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Definitions: (Huybrechts and Pasini, 1999)

d-dimensional dual hyperoval S in V (n, q) is a set of (d+ 1)-subspaces:

(1) S consists of qd+ qd−1+ · · ·+ q+2 (d+1)-subspaces, (= 2d+1 if q = 2.)

(2) any two distinct (d+1)-subspaces of S meet a one dimensional subspace,

(3) any three distinct (d+ 1)-subspaces of S intersect trivially,

(4) (d+ 1)-subspaces of S span V (n, q).
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[Bilinear DHO SB with the bilinear mappig B(x, t)]

V : (d+ 1)-dimensional vector space over GF (2) with d ≥ 2.

B : V ⊕ V → W : a GF (2)-bilinear mapping with

∃ 1 non-zero solution for (i) B(x, a) = 0 and (ii) B(a, x) = 0 for any a ̸= 0.

In V ⊕W , for t ∈ V , let

X(t) = { (x, B(x, t)) | x ∈ V }.

Then S = {X(t) | t ∈ V } is a d-dimensional DHO in V ⊕W .

From X(s) ∩X(t) ∋ (x,B(x, s)) = (x,B(x, t)), we have B(x, s+ t) = 0,
hence X(s) ∩X(t) consists of a one projective point by (1).
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[Bilinear DHO SB with the bilinear mappig B(x, t)]

V : (d+ 1)-dimensional vector space over GF (2) with d ≥ 2.

B : V ⊕ V → W : a GF (2)-bilinear mapping with

∃ 1 non-zero solution for B(x, a) = 0 for any a ̸= 0 if B(x, y) = B(y, x).

In V ⊕W , for t ∈ V , let

X(t) = { (x, B(x, t)) | x ∈ V }.

Then S = {X(t) | t ∈ V } is a d-dimensional DHO in V ⊕W .

From X(s) ∩X(t) ∋ (x,B(x, s)) = (x,B(x, t)), we have B(x, s+ t) = 0,
hence X(s) ∩X(t) consists of a one projective point by (1).
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[DHO Sc(n,GF (2r))] [T,2014]

Let K = GF (2r) ∋ c with Tr(c) = 1(i.e, xy + cx2 + cy2 ̸= 0 for x, y ∈ K∗).
V1 := ⟨e1, . . . , en⟩: n-dimensional K-vector space.
W := S(V1 ⊗K V1) (symmetric tensor space: x⊗ y = y ⊗ x)

V := V1 ⊕ ⟨e0⟩ direct sum of GF (2)-vector spaces.

[Definition of B(x, t) for x, t ∈ V ] ( B : V ⊕ V → W )
Define B(x+ αe0, t+ βe0) = x⊗ t+ αcy ⊗ y + βcx⊗ x,
where α, β ∈ GF (2).

[Definition of DHO Sc(n,GF (2r))]
In U = V ⊕W , for t ∈ V , let X(t) = { (x, B(x, t)) | x ∈ V }
Then Sc(n,GF (2r)) = {X(t) | t ∈ V }
is a d = rn-dim. DHO in U = V ⊕W
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[Definition of Bilinear Mapping B of Sc(n,GF (2r))]

Let K = GF (2r). Define V , W as direct sum of GF (2)-vector spaces as follows.

V := (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕GF (2) = (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕ ⟨e0⟩

W := (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕ (

(n2)︷ ︸︸ ︷
K ⊕ · · · ⊕K ⊕ · · · ⊕K).

Define a GF (2)-bilinear mapping B : V ⊕ V → W by

B : V ⊕ V ∋ ((. . . , xi, . . . , xj, . . . , α), (. . . , yi, . . . , yj, . . . , β)) 7→

(. . . , xiyi + αcy2i + βcx2
i , . . . , xiyj + yixj, . . .) ∈ W

for (. . . , xi, . . . , α), (. . . , yi, . . . , β) ∈ V = (K ⊕ · · · ⊕K)⊕GF (2) = V1 ⊕ ⟨e0⟩.
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[Presemifield]

Let GF (q) be a finite field of q elements.

S = (GF (q),+, ◦): a presemifield ⇐⇒ S: an additive group (GF (q),+)
and ◦ satisfies distributive laws and x ◦ y = 0 iff x = 0 or y = 0.

