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Abstract

In this paper, we study rank two semifields of order ¢® that are of scattered type. The known
examples of such semifields are some Knuth semifields, some Generalized Twisted Fields and the
semifields recently constructed in [12] for ¢ = 1(mod 3). Here, we construct new infinite families of
rank two scattered semifields for any ¢ odd prime power, with ¢ = 1(mod 3); for any q = 22" such
that h = 1(mod3) and for any ¢ = 3" with h = 0(mod3). Both the construction and the proof
that these semifields are new, rely on the structure of the linear set and the so-called pseudoregulus
associated to these semifields.
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1 Introduction

A nonassociative division algebra over a finite field is called a finite semifield. During the last decade
the theory of finite semifields has received a lot of attention. This has no doubt been stimulated by
the interesting connections between semifields and other areas, such as finite geometry and coding the-
ory. In this paper we use a geometric approach to this theory. We refer to [5] for definitions and notations.

The semifields that we study here are six-dimensional [Fy-algebras, which have at least one nucleus of
order ¢3: rank two semifields of order ¢5. The Knuth orbit of such a semifield contains an isotopism class
[S], whose left nucleus has size ¢%, and with the semifield S, there is associated an F,-linear set L(S) of
rank six, disjoint from a hyperbolic quadric Q in PG(3, ¢). The isotopy class [S] corresponds to the orbit
of L(S) under the subgroup G < PTOT (4, ¢®) that fixes the reguli of Q.

These linear sets have been studied in detail in [10] and the corresponding isotopism classes of semi-
fields can be partitioned into six families, F; (i = 0,1,...,5), according with the different geometric
configurations of the associated IF-linear sets. In this paper we study semifields in the class F5, in which
case the linear sets are scattered, i.e., they have maximal size (¢® — 1)/(¢ — 1). The semifields of class
Fs are called scattered semifields. The known examples of semifields belonging to F5 are some Knuth
semifields (see [10, Proposition 4.7]), some Generalized Twisted Fields (see [10, Proposition 4.8]) and
finally the semifields recently constructed in [12], for ¢ = 1(mod 3).

In this paper we deduce the general form for a new class of scattered semifields and determine the
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nuclei of such a semifield in terms of its parameters. Next, we face with the existence issue for this
class, and prove that it contains infinitely many examples. In fact, it contains examples for any odd
prime power ¢, with ¢ = 1(mod3); for any ¢ = 22" such that h = 1(mod3) and for any ¢ = 3" with
h =0 (mod3).

2 Preliminary results

In [10], the authors associate to any scattered F,-linear set L of rank 6 of PG(3, ¢®), a geometric object
P(L), called an F,—pseudoregulus, consisting of ¢®+ 1 lines of PG(3, ¢*) intersecting L in ¢*>+ ¢+ 1 points.
An F,pseudoregulus has exactly two transversal lines and the above mentioned ¢* + 1 (¢* + ¢ + 1)-
secants to L are the unique lines of PG(3, ¢®) intersecting L in that number of points. A way to construct
scattered Fy-linear sets of rank 6 in PG(3,¢?) is the following. Let 7 and r’ be two disjoint lines of
PG(3,¢%) = PG(V), say r = PG(U) and r' = PG(U’), with V = U @ U’. Let ¢;: r — 1’ be a strictly
semilinear collineation between 7 and 7’ having as companion automorphism o an [Fs—automorphism over
F, (ie. o € {g,¢*}), induced by the semilinear invertible map f: U — U’. Let W, = {u+pf(u): u € U}
with p € Fls. Then W, is an F,—vector subspace of V' of dimension 6 and if p # 0, W, is not an [F ;s—vector
subspace of V. It is easy to see that

L(W,) ={{u+pf(w)e,:uecU\{0}}
is a scattered F,—linear set or rank 6 of PG(3,¢%). Also, for any point P € 7 we have that
(P,P®"yNL(W,) = {{(\u+ A7 f(w)r st X € Fya}.

So for each P € r the lines (P, P?) are (¢> + ¢ + 1)-secants to L(W,). Hence, the F,—pseudoregulus
associated with L(W,) is P(L(W,)) = {(P,P?7): P € r} and the lines r and r’ are its transversal lines.
Also, note that L(W,)NL(W,/) # 0 if and only if pT el = p/a+a+1, in fact in this case L(W,)=L(W,),
and for any p € Fs, L(W,) is disjoint from both 7 and r’. So, we end up with ¢ — 1 disjoint linear sets
which together with the lines r and r’ partition the pointset of the F,—pseudoregulus. In [10, Proposition
2.7] it has been proven that scattered F,~linear sets of rank 6 of PG(3,¢*) are projectively equivalent
with respect to the action of PI'L(4,¢%). As a consequence of this theorem the above arguments prove
the following result.

