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Definitions: (Huybrechts and Pasini, 1999)

d-dimensional dual hyperoval S in V(n,q) is a set of (d + 1)-subspaces:
(1) S consists of ¢¢ + ¢4t +---4+q+2 (d+1)-subspaces, (= 291 if ¢ = 2.)
(2) any two distinct (d + 1)-subspaces of S meet a one dimensional subspace,
(3) any three distinct (d 4 1)-subspaces of S intersect trivially,

(4) (d + 1)-subspaces of S span V(n,q).

— Typeset by Foil TEX — 2



[Bilinear DHO Sy with the bilinear mappig B(z,1)]

V: (d+ 1)-dimensional vector space over GF(2) with d > 2.

B: V@&V — W: a GF(2)-bilinear mapping with

3 1 non-zero solution for (i) B(x,a) = 0 and (i) B(a,z) = 0 for any a % 0.

InV@W, fort eV, let
X(t)=A (x, B(z,t)) |x €V }.

Then S = {X () | t € V'} is a d-dimensional DHO in V & W.
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[Bilinear DHO Sy with the bilinear mappig B(z,1)]
V: (d + 1)-dimensional vector space over GF(2) with d > 2.
B: V@&V — W: a GF(2)-bilinear mapping with

3 1 non-zero solution for B(x,a) = 0 for any a # 0 if B(z,y) = B(y, ).

InV@W, fort eV, let
X(t)=A (x, B(z,t)) |x €V }.

Then S = {X () | t € V'} is a d-dimensional DHO in V & W.
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[DHO S.(n,GF(27))] [T.2014]

Let K = GF(2") ¢ with Tr(c) = 1(i.e, zy + cx® + cy* # 0 for x,y € K*).
Vi :={e1,...,e,): n-dimensional K-vector space.
W= S(V; ®k V1) (symmetric tensor space: T @y =y ® x)

V =V, @ (ey) direct sum of GGF'(2)-vector spaces.

[Definition of B(z,t) for z,t c V] ( B:VdV — W)
Define B(x + aeg,t 4+ Beg) =z Rt + acy @y + Ber @ x,
where o, § € GF(2).

[Definition of DHO S.(n, GF(2"))]
nU=VaeW,forteV,let X(t)={ (z, B(x,t)) |z €V}
Then S.(n,GF(2")) =4{X(t) |te V}

isad=rndim. DHOinU =V W
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[Definition of Bilinear Mapping B of S.(n, GF(2"))]
Let K = GF(2"). Define V, W as direct sum of GF'(2)-vector spaces as follows.

Vi=(Kao ﬁ SK)DGF(2) = (Ko K ® K) @ (eo)
n (3)

W=Ko  dK)o(K® - dKD - -DK).
Define a GF'(2)-bilinear mapping B: V &V — W by

B:VaeVa((...,Zi Xy ), (s Yine ooy Yjy oo, B)) —
(co oy ziy; + acy? + Bexd, .. iy +yirg,..) €W

for (..., x4 ...;0), (..., Y%i...,.0) EV=(KS---BK)DGF(2) =V, ® (ep).
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[Presemifield]

Let GF'(q) be a finite field of ¢ elements.

S =(GF(q),4+,0): a presemifield <= S: an additive group (GF(q),+)
and o satisfies distributive laws and xr oy =0 iff x =0 or y = 0.

S: a semifield if S = (GF(q),+,0) has a multiplicative identity.
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[Presemifield]

Let GF'(q) be a finite field of ¢ elements.

S =(GF(q),+,0): a presemifield <= S: an additive group (GF'(q),+)
and o satisfies distributive laws and xr oy =0 iff x =0 or y = 0.

S: a semifield if S = (GF(q),+,0) has a multiplicative identity.

Let S1 = (GF(q),+,01) and Sy = (GF(q),+,02) be presemifields.
S1 and Sy are isotopic if 3 A1, Ao, p: GF(q) — GF(q) such that

213)‘1 09 y>\2 — (:C 01 y)P.