S: a semifield if S = (GF (q),+, ◦) has a multiplicative identity.

Let S1 = (GF (q),+, ◦1) and S2 = (GF (q),+, ◦2) be presemifields.
S1 and S2 are isotopic if ∃ λ1, λ2, ρ : GF (q) → GF (q) such that

xλ1 ◦2 yλ2 = (x ◦1 y)ρ.

It is known that any presemifield is isotopic to a semifield.
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[Presemifield]

Let GF (q) be a finite field of q elements.

S = (GF (q),+, ◦): a presemifield ⇐⇒ S: an additive group (GF (q),+)
and ◦ satisfies distributive laws and x ◦ y = 0 iff x = 0 or y = 0.

S: a semifield if S = (GF (q),+, ◦) has a multiplicative identity.

Let S1 = (GF (q),+, ◦1) and S2 = (GF (q),+, ◦2) be presemifields.
S1 and S2 are isotopic if ∃ λ1, λ2, ρ : GF (q) → GF (q) such that

xλ1 ◦2 yλ2 = (x ◦1 y)ρ.

It is known that any presemifield is isotopic to a semifield.
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[Albert Presemifield]

Let q1 be a prime power and m > 1 an integer. Let F := GF (q) with q = qm1 .
Let σ, τ ∈ Gal(F/GF (q1)), with 1 ̸= σ ̸= τ ̸= 1 and ⟨σ, τ⟩ = Gal(F/GF (q1)).
Let N = Fσ−1F τ−1. Let α ∈ F\N . Define

x ⋆ y := xy − αxσyτ

for any x, y ∈ F . Then S = (F,+, ⋆) is the Albert presemifield.
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[Albert Presemifield]

Fact [Biliotti, Jha, Johnson, 1999]

For i = 1, 2, Si = (F,+, ⋆i): the Albert presemifields by x⋆iy := xy−αix
σiyτi.

Then S1 and S2 are isotopic if and only if
(1) σ1 = σ2, τ1 = τ2 and αµ

1 = α2(β
σ2−1γτ2−1) = α2(β

σ1−1γτ1−1) for some
µ ∈ Aut(F ) and β, γ ∈ F\{0}, or
(2) σ−1

1 = σ2, τ
−1
1 = τ2 and αµ

1 = −α−1
2 (β1−σ2γ1−τ2) = −α−1

2 (β1−σ−1
1 γ1−τ−1

1 )
for some µ ∈ Aut(F ) and β, γ ∈ F\{0}.

Cor. Let S = (F,+, ⋆) : the Albert presemifield by x ⋆ y := xy − αxσyτ .
If σ ̸= τ and σ ̸= τ−1 then
S = (F,+, ⋆) is non-isotopic to any commutative presemifields.
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[Definition of Bilinear Mapping]

For i = 1, . . . , n, let Ki = K = GF (2r). Let Sij = (GF (2r),+, ⋆ij)
be presemifields for 1 ≤ i < j ≤ n.

V : = (

n︷ ︸︸ ︷
K1 ⊕ · · · ⊕Kn)⊕GF (2) = (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕ ⟨e0⟩,

W : = (

n︷ ︸︸ ︷
K1 ⊕ · · · ⊕Kn)⊕ (

(n2)︷ ︸︸ ︷
S12 ⊕ · · · ⊕ Sij ⊕ · · · ⊕ Sn−1n)

direct sums as GF (2)-vector spaces.

xy for x, y ∈ K = GF (2r) is the ordinary field multiplication.
Assume c ∈ K\{0} = GF (2r)\{0} satisfies the following conditions

(c1) Tr(c) = 1 (which means xy + cx2 + cy2 ̸= 0 for x, y ∈ GF (2r)\{0}), and
(c2) (cx) ⋆ij y = x ⋆ij (cy) for any x, y ∈ GF (2r).
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[Definition of Bilinear Mapping]

Let Sij = (GF (2r),+, ⋆ij) be presemifields for 1 ≤ i < j ≤ n.

