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Let C be a q-ary code of length n and minimum distance d. The Singleton
bound states that |C| ≤ qn−d+1. Codes reaching the Singleton bound are
called Maximum Distance Separable codes (MDS codes). Given an alphabet
of size q and a minimum distance d, a natural question is whether there is
a bound on the length of an MDS code. We will restrict to linear MDS
codes, then C is a k-dimensional subspace of the n-dimensional vector space
over Fq, the finite field of order q. The following conjecture is known as the
(linear) MDS conjecture.

Let C be a linear [n, k, d] code over the finite field Fq satisfying
the Singleton bound. Then n ≤ q + 1, unless q is even and k = 3
or k = q − 1, in which case n ≤ q + 2.

Let V (r, q) be an r-dimensional vector space over Fq, then an arc of V (r, q)
is a set S of vectors with the property that every subset of size r of S is a
base of V (r, q). Arcs of vector spaces are equivalent with MDS codes, and
the size of the arc equals the length of the code.

The first part of the talk will be devoted to explain the state of the art of
the MDS conjecture. Old and recent results will be discussed, as well as the
techniques that were used to prove the following theorems. Let p be prime.

Theorem. (S. Ball [2]) An arc of V (k, q), q = ph, has size at most q +
k + 1−min(k, p), where k ≤ q.

Theorem. (S. Ball and J. De Beule [4]) An arc of V (k, q), q = ph non-
prime and 2 < k ≤ 2p− 2, has size at most q + 1.

In vector spaces of dimension at least three, there are very few examples
known of arcs reaching the conjectured largest possible size. Among them
are normal rational curves, which are equivalent with Reed-Solomon codes.
Besides the progress towards the MDS conjecture, the work of S. Ball in [2]
also contains the following classification result.

Theorem. (S. Ball [2]) If p ≥ k ≥ 3, then an arc of V (k, q), q = ph, of
size q + 1 is equivalent to a normal rational curve.

As described in [2], a corollary of the previous theorem for linear codes
is the following statement.



Corollary. If p ≥ k ≥ 3, then a linear MDS code of length q + 1 over the
finite field Fq, q = ph, is a Reed-Solomon code.

In the second part of the talk, we will briefly discuss some examples of arcs
of largest possible size in vector spaces, and explain the ideas and techniques
from [2] that have led to the classification result mentioned above.

The third part of the talk will be devoted to some recent results found
in [1], [3] and [5]. In [1], the connection between arcs of vector spaces and
inclusion matrices is described. In [3] and [5], this leads to extension results
of arcs. A particular example of such a result is the following.

Theorem. (S. Ball and J. De Beule [5]) Suppose that q is odd and that
G is an arc of V (k, q) of size 3k− 6. Suppose that E is a subset of G of size
2k − 3 and that G projects to a subset of a conic from every (k − 3)-subset
of E. Then G cannot be extended to an arc of size q + 2.
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