cq log q.

(ii) (Hirschfeld and Szőnyi [134]) In P G(2, q), q square, q > q_0(λ), there exist minimal blocking k-sets of size cq^{1+λ}, 1/4 < λ ≤ 1/2.

q = p^h, p prime t |S| ≥ Sharp q = p^{2e}, p > 3, t < t(q + √ q + 1) yes [33] e ≥ 2 min(q^{1/6}, q^{1/4}/2) q = p^{2e}, p = 2, 3, t < t(q + √ q + 1) yes [33] e ≥ 2 min(2^{−1/3}q^{1/6}, q^{1/4}/2) q = p^2 t < q^{1/4}/2 t(q + √ q + 1) yes [33]

q = p^h, p prime t |S| ≥ Sharp for q = p prime, p > 3 t < (2t + 1)(p + 1)/2 t = 1, [10] p/2 (p − 1)/2 q = p prime, p > 3 t > (t + 1)p t = [10] p/2 (p + 1)/2 q < 9 2 3q t = 2 [25, 60] [151] q = 11, 13, 17, 19 2 (5q + 7)/2 [10, 13] q square, q > 4 2 2q + 2 √ q + 2 t = 2 [10, 13] q = p^3, q ≥ q_0 2 2q + 2p^2 − 5p + 2 [149] q = p^{2e+1} > 19 2 2q + p^e⌈^{pe+1+1}_{pe+1} ⌉ + 2 [10, 13] q = 5, 7, 9 3 4q t = 3 [9, 60] [151] q = 8 3 31 t = 3 [123] q = 11, 13, 17 3 (7q + 9)/2 [9, 10] q odd square, q > 121 3 3q + 3 √ q + 3 t = 3 [9, 10] q = p^{2e+1}, q > 17 3 3q + p^e⌈^{pe+1+1}_{pe+1} ⌉ + 3 [9, 10] q even square, q > 4, 3 3q + 2 √ q + 3 [9, 10] or q ∈ {25, 49, 81, 121}

q t Condition |S| ≥ q t S does not contain tq + √ tq + 1 [10] a line q t S contains a line q(t + 1) [28] and (t − 1, q) = 1 q t S contains a line tq + q − t + 2 [44] and (t − 1, q) > 1, t ≤ q/2 + 1 q t S contains a line t(q + 1) [10] and (t − 1, q) > 1, t ≥ q/2 + 1

Table 6.3: Lower bounds for t-blocking k-sets

Now, Table 6.3 gives lower bounds on the number of points in a t-blocking k-set S of P G(2, q). The table is subdivided into three parts. In the first and second part, lower bounds on t-blocking k-sets, with no condition on the t-blocking k-set, are given. The third part gives lower bounds on t-blocking k-sets with conditions on the t-blocking k-sets.

There are various characterizations of the smallest t-blocking k-sets.

Theorem 6.7 (i) (Gács and Szőnyi [95]) In P G(2, q), with q an odd square and q ≥ 169, a double blocking k-set containing 2q +2 √ q +2 points is the union of two disjoint Baer subplanes.

(ii) (Blokhuis, Storme and Szőnyi [33]) Let S be a t-blocking k-set in P G(2, q), q = p^h, p prime, of size t(q + 1) + c. Let c_2 = c_3 = 2^{−1/3} and c_p = 1 for p > 3.

(1) If q = p^{2d+1} and t <^1_2 (q − c_pq^{2/3}), then c ≥ c_pq^{2/3}.

(2) If q is a square with q > 4, and t < min(c_pq^{1/6}, q^{1/4}/2), c < c_pq^{2/3}, then c ≥ t √ q and S contains the union of t disjoint Baer subplanes.

(3) If q = p^2, t < q^{1/4}/2 and c < p

⌈_1 4 + √_{p+1} 2 ⌉ , then c ≥ t √ q and S contains the union of t disjoint Baer subplanes.

A t-blocking k-set is called small when k < tq + (q + 3)/2. Similarly to Theorem 6.3, there are the following results on small minimal t-blocking k-sets. These results are based upon the abstract [149].

Theorem 6.8 (Lovász and Szőnyi [149]) (i) Let S be a small minimal t-blocking k-set in P G(2, q), q = p^h, p prime, t < p, with q > q_0(t).

(1) Then tq + t + p^e ⌈ q/p^e + 1 p^e + 1 ⌉ ≤ k ≤ 1 + (q + 1)(2t − 1 + p^e) − √ Δ 2 , where Δ = (1 + (q + 1)(2t − 1 + p^e))^2 − 4(q^2 + q + 1)(t^2 + tp^e), for some integer 1 ≤ e ≤ h/2.

(2) If k lies in the interval belonging to e, then each line intersects S in t (mod p^e) points. (ii) Let S be a small minimal t-blocking k-set in P G(2, p^2), p prime, t < √ p/2, p > p_0(t). Then S is the disjoint union of t Baer subplanes.

7 Blocking sets in P G(N, q)

The concepts of Section 6 can be extended to P G(N, q). A blocking set in P G(N, q) with respect to k-dimensional subspaces of P G(N, q) is a set of points K such that any k-dimensional subspace intersects K in at least one point.

Theorem 7.1 (Bose and Burton [40]) The smallest blocking sets of P G(N, q) with respect to k-dimensional subspaces are the (N − k)-dimensional subspaces of P G(N, q).

A blocking set with respect to k-dimensional subspaces in P G(N, q) is called non-trivial when no (N − k)-dimensional subspace is contained in K. Minimality is defined in the usual way.

We now present a characterization result on the smallest such non-trivial minimal blocking sets.

Theorem 7.2 (Beutelspacher [24], Heim [118]) In P G(N, q), the smallest non-trivial minimal blocking sets with respect to k-dimensional subspaces are cones with an (N − k − 2)-dimensional vertex and a non-trivial 1-blocking set of minimum cardinality in a plane of P G(N, q) as base curve.

Improvements to this characterization for q square have been obtained by Bokler and Metsch.

Theorem 7.3 (Bokler and Metsch [35], Bokler [34]) Let B be a minimal non-trivial blocking set with respect to k-dimensional subspaces of P G(N, q), N ≥ 2, q square, q ≥ 16, N ≥ k. If |B| ≤ θ_{N−k} + √ qθ_{N−k−1}, then B contains a cone with t-dimensional vertex and with base a subgeometry P G(2(N − k − t − 1), √ q), for some t with max{−1, N − 2k − 1} ≤ t ≤ N − k − 1.

A significant result on small minimal non-trivial 1-blocking sets of P G(2, q) was shown by Szőnyi (Theorem 6.3(i)(2)); this states that every line intersects S in 1 (mod p^e) points. This result gives precise disjoint intervals in which the sizes of small minimal non-trivial 1-blocking sets of P G(2, q) must lie.

These results were extended to blocking sets with respect to k-dimensional subspaces of P G(N, q) by Szőnyi and Weiner [215]. In the following theorem, let S(q) denote the set of sizes k of the small minimal blocking k-sets in P G(2, q); see also Theorem 6.3(i)(1).