V : = (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕GF (2) = (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕ ⟨e0⟩

W : = (

n︷ ︸︸ ︷
K ⊕ · · · ⊕K)⊕ (

(n2)︷ ︸︸ ︷
S12 ⊕ · · · ⊕ Sij ⊕ · · · ⊕ Sn−1n).

Define a GF (2)-bilinear mapping B : V ⊕ V → W by

B : V ⊕ V ∋ ((. . . , xi, . . . , xj, . . . , α), (. . . , yi, . . . , yj, . . . , β)) 7→

(. . . , xiyi + αcy2i + βcx2
i , . . . , xi ⋆ij yj + yi ⋆ij xj, . . .) ∈ W

for (. . . , xi, . . . , α), (. . . , yi, . . . , β) ∈ V = (K ⊕ · · · ⊕K)⊕GF (2) = V1 ⊕ ⟨e0⟩.
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[Definition of Bilinear Mapping]

Define a GF (2)-bilinear mapping B : V ⊕V → W = (⊕iKi)⊕ (⊕i<jSij) by

B((. . . , xi, . . . , α), (. . . , yi, . . . , β)) :=

(. . . , xiyi + αcy2i + βcx2
i , . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)

for (. . . , xi, . . . , α), (. . . , yi, . . . , β) ∈ V = (K1⊕· · ·⊕Kn)⊕GF (2) = V1⊕⟨e0⟩.

If B(x+ αe0, y) = 0 then x = cy, α = 1.

If B(x+ αe0, e0) = 0 then x = 0, α = 1.

If B(x+ αe0, y + e0) = 0 then x = c−1y and α = 0.
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[Definition of Bilinear Mapping]

Define a GF (2)-bilinear mapping B : V ⊕V → W = (⊕iKi)⊕ (⊕i<jSij) by

B((. . . , xi, . . . , α), (. . . , yi, . . . , β)) :=

(. . . , xiyi + αcy2i + βcx2
i , . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)

for (. . . , xi, . . . , α), (. . . , yi, . . . , β) ∈ V = (K1⊕· · ·⊕Kn)⊕GF (2) = V1⊕⟨e0⟩.

If B(x, (y1, . . . , yi, . . . , yn, 0)) = 0 then x = (cy1, . . . , cyi, . . . , cyn, 1).

If B(x, (0, . . . , 0, . . . , 0, 1)) = 0 then x = (0, . . . , 0, . . . , 0, 1) = e0.

If B(x, (y1, . . . , yi, . . . , yn, 1)) = 0 then x = (c−1y1, . . . , c
−1yi, . . . , c

−1yn, 0).
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B(x, (y1, . . . , yi, . . . , yn, 0)) = 0 =⇒ x = (cy1, . . . , cyi, . . . , cyn, 1).

B(x, (0, . . . , 0, . . . , 0, 1)) = 0 =⇒ x = (0, . . . , 0, . . . , 0, 1) = e0.

B(x, (y1, . . . , yi, . . . , yn, 1)) = 0 =⇒ x = (c−1y1, . . . , c
−1yi, . . . , c

−1yn, 0).

Thus the condition “∃ 1 non-zero solution for B(x, a) = 0 for any a ̸= 0”
is satisfied.

Let S = {X(t) | t ∈ V } be a set of vector subspaces defined by

X(t) = {(x,B(x, t)) | x ∈ V } ⊂ V ⊕W.

[Theorem 1] S is a DHO in V ⊕W .
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[Def. S1 and S2 are isomorphic]

S1 and S2 are isomorphic ⇐⇒
∃ linear isomorphism ϕ : ⟨S1⟩ 7→ ⟨S2⟩ which induces one-to-one mapping S1 → S2.

[Dempwolff and Edel, 2014]

Let V (i) and W (i) be GF (2)-vector spaces for i = 1, 2. Let Bi : V
(i)⊕V (i) →

W (i) be GF (2)-bilinear mappings for i = 1, 2. Let S1, S2 be bilinear dual
hyperovals with the bilinear mappings B1, B2. Then S1 and S2 are isomorphic
⇐⇒ ∃ λ, µ : V (1) → V (2), ρ : W (1) → W (2) s.t.

B2(x
λ, yµ) = B1(x, y)

ρ.
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[On isomorphism problem]

[Definition of Bilinear Mappings Bi for i = 1, 2]

Let K(i) = K = GF (2r).