It is known that any presemifield is isotopic to a semifield.
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[Albert Presemifield]

Let g1 be a prime power and m > 1 an integer. Let F' := GF(q) with ¢ = q7".
Let 0,7 € Gal(F/GF(q1)), with 1 # o0 # 7 # 1 and (0,7) = Gal(F/GF(q1)).
Let N = FO71F™1 Let a € F\N. Define

rxy :=zxy —ax’y’

for any x,y € F. Then S = (F, +,*) is the Albert presemifield.
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[Albert Presemifield]
Fact [Biliotti, Jha, Johnson, 1999]

Fori =1,2,5; = (F,+,%;): the Albert presemifields by xx;y := zy—a;x%iy".
Then S and S5 are isotopic if and only if
(1) 01 = 09, 71 = 72 and o = ax(B72714y271) = ay(B717 1471 for some
p € Aut(F') and 8,y € F\{0}, or
(2) 07" = 02 7' = 7 and @ = —ay (B1772917) = —ag (81771 A1)
for some p € Aut(F) and 8,~v € F\{0}.

Cor. Let S = (F,+,*) : the Albert presemifield by = xy := xy — azy”.
If 0 # 7 and o # 7! then
S = (F, 4, %) is non-isotopic to any commutative presemifields.
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[Definition of Bilinear Mapping]

Fori=1,...,n,let K; = K =GF(2"). Let S;; = (GF(2"),+, ;)
be presemifields for 1 <1 < 5 < n.

n n
A A

V: =K. 8- 0K)aGF2) =Ko @ K) & (e),

n (5)
W: =(Ki®- K, ®(S12d- - ®S;;d & Sn_1n)

direct sums as G F'(2)-vector spaces.

xy for z,y € K = GF(2") is the ordinary field multiplication.

Assume ¢ € K\{0} = GF(2")\{0} satisfies the following conditions
(c1) Tr(c) = 1 (which means xy + cx? + cy* # 0 for x,y € GF(2")\{0}), and
(€2) (cx) *ij y = T *4; (cy) for any xz,y € GF(2").
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[Definition of Bilinear Mapping]
Let S;; = (GF(2"),+,*;;) be presemifields for 1 <i < j <mn.

V= ('I(GB-%@K)@GF(Q) — ('K@-g-@ff)@@@
n (2)

W:=Ko - oR)6GLd 08,0 & wm).

Define a GF'(2)-bilinear mapping B: V &V — W by

B:VaVs((..,Ti s Zjyeey )y (s Yiye ooy Yjy ooy, B)) —

2 2
(- s miys + acy; + Bexy, . Tk Y Yi ki Ty -

Jew

for (..., x4 ...;0), (..., Y%i...,.0) EV=(KS---BK)DGF(2) =V, ® (ep).
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[Definition of Bilinear Mapping]

Define a GF(2)-bilinear mapping B: V&V — W = (&, K;) ® (Pi<;S5:;) by

B((... x5 y0), (o Yiy ..., B)) =
(s miyi + acy; + Bexi, . @i xij Yj + Vi kij )

for (...,x4... ), (. Yiy...,B) EV =(K1®--- B K,)BGF(2) =V1®{ep).
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[Definition of Bilinear Mapping]

Define a GF(2)-bilinear mapping B: V&V — W = (&, K;) ® (Pi<;S5:;) by

B((... x5 y0), (o Yiy ..., B)) =
(,:Czyz—l—ozcyf+ﬁcxf,,a:z*wythyz*wa:j,)
for (...,x4... ), (. Yiy...,B) EV =(K1®--- B K,)BGF(2) =V1®{ep).

It B(x, (Y1,---3Yi,--->Yn,0)) =0 then x = (cy1,...,¢Yi,---,CYn, 1).
If B(z,(0,...,0,...,0,1)) = 0 then . = (0,...,0,...,0,1) = ep.

If B(z, (Y1, Yir--sYn, 1)) =0then z = (c " tyr,....,c ty;, ..., c ty,, 0).
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B(x, (y1,-- 3 Yis---,Yn,0)) =0 = x=(cy1,---,CYi,---,CYn, ).
B(x,(0,...,0,...,0,1)) =0 = 2=(0,...,0,...,0,1) = eo.