Theorem 7.4 (Szőnyi and Weiner [215]) Let B be a minimal blocking set B of P G(N, q) with respect to k-dimensional subspaces, q = p^h, p > 2 prime, and assume that |B| < 3(q^{N−k} + 1)/2. Then any subspace that intersects B intersects it in 1 (mod p) points.

Regarding the sizes of minimal blocking sets of P G(N, q) with respect to k-dimensional subspaces, the following results are known.

Theorem 7.5 (Szőnyi and Weiner [215]) Let B be a minimal blocking set of P G(N, q) with respect to k-dimensional subspaces, q = p^h, p prime. If p = 2 let |B| < √ 2q^{N−k}, otherwise let |B| < 3(q^{N−k} + 1)/2. Then (i) |B| ∈ S(q^{N−k}); (ii) if p > 2, then ((|B| − 1)(q^{N−k})^{N−2} + 1) ∈ S((q^{N−k})^{N−1}).

In the following theorems, let l(q, e) and u(q, e) denote respectively the smallest and largest value so that for any minimal non-trivial blocking k-set B in P G(2, q), q = p^h, p prime, and of size l(q, e) ≤ |B| ≤ u(q, e), e is the largest integer such that each line intersects B in 1 (mod p^e) points; see also Theorem 6.3(i).

Theorem 7.6 (Szőnyi and Weiner [215]) Let B be a minimal blocking set in P G(N, q), q = p^h, p > 2 prime, with respect to k-dimensional subspaces. Assume that |B| < 3(q^{N−k} + 1)/2 and let e be the integer for which l((q^{N−k})^{N−1}, e) ≤ (|B| − 1)(q^{N−k})^{N−2} + 1 ≤ u((q^{N−k})^{N−1}, e). Then each subspace that intersects B in at least one point intersects it in 1 (mod p^e) points.

For characterizations of small minimal blocking sets in P G(N, q), the following results have been obtained. The first result is on Rédei-type blocking sets with respect to k-dimensional subspaces of P G(N, q). A blocking set with respect to k-dimensional subspaces of P G(N, q), of size q^k + d, is called a Rédei-type blocking set with respect to k-dimensional subspaces, when it intersects at least one hyperplane Π_{N−1} in exactly d points. We describe the theorem via the corresponding affine space AG(N, q) = P G(N, q) \ Π_{N−1}.

Theorem 7.7 (Storme and Sziklai [200]) Let U ⊂ AG(N, q), N ≥ 3, |U| = q^k. Suppose U determines |D| ≤^{q+3}_2 q^{k−1} + q^{k−2} + q^{k−3} + ... + q^2 + q directions and suppose that U is a F_plinear set of points, where q = p^h, p > 3. If N − 1 ≥ (N − k)h, then U is a cone with an (N − 1 − h(N − k))-dimensional vertex in Π_{N−1} and with base a F_p-linear point set U_{(N−k)h} of size q^{(N−k)(h−1)}, contained in some affine (N − k)h-dimensional subspace of AG(N, q).

Theorem 7.8 (Szőnyi and Weiner [215]) (i) Let B be a minimal blocking set of P G(N, q) with respect to k-dimensional subspaces, q = p^h and p > 2 prime. Suppose that |B| < 3(q^{N−k} + 1)/2 and h(N − k) ≤ N. Assume that B is not contained in an (h(N − k) − 1)-dimensional subspace of P G(N, q), then B is projectively equivalent to a subgeometry P G(h(N − k), p).

(ii) Let B be a minimal blocking set of P G(N, q) with respect to k-dimensional subspaces, q = p^h and p > 2 prime. Assume that e is an integer, 1 ≤ e ≤ h/2, and h(N − k)/e ≤ N. Suppose also that (|B| − 1)(q^{N−k})^{N−2} + 1 ≤ u((q^{N−k})^{N−1}, e). Then B is contained in an (⌈h(N − k)/e⌉ − 1)-dimensional subspace of P G(N, q) or B is projectively equivalent to P G(h(N − k)/e, p^e). The following theorem presents more specific characterizations. Parts (i), (iii) and (iv) are from Storme and Weiner [206], and Part (ii) from Szőnyi and Weiner [215].

Theorem 7.9 (i) A non-trivial minimal blocking set of P G(N, p^2), p > 3 prime, with respect to hyperplanes and of size less than or equal to 3(p^2 + 1)/2, is a Baer subplane or a planar blocking set of size 3(p^2 + 1)/2.

(ii) A non-trivial minimal blocking set of P G(N, p^3), p > 2 prime, with respect to hyperplanes and of size less than 3(p^3 + 1)/2, is a planar blocking set or a subgeometry P G(3, p).

(iii) Let s(q^2) be the size of the smallest non-trivial blocking set in P G(2, q^2) not equal to a Baer subplane. Let B be a minimal blocking set in P G(N, q^2), q = p^h, h ≥ 1, p > 3 prime, N ≥ 3, with respect to hyperplanes and with |B| ≤ s(q^2). Then B is a line or a minimal planar blocking set of P G(N, q^2).

(iv) In P G(N, q^3), q = p^h, h ≥ 1, p prime, p ≥ 7, N ≥ 3, a minimal blocking set B, with respect to hyperplanes, of cardinality at most q^3 + q^2 + q + 1 is one of the following:

(1) a line;

(2) a Baer subplane when q is square;

(3) a minimal blocking set of cardinality q^3 + q^2 + 1 in a plane of P G(N, q^3); (4) a minimal blocking set of cardinality q^3 + q^2 + q + 1 in a plane of P G(N, q^3); (5) a subgeometry P G(3, q) in a solid of P G(N, q^3).

For an article containing general information on a particular class of blocking sets in P G(N, q) with respect to k-dimensional subspaces, called linear blocking sets, we refer to Lunardon [150].

8 n-tracks and almost MDS codes

An n-track in P G(N, q) is an n-set of kind N − 1. In other words, it is a set of n points such that every N of them are linearly independent, but some N + 1 of them are linearly dependent.

An [n, k, d] code C over F_q is an almost MDS code if its minimum distance d is equal to n − k.