Let S
(i)
jk = (GF (2r),+, ⋆ijk) be presemifields for 1 ≤ j < k ≤ n.

V (i) : = (

n︷ ︸︸ ︷
K(i) ⊕ · · · ,⊕K(i))⊕GF (2) = (

n︷ ︸︸ ︷
K(i) ⊕ · · · ,⊕K(i))⊕ ⟨e0⟩

W (i) : = (

n︷ ︸︸ ︷
K(i) ⊕ · · · ⊕K(i))⊕ (

(n2)︷ ︸︸ ︷
S
(i)
12 ⊕ · · · ⊕ S

(i)
jk ⊕ · · · ⊕ S

(i)
n−1n)

direct sums as GF (2)-vector spaces.

Let Bi : V
(i) ⊕ V (i) → W (i) be biliner mappings for i = 1, 2.
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[Theorem 2]

For i = 1, 2, let Si be dual hyperovals with the bilinear mappings

Bi((x, α), (y, β)) = (. . . , xjyj + αciy
2
j + βcix

2
j , . . . , xj ⋆ijk yk + yj ⋆ijk xk, . . .).

Assume S(2)
jk are non-isotopic to commutative presemifields for 1 ≤ j < k ≤ n,

and c2 ̸= 1. Let S1 and S2 be isomorphic. Then

• ∃µ ∈ Gal(GF (2r)/GF (2)) such that c1
µ = c2.

• ∃ a permutation σ ∈ Sn such that S
(1)
ij is isotopic to S

(2)
σ(i)σ(j) if σ(i) < σ(j),

or S
(1)
ij is anti-isotopic to S

(2)
σ(j)σ(i) if σ(i) > σ(j).

(anti-isotopic means ∃λ, µ, ρ such that (x ⋆1 y)
ρ = yλ ⋆2 x

µ.)
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[Dempwolff and Edel]
Bi : V

(i) ⊕ V (i) → W (i) be GF (2)-bilinear mappings for i = 1, 2.
Let S1, S2 be bilinear dual hyperovals with the bilinear mappings B1, B2.
Then S1 and S2 are isomorphic ⇐⇒ ∃ λ, µ : V (1) → V (2), ρ : W (1) → W (2) s.t.

B2(x
λ, yµ) = B1(x, y)

ρ.

Recall V (i) = (

n︷ ︸︸ ︷
K(i) ⊕ · · · ,⊕K(i))⊕GF (2) = (⊕n

j=1K
(i)
j )⊕ ⟨e0⟩. Then:

• e0
λ = e0

µ = e0,

• if c2 ̸= 1 then λ = µ

• if c2 ̸= 1 then (⊕n
i=1K

(1)
i )λ = ⊕n

i=1K
(2)
i and (c1x)

λ = c2x
λ for x ∈ ⊕n

i=1K
(1)
i .
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Let us express λ : V
(1)
1 = ⊕n

i=1K
(1)
i → V

(2)
1 = ⊕n

i=1K
(2)
i by

λ : (. . . , xi, . . .) 7→ (. . . ,

n∑
j=1

x
λij

j , . . .)

using GF (2)-linear maps λij : K
(1)
j = K → K

(2)
i = K.

By “Dempwolff-Edel” B1(x, y)
ρ = B2(x

λ, yλ) for x, y ∈ V
(1)
1 = ⊕n

i=1K
(1)
i ,

(. . . , xiyi, . . . , xjyj, . . . , . . . , xi ⋆ yj + yi ⋆ xj, . . .)
ρ =

( . . . , (

n∑
i=1

xi
λki)(

n∑
i=1

yi
λki), . . . , (

n∑
i=1

xi
λli)(

n∑
i=1

yi
λli), . . . ,

. . . , (

n∑
i=1

xi
λji) ⋆jk (

n∑
i=1

yi
λki) + (

n∑
i=1

yi
λji) ⋆jk (

n∑
i=1

xi
λki), . . . ).
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if we put yi := xi and xj = yj = 0 for j ̸= i, we have

(0, . . . , 0, x2
i , 0, . . . , 0)

ρ =

((xi
λ1i)2, . . . , (xi

λji)2, . . . , (xi
λni)2, 0, . . . , 0).