Theorem 2.1. If L is a scattered F,~linear set of rank 6 of PG(3,q3) whose associated F,—pseudoregulus
P(L) has transversal lines r = PG(U,q®) and v’ = PG(U’,q®), then there exist an element p of Frs and
a semilinear collineation ¢ between r and r' having as companion automorphism either o = q or 0 = ¢*
such that

L=L(W,) = {(u+pf(w):ueU\{0}} and P(L) = {(P,P?): P er}.

If S is a semifield belonging to class F5, then the associated linear set L(S) in PG(3,¢%) is a scattered
F,-linear set of rank 6. Hence, there exists an F,—pseudoregulus P(L(S)) := P(S) associated with L(S).
If S and S’ are two isotopic semifields in class F5 then the corresponding scattered linear sets L(S) and
L(S') belong to the same orbit of the group G < PT'O™ (4, ¢%) fixing the reguli of the quadric Q. Hence,
the associated pseudoreguli P(S) and P(S’) and the related transversal lines are G-equivalent. This
means that semifields in class F5, whose associated pseudoreguli have transversals not equivalent under
the G-action, are not isotopic. The only known examples of semifields belonging to F5 are



a) some Knuth semifields (see [10, Property 4.7]);
b) some Generalized Twisted Fields (see [10, Property 4.8]);
¢) semifields constructed in [12] for ¢ = 1(mod 3).

The corresponding F,—pseudoregulus has the transversal lines both contained in Q in Case a), both
external to Q and pairwise polar in Case b) and one external and the other one contained in Q in Case
¢). In the next section we study F,—pseudoreguli for which at least one of the transversal lines is external
to the quadric Q, in order to construct scattered F,-linear sets of PG(3, ¢®) which are not G-isomorphic
to any linear set associated with a semifield of type a), b) or ¢). This leads to the construction of new
semifields in the family Fs.

3 Semifields from pseudoreguli with at least one external transver-
sal line

Let V = F%, denote the F s—vector space with elements {(z,y) : z,y € Fy}. We use the notation (z,y)
for the points of P = PG(V). Let Q be the hyperbolic quadric of P whose associated orthogonal polarity
1 is induced by the symmetric bilinear form

b((z,y), (@, y) = 2% 2 + 22’ —yTy —yy'®,

ie.,

Q : XU+ _yd+l

Let N : Fpo = Fps @ v 27°+1 denote the norm function of Fgyo over Fys and, as before, let G be the
subgroup of PT'O™ (4, ¢), fixing the reguli R; and Ry of the quadric Q, where R; and R consist of the
lines {L¢: e € Fys, N(€) = 1} and {M. : € € Fys, N(€) = 1}, respectively, with

* 3 *
Le:={{y,ye) 1y € Fe}, and M, := {{y,y? €) : y € Fs }.
The linear collineations of P fixing the reguli of Q are
(x,y) — (ACx + BDT 2% + ADqsy + BC’yq3 ,ADz + BC? 27" + ACqsy + Bqu3> (1)

where A, B,C and D are elements of F s with AT+ £ B+ apq €1 £ DI,

Let T'rys/q denote the trace function of Fys over IF,; the map T'r¢s /, o b is a non—degenerate IF,—bilinear
form of V, when V is regarded as an F,~vector space. Starting from a semifield S of order ¢%, 2-
dimensional over the left nucleus, using the form T/, o b, we get a (pre)semifield! of order ¢%, whose
associated semifield is 2-dimensional over its left nucleus, as well. This (pre)semifield is the translation
dual of S and it is denoted by S*. For further details on the translation dual of a semifield see [6], [8] and
[4, Chapter 85]. In [10, Prop. 3.1}, it has been proven that the family F5 is closed under the translation
dual operation.

Let S be a semifield belonging to class F5 and denote by P(S) its associated F,—pseudoregulus in P, with
transversal lines r and 7’ and suppose that r is an external line to the hyperbolic quadric Q. Since the

LA presemifield satisfies all the axioms of a semifield except (possibly) the existence of the identity element. Each
presemifield is isotopic to a semifield.



group G acts transitively on the set of lines of P which are external to Q we can suppose, up to the
G—action, that

ri={(y,0): y € Fie}.
Now, any line 7’ of P disjoint from r is of type r" = {(g(y),y) : y € Fyc}, where g: Fyo — Fyo is an
F s—linear map of Fys, i.e.
3 *
' =rau = {\y+uy”,y):y € Fhel,

where A, are two elements of Fys. If A = o = 0, then ' = r+ where L is the polarity defined by Q;
whereas, the line 7 is contained in Q if and only if either A = 0 and N(u) = 1 or N(\) =1 and p = 0.
Denote by G the linear part of the group G. In what follows we will determine the stabilizer G, of the

transversal line r of P(S), with respect to the action of G. Then we study the action of G, on the lines
7’ skew to 7.

