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Basics

A, B subsets of a finite abelian group (G, o) with neutral element 1

Product set of Aand B: AoB:={aob:ac A be B}
Ratio set of Aand B: Ao B! ={aob':a€c A bec B}

Trivial bound: |Ao B| < min{|A||B]|, |G|}

Problem:

Given () # A C G, what is the size of the largest set B C G such
that |Ao B| = |A||B|?

Motivation: coding theory
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Packing sets

A-packing set: any B with |Ao B| = |A||B|
v(A): maximal size of an A-packing set

v(A) :=max{|B|: B C G,|Ao B| = |A||B|}

Trivial upper bound: v(A) < %
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Example

A subgroup of G, k = |G|/|A|

k different cosets x; 0 A, xp 0 A, ..., x, 0 A
B ={x1,xa, ..., Xk}

[Ac B| = |A|B| = |G

v(A) = |B| = |G]/|A|

v(B) = |Al = [G]/|B]

Upper bound is tight!
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Lower bound

Rusza's Covering Lemma:

G |G
A) > >
A 2 oA 7 jar
Proof. Choose B C G with v(A) = |B].
By maximality of B, for each x € G: (Aox)N (Ao B) #0,
thatis, GC AloAoB,
hence |G| < |[A"1o Ao B| < |Ao A7Y||B|. 0
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Example
H=1{g,g%...,8"} cyclic subgroup of G, d = (\/ﬂ > 2

A:{g7g27""gd}U{g2d7"’7q(d_1)d7gd2}
Al <2d, AcAl =H
|Ao B| = |A||B] is true iff there are no non-trivial solutions to the
equation a; o by = a0 by, (ar,ax, b1, b)) EAXAX B xB:

(AcAHYN(BoB™) = {1}.
N——

H

B cannot contain more than one element from each coset of H.

o< 1S _Iol__ 1000
ok (d=12 7 JARS
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v(A) = max{|B| : [Ao B| = |A||B|}

6|
aE =YW=

@ upper bound is tight
@ lower bound is tight (up to a multiplicative constant)

@ adding more elements of H to A in the above example we can
get: |Ao A7l &~ |A|** for any 0 < a < 1 and
v(A) ~ |G/|A]*e
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The case G = IF;, p prime, and A= {1,2,..., A}

@ application: limited-magnitude error-correcting codes
@ ) small, say, A < p'/? for this application
e v(A) > (p—1)/|AA™1| is not better than v(A) > p/)\?

A, ={1,2,... A} CZ

AALt = {ab™ 1 a,b € Az, ged(a, b) = 1}
and thus

[AATY = AzAZY = (1) + 2((2) + ¢(3) + ... + ¢(N))

6
= F)\z + O(Alog \)

Garaev, 2006: For A > p'/2log'*< p we have |[AA™Y| = (1 + o(1))p.
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An almost best possible construction

Let A= {1,2...,A} C F} with A < 0.9,/p. Then

p
A .
v(A) > Aogp

Proof. B := {x eF,: A <x< %, xis prime}
Verify |AB| = |A||B|:

ab=ab, (ad,b,b)eAxAxBxB.

No modulo reduction because of the sizes of a,a’, b, b'.
unique factorisation: only solutions are trivial

Prime Number Theorem: |B| > |ogpi,/>/\) |o;‘,\
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Limited-magnitude error correcting codes

sent symbol: c € I,

received symbol: c +e € F, withec A= {1,2,... A}

For B = {by,...,b,} C F, with n > 2, we define the linear code

C:{(C]"""C")GFII;:C1b1+"'+cnbn:0}'

If a single error e € A occurs at position j, that is, we receive
(vi,...,va) =(c1,...,¢ +e,...,¢p), then we get the syndrome

n

Z V,'b,' = ebj.

i=1

set of possible syndromes: AB

If B is an A-packing set, then the syndromes are distinct and C can
correct any single limited-magnitude error e € A since the syndrome
uniquely determines e and j.
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Covering sets

For AC G aset B C G is an A-covering set if

Ao B =G.
cov(A) =min{|B| : Ao B = G}

cov(A)

v
|

Bollobas et al., 2011:

cov(A) < %(Iog(|A| +1)

not constructive, not best possible
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G=T, A={1,..., A}
Chen, Shparlinski, W., 2014: cov(A) < 2p/\ (constructive!)

B={tb'modp:b=1,...,|p/A|}

application: rewriting schemes
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Rewriting schemes

@ n memory cells, each capable of storing an element of I,
o B={by,..., by} CF, of size n identified with the vector
b= (by,...,b,) €F}
@ store a value v € [F, in the n memory cells by storing
x = (x1,...,X,) € F} with xb = x1b; + ... + x,b, = v
e for rewriting v by any v/ € F, we have to choose

X' = (x,...,x;) € F} with xb = v' and
x! € {x;,x;+1,...,x + A} due to the limitations of flash
memory

o for efficiency we may allow only a single cell change

e if Bisa {1,..., A\}-covering set, we can write v/ — v = ab; with
a€{l,...,\} and b; € B and then change only x; to x; + a to
derive x’ from x

o for efficiency we are interested in covering sets of smallest
possible size

A.Winterhof (RICAM) packing sets Irsee, September 14, 2017 12 /13



Thank you for your attention.
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