Hence there exist GF (2)-linear maps fij : K
(1)
i ∋ x2

i 7→ (x
λji

i )2 ∈ K
(2)
j such that

(0, . . . , 0, ti, 0, . . . , 0, 0)
ρ = (fi1(ti), . . . , fij(ti), . . . , fin(ti), 0, . . . , 0).

(0, . . . , 0, xiyi, 0, . . . , 0)
ρ

= (fi1(xiyi), . . . , fij(xiyi), . . . , fin(xiyi), 0, . . . , 0).
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if we put yi := xi and xj = yj = 0 for j ̸= i, we have

(0, . . . , 0, x2
i , 0, . . . , 0)

ρ =

((xi
λ1i)2, . . . , (xi

λji)2, . . . , (xi
λni)2, 0, . . . , 0).

Hence there exist GF (2)-linear maps fij : K
(1)
i ∋ x2

i 7→ (x
λji

i )2 ∈ K
(2)
j such that

(0, . . . , 0, ti, 0, . . . , 0, 0)
ρ = (fi1(ti), . . . , fij(ti), . . . , fin(ti), 0, . . . , 0).

Thus, substitute ti by xiyi, we have

(0, . . . , 0, xiyi, 0, . . . , 0)
ρ

= (fi1(xiyi), . . . , fij(xiyi), . . . , fin(xiyi), 0, . . . , 0).

xxxxxxxxxxxxxxxxxxxxxxxxxx
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Thus, for (0, . . . , 0, xi, 0, . . . , 0), (0, . . . , 0, yi, 0, . . . , 0) ∈ V
(1)
1 = ⊕n

i=1K
(1)
i ,

B1(x, y)
ρ = (0, . . . , 0, xiyi, 0, . . . , 0, . . . , 0)

ρ

= (. . . , fij(xiyi), . . . ,

(n2)︷ ︸︸ ︷
0, . . . , 0)

B2(x
λ, yλ) = (. . . , xi

λjiyi
λji, . . . ,

(n2)︷ ︸︸ ︷
. . . , xi

λji ⋆jk yi
λki + yi

λji ⋆jk xi
λki, . . .).

fik(xiyi) = xi
λkiyi

λki,

xi
λji ⋆jk yi

λki = yi
λji ⋆jk xi

λki in S
(2)
jk .
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Thus, for (0, . . . , 0, xi, 0, . . . , 0), (0, . . . , 0, yi, 0, . . . , 0) ∈ V
(1)
1 = ⊕n

i=1K
(1)
i ,

B1(x, y)
ρ = (0, . . . , 0, xiyi, 0, . . . , 0, . . . , 0)

ρ

= (. . . , fij(xiyi), . . . ,

(n2)︷ ︸︸ ︷
0, . . . , 0)

B2(x
λ, yλ) = (. . . , xi

λjiyi
λji, . . . ,

(n2)︷ ︸︸ ︷
. . . , xi

λji ⋆jk yi
λki + yi

λji ⋆jk xi
λki, . . .).

Since B1(x, y)
ρ = B2(x

λ, yλ), for i = 1, . . . , n, and for 1 ≤ j < k ≤ n,

1. fij(xiyi) = xi
λjiyi

λji in K
(2)
j = K, and

2. xi
λji ⋆jk yi

λki = yi
λji ⋆jk xi

λki in S
(2)
jk .
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For i = 1, . . . , n, and for 1 ≤ j < k ≤ n, we have

1. fij(xiyi) = xi
λjiyi

λji in K
(2)
j = K, and

2. xi
λji ⋆jk yi

λki = yi
λji ⋆jk xi

λki in S
(2)
jk .

Using these equations, and since ρ is an isomorphism, we have

• λki is not an isomorphism =⇒ λki is a 0-mapping.

• ∃k such that λki is an isomorphism for i = 1, . . . , n.