Proposition 3.1. Two lines ry , and ry v disjoint from r belong to the same orbit under the action of
G, if and only if N(N) = N(\) and N(¢') = N(u).

Proof. Taking (1) into account, it is easy to show that a projectivity of P, fixing the reguli of Q and
leaving invariant the line r is either

v (z,y) — Lz, Ley)

or
3 3
d)z,e : <$,y> = <£€Iq aqu >7

where ¢ € Fzﬁ and 9’1 = 1. Hence,

3 % A e 3 «
Gu,e(rau) = {(lAy + py? ), ley) » y €Fpo} = {(gz + g nuz? z) 0 2 €Fie}

(a°-1
and
3 3 3 3 « 3 3 3 3 %
Gpe(rau) = {{leM\yT +pTy), byt ) s y€Fpe} = {(\ ez + Tt ,2) 2 €F el
where £ € Fzﬁ and £°+1 = 1. The result easily follows from these expressions. O

Now, we determine the generic form of an F,—pseudoregulus having as its transversals the lines r and
7" =7 . By Theorem 2.1 we need a strictly semilinear invertible map ¢ between r’ and r. Any such
map has the following form:

o My +py? ) €’ e (f(y),0) e, (2)

where f: Fge +— Fye is a strictly Fys—semilinear invertible map of Fys with companion automorphism an
[y —automorphism o over Fg; i.e., f(ay) = o f(y) for each a € Fgs and y € Fge. A direct calculation
shows that

fryely” +my’?, (3)

where [ and m are two elements of F,6 such that N(I) # N(m) and o € {g,¢? ¢*, ¢°}. Indeed, since f is
F,-linear, we can write

5 .
f(y) = Zaiyql7
=0



with a; € Fye. Now, since f(ay) = o f(y) for any a € Fys and for any y € Fyo , we have
VaeFpsVi=0,...,5 : aa? —a%) =0.

It follows that f must assume Form (3).

This allows us to prove the following

Theorem 3.2. Up to the action of the group G, the generic form for a scattered Fy—linear set L of rank
6 of PG(3,q¢®) disjoint from the hyperbolic quadric Q and whose associated F,-pseudoregulus has at least
one of its transversal lines being external to Q, is the following

L=L\p,a,B,0) = {(\y+py?” +ay” + By’ y): y € Fl},
where \, i, and (3 are elements of Fye such that N(a) # N(B), o € {q.¢*,¢*,¢°} and
Yy € Fle @ N(y) # Ny + uy? +ay” + By°7). (4)

Also, the elements \ and pu can be taken up to their norms, i.e., if N(A\) = N(XN) and N(u) = N('),
then
L()\a M, &, /67 U)g = L()‘/7 M/a Q, 57 U)g'

Proof. By the previous arguments we can suppose
r={({0): yeFu}

and 5
' =r={(Ay+ Y)Yy €Fesl,
where A\, u € Fre and A and p can be taken up to their F s—norms. Also, by Theorem 2.1, P(L) =

{(P,P?7): P € r'}, where ¢; is a semilinear map between r’ and r as described in (2) and (3) and
L =L(W,) (p €Fs), where

3 3
Wy ={(A\y+ py® + p(ly” +my®® ), y): y € Fye},
with N(1) # N(m). Putting o = lp and 8 = mp we have that
L={\y+uy” +ay’ + By’ y):y € Fl}, (5)
for some A, p1, v, 8 € F e, such that N(a) # N(3). Finally, since LN Q =0,
vy eFl © N(y) # N+ uy® +ay® + By°®).
O

Let S be a presemifield in class F5 and let L(S) be the associated scattered F,-linear set of rank 6 in
PG(3,4¢%). By Theorem 3.2, up to the G—action we have

3 3
L(S) = LA\ o, B,0) = {0y + py® + aw” + By ,y): y € B}



By [8], the G-orbit corresponding to the isotopism class [S?] of the transpose semifield S* of S is obtained

by an element of PTO™ (4, ¢®) interchanging the reguli R; and R, for instance (z,y) — (z, yq3>; indeed
[S*] corresponds to the G-orbit L(S*)9 with

L(S") = {(uz + Azt 4 B2 + ozz”qs,z>: z€Fu} = L(p, A\ B,a,0). (6)
Also, direct computation shows that the orthogonal complement of the projective space L(S) over F,,

with respect to the F,—bilinear form T'rys,, o b, described at the beginning of this section, is

—1_3

{(z,9(2)): z € Fis}, where g(z) = Az pz? 407 T 4570 0
Using the collineation (x,y) — (y,x) of G, we get that the G-orbit corresponding to the isotopism class

of the translation dual S* of S is L(S*)Y, with

1 3 —1

L(St) = {()\qsz _|_qu3 +a° P g z"flqrd,z): z€F,} = L()\qg,u,aaflq 37 o).