N q M_{N−1}(N, q) 2 q^2 + q + 1 3 q > 2 q^2 + 1 2q − 2 q > 3 2q + 1 2q − 1 q > 3 2q + 2 ≥ 2q 0 Table 8.1: Exact values of M_{N−1}(N, q)

N q M_{N−1}(N, q) ≥ Conditions 5 m_3(2, q)

q = p^h q + ⌊2 √ q⌋ q exceptional q = p^h q + ⌊2 √ q⌋ + 1 q non-exceptional

Table 8.2: Lower bounds for M_{N−1}(N, q)

N, q M_{N−1}(N, q) ≤ Conditions M_{N−2}(N − 1, q) + 1 q = p^h q(q − N + 3) + 1 m(N, q) = q + 1 and N = q − p^l + 3 for some l ≤ h q = p^h q(q − N + 3) m(N, q) = q + 1 but N ≠ q − p^l + 3 for all l ≤ h N ≥ q 2q + N − 1 N ≥ 4 when q = 2 and N ≥ 6 when q = 3

Table 8.3: Upper bounds for M_{N−1}(N, q)

q 2 3 4 5 7 8 9 11 N 2 7 13 21 31 57 73 91 133 3 8 10 17 26 50 65 82 122 4 11 11 12 − 20 16 − 30 14 − 36 16 − 43 22 − 57 5 12 12 12 − 14 15 − 31 15 − 37 17 − 44 23 − 58 6 9 10 − 15 13 − 28 14 − 34 17 − 39 18 − 49 7 10 11 − 16 13 − 20 14 − 35 18 − 40 18 − 50 8 11 13 − 21 14 − 23 19 − 36 19 − 50 9 12 13 − 22 14 − 24 20 − 26 20 − 51 10 14 − 23 14 − 25 16 − 27 18 − 44 11 15 − 24 15 − 26 16 − 28 18 − 32 12 15 15 − 27 16 − 29 18 − 33 13 16 16 − 28 17 − 30 18 − 34

Table 8.4: Small values of M_{N−1}(N, q)

Almost MDS codes and n-tracks are equivalent objects since an n-track in the space P G(n− k − 1, q) defines a parity check matrix of an [n, k, n − k] code over F_q.

These two equivalent structures have been studied in detail by De Boer [66] and by Dodunekov and Landjev [69], resulting in Tables 8.1, 8.2, 8.3, which give the known exact values, as well as upper and lower bounds on the maximum number M_{N−1}(N, q) of points of an n-track in P G(N, q). The integer q = p^h is exceptional if h is odd, h ≥ 3 and p divides ⌊2 √ q⌋. Table 8.4 gives values for M_{N−1}(N, q) for small N and q; see De Boer [66].

9 Minihypers

A subconfiguration closely related to (multiple) blocking sets with respect to k-dimensional subspaces of P G(N, q), is the subconfiguration minihyper.

An {n, m; N, q}-minihyper K is the complement of a (θ_N − n; θ_{N−1} − m, N − 1; N, q)-set; that is, K is a set of n points in P G(N, q), N ≥ 2, n ≥ 1, such that (a) |K ∩ Π_{N−1}| ≥ m for every hyperplane Π_{N−1}, and (b) |K ∩ Π_{N−1}| = m for some hyperplane Π_{N−1}.

When constructing a code, from an economical point of view, it is desirable to obtain an [n, k, d] code C over F_q whose length n is minimal for given values of k, d, and q. The Griesmer bound [103, 199] shows that if there is an [n, k, d] code C over F_q for given k, d, and q, then n ≥ ∑_{k−1} i=0 ⌈d/q^i⌉. Theorem 9.1 (Hamada [110, 111]) For k ≥ 3 and 1 ≤ d < q^{k−1}, there is a one-to-one correspondence between the set of all non-equivalent [n, k, d] codes C over F_q meeting the Griesmer bound and the set of all {θ_{k−1} − n, θ_{k−2} − n + d; k − 1, q}-minihypers.

There are a number of articles studying this correspondence. For surveys on recent work, see Hamada [112, 113, 114]. The general results are presented in the following theorems. We also wish to remark that this notion of minihypers is linked to that of anticodes, introduced by Farrell [83].

Theorem 9.2 (Hamada and Helleseth [115], Hamada and Maekawa [116]) Let t, q, h and λ_i, i = 1, . . . , h, be any integers such that t ≥ 2, h ≥ 1, q > (h − 1)^2 and 0 ≤ λ_1 ≤ · · · ≤ λ_h < t.

(i) If t < λ_{h−1} + λ_h + 1, there is no { ∑_h i=1 θ_{λi} , ∑_h i=1 θ_{λi−1}; t, q}-minihyper.

(ii) If t ≥ λ_{h−1} + λ_h + 1, then F is a { ∑_h i=1 θ_{λi} , ∑_h i=1 θ_{λi−1}; t, q}-minihyper if and only if F is the pairwise disjoint union of a subspace P G(λ_1, q), a subspace P G(λ_2, q), . . . , P G(λ_h, q).

Theorem 9.3 (Barát and Storme [20]) If F is a {ε_0 + ε_1(q + 1), ϵ_1; t, q}-minihyper of P G(t, q), t ≥ 3, q = p^h, p prime, q ≥ 2^{12}, c_2 = c_3 = 2^{−1/3} and c_p = 1 when p > 3, with ε_1 < c_pq^{1/6} and with ε_0 + ε_1 < c_pq^{2/3} − (ε_1 − 1)(ε_1 − 2)/2, then F contains the union of a collection of s disjoint lines and/or Baer subplanes.

Theorem 9.4 (Ferret and Storme [86]) Assume that the set F is a { ∑_s i=0 ϵ_iθ_i, ∑_s i=0 ϵ_iθ_{i−1}; t, q}- minihyper, where ∑_s i=0 ϵ_i < 2 √ q, q square, q = p^f , p prime, with q > 2^{18} when p > 3 and q > 2^{20} when p = 2, 3. Then F consists of the disjoint union of one of the following:

(i) ϵ_s spaces P G(s, q), ϵ_{s−1} spaces P G(s − 1, q), . . . , ϵ_0 points;

(ii) one subgeometry P G(2l+1, √ q), for some integer l with 1 ≤ l ≤ s, ϵ_s spaces P G(s, q), . . . , ϵ_{l+1} spaces P G(l + 1, q), ϵ_l − √ q − 1 spaces P G(l, q), ϵ_{l−1} spaces P G(l − 1, q), . . . , ϵ_0 points;

(iii) one subgeometry P G(2l, √ q), for some integer l with 1 ≤ l ≤ s, ϵ_s spaces P G(s, q), . . . , ϵ_{l+1} spaces P G(l + 1, q), ϵ_l − 1 spaces P G(l, q), ϵ_{l−1} − √ q spaces P G(l − 1, q), ϵ_{l−2} spaces P G(l − 2, q), . . . , ϵ_0 points.

Theorem 9.5 (Ferret and Storme [86]) Assume that the set F is a { ∑_s i=0 ϵ_iθ_i, ∑_s i=0 ϵ_iθ_{i−1}; t, q}-minihyper, t ≥ 3, where (a) ∑_s i=0 ϵ_i ≤ q^{6/9}/(1 + q^{1/9}), q = p^f , f odd, p prime, p > 3, q ≥ 2^{12}; (b) ∑_s i=0 ϵ_i ≤ c_pq^{5/9}, q = p^f , f odd, p = 2, 3, q> 2^{12}, c_p = 2^{−1/3}.

Then F is the disjoint union of ϵ_s spaces P G(s, q), ϵ_{s−1} spaces P G(s − 1, q), . . ., ϵ_0 points.

Theorem 9.6 (Govaerts and Storme [101]) Let q > 2 and δ < ϵ, where q + ϵ is the size of the smallest non-trivial blocking sets in P G(2, q). If F is a {δθ_μ, δθ_{μ−1}; N, q}-minihyper satisfying μ ≤ N − 1, then F is the disjoint union of δ subspaces P G(μ, q).