B(z, (Y1, Yir- - Yn 1)) =0 = a=(c""y1,...,¢ iy, ¢ yn,0).

Thus the condition “J 1 non-zero solution for B(xz,a) = 0 for any a # 0"
is satisfied.

Let S ={X(¢) |t € V} be a set of vector subspaces defined by
X(t)=A(x,B(x,t)) |z e V}CVOW

[Theorem 1] Sisa DHOin V@ W.
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[Def. S; and S, are isomorphic]

S1 and Sy are isomorphic <—
3 linear isomorphism ¢ : (S1) — (S2) which induces one-to-one mapping S; — So.

[Dempwolff and Edel, 2014]

Let V) and W) be GF(2)-vector spaces for i = 1,2. Let B; : VgV {®
W@ be GF(2)-bilinear mappings for i = 1,2. Let S;, Sy be bilinear dual
hyperovals with the bilinear mappings B1, By. Then &7 and Sy are isomorphic
— I\ p: VO 5 v@ 5wl 5 W st

By(2, y") = Bi(z,y)".
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[On isomorphism problem]
[Definition of Bilinear Mappings B; for i = 1, 2]

Let K = K = GF(2").
Let Sﬁ) = (GF(2"),+, %i;i) be presemifields for 1 < j < k < n.

v = (K9Da... aKNaGrR2)=(KDae- - aKD)a (e)
. ¥
w0 - @ e Ee @ e e AT

direct sums as GF'(2)-vector spaces.
Let B; : VW @ V) — W pe biliner mappings for i = 1, 2.
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[Theorem 2]

For 1 = 1,2, let §; be dual hyperovals with the bilinear mappings
Bi((z,a),(y,8)) = (..., xy; + och;y?- + Bciaz?, ey T kigk Yk T Y Rijk Thy - )

Assume Sﬁ) are non-isotopic to commutative presemifields for 1 < 57 < k < n,
and ¢, # 1. Let &1 and S5 be isomorphic. Then

e du € Gal(GF(2")/GF(2)) such that ¢;# = ¢s.

e J a permutation o € S, such that SZ-(;) is isotopic to S((f(z)a(j) if o(i) < o(j),
or SZ.(J.l) is anti-isotopic to Sf(;)a(i) if o(2) > o(j).
(anti-isotopic means 3\, j, p such that (z %1 y)? = y* %o 2#.)
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[Dempwolff and Edell]
B; : VW gV 5 W@ be GF(2)-bilinear mappings for i = 1, 2.
Let S1, S be bilinear dual hyperovals with the bilinear mappings B1, Bs.
Then S; and Sy are isomorphic <= I\, 1 : VD 5 V@ 5. wlh - W st

By(2, y") = Bi(x,y)".

n
A

Recall V) = (KD @ oK) @ GF(2) = (@7, K") & (eo). Then;

A= et = ey,

.60
o if co #1then A =p

o ifcy # 1then (&7, K" =@ K and (c12)* = coa? for z € &7 K\,
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Let us express A : V1<1> = ?:1[(@.(1) — V1(2> = ",’L-“:lKi(Q) by
ANt () e (L @)
j=1

using GF'(2)-linear maps \;; : KJ(.U =K — KZ@ = K.

By “Dempwolff-Edel” Bi(x,y)” = By(a*, i) for z,y € V) = @r KV,

. . ey R p_
(o Wiy e e s T Yy ey e TR Y Y K Xy ) =

> e (30, (Y
1=1 1=1
sz ) %k Zyz)"“ Zyikﬂ) *j (sz)‘k:z)’ )
1=1 1=1
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if we put y; :=x; and z; = y; = 0 for j # ¢, we have

(0,...,0,27,0,...,0)” =

(($i>\1i)2, Cee (,I‘iAji)2, Ceey (l‘ikm)% O, . ,O)
Hence there exist GF'(2)-linear maps f;; : Ki(l) > 7 (:Izj‘”)2 € Kj(-z) such that

(0,...,0,t:,0,...,0,0)" = (fir(t:)s s fii(t)s- s fin(t:),0,. .., 0).