Hence, by [2, Theorem 2.1], by Theorem 3.2 and by the previous arguments it follows

Theorem 3.3. Up to isotopism, the multiplication for a presemifield S = (Fys,4,%) belonging to the
class Fs and whose associated F,—pseudoregulus has one of its transversal lines external to the quadric
Q can be written in the following fashion

zxy =y +py® +ay’ + By )z + ya? (7)

where \, p, o, B € Fuo, 0 € {q,¢* q*,¢°} and N(a) # N(B3); such that

3 3
Vy €Fpe @ N(y) # NOw + py? +ay” + By°7). (8)

Also, the elements A and p can be taken up to their norms over Fys. We denote such a semifield by
S =S\, w,a, B,0). The isotopism class of the transposed presemifield is given by

[S'] =[SO\ e, B,0)"] = [S(w, A, B, v, ).

The isotopism class of the translation dual S* of S is given by

—1

[SL] = [S()‘a H, a, /6a U)J_] = [S()\qs s 1y 04071(137 ﬁa ,0'_1)].

Remark 3.4. Note that S(\, i, @, 8,0) = S(\, i, B, v, 0 ¢?).

4 Nuclei

The definition of nuclei of a semifield can be found, for instance, in [5]. If S is a presemifield, then S
turns out to be isotopic to a semifield, say S’. Since the size of the center as well as the size of the nuclei
of a semifield are invariant under isotopy, we will say that a presemifield S has left (respectively, middle
and right) nucleus of order ¢/, and we write ¢’ = |N;(S)| (respectively, |N,,(S)| and |N,.(S)|) if the left
(respectively, middle and right) nucleus of a semifield S’ isotopic to it has order ¢’ (see [12, Thm. 2.1 and
Remark 2.2]).



Let S be a presemifield belonging to the class F5 and whose associated F,—pseudoregulus has one of its
transversal lines external to the quadric Q. Then by Theorem 3.3, up to isotopism, the multiplication of
S =S\ u,a,0,0) is
3 3 3
zxy=Ay+py" + oy’ + Py’ )z +ya?,
where \, 1, o, B € Fs, 0 € {q,¢%,¢*,¢°} and N(c) # N(f); such that

Yy EeFp ¢ N(y)# NOw+py® +ay” + By ).

Let S = S\ p,a,8,0) ={py: z— (Ay+ 1yt + ay® + By )z + yz?'} be the spread set of linear
maps associated with the presemifield S. Then S is contained in the 4-dimensional vector space V =
Endg , (Fgs) of the endomorphisms of Fys over Fa.

By [11, Property 2.1], the right nucleus of a semifield isotopic to S is isomorphic to the largest subfield
of the space V whose elements v 4 p: z +— Az + Barqs, with A, B € F, satisfy the property

YABO WYy €S, for each ¢, € S.
Put 4(y) = Ay + 1?4+ ay® + By’ ; then y — {(y) is an additive map from Fys — Fge and

papopy: o (Ally) + By )z + (Ay + Bl(y)* )z

Then
papopy €S8 & VyeFu : Ally)+ By” = (Ay + Bl(y)") &

Wy € Foo : AQwy +uy? + oy’ + By70) + Byt = ((Ay) + L(BL(y)T). (9)
We now look at Equation (9) as a polynomial equation in the variable y. On the left hand side, y appears
with degrees 1, ¢3, o and o¢® while it is easy to check that on the right hand side the variable y appears
with degrees 1, ¢3, o, 0¢®, 02 and 02¢3. Since 02 € {¢?,¢*} and 0%¢® € {q,¢°}, Equation (9) implies the
two conditions

a7+ ¢ gltopre’ = ¢ (10)
and . .
BB a+ B fa” = 0. (11)

Since N(a) # N(8), from Equations (10) and (11) we get B = 0, and taking this into account, Equation
(9) can be written as

VyeFge @ Ay + uyq3 +ay’ + 5y"q3) = My + ,ququs + A%y’ + ﬂA"q3y‘7q3. (12)
From (12) we get .
u(A — A7) =0, (13)
alA—A%) =0, (14)
B(A— A7) =0. (15)

If 1 # 0, since (e, B) # (0,0), from Conditions (13), (14) and (15) we get A € F,. If 4 =0, o # 0 and
B =0, we have A = A” and, hence, A € F, if 0 € {¢?,¢*}, whereas A € F, if o € {q,¢°}. If, on the
other hand, u =0, « =0 and 3 # 0 then A = A°%" and, hence, A € F,2 if o € {q,¢"}, whereas A € F if
o € {¢* ¢*}. Finally, if £ =0, a # 0 and 3 # 0 then A € F,. Hence, we can prove the following result.