Theorem 9.7 (Govaerts and Storme [102]) A {δθ_μ, δθ_{μ−1}; N, q}-minihyper F , q > 16 square, δ < q^{5/8}/ √ 2+1, 2μ+1 ≤ N, is a unique disjoint union of subspaces P G(μ, q) and subgeometries P G(2μ + 1, √ q). References

[1] L.M. Abatangelo, Calotte complete in uno spazio di Galois P G(3, q), q pari, Atti Sem.

Mat. Fis. Univ. Modena 29 (1980), 215–221.

[2] V. Abatangelo, A class of complete ((q+8)/3)-arcs in PG(2, 2^h) (h ≥ 6 even), Ars Combin.

16 (1983), 103–111.

[3] V. Abatangelo, Un nuovo procedimento per la costruzione di calotte di P G(3, q), q pari, Rend. Sem. Mat. Brescia 7 (1984), 19–25.

[4] V. Abatangelo, G. Korchmáros and B. Larato, Classification of maximal caps in P G(3, 5) different from elliptic quadrics, J. Geom. 57 (1996), 9–19.

[5] A.H. Ali, Classification of arcs in the plane of order 13, Ph.D. Thesis, University of Sussex, 1993.

[6] A.H. Ali, J.W.P. Hirschfeld and H. Kaneta, The automorphism group of a complete (q−1)- arc in P G(2, q), J. Combin. Des. 2 (1994), 131–145.

[7] A.H. Ali, J.W.P. Hirschfeld and H. Kaneta, On the size of arcs in projective spaces, IEEE Trans. Inform. Theory 41 (1995), 1649–1656.

[8] S. Ball, On sets of points in finite planes, Ph.D. Thesis, University of Sussex, 1994.

[9] S. Ball, On the size of a triple blocking set in P G(2, q), European J. Combin. 17 (1996), 427–435.

[10] S. Ball, Multiple blocking sets and arcs in finite planes, J. London Math. Soc. 54 (1996), 581–593.

[11] S. Ball, On small complete arcs in a finite plane, Discrete Math. 174 (1997), 29–34. [12] S. Ball, Some notes on arcs and multi-arcs in projective and affine planes, unpublished manuscript (2000).

[13] S. Ball and A. Blokhuis, On the size of a double blocking set in P G(2, q), Finite Fields Appl. 2 (1996), 125–137.

[14] S. Ball and A. Blokhuis, An easier proof of the maximal arcs conjecture, Proc. Amer.

Math. Soc. 126 (1998), 3377–3380.

[15] S. Ball and A. Blokhuis, On the incompleteness of (k, n)-arcs in Desarguesian planes of order q where n divides q, Geom. Dedicata 74 (1999), 325–332.

[16] S. Ball, A. Blokhuis and F. Mazzocca, Maximal arcs in Desarguesian planes of odd order do not exist, Combinatorica 17 (1997), 31–47.

[17] S. Ball, R. Hill, I.N. Landjev and H.N. Ward, On (q^2 + q + 2, q + 2)-arcs in the projective plane P G(2, q), in preparation.

[18] J. Barát, A. Del Fra, S. Innamorati and L. Storme, Minimal blocking sets in P G(2, 8) and maximal partial spreads in P G(3, 8), in preparation.

[19] J. Barát, Y. Edel, R. Hill, C. Jones, I.N. Landjev and L. Storme, Caps in P G(5, 3) and P G(6, 3), in preparation.

[20] J. Barát and L. Storme, Multiple blocking sets in P G(n, q), n ≥ 3, submitted. [21] A. Barlotti, Un’ estensione del teorema di Segre–Kustaanheimo, Boll. Un. Mat. Ital. 10 (1955), 96–98.

[22] A. Barlotti, Su {k; n}-archi di un piano lineare finito, Boll. Un. Mat. Ital. 11 (1956), 553–556.

[23] A. Barlotti, Some topics in finite geometrical structures, Institute of Statistics Mimeo Series 439, Univ. of North Carolina, 1965.

[24] A. Beutelspacher, Blocking sets and partial spreads in finite projective spaces, Geom.

Dedicata 9 (1980), 130–157.

[25] J. Bierbrauer, (k, n)-arcs of maximal size in the plane of order 8, Unpublished manuscript (1988).

[26] J. Bierbrauer and Y. Edel, Bounds on affine caps, submitted.

[27] A. Blokhuis, Note on the size of a blocking set in P G(2, p), Combinatorica 14 (1994), 111–114.

[28] A. Blokhuis, On multiple nuclei and a conjecture of Lunelli and Sce, Bull. Belg. Math. Soc.

3 (1994), 349–353.

[29] A. Blokhuis, Blocking sets in Desarguesian planes, Paul Erdős is Eighty, Volume 2 (eds.

D. Miklós, V.T. Sós and T. Szőnyi), Bolyai Soc. Math. Studies 2 (1996), 133–155.

[30] A. Blokhuis, S. Ball, A.E. Brouwer, L. Storme and T. Szőnyi, On the number of slopes of the graph of a function defined on a finite field, J. Combin. Theory Ser. A 86 (1999), 187–196.

[31] A. Blokhuis and K. Metsch, Large minimal blocking sets, strong representative systems, and partial unitals, Finite Geometry and Combinatorics (eds. F. De Clerck et al.), London Math. Soc. Lecture Note Series 191, Cambridge University Press, Cambridge, 1993, 37–52.

[32] A. Blokhuis, R. Pellikaan and T. Szőnyi, Blocking sets of almost Rédei type, J. Combin.

Theory Ser. A 78 (1997), 141–150.

[33] A. Blokhuis, L. Storme and T. Szőnyi, Lacunary polynomials, multiple blocking sets and Baer subplanes, J. London Math. Soc. 60 (1999), 321–332.

[34] M. Bokler, Minimal blocking sets in projective spaces of square order, Des. Codes Cryptogr., to appear.

[35] M. Bokler and K. Metsch, On the smallest minimal blocking sets in projective spaces generating the whole space, Contrib. Algebra Geom., to appear.

[36] E. Boros and T. Szőnyi, On the sharpness of a theorem of B. Segre, Combinatorica 6 (1986), 261–268.

[37] R.C. Bose, Mathematical theory of the symmetrical factorial design, Sankhyā 8 (1947), 107–166.

[38] R.C. Bose, On the application of finite projective geometry for deriving a certain series of balanced Kirkman arrangements, Golden Jubilee Commemoration Volume (1958–1959), Calcutta Math. Soc. (1959), 341–354.

[39] R.C. Bose, On some connections between the design of experiments and information theory, Bull. Inst. Internat. Statist. 38 (1961), 257–271.

[40] R.C. Bose and R.C. Burton, A characterization of flat spaces in a finite projective geometry and the uniqueness of the Hamming and the MacDonald codes, J. Combin. Theory 1 (1966), 96–104.

[41] R.C. Bose and J.N. Srivastava, On a bound useful in the theory of factorial designs and error correcting codes, Ann. Math. Statist. 35 (1964), 408–414.