• if ∃j ̸= k such that λji, λki are isomorphisms for some i, then S
(2)
jk is isotopic

to a commutative presemifield, contradicts to our assumption.
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For i = 1, . . . , n, and for 1 ≤ j < k ≤ n, we have

1. fij(xiyi) = xi
λjiyi

λji in K
(2)
j = K, and

2. xi
λji ⋆jk yi

λki = yi
λji ⋆jk xi

λki in S
(2)
jk .

Using these equations, and since ρ is an isomorphism, we have

• λki is not an isomorphism =⇒ λki is a 0-mapping.

• ∃k such that λki is an isomorphism for i = 1, . . . , n.

• ∃ a permutation σ s.t. λσ(i)i is an isomorphism, and {λki | k ̸= σ(i)} are
0-mappings.

– Typeset by FoilTEX – 26



From fij(x
2) = (xλji)2 and fij(xy) = xλjiyλji, we have

xλji = γxµ for some γ ∈ GF (2r) and µ ∈ Gal(GF (2r)/GF (2)).

Since λσ(i)i is an isomorphism, and λki = 0-mapping for k ̸= σ(i),

we have (. . . , xi, . . . , 0)
λ = (. . . , x

λσ(i)i

i , . . . , 0).

Since (c1x)
λ = c2x

λ for x ∈ V
(1)
1 = ⊕n

i=1K
(1)
i , we have

(. . . , c1xi, . . . , 0)
λ = (. . . , (c1xi)

λσ(i)i, . . . , 0) = (. . . , c2x
λσ(i)i

i , . . . , 0).

Since xλσ(i)i = γix
µi for some γi ∈ GF (2r) and µi ∈ Gal(GF (2r)/GF (2)),

we have cµi
1 = c2, hence cµ1 = c2 for some µ ∈ Gal(GF (2r)/GF (2)).
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From fij(x
2) = (xλji)2 and fij(xy) = xλjiyλji, we have

xλji = γxµ for some γ ∈ GF (2r) and µ ∈ Gal(GF (2r)/GF (2)).

Since λσ(i)i is an isomorphism, and λki = 0-mapping for k ̸= σ(i),

we have (. . . , xi, . . . , 0)
λ = (. . . , x

λσ(i)i

i , . . . , 0).

Since (c1x)
λ = c2x

λ for x ∈ V
(1)
1 = ⊕n

i=1K
(1)
i , we have

(. . . , c1xi, . . . , 0)
λ = (. . . , (c1xi)

λσ(i)i, . . . , 0) = (. . . , c2x
λσ(i)i

i , . . . , 0).

Since xλσ(i)i = γix
µi for some γi ∈ GF (2r) and µi ∈ Gal(GF (2r)/GF (2)),

we have cµi
1 = c2, hence cµ1 = c2 for some µ ∈ Gal(GF (2r)/GF (2)).
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From fij(x
2) = (xλji)2 and fij(xy) = xλjiyλji, we have

xλji = γxµ for some γ ∈ GF (2r) and µ ∈ Gal(GF (2r)/GF (2)).

Since λσ(i)i is an isomorphism, and λki = 0-mapping for k ̸= σ(i),

we have (. . . , xi, . . . , 0)
λ = (. . . , x

λσ(i)i

i , . . . , 0).

Since (c1x)
λ = c2x

λ for x ∈ V
(1)
1 = ⊕n

i=1K
(1)
i , we have

(. . . , c1xi, . . . , 0)
λ = (. . . , (c1xi)

λσ(i)i, . . . , 0) = (. . . , c2x
λσ(i)i

i , . . . , 0).

Since xλσ(i)i = γxµ for some γ ∈ GF (2r) and µ ∈ Gal(GF (2r)/GF (2)),
we have cµ1 = c2 for some µ ∈ Gal(GF (2r)/GF (2)).
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Recall by “Dempwolff and Edel”

(. . . , xsys, . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)
ρ =

( . . . , (

n∑
s=1

xλis
s )(

n∑
t=1

yλit
t ) , . . . .,

(

n∑
i=1

xi
λsi) ⋆st (

n∑
j=1

yj
λtj) + (

n∑
j=1

yj
λsj) ⋆st (

n∑
i=1

xi
λti)).