Theorem 4.1. Let S = (Fyo,+,*) be a presemifield as in Theorem 3.3, then |N,.(S)|, [N, (S)| € {q,¢*}
and one of the following holds true:

p=p3=0, a#0ando < {¢%q*}
i) INu(S)|=q and |N,S)|=¢* & or
p=a=0, 8#0ando € {q,q¢°}

A=a=0, 3#0 and o € {¢* ¢*}
i) Np@S)=¢ and |N,(S)|=¢ & o
A=B3=0, a#0 ando € {q,¢°}

i)  |N,(S)| = IN.(S)| = ¢ in the remaining cases.

Proof. By the previous arguments it follows that |N,.(S)| € {q,¢?}. In particular |N,.(S)| = ¢? if and only
ifu=p8=0,a#0and o € {¢*>,¢*} or p=a=0,8%#0and o € {q,¢°}. Since [S'] = [S(\, u, , 3,0)!] =
[S(, A, B, a, 0)] and since the transpose operation permutes the sizes of the right and the middle nuclei and
leaves invariant the sizes of the left nucleus and of the center ([7] and [9]), we have that |N,,(S)| € {q,¢*}
and if |[N,(S)| = ¢?, then [N,.(S)| = ¢. Also, Statement 4i) holds true. Finally, when the parameters
(\, i, o, B, 0) assume values different from those listed in ¢) and i7), we have |[N.(S)| = |N,,,(S)|=¢. O

5 New constructions of semifields S(),0, ), 0, ¢?)

As mentioned in the introduction, the only known examples of semifields in class F5, for which the
corresponding F,—pseudoregulus has at least one transversal line external to Q are the examples b) and
¢) listed in Section 2, since the Knuth semifields of type a) have both transversals contained in Q. These
correspond to the following parameter sets (\, u, o, 5, 0):

b) f \=p=pF=0o0r A =p=ca=0 the multiplication of S = S(\, i, 0, 8, o) is given by
rxy=oay’x+ qug
or
3 3
vy =Py’ z+yz?,

respectively, and hence the semifield S is a Generalized Twisted Field (see [3, p. 241]). In such a
case the associated IF,—pseudoregulus has both transversal lines external to Q@ and pairwise polar
([10, Property 4.8]).

) Ifu=pB=0,A=1a#0ando € {¢*>¢*}or \=a=0,u=1,8+#0and o € {¢?¢*}, the
multiplication of S = S(\, u, a, B, 0) is given by
zxy=(y+ay’)z+ yz?

or
zxy = (" + By )r +ya?,

respectively. These correspond to the examples constructed in [12] for A+ P+t = 1 o plAaHat =
1, and ¢ = 1(mod 3). In such a case the associated F,—pseudoregulus has the other transversal line
contained in Q ([12, Sec. 4]).



In what follows we show that there exist other choices for the parameter sets (\, u, o, 5,0) producing
semifields not isotopic to those of examples b) and ¢). Choose p = =0, A = a # 0, with N(\) # 1 and
o = ¢2. In this way )

S=S(\0,10,¢*) : zxy =y + qu)x + y:ch

and the non—singularity condition becomes

Wy e T Ni)\) ¢N(y+yyq ). (16)

Remark 5.1. Since A # 0 and N(\) # 1, the line 7’ = ry ¢ is external to Q and r’ # r*. This means
that the ensuing semifields, whenever they exist, are not isotopic to the known semifields belonging to
Fs (listed as a), b), ¢) in Section 2).

We start by proving the following

Lemma 5.2. Let g be an odd prime power, ¢ = 1(mod3) and let £ be a primitive 6th root of unity in Fy.

Then .
2(1_5)5;{(%)”1: yeF ). (17)

Proof. First note that since ¢ is odd and ¢ = 1(mod 3), we have that ¢ = 1(mod6) and so F, contains
6th roots of unity. Let £ be a primitive 6th root of unity over F, and let p € F, such that pqs;l = &.
Now, let u € Fys be a solution of the equation 28 = p.

2 B ; .
Since p5= = ¢2 and p*T = &3, we have u ¢ (Fpe UFgs). Also u? = 'u, i € {1,...,5}; indeed

3, u*,u”} is an F,-basis of F,e, each element

ul = wul~! = u(uﬁ)q%1 = up% = &u. Since {1,u,u? u
y € Fge can be written uniquely as y = Z?:o a;u’, a; € F,. Taking into account that ut’ = Eu = —u,
we have that

N(y) = y? = ag+p(—a3+2aza4 —2a1a5)+ (a3 p+2apaz — a? —2azasp)u’ + (a3 42apas —azp—2aia3)u’.