[42] A.A. Bruen, Baer subplanes and blocking sets, Bull. Amer. Math. Soc. 76 (1970), 342–344.

[43] A.A. Bruen, Blocking sets in finite projective planes, SIAM J. Appl. Math. 21 (1971), 380–392.

[44] A.A. Bruen, Polynomial multiplicities over finite fields and intersection sets, J. Combin.

Theory Ser. A 60 (1992), 19–33.

[45] A.A. Bruen and J.A. Thas, Blocking sets, Geom. Dedicata 6 (1977), 193–203. [46] K.A. Bush, Orthogonal arrays of index unity, Ann. Math. Statist. 23 (1952), 426–434. [47] A.R. Calderbank and P.C. Fishburn, Maximal three-independent subsets of {0, 1, 2}^n, Des.

Codes Cryptogr. 4 (1994), 203–211.

[48] L.R.A. Casse, A solution to Beniamino Segre’s ‘Problem I_{r,q}’ for q even, Atti Accad. Naz.

Lincei Rend. 46 (1969), 13–20.

[49] L.R.A. Casse and D.G. Glynn, The solution to Beniamino Segre’s problem I_{r,q}, r = 3, q = 2^h, Geom. Dedicata 13 (1982), 157–164.

[50] L.R.A. Casse and D.G. Glynn, On the uniqueness of (q+1)_4-arcs of P G(4, q), q = 2^h, h ≥ 3, Discrete Math. 48 (1984), 173–186.

[51] J.M. Chao, On the size of a cap in P G(n, q) with q even and n ≥ 3, Geom. Dedicata 74 (1999), 91–94.

[52] J.M. Chao, On the maximum size of a (k, √ q + 1)-arc in P G(2, q), with q square, Atti Sem. Mat. Fis. Univ. Modena 47 (1999), 529–531.

[53] J.M. Chao and H. Kaneta, A complete 24-arc in P G(2, 29) with automorphism group P SL(2, 7), Rend. Mat. Appl. 16 (1996), 537–544.

[54] J.M. Chao and H. Kaneta, Classical arcs in P G(r, q) for 11 ≤ q ≤ 19, Discrete Math. 174 (1997), 87–94.

[55] J.M. Chao and H. Kaneta, Classical arcs in P G(r, q) for 23 ≤ q ≤ 27, submitted. [56] W.E. Cherowitzo, Hyperovals in Desarguesian planes of even order, Ann. Discrete Math.

37 (1988), 87–94.

[57] W.E. Cherowitzo, α-flocks and hyperovals, Geom. Dedicata 72 (1998), 221–246. [58] W.E. Cherowitzo, C.M. O’Keefe and T. Penttila, A unified construction of finite geometries in characteristic two, submitted.

[59] W.E. Cherowitzo, T. Penttila, I. Pinneri and G.F. Royle, Flocks and ovals, Geom. Dedicata 60 (1996), 17–37.

[60] Z. Ciechanowicz, Ph.D. Thesis, University of London, 1980.

[61] G.D. Cohen, M.G. Karpovsky, H.F. Mattson, and J.R. Schatz, Covering radius: survey and recent results, IEEE Trans. Inform. Theory 31 (1985), 328–343.

[62] G.D. Cohen, S.N. Litsyn, H. Honkala and H.F. Mattson, Weighted coverings and packings, IEEE Trans. Inform. Theory 41 (1995), 1856–1867.

[63] A. Cossu, Su alcune proprietà dei {k, n}-archi di un piano proiettivo sopra un corpo finito, Rend. Mat. e Appl. 20 (1961), 271–277.

[64] A.A. Davydov and P.R.J. Östergard, Recursive constructions of complete caps, J. Statist.

Planning Infer., to appear.

[65] A.A. Davydov and L.M. Tombak, Quasiperfect linear binary codes with distance 4 and complete caps in projective geometry, Problems Inform. Transmission 25 (1990), 265–275.

[66] M.A. de Boer, Almost MDS codes, Des. Codes Cryptogr. 9 (1996), 143–155. [67] A. Del Fra and S. Innamorati, private communication (2000).

[68] R.H.F. Denniston, Some maximal arcs in finite projective planes, J. Combin. Theory 6 (1969), 317–319.

[69] S.M. Dodunekov and I.N. Landjev, On near-MDS codes, J. Geom. 54 (1995), 30–43. [70] Y. Edel and J. Bierbrauer, 41 is the largest size of a cap in P G(4, 4), Des. Codes Cryptogr.

16 (1999), 51–60.

[71] Y. Edel and J. Bierbrauer, Recursive constructions for large caps, Bull. Belg. Math. Soc.

Simon Stevin 6 (1999), 249–258.

[72] Y. Edel and J. Bierbrauer, A family of caps in projective 4-space in characteristic 2, Congr.

Numer. 141 (1999), 191–202.

[73] Y. Edel and J. Bierbrauer, A family of caps in projective 4-space in odd characteristic, Finite Fields Appl. 6 (2000), 283–293.

[74] Y. Edel and J. Bierbrauer, Large caps in small spaces, Des. Codes Cryptogr., to appear. [75] Y. Edel, L. Storme and P. Sziklai, New upper bounds for the sizes of caps in P G(N, 5) and P G(N, 7), in preparation.

[76] G. Faina, Complete caps having less than (q^2 + 1)/2 points in common with an elliptic quadric of P G(3, q), q odd, Rend. Mat. 8 (1988), 277–281.

[77] G. Faina, S. Marcugini, A. Milani and F. Pambianco, The spectrum of the values k for which there exists a complete k-arc in P G(2, q) for q ≤ 23, Ars Combin. 47 (1997), 3–11.

[78] G. Faina, S. Marcugini, A. Milani and F. Pambianco, The sizes k of the complete k-caps in P G(n, q), for small q and 3 ≤ n ≤ 5, Ars Combin. 50 (1998), 225–243.

[79] G. Faina and F. Pambianco, Fasci di coniche e archi completi, preprint (1995). [80] G. Faina and F. Pambianco, A class of complete k-caps in P G(3, q) for q an odd prime, J.

Geom. 57 (1996), 93–105.

[81] G. Faina and F. Pambianco, Small complete k-caps in P G(r, q), r ≥ 3, Discrete Math. 174 (1997), 114–123.

[82] G. Faina and F. Pambianco, On some 10-arcs for deriving the minimum order for complete arcs in small projective planes, Discrete Math. 208/209 (1999), 261–271.

[83] P.G. Farrell, Linear binary anticodes, Electronics Letters 6 (1970), 419–421. [84] G. Fellegara, Gli ovaloidi di uno spazio tridimensionale di Galois di ordine 8, Atti Accad.

Naz. Lincei Rend. 32 (1962), 170–176.

[85] S. Ferret and L. Storme, unpublished manuscript (2001).

[86] S. Ferret and L. Storme, Minihypers and linear codes meeting the Griesmer bound: improvements to results of Hamada, Helleseth and Maekawa, submitted.

