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Important Sequence Families

Periodic: m-sequences, univariate

bent Boolean functions, multivariate

Aperiodic: Golay sequences, univariate

complementary arrays, multivariate
occur in pairs.
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Planet Earth

Golay sequence pairs.

Aperiodic autocorrelations sum to δ.

A(y) = 1 + y + y 2 − y 3

B(y) = 1 + y − y 2 + y 3.

|A(circle)|2 + |B(circle)|2 = 2.
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Planet Earth

Golay sequence pairs.

Aperiodic autocorrelations sum to δ.

A(y) = 1 + y + y 2 − y 3

B(y) = 1 + y − y 2 + y 3.
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Planet Venus

Type II sequence pairs.

Normalised aperiodic autoconvolutions sum to δ.

A(y) = 1 + y + y 2 − y 3

B(y) = 1− y − y 2 − y 3.

|A(real)|2 + |B(real)|2/norm. = 2.
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Planet Venus

Type II sequence pairs.

Normalised aperiodic autoconvolutions sum to δ.

A(y) = 1 + y + y 2 − y 3

B(y) = 1− y − y 2 − y 3.

For t ∈ R,

|A(t)|2 + |B(t)|2/norm. = 2.
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Planet Zog

Type III sequence pairs.

Normalised aperiodic autozogs sum to δ.

A(y) = 1 + y + y 2 − y 3

B(y) = 1− y − y 2 + y 3.

|A(imag)|2 + |B(imag)|2/norm. = 2.
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Type I, II, III Evaluation Sets
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Restricted Path Graphs (type I array pairs)

A(x) = m(x)(−1)a(x), B(x) = m(x)(−1)b(x),
x ∈ Fn

2, a, b,m : Fn
2 → F2.

Where,

a(x) = x0x1 + x1x2 + . . . xq−2xq−1,
b(x) = a(x) + xq−1,

m(x) =
∏n−1

k=q(xk + xrk + 1),

where,

q ∈ {0, 1, . . . , n − 1}, r = (rq, rq+1, . . . , rn−1), rk ∈ Q,∀k ,
Q = {0, 1, . . . , q − 1}.
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Restricted Path Graphs (type I → type III)

A(x) = m(x)(−1)a(x), B(x) = m(x)(−1)b(x),
x ∈ Fn

2, a, b,m : Fn
2 → F2.

a(x) = x0x1 + x1x2 + . . . xq−2xq−1,
b(x) = a(x) + xq−1,

m(x) =
∏n−1

k=q
(xk + xrk

+ 1),

q ∈ {0, 1, . . . , n − 1}, r = (rq , rq+1, . . . , rn−1), rk ∈ Q, ∀k,
Q = {0, 1, . . . , q − 1}.

(H⊗nA,H⊗nB) is a type-III bipolar (quadratic) pair
iff q is even.
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Restricted Path Graphs - type III characterisation

A(x) = m(x)(−1)a(x), B(x) = m(x)(−1)b(x),
a type-III bipolar pair,

a(x) =
∑q/2−1

j=0 (f2j+1 + x2j+1)
∑j

k=0(f2k + x2k),

b(x) = a(x) +
∑q/2−1

j=0 (f2j+1 + x2j+1).

where fj(x) =
∑

q≤k<n,rk=j xk ,

q ∈ {0, 1, . . . , n − 1}, r = (rq, rq+1, . . . , rn−1),
rk ∈ {0, . . . , q − 1},∀k
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A Recipe

Take a self-dual, n-variable, Boolean

function, f (f = H⊗nf .)

Let gk = f (x + k) + f (x + k̄), k ∈ Fn
2.

For ko, ke ∈ Fn
2, wt(ko) odd, wt(ke) even,

((−1)gko , (−1)gke ) is a type III pair.
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Self-Dual Equivalence

Duality preserved by extended orthogonal

group.

f (x)→ f (Lx + d) + d · x ,

LLT = I , d ∈ Fn
2.

So, ((−1)gko (Lx+d)+d ·x , (−1)gke (Lx+d)+d ·x)

is a type III pair.
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Aperiodic equivalence via extended orthogonal

group

Duality preserved by extended orthogonal

group.

f (x)→ f (Lx + d) + d · x ,

LLT = I , d ∈ Fn
2.

So,

(H⊗n(−1)gko (Lx+d)+d ·x ,H⊗n(−1)gke (Lx+d)+d ·x)

is a type I pair.
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Summary

Golay complementary pairs - both sequence and
array.

Two new types of pair ; Type II and Type III.

Essentially, one array pair for types I and II, but
many array pairs for type III.

Restricted path graphs characterised as type I
array pairs over alphabet {−1, 0, 1}.
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Summary

Restricted path graphs rotated by unitary
transform to type III bipolar array pairs -
possibly all such type III pairs accounted for.

Conjecture about type III properties of full
differential of self-dual bent function and
symmetry class for type I pairs inferred, being
the action of the extended orthogonal group.
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