Moreover,
N(y+ yq2) = 4a? + p(—4a2 + 2a2a4(E% + 1)(1 — &) — 2a1a5(£2 +1)(1 — &)+
+Hai (€ +1)%p + dagao(1 - €) — af (€% +1)* — dagas (1 - plu’+
+a2(1 — &)? + dapas(£2 + 1) — paZ(1 — €)? — dayaz(£ + 1)]u’.
Since p*z = ¢3 = —1 and since {1,u2,u*} is an F,basis of Fs, straightforward computations show that
201 -¢N(@y)=Nwy+ yq2) if and only if y = 0; this implies (17). O

Now, we can prove

Theorem 5.3. Let q be an odd prime power, ¢ = 1(mod 3) and let £ be a primitive 6th root of unity over
Fy; then the multiplications

xxy =My + yq2)x + qu3 and x+ y= )\(yq3 + yq5)x + qu3,



where A € Fyo such that N(\) = ﬁ, define the presemifields S = (Fyo,+,%) and " = (Fys, 4+, ") with
IN.(S)| = N, (S)| = ¢* and [N, (S)| = |N,.(S")| = q, belonging to the class Fs. Also, [St] = [S'], the
presemifields S and S’ are not isotopic and are not isotopic to any previously known semifield.

Proof. By Lemma 5.2, if A is an element of Fye such that N(\) = ﬁ, the non—singularity condition
(16) is satisfied and hence we get a presemifield S = (F6,+,%) = S(A,0,),0,¢%), where z xy = Ay +
y? )z +yz?, belonging to the family F5 and with |N,,(S)| = ¢ and [N,(S)| = ¢? (see Theorem 4.1). Also,
the associated F,—pseudoregulus has both the transversal lines r and r’ = rj ¢ external to the quadric Q
(indeed A # 0 and N () # 1 for each ¢ = 1(mod 3)) and r’ # 1. Hence, by Remark 5.1, the presemifield
S is not isotopic to any previously known semifield. By Theorem 3.3, [S'] = [St] = [S(0, ), 0, ), ¢?)] and
by using Theorem 4.1 and by Remark 5.1, the remaining parts of the statement follow. O

Now we focus on the case ¢ even, starting from the following technical lemma.
Lemma 5.4. If ¢ = 2*" and h = 1(mod3), then 5 = 1(mod3).
Proof. If ¢ = 22" and h =1+ 3k, then 45 = 43% 4 43%%—1 4 4 424 4+ 1 = 1(mod 3). O

Lemma 5.5. Let ¢ = 22", such that h = 1(mod3), n be a primitive 3th root of unity over F, and let
u € Fys \ Fy such that u® =n. Then

n(1 +u) ¢ {(yzyq?)qm: yGF;G}. (18)

Proof. Since ¢ = 1(mod3), the finite field F, contains a primitive 3th root of unity, say . Since h =
=1

1(mod 3) we have 45+ (mod3), by the previous lemma. Hence, there exists an element u € Fgs \ F,

such that u3 = 7 and u? = wud—t = u(u3)q%1 = un’s = uz. Since {1,u,u?} is an F,2-basis of F s,
any element y € Fys can be uniquely written as y = a + fu + yu?, with «, 3,7 € F2. Condition (18) is
equivalent to show that

n(1+u)N(y) = N(y+y?) if and only if y = 0. (19)
Moreover, Condition (19) corresponds to
n(1+w)a 1+ (897 + BIy)n + (aB? + a8 + v T n)u + (ay? + ay + )]
= (B + BTy + Py 4 B
if and only if (o, 8,7) = (0,0,0), namely

[+ (BT + BT)n + (e + oy + BT )] + [aB? + aT8 + 410 + o' H 4 (897 + B0)nlu
—l—[a'yq + aq’y + ﬂq-&-l +aB7+aip + ,71+qn]u2 _ (,B’Yq + 5117) + 77’71+qu + I31+q77u2. (20)

If v = 0, since {1, u,u?} is an F -basis, from (20) we get

att 4+ gty =0
alf+ fla+at™ =0
5q+1 +aif+ Bla = 5q+177
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and hence a = 3 =0, i.e. y =0.
Suppose, on the other hand, that v # 0. Dividing Equation (20) by v?*! and replacing a/y by « and
B/~ by B, Equation (20) is equivalent to the following system

B+pB1 = o+ (B4 B+ (a+al+ BTy
0 = af? +alf + a4+ (B + B9) (21)
ﬁl-s-qn = a+aq+ﬁ1+q+aﬁq+aqﬁ—|—n.