[87] J.C. Fisher, J.W.P. Hirschfeld and J.A. Thas, Complete arcs in planes of square order, Ann. Discrete Math. 30 (1986), 243–250.

[88] R.A. Fisher, The theory of confounding in factorial experiments in relation to the theory of groups, Ann. Eugen. London 11 (1942), 341–353.

[89] R.A. Fisher, A system of confounding for factors with more than two alternatives giving completely orthogonal cubes and higher powers, Ann. Eugen. London 12 (1945), 283–290.

[90] E.M. Gabidulin, A.A. Davydov and L.M. Tombak, Linear codes with covering radius 2 and other new covering codes, IEEE Trans. Inform. Theory 37 (1991), 219–224.

[91] A. Gács, A remark on blocking sets of almost Rédei type, J. Geom. 60 (1997), 65–73. [92] A. Gács, On a generalization of Rédei’s theorem, submitted.

[93] A. Gács, The Rédei method applied to finite geometry, Ph.D. Thesis, Eötvös Loránd University, Budapest, Hungary, 1997.

[94] A. Gács, P. Sziklai and T. Szőnyi, Two remarks on blocking sets and nuclei in planes of prime order, Des. Codes Cryptogr. 10 (1997), 29–39.

[95] A. Gács and T. Szőnyi, Double blocking sets and Baer-subplanes of odd square order, unpublished manuscript (1995).

[96] M. Giulietti, Small complete caps in P G(2, q), for q an odd square, J. Geom. 69 (2000), 110–116.

[97] M. Giulietti, On plane arcs contained in cubic curves, submitted.

[98] D.G. Glynn, Two new sequences of ovals in finite Desarguesian planes of even order, Combinatorial Mathematics X (ed. L.R.A. Casse), Lecture Notes in Mathematics 1036, Springer, 1983, 217–229.

[99] D.G. Glynn, The non-classical 10-arc of P G(4, 9), Discrete Math. 59 (1986), 43–51.

[100] C.E. Gordon, Orbits of arcs in projective spaces, Finite Geometry and Combinatorics, London Math. Soc. Lecture Note Series 191, Cambridge University Press, Cambridge, 1993, 161–174.

[101] P. Govaerts and L. Storme, On a particular class of minihypers of P G(N, q) and its applications. I: The result for general q, submitted.

[102] P. Govaerts and L. Storme, On a particular class of minihypers of P G(N, q) and its applications. II: Improvements for q square, submitted.

[103] J.H. Griesmer, A bound for error-correcting codes, IBM J. Res. Develop. 4 (1960), 532–542.

[104] P. Gronchi, I blocking sets ed il packing problem, Boll. Un. Mat. Ital. 7-A (1993), 227– 236.

[105] B.R. Gulati and E.G. Kounias, On bounds useful in the theory of symmetrical factorial designs, J. Roy. Statist. Soc. Ser. B 32 (1970), 123–133.

[106] É. Hadnagy, Small complete arcs in P G(2, p), Finite Fields Appl. 5 (1999), 1–12.

[107] É. Hadnagy and T. Szőnyi, On embedding partial unitals and large (k, n)-arcs, Ars Combin., to appear.

[108] H.-R. Halder and W. Heise, On the existence of finite chain-m-structures and k-arcs in finite projective space, Geom. Dedicata 3 (1974), 483–486.

[109] M. Hall, Ovals in the Desarguesian plane of order 16, Ann. Mat. Pura Appl. 102 (1975), 159–176.

[110] N. Hamada, Characterization resp. nonexistence of certain q-ary linear codes attaining the Griesmer bound, Bull. Osaka Women’s Univ. 22 (1985), 1–47.

[111] N. Hamada, Characterization of minihypers in a finite projective geometry and its applications to error-correcting codes, Bull. Osaka Women’s Univ. 24 (1987), 1–24.

[112] N. Hamada, A characterization of some [n, k, d; q]-codes meeting the Griesmer bound using a minihyper in a finite projective geometry, Discrete Math. 116 (1993), 229–268.

[113] N. Hamada, The nonexistence of some quaternary linear codes meeting the Griesmer bound and the bounds for n_4(5, d), 1 ≤ d ≤ 256, Math. Japonica 43 (1996), 7–21.

[114] N. Hamada, The nonexistence of some ternary linear codes of dimension 6 and the bounds for n_3(6, d), 1 ≤ d ≤ 243, Math. Japonica 43 (1996), 577–593.

[115] N. Hamada and T. Helleseth, A characterization of some q-ary codes (q > (h−1)^2, h ≥ 3) meeting the Griesmer bound, Math. Japonica 38 (1993), 925–940.

[116] N. Hamada and T. Maekawa, A characterization of some q-ary codes (q > (h−1)^2, h ≥ 3) meeting the Griesmer bound: Part 2, Math. Japonica 46 (1997), 241–252.

[117] R. Hartshorne, Algebraic Geometry, Springer, New York, 1977. [118] U. Heim, On t-blocking sets in projective spaces, unpublished manuscript (1994). [119] R. Hill, On the largest size of cap in S_{5,3}, Atti Accad. Naz. Lincei Rend. 54 (1973), 378–384.

[120] R. Hill, Caps and codes, Discrete Math. 22 (1978), 111–137.

[121] R. Hill, On Pellegrino’s 20-caps in S_{4,3}, Combinatorial Geometries and their Applications (Rome 1981), Ann. Discrete Math. 18 (1983), 443–448.

[122] R. Hill, Some problems concerning (k, n)-arcs in finite projective planes, Rend. Sem. Mat.

Brescia 7 (1984), 367–383.

[123] R. Hill and J.R.M. Mason, On (k, n)-arcs and the falsity of the Lunelli–Sce conjecture, Finite Geometries and Designs, London Math. Soc. Lecture Note Series 49, Cambridge University Press, Cambridge, 1981, 153–168.

[124] J.W.P. Hirschfeld, Projective Geometries over Finite Fields, Oxford University Press, Oxford, 1979.

[125] J.W.P. Hirschfeld, Caps in elliptic quadrics, Ann. Discrete Math. 18 (1983), 449–466. [126] J.W.P. Hirschfeld, Maximum sets in finite projective spaces, Surveys in Combinatorics, London Math. Soc. Lecture Note Series 82, Cambridge University Press, Cambridge, 1983, 55–76.

[127] J.W.P. Hirschfeld, Finite Projective Spaces of Three Dimensions, Oxford University Press, Oxford, 1985.

[128] J.W.P. Hirschfeld, Complete arcs, Discrete Math. 174 (1997), 177–184. [129] J.W.P. Hirschfeld, Projective Geometries over Finite Fields (Second Edition), Oxford University Press, Oxford, 1998.

[130] J.W.P. Hirschfeld and G. Korchmáros, On the embedding of an arc into a conic in a finite plane, Finite Fields Appl. 2 (1996), 274-292.

[131] J.W.P. Hirschfeld and G. Korchmáros, On the number of rational points on an algebraic curve over a finite field, Bull. Belg. Math. Soc. Simon Stevin 5 (1998), 313–340.