— Typeset by Foil TEX — 21



if we put y; :=x; and z; = y; = 0 for j # ¢, we have

(0,...,0,27,0,...,0)” =
(($i>\1i)2, Cee (,I‘Z')\ji)2, Ceey (l‘ikm)% O, . ,O)

Hence there exist GF'(2)-linear maps f;; : Ki(l) > 7 (:Izj‘”)2 € Kj(-z) such that

(0,...,0,%;,0,...,0,0)” = (fir(ts), .-, fij (i), -, fin(2:),0,...,0).
Thus, substitute t; by x;y;, we have

(O,...,O,xiyi,o,...,O)p
= (fa(waws), .., fij(xayi), - -, fin(2iy:),0,...,0).
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Thus, for (0,...,0,2:,0,...,0),(0,...,0,y:0,...,0) € V) =@r_ KW,

Bi(xz,y)” = (0,...,0,2;v;0,...,0,...

p— (,fw(xzyz),,(),,O)

— Typeset by Foil TEX —

23



Thus, for (0,...,0,2:,0,...,0),(0,...,0,y:0,...,0) € V) =@r_ KW,

Bl(ilf,y)p = (O,...,O,xiyz-,(),...,O,...,O)p

= (,fw(xzyz),,(),,O)

(2)
Aei

BQ(CE)\, y>‘) = (., m My T kg y; ki :— y; M *ik TR L.
Since Bi(z,y)? = Bo(z*,y), fori=1,...,n,and for 1 < j < k < n,
1. fij(zy;) = a0y in KJ@) = K, and
2. x i * ik e = ;N * ik 2, ki in S](-z).
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For:=1,...,n,and for 1 < j < k <n, we have
L. fij(xy) = 1My N in K](.2) = K, and
2. 1, * ik Y M = g, N * ik 2, ki in Sﬁ).
Using these equations, and since p is an isomorphism, we have

® )\, is not an isomorphism = )\;; is a 0-mapping.

e Jk such that A\y; is an isomorphism forz: =1,...,n.

e if 37 # k such that \j;, \;; are isomorphisms for some i, then Sﬁ) Is isotopic
to a commutative presemifield, contradicts to our assumption.
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For:=1,...,n,and for 1 < j < k <n, we have
1. fzj(xzyz) = QﬁiAjiyiAji In KJ(2) = K, and

s Ay - (2)
It %k 2k N Sjk .

2. 2N kg Y=y,
Using these equations, and since p is an isomorphism, we have

e )\, Is not an isomorphism = )\, is a O-mapping.

e Jk such that A\y; is an isomorphism forz =1,...,n.

e J a permutation o s.t. A,(;); is an isomorphism, and {)\;; | k # o(i)} are

0-mappings.
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From f;;(x?) = (2%9)% and f;;(zy) = xYiyNii, we have

1Nt =yt for some v € GF(27) and 1 € Gal(GF(2")/GF(2)).
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From f;;(x?) = (2%9)% and f;;(zy) = xYiyNii, we have

1Nt =yt for some v € GF(27) and 1 € Gal(GF(2")/GF(2)).

Since A, (;); is an isomorphism, and \; = 0-mapping for k # o (1),

we have (..., z;,...,0)" = (... :L‘Aa(i)i,...,()).

g

Since (c12)* = coz? for € Vl(l) = ?:1KZ-(1), we have
A
(...,c124,...,0)" = (...,(clxi)ka(i)i,...,O) — (...,CQZUiU(Z)Z,...,O).
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From f;;(x?) = (2%9)% and f;;(zy) = xYiyNii, we have

1Nt =yt for some v € GF(27) and 1 € Gal(GF(2")/GF(2)).

Since A, (;); is an isomorphism, and \; = 0-mapping for k # o (1),

A s
we have (...,z;,...,0)" = (...,xia(m,...,()).
Since (c12)? = cox? for o € Vl(l) = ?:1KZ-(1), we have
Ao
(...,c124,...,0)" = (...,(clxi)ka(i)i,...,O) — (...,CQZUiU(Z)Z,...,O).