Now, let & € F,2 \ Fy such that €2 + &+ p = 0, with p € F, and Trqs2(p) = 1. So, writing a = x + y§
and 8 = z + t£, with z,y, z,t € F, and taking into account that a + a? =y, a9l = 2% + 2y + y?p and
alf + Bla = xt + yz, System (21) becomes

t = 22 +ay+yPp+tn+nly+ 22+ 2t +t2p)
0 = xt+yz+ 22 +ay+yip+nt (22)
(2242t +t2p)n = y+ 2242t +t2p+at+yz+0.

Now, the assertion is proven if we show that System (22) has no solution (z,y, z,t) € Fg. To this aim we
start by noting that if (z,y, z,0) were a solution of (22), then by adding the three equations of (22), and
multiplying by 1 we obtain
y =02+
By substituting this value of y in the third equation of System (22), we get
2+ 0?2 +nz+n? =0,
which means that z is a solution of the cubic equation

X+ 0?X? + 09X +n° =0,

with coefficients in F,. Hence, z € {n? 4+ u,n* + nu,n* + n*u} and so z ¢ F,; a contradiction.
Now suppose (z,y, z,t) € IF;1 with ¢ # 0 is a solution of System (22). By adding the three equations of
(22), and multiplying by 7, we get

y=nR+tn+1°, (23)

where R = 22 + zt + pt?. Then by adding the first two equations of (22) and substituting (23) we have
tr =nRz+ R+ntz+n°z +nt + 1. (24)
Since t # 0, by solving (24) in x and substituting in the first equation of System (22) we get

R* 4+ 1n?R*t +nR*+ Rt> + nRt + 2 + R+ nt> +t + 1 =0. (25)

Hence, if System (22) admits a solution (x,y, z,t) € Fy, with ¢ # 0 then the algebraic curve I of order 6
of the projective plane PG(2,F), where F is the algebraic closure of Fy, defined by Equation (25) has an
F,—rational point P = (z,t), with ¢ # 0. Let ¢ be the semilinear collineation of PG(2,F) induced by the
F,~automorphism x +— z?; from (25) we have that I'* = I'. Moreover, direct computation shows that T
is the union of the two cubic curves of PG(2,F), say C3 and Cj, with equations

Gz, t) =22+ (E+ D)2t + 0?22 + Et + 2t +nz + Ept® + (En+ )2+ (PP +Ent+n° =0 (26)
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and

G1(z,t) = 2B +E2402 22+ (E241) 22+ 2t +nz+(E4+1) pt> + ((E+ D)+ 2+ (2 +(E+1)n)t+n? = 0, (27)

respectively. In particular, since {9 = £ + 1, we get C; = sz and Cgbz =Cs. If P = (z,t), with t # 0 were
an [F,—rational point of I" then P € C3 N C4 and hence we would have G(z,t) + G1(z,t) = 0, i.e.

R=n(+1), (28)

where R = 22 + zt + pt2. Taking into account (28), from (25) we obtain = 1 and hence 22 +z + p = 0
and, since T'rq/9(p) = 1, this again implies that z ¢ F,, a contradiction. Hence, the assertion follows. [

Then, we have the following

Theorem 5.6. Let ¢ = 22", such that h = 1(mod3), n be a primitive 3th root of unity over F, and let
u € Fys \ Fy such that u® = n; then the multiplications

Txy= Ay + yq2)x + ym‘f’ and zx y= )\(yq3 + yq5):c + ya:qs,

where X € Fys such that N(\) = m, define the presemifields S = (Fys,+,%) and S' = (Fyo, +, %) with
INA(S)| = [N, (S)| = ¢% and [N,,(S)| = |N.(S")| = q, belonging to the class Fs. Also, [St] = [S'], the
presemifields S and S’ are not isotopic and are not isotopic to any previously known semifield.

Proof. By using Lemma 5.5 and arguing as in the proof of Theorem 5.3, we get the assertion. O
Lemma 5.7. Let ¢ = 3" with h # 0(mod3) and let u € Fys \ Fy such that u® = u+ 1. Then,
2 3
+ 4 q°+1 N
—(u+u?) ¢ {(%) : yE]Fqs}. (29)

Proof. First note that, since ¢ = 3" the polynomial 2% —z — 1 has roots in F33[F3, and since h = 0 (mod 3)
it is irreducible over F,. This means that it has 3 distinct roots in Fs, conjugate over IF,. Hence, there

exists an element u € Fys \ F, such that u® = u+ 1. Also, using the fact that u + u? + u?” =0 and
u?+atl = 1, straightforward computations show that {u?, qu} = {14 u,—1+ u}. In order to take this

fact into account in what follows, we put u? = € 4+ u, where ¢ = 1, and hence u? = —¢ + u. Note that
Condition (29) is equivalent to show that

~(u+w’)N(y) = Ny +y*), (30)
if and only if y = 0. Now, since {1,u,u?} is an F,—basis of F,s (and hence an Fj2—basis of Fys), any
element y € Fgs can be uniquely written as y = o + Bu + yu?, where a, 3,7 € Fge.