[132] J.W.P. Hirschfeld and G. Korchmáros, Arcs and curves over a finite field, Finite Fields Appl. 5 (1999), 393–408.

[133] J.W.P. Hirschfeld and L. Storme, The packing problem in statistics, coding theory and finite projective spaces, J. Statist. Planning Infer. 72 (1998), 355–380.

[134] J.W.P. Hirschfeld and T. Szőnyi, Constructions of large arcs and blocking sets in finite planes, European J. Combin. 12 (1991), 499–511.

[135] J.W.P. Hirschfeld and J.A. Thas, Linear independence in finite spaces, Geom. Dedicata 23 (1987), 15–31.

[136] J.W.P. Hirschfeld and J.A. Thas, General Galois Geometries, Oxford University Press, Oxford, 1991.

[137] S. Innamorati, The non-existence of certain large minimal blocking sets, Mitt. Math. Sem.

Giessen 235 (1998), 1–23.

[138] S. Innamorati and A. Maturo, On irreducible blocking sets in projective planes, Ratio Math. 2 (1991), 151–155.

[139] H. Kaneta, private communication (1995). [140] H. Kaneta, private communication (1998).

[141] H. Kaneta and T. Maruta, An elementary proof and an extension of Thas’ theorem on k-arcs, Math. Proc. Cambridge Philos. Soc. 105 (1989), 459–462.

[142] B.C. Kestenband, A family of complete arcs in finite projective planes, Colloq. Math. 57 (1989), 59–67.

[143] J.H. Kim and V.H. Vu, Small complete arcs in projective planes, submitted. [144] G. Korchmáros, New examples of complete k-arcs in P G(2, q), European J. Combin. 4 (1983), 329–334.

[145] P. Kustaanheimo, A note on a finite approximation of the Euclidean plane geometry, Soc.

Sci. Fenn. Comment. Phys.-Math. 15, No. 19 (1950).

[146] P. Lisonek, Computer-assisted studies in algebraic combinatorics, Ph.D. Thesis, Research Institute for Symbolic Computation, J. Kepler University Linz, 1994.

[147] L. Lombardo-Radice, Sul problema dei k-archi completi di S_{2,q}, Boll. Un. Mat. Ital. 11 (1956), 178–181.

[148] L. Lovász and A. Schrijver, Remarks on a theorem of Rédei, Studia Scient. Math. Hungar.

16 (1981), 449–454.

[149] L. Lovász and T. Szőnyi, Multiple blocking sets and algebraic curves, abstract from Finite Geometry and Combinatorics (Third International Conference at Deinze (Belgium), May 18-24, 1997).

[150] G. Lunardon, Normal spreads, Geom. Dedicata 75 (1999), 245–261.

[151] L. Lunelli and M. Sce, Considerazione aritmetiche e risultati sperimentali sui {K; n}_qarchi, Ist. Lombardo Accad. Sci. Rend. A 98 (1964), 3–52.

[152] F.J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes, North- Holland, Amsterdam, 1977.

[153] S. Marcugini, A. Milani and F. Pambianco, Maximal (n, 3)-arcs in P G(2, 11), Discrete Math. 208/209 (1999), 421–426.

[154] S. Marcugini, A. Milani and F. Pambianco, Maximal (n, 3)-arcs in P G(2, 13), in preparation.

[155] T. Maruta and H. Kaneta, On the uniqueness of (q + 1)-arcs of P G(5, q), q = 2^h, h ≥ 4, Math. Proc. Cambridge Philos. Soc. 110 (1991), 91–94.

[156] J.R.M. Mason, On the maximum sizes of certain (k, n)-arcs in finite projective geometries, Math. Proc. Cambridge Philos. Soc. 91 (1982), 153–170.

[157] J.R.M. Mason, A class of ((p^n − p^m)(p^n − 1), p^n − p^m)-arcs in P G(2, p^n), Geom. Dedicata 15 (1984), 355–361.

[158] R. Meshulam, On subsets of finite abelian groups with no 3-term arithmetic progression, J. Combin. Theory Ser. A 71 (1995), 168–172.

[159] A. Milani, S. Marcugini and F. Pambianco, Computer aided determination of very small arcs in P G(2, q), q ≤ 67, preprint.

[160] A.C. Mukhopadhyay, Lower bounds on m_t(r, s), J. Combin. Theory Ser. A 25 (1978), 1–13.

[161] G.P. Nagy and T. Szőnyi, Caps in finite projective spaces of odd order, J. Geom. 59 (1997), 103–113.

[162] C.M. O’Keefe and T. Penttila, Ovoids of P G(3, 16) are elliptic quadrics, J. Geom. 38 (1990), 95–106.

[163] C.M. O’Keefe and T. Penttila, Hyperovals in P G(2, 16), European J. Combin. 12 (1991), 51–59.

[164] C.M. O’Keefe and T. Penttila, A new hyperoval in P G(2, 32), J. Geom. 44 (1992), 117– 139.

[165] C.M. O’Keefe and T. Penttila, Ovoids of P G(3, 16) are elliptic quadrics, II, J. Geom. 44 (1992), 140–159.

[166] C.M. O’Keefe, T. Penttila and G.F. Royle, Classification of ovoids in P G(3, 32), J. Geom.

50 (1994), 143–150.

[167] C.M. O’Keefe and L. Storme, Arcs fixed by A_5 and A_6, J. Geom. 55 (1996), 123–138.

[168] P.R.J. Östergard, Computer search for small complete caps, J. Geom. 69 (2000), 172–179. [169] S. Packer, Sets of odd type and caps in Galois geometries of order four, D.Phil. Thesis, University of Sussex, 1995.

[170] F. Pambianco and L. Storme, Small complete caps in spaces of even characteristic, J.

Combin. Theory Ser. A 75 (1996), 70–84.

[171] F. Pambianco and L. Storme, unpublished manuscript (1995).

[172] G. Panella, Caratterizzazione delle quadriche di uno spazio (tridimensionale) lineare sopra un corpo finito, Boll. Un. Mat. Ital. 10 (1955), 507–513.

[173] S.E. Payne, A new infinite family of generalized quadrangles, Congr. Numer. 49 (1985), 115–128.

[174] S.E. Payne, A tensor product action on q-clan generalized quadrangles with q = 2^e, Linear Algebra Appl. 226–228 (1995), 115–137.

[175] S.E. Payne, T. Penttila and I. Pinneri, Isomorphisms between Subiaco q-clan geometries, Bull. Belg. Math. Soc. 2 (1995), 197–222.

[176] S.E. Payne, T. Penttila and G.F. Royle, Constructing a cyclic q-clan, Mostly Finite Geometries (ed. N.L. Johnson), Marcel Dekker, New York, 1997, 365–378.

[177] G. Pellegrino, Sul massimo ordine delle calotte in S_{4,3}, Matematiche (Catania) 25 (1970), 1–9.

[178] G. Pellegrino, Sulle calotte complete, non ovaloidi, dello spazio P G(3, q), q dispari, Rend.

