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Cyclotomic	Numbers

Ø 𝑞 a	prime	power:	𝑞 = 𝑝. = 𝑒𝑓 + 1.
Ø 𝑔 primitive	in	𝔽9, 𝔽9∗ = {1, 𝑔, … , 𝑔>?@A}.	For	𝑎 ∈ ℕ,

𝐶H = 𝑔H, 𝑔HI>, … , 𝑔HI ?@A > = 𝑔H𝐶J.

Ø 𝑎, 𝑏 ∈ ℕ, (𝑎, 𝑏) a	cyclotomic number	of	order	𝑒:
𝑎, 𝑏 = #	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠	1 + 𝑥 = 𝑦, 𝑥 ∈ 𝐶H, 𝑦 ∈ 𝐶_,

𝑎, 𝑏 = #	𝑝𝑎𝑖𝑟𝑠	 𝑟, 𝑠 : 0 ≤ 𝑟, 𝑠 ≤ 𝑓 − 1, 1 + 𝑔HId> = 𝑔_Ie>.



Uniformity	of	Cyclotomic Numbers

𝑎, 𝑏 = #	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠	1 + 𝑥 = 𝑦, 𝑥 ∈ 𝐶H, 𝑦 ∈ 𝐶_.

Ø 𝔽9∗ =∪HgJ>@A 𝐶H. If	𝑦 ≠ 1,	then	1 − 𝑦 ∈ 𝐶H for	some	0 ≤ 𝑎 ≤ 𝑒 − 1:

Fixing	𝑒 and	let	𝑞 ≫ 𝑒, then	 𝑎, 𝑏 = 𝑞/𝑒k + 𝑂( 𝑞� ) (Katre 1989).

Ø Fixing	𝑓 and	let	𝑞 ≫ 𝑓, how	are	the	values	of	(𝑎, 𝑏)?
Answer:	they	are	“uniformly	small”.

∑ (𝑎, 𝑏)>@A
HgJ = 𝑓 − 𝛿_J ≈ 𝑞/𝑒.



Results	by	Betsumiya et	al.,	2013

a) (𝑎, 𝑏) ≤ ?
k

if 𝑝 > r?
k
− 1.

b) 0,0 = 0 if 𝑓 ≢ 0	mod	6 and 𝑝 ≫ 𝑓.

c) 0,0 = 2 if 𝑓 ≡ 0	mod	6 and 𝑝 ≫ 𝑓.

How	“large”	exactly	does	𝑝 need	to	be	compared	to	𝑓?



Results	by	Betsumiya et	al.,	2013
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• If	𝑝 > det 𝑀 , then	 0,0 ∈ {0,2}.

• (Hadamard’s inequality)	If	𝑝 > 2? − 1 ?, then	 0,0 ∈ {0,2}.



Our	Results

(General	Result)

If

𝑝 > 14� ?/�d��(�),

then	
𝑎, 𝑏 ≤ 3.



Our	approach

Ø Lemma	1:	ℎ 𝑥 = ∑ 𝑎�𝑥�
?@A
�gJ ∈ ℤ[𝑥].	If	

𝑝�d��(�) >
𝑓

𝜑 𝑓 �𝑎�k
�@A

�gJ

	

�(?)/k

,

then	
ℎ 𝑔> = 0 over	𝔽9 ⇔ ℎ 𝜁? = 0 over	ℂ.

Ø Lemma	2	(Conway,	Jones):	If	S	is	a	vanishing	sum	of	roots	of	unity	of	

length	≤ 6,	then	S	contains	subsums each	of	which	is	similar to	

1 + 𝜁k or	1 + 𝜁r + 𝜁rk or
1 + 𝜁� + 𝜁�k + 𝜁�r + 𝜁�� or	−𝜁r − 𝜁rk + 𝜁� + 𝜁�k + 𝜁�r + 𝜁��.



Proof	of	Lemma	1

Ø Lemma	1:			𝑝�d��(�) > ?
� ?

∑ 𝑎�k
?@A
�gJ 	

�(?)/k
, then

ℎ 𝑔> = 0	over	𝔽9 ⇔ ℎ 𝜁? = 0 over	ℂ.
Proof
• Claim:	We	have

𝑁ℚ(��)/ℚ ℎ 𝜁? ≤
𝑓

𝜑 𝑓 �𝑎�k
?@A

�gJ

�(?)/k

.

• By	Claim,
𝑝�d�� � > 𝑁ℚ(��)/ℚ ℎ 𝜁? .