If we put xs = 0 for s ̸= i and yt = 0 for t ̸= j with i < j, we have xxxxx

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(. . . , xi
λkiyj

λkj, . . . , xi
λsi ⋆st yj

λtj + yj
λsj ⋆st xi

λti, . . .).
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Recall by “Dempwolff and Edel”

(. . . , xsys, . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)
ρ =

( . . . , (

n∑
s=1

xλis
s )(

n∑
t=1

yλit
t ) , . . . .,

(

n∑
i=1

xi
λsi) ⋆st (

n∑
j=1

yj
λtj) + (

n∑
j=1

yj
λsj) ⋆st (

n∑
i=1

xi
λti)).

Since λσ(i)i isomorphism, λki 0-mapping for k ̸= σ(i), if σ(i) < σ(j) we have

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(. . . , xi
λkiyj

λkj, . . . , xi
λsi ⋆st yj

λtj + yj
λsj ⋆st xi

λti, . . .).
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Recall by “Dempwolff and Edel”

(. . . , xsys, . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)
ρ =

( . . . , (

n∑
s=1

xλis
s )(

n∑
t=1

yλit
t ) , . . . .,

(

n∑
i=1

xi
λsi) ⋆st (

n∑
j=1

yj
λtj) + (

n∑
j=1

yj
λsj) ⋆st (

n∑
i=1

xi
λti)).

Since λσ(i)i isomorphism, λki 0-mapping for k ̸= σ(i), if σ(i) < σ(j) we have

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(0, . . . , 0, xi
λσ(i)i ⋆σ(i)σ(j) yj

λσ(j)j, 0, . . . , 0)
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Recall by “Dempwolff and Edel”

(. . . , xsys, . . . , xi ⋆ij yj + yi ⋆ij xj, . . .)
ρ =

( . . . , (

n∑
s=1

xλis
s )(

n∑
t=1

yλit
t ) , . . . .,

(

n∑
i=1

xi
λsi) ⋆st (

n∑
j=1

yj
λtj) + (

n∑
j=1

yj
λsj) ⋆st (

n∑
i=1

xi
λti)).

Since λσ(i)i isomorphism, λki 0-mapping for k ̸= σ(i), if σ(i) > σ(j) we have

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(0, . . . , 0, yj
λσ(j)j ⋆σ(j)σ(i) xi

λσ(i)i, 0, . . . , 0).
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If λσ(i)i isomorphism, λki 0-mapping for k ̸= σ(i) for σ ∈ Sn, we have

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(0, . . . , 0, xi
λσ(i)i ⋆σ(i)σ(j) yj

λσ(j)j, 0, . . . , 0)

if σ(i) < σ(j), and for σ(i) > σ(j)

(0, . . . , 0, xi ⋆ij yj, 0, . . . , 0)
ρ =

(0, . . . , 0, yj
λσ(j)j ⋆σ(j)σ(i) xi

λσ(i)i, 0, . . . , 0).

Proposition . Assume S
(2)
ij for i < j are non-isotopic to commutative semifields,

=⇒ ∃ a permutation σ ∈ Sn such that

(1) S
(1)
ij and S

(2)
σ(i)σ(j) are isotopic if σ(i) < σ(j),

(2) S
(1)
ij and S

(2)
σ(j)σ(i) are anti-isotopic if σ(i) > σ(j).
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[Theorem 2]

For i = 1, 2, let Si be dual hyperovals with the bilinear mappings

Bi((x, α), (y, β)) = (. . . , xjyj + αciy
2
j + βcix

2
j , . . . , xj ⋆ijk yk + yj ⋆ijk xk, . . .).

Assume S(2)
jk are non-isotopic to commutative presemifields for 1 ≤ j < k ≤ n,

and c2 ̸= 1. Let S1 and S2 be isomorphic. Then

• ∃µ ∈ Gal(GF (2r)/GF (2)) such that c1
µ = c2.

• ∃ a permutation σ ∈ Sn such that S
(1)
ij is isotopic to S

(2)
σ(i)σ(j) if σ(i) < σ(j),

or S
(1)
ij is anti-isotopic to S

(2)
σ(j)σ(i) if σ(i) > σ(j).

(anti-isotopic means ∃λ, µ, ρ such that (x ⋆1 y)
ρ = yλ ⋆2 x

µ.)
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Thank you for your attention.
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