Circ. Mat. Palermo 47 (1998), 141–168. [179] T. Penttila, private communication (2000).

[180] T. Penttila and C.E. Praeger, Ovoids and translation ovals, Proc. London Math. Soc. 56 (1997), 607–624.

[181] T. Penttila and G.F. Royle, Classification of hyperovals in P G(2, 32), J. Geom. 50 (1994), 151–158.

[182] T. Penttila and G.F. Royle, On hyperovals in small projective planes, J. Geom. 54 (1995), 91–104.

[183] T. Penttila and G.F. Royle, private communication (1995).

[184] P. Polito and O. Polverino, On small blocking sets, Combinatorica 18 (1998), 133–137. [185] O. Polverino, Small blocking sets and complete k-arcs in P G(2, p^3), Discrete Math.

208/209 (1999), 469–476.

[186] O. Polverino, Small blocking sets in P G(2, p^3), Des. Codes Cryptogr. 20 (2000), 319–324.

[187] O. Polverino and L. Storme, Small blocking sets in P G(2, q^3), submitted. [188] B. Qvist, Some remarks concerning curves of the second degree in a finite plane, Ann.

Acad. Sci. Fenn. Ser. A 134 (1952).

[189] A.R. Sadeh, The classification of k-arcs and cubic surfaces with twenty-seven lines over the field of eleven elements, D.Phil. Thesis, University of Sussex, 1984.

[190] M. Scipioni, Sugli archi completi nei piani desarguesiani, Tesi di laurea, University of Rome “La Sapienza”, 1990.

[191] B. Segre, Sulle ovali nei piani lineari finiti, Atti Accad. Naz. Lincei Rend. 17 (1954), 1–2. [192] B. Segre, Ovals in a finite projective plane, Canad. J. Math. 7 (1955), 414–416. [193] B. Segre, Curve razionali normali e k-archi negli spazi finiti, Ann. Mat. Pura Appl. 39 (1955), 357–379.

[194] B. Segre, Sui k-archi nei piani finiti di caratteristica due, Rev. Math. Pures Appl. 2 (1957), 289–300.

[195] B. Segre, Le geometrie di Galois, Ann. Mat. Pura Appl. 48 (1959), 1–97. [196] B. Segre, Lectures on Modern Geometry, Cremonese, Rome, 1961. [197] B. Segre, Ovali e curve σ nei piani di Galois di caratteristica due, Atti dell’ Accad. Naz.

Lincei Rend. (8) 32 (1962), 785–790.

[198] B. Segre, Introduction to Galois geometries (ed. J.W.P. Hirschfeld), Atti Accad. Naz.

Lincei Mem. 8 (1967), 133–236.

[199] G. Solomon and J.J. Stiffler, Algebraically punctured cyclic codes, Inform. and Control 8 (1965), 170–179.

[200] L. Storme and P. Sziklai, Linear point sets and Rédei type k-blocking sets in P G(n, q), submitted.

[201] L. Storme and T. Szőnyi, Caps in P G(n, q), q even, n ≥ 3, Geom. Dedicata 45 (1993), 163–169.

[202] L. Storme and J.A. Thas, Complete k-arcs in P G(n, q), q even, Discrete Math. 106/107 (1992), 455–469.

[203] L. Storme and J.A. Thas, M.D.S. codes and arcs in P G(n, q) with q even: an improvement of the bounds of Bruen, Thas and Blokhuis, J. Combin. Theory Ser. A 62 (1993), 139–154.

[204] L. Storme and J.A. Thas, k-arcs and dual k-arcs, Discrete Math. 125 (1994), 357–370. [205] L. Storme, J.A. Thas and S.K.J. Vereecke, New upper bounds for the sizes of caps in finite projective spaces, J. Geom., to appear.

[206] L. Storme and Z. Weiner, Minimal blocking sets in P G(n, q), n ≥ 3, Des. Codes Cryptogr.

21 (2000), 235–251.

[207] P. Sziklai and T. Szőnyi, Blocking sets and algebraic curves, Rend. Circ. Mat. Palermo 51 (1998), 71–86.

[208] T. Szőnyi, Small complete arcs in Galois planes, Geom. Dedicata 18 (1985), 161–172.

[209] T. Szőnyi, Note on the order of magnitude of k for complete k-arcs in P G(2, q), Discrete Math. 66 (1987), 279–282.

[210] T. Szőnyi, Arcs in cubic curves and 3-independent sets of abelian groups, Combinatorics, Eger, Colloquia Mathematica Societatis János Bolyai, North-Holland, Amsterdam 52 (1987), 499–508.

[211] T. Szőnyi, Note on the existence of large minimal blocking sets in Galois planes, Combinatorica 12 (1992), 227–235.

[212] T. Szőnyi, Arcs, caps, codes, and 3-independent subsets, Giornate di Geometrie Combinatorie (eds. G. Faina and G. Tallini), Università degli Studi di Perugia, Perugia, 1993, 57–80.

[213] T. Szőnyi, Blocking sets in Desarguesian affine and projective planes, Finite Fields Appl.

3 (1997), 187–202.

[214] T. Szőnyi, On the embedding of (k, p)-arcs in maximal arcs, Des. Codes Cryptogr. 18 (1999), 235–246.

[215] T. Szőnyi and Z. Weiner, Small blocking sets in higher dimensions, J. Combin. Theory Ser. A, to appear.

[216] G. Tallini, Calotte complete di S_{4,q} contenenti due quadriche ellittiche quali sezioni iperpiane, Rend. Mat. e Appl. 23 (1964), 108–123.

[217] J.A. Thas, Normal rational curves and k-arcs in Galois spaces, Rend. Mat. 1 (1968), 331–334.

[218] J.A. Thas, Connection between the Grassmannian G_{k−1;n} and the set of the k-arcs of the Galois space S_{n,q}, Rend. Mat. 2 (1969), 121–134.

[219] J.A. Thas, Some results concerning {(q +1)(n−1); n}-arcs and {(q +1)(n−1)+1; n}-arcs in finite projective planes of order q, J. Combin. Theory Ser. A 19 (1975), 228–232.

[220] J.A. Thas, Complete arcs and algebraic curves in P G(2, q), J. Algebra 106 (1987), 451– 464.

[221] J. Tits, Ovoides et groupes de Suzuki, Arch. Math. 13 (1962), 187–198.

[222] J.F. Voloch, On the completeness of certain plane arcs. European J. Combin. 8 (1987), 453–456.

[223] J.F. Voloch, Arcs in projective planes over prime fields, J. Geom. 38 (1990), 198–200.

[224] J.F. Voloch, On the completeness of certain plane arcs II, European J. Combin. 11 (1990), 491–496.

[225] J.F. Voloch, Complete arcs in Galois planes of non-square order, Advances in Finite Geometries and Designs (eds. J.W.P. Hirschfeld, D.R. Hughes, J.A. Thas), Oxford University Press, Oxford, 1991, 401–406.

[226] W.C. Waterhouse, Abelian varieties over finite fields, Ann. Sci. École Norm. Sup. 2 (1969), 521–560.