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Basic Notions Basic Definitions

Definition (Grassmannian)

The Grassmannian of all (—subspaces of F{' is given by

Gem = {W C Fg : Wis a subspace and dim W = ¢}.

@ Foreach W € G, we pick an ¢ x m matrix, My whose
rowspace is W.
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Basic Notions Basic Definitions

I,m) ={(a1 <apg<---<ay) |1 <a;<m}

Definition
For a generic ¢ x m matrix X, and / € /(¢, m) denote by det;(X)
the ¢ x ¢ minor given by the columns indexed by /.

| A

A\

Definition

We denote by

A(e,m):={ Y fidet(X)|fi € Fg}.
lel(¢,m)
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Basic Notions Basic Definitions

Definition (Evaluation Map)

Fq

evG,,,: Al,m) —
fo= (f(Mw))weg,,

Definition (Grassmann code)

Calt, m) = {evg, ,(f) | W € Gym.f € A, m)} CFgt

A\

@ C,(¢,m)is a linear code obtained from the Pllcker
embedding of Gy, onto a linear space.
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Definition (Bruhat Order)

For a = (a1, ap,...,ap) and g = (B4, Po, . . ., B¢) we say that
a < gifand only if a; < g; for all .

Definition (Schubert variety)

Let « € /(¢, m). The Schubert variety may be defined as:

Qa(f, m) = {W S Gg,m ’ det/(Mw) =0, i ﬁ a}
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Definition (Evaluation Map (for Schubert varieties)

eva,(em : A,m) — TFq
fo= (F(Mw))wea. e,m)

\

Definition (Schubert codes)

Cu(l,m) = {evﬂa(é,m)(f) | fe A, m)} C ]Fga(ﬁ,m)

\
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@ Ryan introduced Grassmann codes for g = 2 in 1988.
@ Nogin generalized Grassmann codes to arbitrary q in 1996.

@ Grassmann codes are [[’ﬂ o (D) qf(m—e)] codes.
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@ Nogin determined the weight distribution for ¢ = 2.

oHeobservedthatforMW:('” Xji X "'>,the

function det;; (M) = xDy” where most of the entries of
D are zero except for D;; = —D;; = 1.
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Basic Notions Basic Definitions

Definition
Let

i m
f=> fi jdety; 5y (X) € A(2, m).
i=1 j=i+1
Define F to be the skew—symmetric matrix corresponding to f,
that |S Fa‘ha2 = —Faz7a1 = f{(a1,az)}'

@ This means that if the rows of My, are x and y then
f(My) = xFyT
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Theorem (Nogin)

Letf € A(¢,m). LetF be the matrix corresponding to f.
Suppose the rank of F is r. Then

2(m—r+1) q2r —1

wt(evg, ,(f)) = q Z 1

@ Counting the number of skew—symmetric matrices of a
particular rank will give the weight distribution for the
Grassmann code in the case ¢ = 2.
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Let Ay = {ey,ep,...,e4}. Forthe case ¢ = 2 we give an
alternative definition of Q,(¢, m), where a = (a;, m).

Definition (Schubert variety)

Qa(l,m) == {W € Gy | dim(WNA) > 1}

Definition (Schubert variety)

Qa(e, m) = {W S G&m ’ det/(Mw) =0, VI = (b1,b2),b1 > 81}
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We know the parameters of C,(2, m) where o = (a;, m)

(M=) (@™ —1) mEt
@ The length is — m—j—2—i
e ) [ R D E"

@ The dimension is m(m2— 1) _(m- 31)(”27 —ar—1)

@ (H. Chen (2000) and Guerra—Vincenti (2002)) The
minimum distance is g™t*1~3.

@ (Guerra — Vincenti 2004) determined the weight spectrum
of C.(2, m).
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For the Schubert code C,(2, m) we may consider the
codewords corresponding to block matrices of the form:

F—( A B )
N -BT Om—a1xmfa1

where A is a skew—symmetric a; x a; matrix with zeros on the
diagonal and B is a a; x m — a; matrix.
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We investigate the weight of xFy” where x € A;. We may
represent xFy' as

(& 33w

S

where y, # 0.
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@ Suppose that A has corank ry, B has corank r»
@ and their left kernels intersect in a space of dimension r.

@ For how many vectors x € Aj andy € Fg'\ Ay is
x1Ay] + x4By] # 0?
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@ Suppose that A has corank ry, B has corank r»
@ and their left kernels intersect in a space of dimension r.

@ For how many vectors x € Aj andy € Fg'\ Ay is
x1Ay] + x4By] # 0?

#X1 #Y1 X #Y2
XxiA=0,x4B=0 qr 0
x1A#0, x;B=0 9" —q (@ —g* (g™ - 1)
XjA=0, x;B#0 Q" —q q" — g™
X1A £ 0, X1B7E0 qm_qr1 _qr2+qr (qa1 _qa1—1)(qm—a1 _1)
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@ Suppose that A has corank ry, B has corank r»
@ and their left kernels intersect in a space of dimension r.

@ For how many vectors x € Aj andy € Fg'\ Ay is
x1Ay] + x4By] # 0?

#X4 #Y1 X #Y2
XxiA=0,x4B=0 qr 0
XiA#0, x;B=0 9% —q" (¢ —g® (g™ —1)
xA=0, x;B#0 q - q q"—q™
xA#0,xB#0[q"-q"-q*+q [(¢" — ¢ (@™ " - 1)
In total we have
(@"=q") (9" —g* ) (@™ * -1)+(q"—q)(Qq"-q" ")

pairs of vectors.
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Basic Notions Basic Definitions
Theorem

Let f € A(2, m) such that its associated matrix, F is of the form

F< A B )
N -BT Om—a1xmfa1

where F is as before,
then the weight of the codeword of C,(2, m) corresponding to f
is

(g% —q")(g* —g* ") (g™ " - 1)

= (q—1)(a® - a) g
(@" —q')(Q™—q™ ")

IS CEE)) @

L

q? —1
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Basic Notions Basic Definitions
Definition

Let f € A(2, m) such that its associated matrix, F is of the form

EF_ ( A B >
N _BT om—a1 XmM—ay

@ A is a skew—symmetric a; x a; matrix

where

@ Bis aa; x m— a; matrix,
@ A has corank ry, B has corank r»
@ and their left kernels intersect in a space of dimension r.

We denote by
d(ry, r) .= wt(ev(f)).

@ w(cy) depends only on ry and r.
@ and (s, sq) # (r,r1) implies d(s, s1) # d(r,r).
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Main Result

For a = (a1, m), the weight distribution of C,(2, m) is given by

a I£] Qi
r
ZZM(CH,OM—H)[;} > May, a1 — R)A(aq, i, 12, 1) | X900
q

ri=0r=0 ro=r
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So in order to find the weight distribution we sum the product of
@ The number of skew—symmetric a; x a; matrices A of rank

a —n
ar—n—1 .
[ (g*-1)
[T (ga—n=2-1)
i=0
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times
@ The number of r dimensional subspaces of the left kernel

.

@ The number of r,—dimensional spaces intersecting the left
kernel of A in exactly an r—dimensional subspace

N 2'2:(4 y-rg('2) [n - r] q [041 —j] q

= J=Tigll2—J

times

times
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@ The number of a; x m — a; matrices whose left kernel is
exactly a fixed r.—dimensional subspace.

e, e, m) = T[T (@™ - q).
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Thank you for your attention!
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