As in the proof of Lemma 5.5, we first assume v = 0. Hence
N(y) = o™ + (af + a?f)u + 7 u®
and

N(y+y") = (a+ )T + (o + B3 + (0 + ) B)u+ F 1 u?,
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from Equation (30), we get

—(af?+afB) — BT = (a + Be)t!
B+ — o1% — (0B + alf) = (o + Be)BT + (a? + B9€)3 (31)
—alte — (aB? 4+ a4B) — petl = gita,

From the third equation of (31) we get
5q+1 —olte (aﬂq + aqﬂ) =0
and hence from the second equation we have
aBl+ a8 — B1Me = 0. (32)
Taking into account (32) in the first equation of (31), we get

™t = —epatl (33)

So, System (31) is equivalent to

Oﬂ+1 + Eﬂqul =0
af?+aif — Bt =0
af? +alf — fitl 4 i+l =0,

which admits as unique solution § =a =0, i.e. y =0.

Suppose now v # 0. As in Lemma 5.5, up to replacing a/y by a and 8/~ by 3, without loss of generality,
we can suppose y = a + Bu + u?, with a, 8 € Fe.

In such a case, we have

N(y) = (@™ + B+ B9 + (af? + a’B+ B+ B4+ Du+ (B4 + a + a? + 1)u?

and
Ny +y") = [(mo = fe+ 1) + (5= ) + (5 — )]
[~ = Be+ 1)(8 — T+ (~a — fe+ 1B~ — (B ) — (5~ ) ~ 1]u
(o= pe+1) + (—a? = fle+ 1) + (B — ) (B — ) + 1 u”.

(
Again taking into account v® = u+1 and u* = u? +u, Equation (29) is equivalent to the following system

aT — B 4 (Bl + a?B)(1+€) + (B+ 1) (=1 —€) +e=0
—atth 4 (1+6)7 + (af + alf) + (1 + e)(a +a) = (5+7) —1=0 (34)
attl — Bt 4 (0t + a1B) — (a+a%) — (B+ 47) — 1 =0.

Let ¢ = —1. Then System (34) becomes

adtt — gt 1= (35)
—a?t 4 apl 4+l - —p1—-1=0 (36)
aq+1_ﬂq+1+aﬂq+QQﬂ_Q_aq—5—ﬁq—1:0, (37)
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which is equivalent to the following incompatible system

6‘”1:0/1“—1
afl+alf —pf—pB9—1=att
a?tt —af —a+1=0a(a-1)— (a—1)=0.

In the case e = 1, arguing in a similar way we have the assertion. O

So, we have the following

Theorem 5.8. Let ¢ = 3" with h # 0 (mod3) and let u € Fys \ Fy such that u®> = uw+ 1. Then
2 3 / 3 5 3
xxy=ANy+y? )z +yz? and z+y=Iy? +y? )z +ya?,
where X € Fyo such that N(\) = m, define the presemifields S = (Fyo,+,%) and S" = (Fys,+,%")

with |N,.(S)| = N (S")| = ¢® and |N,,,(S)| = IN,.(S')| = q, belonging to the class Fs. Also, [S'] = [S'], the
presemifields S and S’ are not isotopic and are not isotopic to any previously known semifield.

Proof. By using Lemma 5.7 and arguing as in the proof of Theorem 5.3, we get the assertion. O

6 Computational results

We conclude this paper with some observations from the computational results which we obtained using
the computer algebra system MAGMA [1].

For ¢ = 2, an exhaustive search shows that there are no new semifields S(\, u, a, 5, 0). We remark that
semifields of order 64 were recently classified by Rua et al. in [13], and our computational result can also
be obtained from the properties of semifields S(A, i, a, 3, o), and the information listed in [13, Table 1].
For ¢ > 2, besides the examples that belong to the infinite families from the previous section, we obtained
many new examples of semifields S(\, i, «, 3, o) of order 3¢ and 45, with (u, 3) # (0,0) and « # X. As an
illustration we list some of these examples below. Note that we have not done any exhaustive computer
searches, except in the case that ¢ = 3, and the transversal 7, , is tangent to the hyperbolic quadric Q,
where we found no examples.

l q ‘ o ‘ A ‘ i ‘ o ‘ B ‘ T, 1S ‘ Comments ‘
l 2 [ q [ [ [ [ [ [ no result (Exhaustive search) ‘

31| q z 2° P 2% External

3 Tangent no result (Exhaustive search)

31| q 215 20 z 2703 Secant

4| q 2° 210 P 25t External

4| q 2° 230 1 2230 Tangent

4| q 270 270 25 27022 Secant
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