Proof	of	Lemma	1

• ℘ a	prime	ideal	of	ℤ[𝜁?] above	𝑝,	 𝑚 = 𝑜𝑟𝑑? 𝑝 ∣ 𝑛,
ℤ 𝜁? /℘ ≅ 𝔽�¦ ≤ 𝔽9 = 𝔽�§.

• Isomorphism		𝜙: 𝔽�¦ → ℤ 𝜁? /℘,

𝜙(𝑔>) a	primitive	𝑓ª« root	of	unity:

𝜙 𝑔> = 𝜁?
¬ + ℘, 𝑗, 𝑓 = 1,

𝜙(ℎ 𝑔> ) = ℎ 𝜁?
¬ + ℘,

ℎ 𝑔> = 0 ⇔ ℎ 𝜁?
¬ ∈ ℘.



Proof	of	Lemma	1

⇐ 	ℎ 𝜁? = 0 → ℎ 𝜁?
¬ = 0 ∈ ℘ → ℎ 𝑔> = 0.

(⇒) ℎ 𝑔> = 0 → ℎ 𝜁?
¬ ∈ ℘ → 𝑁ℚ �� /ℚ ℎ 𝜁?

¬ ≡ 0	(mod	𝑝°).	

If	ℎ 𝜁? ≠ 0,	then	ℎ 𝜁?
¬ ≠ 0 and	

𝑁ℚ �� /ℚ ℎ 𝜁?
¬ ≥ 𝑝°,

contradiction.

ℎ 𝑔> = 0 ⇔ ℎ 𝜁?
¬ ∈ ℘.



Application	of	Lemma	1

Ø 0,0 = # 𝑟, 𝑠 with	0 ≤ 𝑟, 𝑠 ≤ 𝑓 − 1 and	1 + 𝑔d> = 𝑔e>.
ℎ 𝑥 = 1 + 𝑥d − 𝑥e,	then	ℎ 𝑔> = 0 and

𝑝�d��(�) > r?
� ?

	
�(?)/k

→ 1 + 𝜁?d − 𝜁?e = 0.

Ø Theorem	1:	If

𝑝 >
3𝑓
𝜑 𝑓

� ?
k�d��(�)

,

then

0,0 =

0	if	𝑓 ≢ 0	 𝑚𝑜𝑑	6 	and	2 ∉ 𝐶J,	
1	if	𝑓 ≢ 0	 𝑚𝑜𝑑	6 	and	2 ∈ 𝐶J,
2	if	𝑓 ≡ 0	 𝑚𝑜𝑑	6 	and	2 ∉ 𝐶J,
3	if	𝑓 ≡ 0	 𝑚𝑜𝑑	6 	and	2 ∈ 𝐶J.



Discussion

Ø Can	the	bound	between	𝑝 and	𝑓 be	improved?

𝑝 > 14� ?/�d��(�) ⇒ 𝑎, 𝑏 ≤ 3.
Partial	answer:	Yes
If	𝑓 is	a	prime	and	if	𝑝 > 3?/�d��(�), then	 𝑎, 𝑏 ≤ 3.

Ø Other	numbers	of	similar	types?	For	example
𝑎, 𝑏, 𝑐 = #	𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛𝑠	1 + 𝑥 + 𝑦 = 𝑧, 𝑥 ∈ 𝐶H, 𝑦 ∈ 𝐶_, 𝑧 ∈ 𝐶¸.



Discussion

Ø Jacobi	sums:								𝔽9∗ = 𝑔 , 𝜒 ∈ 𝔽9∗»: 	𝜒 𝑔 = 𝜁>.

𝐽 𝑎, 𝑏 = � 𝜒H 𝑥 𝜒_(𝑥 + 1)
�

½∈𝔽¾

,

𝑎, 𝑏 =
1
𝑒k�𝐽 𝑖, 𝑗 𝜁>

@(H�I_¬),
�

�,¬

𝐽 𝑖, 𝑗 =� 𝑎, 𝑏 𝜁>
H�I_¬

�

H,_

.



Discussion

Ø Link	to	group	ring	equation:	

Abelian	𝐺 = 𝐶>×𝐶> = 𝑥 × 𝑦 .	Put

𝐴 = � 𝑖, 𝑗
>@A

�,¬gJ

𝑥�𝑦¬, 𝑋 = 𝑥 , 𝑌 = 𝑦 , 𝑍 = 𝑥𝑦 ,

then
𝐴𝐴 @A = 𝑞 − 𝑓 𝑋 + 𝑌 + 𝑍 + 𝑓k𝐺.