Since 277()i = vzt for some v € GF(2") and pu € Gal(GF(27)/GF(2)),
we have ¢ = ¢, for some p € Gal(GF(2")/GF(2)).
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Recall by “Dempwolff and Edel”

(...,xsys,...,xi*ijyj+yz~*ija:j,...)p:

SO D 1 7

O wt ) xee O _y™M) 4+ Oy ) xe O ™).
i=1 j=1 j=1 i=1

If we put x4 =0 for s 21 and y; = 0 for t # 7 with 7 < 7, we have

(0,...,0,2; %45 ¥5,0,...,0)" =

Aei o A Ao p p Ay
(...7337; l“yj kj,...,ilj‘i Sz*styj tj—l—yj 51 kgt Ty “,...).
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Recall by “Dempwolff and Edel”

(---aajsysa---axi*ijyj‘|‘yi*ijxj7---)p:

SIS0 A0 BEPE

(Z 2i7) *gt (Z M)+ (Z Y;9) Kt (Z 2 M)).

Since A, (;); isomorphism, Ay; 0-mapping for k # o(4),

(O,...,O,(Ei*ijyj,()’,,,’())p:

Aii Ay Ao Ay Ao \ys
(...7513@' l“yj kj,...,ilfi Sz*styj t3—|—yj 51 kgt Ty m,...).
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Recall by “Dempwolff and Edel”

(---aajsysw--,xi*ijyj‘|‘yz'*ijxj7---)p:

OO
(Z 2i7) *gt (Z y;iM) (Z Y;9) Kt (Z 2 M),

Since \,(;); isomorphism, \;; O-mapping for k # (i), if o(i) < o(j) we have

(0,..., 0,2 %i5 y5,0,...,0) =
(07 .5 0, xi)\a(i)i *o(i)o(4) yjAU(j)ja 0,... 70)
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Recall by “Dempwolff and Edel”

(---aajsysw--,xi*ijyj‘|‘yz'*ijxj7---)p:

OB A0 N7 BN

s=1 t=1
D w ) *a Qw0 + (D u ) wse (Y 2™M)
=1 j=1 j=1 i=1

Since A\, (;); isomorphism, \y; O-mapping for k # (i), if o(i) > o(j) we have

(O, O$Z z-jyj,O...,O)p:
(O ,0 y] 7)3 *o(j)o (i) Li Ao (i)i ,0,. ..,O).
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If A (;); isomorphism, Az; 0-mapping for k # o(¢) for o € S,,, we have

(0,...,0,2; %45 y5,0,...,0)" =
(0,...,0, xiAa(i)i *o(i)o(j) yj)\a(j)j, 0,...,0)

f 0(i) < o(j). and for o(i) > o(j)
(0,...,0,; ijyj,O...,O)p:

(O , 0 y] 73 *o(§)o (i) Li Aoi)i 0, ... ,0)

Proposition . Assume Sg ) fori < 4 are non-isotopic to commutative semifields,
— d a permutation o € S,, such that
(1) S( ) and S((T(z) (j) are isotopic ifo(i) < o(y),

(2) S( ) and Sé(;)a(z) are anti-isotopic if (i) > o(j).
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[Theorem 2]

For 1 = 1,2, let §; be dual hyperovals with the bilinear mappings
Bi((z,a),(y,8)) = (..., xy; + och;y?- + Bciaz?, ey T kigk Yk T Y Rijk Thy - )

Assume Sﬁ) are non-isotopic to commutative presemifields for 1 < 57 < k < n,
and ¢, # 1. Let &1 and S5 be isomorphic. Then

e du € Gal(GF(2")/GF(2)) such that ¢;# = ¢s.

e J a permutation o € S, such that SZ-(;) is isotopic to S((f(z)a(j) if o(i) < o(j),
or SZ.(J.l) is anti-isotopic to Sf(;)a(i) if o(2) > o(j).
(anti-isotopic means 3\, j, p such that (z %1 y)? = y* %o 2#.)
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Thank you for your attention.
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