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Outline

® Maximal curves
® [ >-maximal curves with many automorphisms: main result

© The Fricke-MacBeath curve over finite fields and the
F12-maximal Wiman'’s sextic

O Related questions



Notation and terminology

e X CPr(IFq) projective, geometrically irreducible, non-singular
algebraic curve defined over F

e g genus of X

If r =2 then g = % where d = deg(X)

o X(Fq) = X NP(Fq)



Maximal Curves
X defined over Fq

Hasse-Weil Bound
|X(Fq)| < g+ 1+2g,/q
Definition
X is Fg-maximal if |X(Fq)| = g+ 1+ 2g./q
Example
Hermitian curve:
Hy XTI+ X =Y g=p"

g=4q(q—1)/2, Aut(Hq) = PGU(3,q), [Hq([Fp)=¢*>+1



Rational maps and pull-back
X CP(K) and Y C P5(K)

e Function field of X

Kuﬂz{gii‘c¢ﬂzﬂxﬁ

e Rational map ¢ : X — Y: is a map given by rational functions

o= (ap:...: as), for almost all P € X
X
N\ e@ =00
Y K

s



Coverings and Galois-coverings

Y is covered by X if there exists a non-constant rational map
o X =Y

K(X) : ¢*(K(Y)) is a finite field extension

K(X) = ¢*(K(Y))

Y is a Galois-covered by X <= g ;
Galois extension
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Basic properties of coverings
X Fg-maximal
¢ : X — )Y non-constant = YV is Fg-maximal
rational map defined over Fg

(Serre, Kleiman)

e C non-singular algebraic curve
e G finite automorphism group acting on C

e X quotient curve of C by G

Riemann-Hurwitz Formula

2g(C) —2=1G|(2g(X) -=2)+ D



Classification of [F ;>-maximal curves
e g(X)< g = M (/hara, 1981)
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Classification of [F ;>-maximal curves
gX)<a= @ (Ihara, 1981)

o g =g1 = X = Hq (Riick — Stichtenoth, 1994)

2006: Curve FFg-maximal curve not Galois-covered by H,
(Garcia, Stichtenoth) — F,72-maximal curve

2009: Family fo [F.-maximal curves not covered by Hq
(Giulietti, Korchmdros)— I s-maximal curve

Question

Is there an F2-maximal curve not covered by the Hermitian curve?
Is there an FF,.-maximal curve not Galois-covered by the Hermitian
curve?
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Situationupto p=5

e p=2,3: trivial (Every I >-maximal curve is Galois-covered by

Hp)
e p = 5: Every Fas-maximal curve is Galois-covered by Hs

M(5) :={g(X) | X is Fos-maximal} = {0,1,2,3,4,10}

= X2V i =xS4x

= X2V y0 =x3+2x* +3x3 +4x? +3xy3
= XYy =x54x
<~

XY P +y +1=0
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Main Result: a partial answer

Almost all the known examples of maximal curves not
Galois-covered by H, have large automorphism group

4
We investigated curves with |Aut(X')| > 84(g(X) — 1)

Theorem (B.-Montanucci-Torres, 2017)

X F2-maximal curve, p > 7, g(X)>2,
|Aut(X)| > 84(g(X) — 1) = X Galois-covered by H,,
 (B. Gunby, A. Smith, A. Yuan, 2015): & defined over F 2,
> 7, 8(X) > 2, |Aut(X)| > max{84(g — 1), 8%}
= X=X, : y"=xP—x

(Xm is not [F ;>-maximal for each m .. .)
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Main Result: a partial answer
Theorem (B.-Montanucci-Torres, 2017)

X F2-maximal curve, p > 7, g(X)>2,
|Aut(X)| > 84(g(X) — 1) = X Galois-covered by H,,

e An sz—maximal “GK-curve” cannot exist

e Find F2-maximal curves not Galois-covered by the Hermitian
curve

e Can we extend it to |Aut(X')| < 84(g —1)?
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Sketch of the proof

Lemma

X Fo-maximal curve
X %, My — PG|
G < Aut(X), p| |G|
Theorem (Garcia-Tafazolian, 2008)
e g=p" X [Fg2-maximal curve
e 3 H < Aut(X) abelian, |H| = q, X'/H rational
dm|qg+1 X%Fq2 Hpm:xI+x=y"

Hm is covered by Hy 1 x9 + x = y9tL:

Hm = Hp/G, G ={px:(x,y)— (x,Ay) | AletD/m — 1}
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How many automorphisms?

e g(C)>2 = |Aut(C)| < o0

(Schmid, Iwasawa-Tamagawa, Roquette, Rosentlich, Garcia)

e p=0g(C) >2 = |Aut(C)| < 84(g — 1)
(Hurwitz)

Example: Klein quartic: K : X3+ Y + XY3 =0,
g =3, Aut(K) = PSL(2,7), |Aut(K)| = 168 = 84(3 — 1)

o ged(p, |Aut(C)]) = 1 = |Aut(C)| < 84(g — 1)



What if |Aut(X)| < 84(g — 1)?
e p > 0: No classifications of Hurwitz groups |G| = 84(g — 1)

e Partial classification if X is classical (Schoeneberg's Lemma)



What if [Aut(X)| < 84(g — 1)?
e p > 0: No classifications of Hurwitz groups |G| = 84(g — 1)
e Partial classification if X is classical (Schoeneberg's Lemma)
Lemma (B.-Montanucci-Torres, 2017)

p>7, X Fp-maximal, g(X) > 2
40(g(X) — 1) < [Aut(X)] < 84(g(X) — 1)

Then X is Galois-covered by H, unless g(X/Aut(X’)) =0 and

Aut(X Aut(X Aut(X
ep211, (01 [0a}[0s)) = (1R, Al Al

e (011,02, 105]) = <‘Aut2(X), A0 \AutS(X)\>
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Search for IF ;--maximal curves not
Galois-Covered: Hurwitz curves

g = 3: Klein quartic unique example up to isomorphisms
(R. Fricke, 1899): The next example occurs for g =7

(A. M. MacBeath, 1965): Explicit equations realizing Fricke's
example as an algebraic curve. Uniqueness over C

(R. Hidalgo, 2015): Affine plane model, attribuited to Bradley
Brock, over Q

F 14 7xy +21x%y% +35x3y3 + 28x*y* + 2x" +2y" =0

(J. Top, C. Verschoor, 2016): Criterion to count the points of
the Fricke-MacBeath curve over finite fields
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The Fricke-MacBeath curve

Proposition (Top-Verschoor, 2016)

p = =+1 (mod 14)

y? = (x3 + x% — 114x — 127)

Fis sz—maximal — )
is sz—mammal

F T o-maximal for infinitely many p

MAGMA: F is F 2-maximal for p € {71,251,503,2591} and
Aut(X) = PSL(2,8)

Theorem (B.-Montanucci-Torres, 2017)

For p =71 F is not a Galois subcover of H71
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A natural question

Question

Is this I >-maximal curve covered by the Hermitian curve H,?

o Negative answer —

Theorem (B.-Montanucci-Torres, 2017)

X F2-maximal curve, p > 7, g(X)>2,
|[Aut(X)| > 84(g(X) — 1) = X Gafois-covered by H,,

e Positive answer —  First example of an F -maximal curve
which is covered but not Galois-covered by Hq



Thank you for your attention



