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Definition of linear set in PG(1, q")

PG(1,q9") = PG(W,Fg) W = V(2,9")
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Definition of linear set in PG(1, q")

PG(1,q9") = PG(W,Fg) W = V(2,9")

W=V(2n,q)
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Definition of linear set in PG(1, q")

PG(1,q9") = PG(W,Fg) W = V(2,9")

W=V(2n,q)

S = {{wr,,: ue W}is a Desarguesian spread of W

New maximum scattered linear sets of the projective line Ferdinando Zullo (UNICAMPANIA)



Definition of linear set

U F4-subspace of W

|_U W=V(2n,q)

Al

AAn
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Definition of linear set

U F4-subspace of W

|_U W=V(2n,q)

Al

AAn

Ly = {{Wr,,: ue U\{0}}
Ly is an Fg-linear set of PG(1,q")
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Definition of linear set

U F4-subspace of W

|_U W=V(2n,q)

Al

AAn

Ly = {{wr,,: ue U\{0}}
Ly is an Fg-linear set of PG(1,q")
The rank of Ly is dimg, U
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Definition of linear set

U F4-subspace of W

|_U W=V(2n,q)

Al

AAn

Ly = {{wr,,: ue U\{0}}
Ly is an Fg-linear set of PG(1,q")
The rank of Ly is dimg, U

dim]FqU <n
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The weight of a point

P = (ujr,, € PG(1,q")
The weight of Pin L is
W[_U(P) = diqu(U M <U>Fqn)

P W=V(2n,q)
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Maximum scattered linear sets

qc -1

g=1 — scattered linear set

A linear set Ly of rank k and size
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Maximum scattered linear sets

qc -1

g=1 — scattered linear set

A linear set Ly of rank k and size

< wy,(P) < 1foreach Pe PG(1,q")
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Maximum scattered linear sets

qc -1

g=1 — scattered linear set

A linear set Ly of rank k and size

< wy,(P) < 1foreach Pe PG(1,q")

If Kk = n — maximum scattered linear set of PG(1, q")
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Equivalence of linear sets
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Equivalence of linear sets

¢r € PIL(2, ") defined by f € 'L(2, §")
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Equivalence of linear sets

¢r € PIL(2, ") defined by f € 'L(2, §")

Definition

Ly and Ly are equivalent if there exists a collineation ¢y of the line
such that LY = Lyr = Ly.
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Equivalence of linear sets

¢r € PIL(2, ") defined by f € 'L(2, §")

Ly and Ly are equivalent if there exists a collineation ¢y of the line
such that LY = Lyr = Ly.

v

If V = U for some f e T'L(2,q") = Ly and Ly are equivalent.

v
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Equivalence of linear sets

¢r € PIL(2, ") defined by f € 'L(2, §")

Ly and Ly are equivalent if there exists a collineation ¢y of the line
such that LY = Lyr = Ly.

v

If V = U for some f e T'L(2,q") = Ly and Ly are equivalent.

v

The viceversa does not hold!
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Equivalence of linear sets

¢r € PTL(2,q") defined by f e TL(2,9")
Definition

Ly and Ly are equivalent if there exists a collineation ¢y of the line
such that LY = Lyr = Ly.

i

If V = U for some f e T'L(2,q") = Ly and Ly are equivalent.

The viceversa does not hold!

The linear sets of PG(1,9") of rank n+1,n+2,...,2n.
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Ly Fq—linear set of rank n with maximum field of linearity Fq
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Ly Fq—linear set of rank n with maximum field of linearity Fq

lL-class = number of 'L(2, q")-orbits on F4-subspaces defining Ly
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Ly Fq—linear set of rank n with maximum field of linearity Fq

lL-class = number of 'L(2, q")-orbits on F4-subspaces defining Ly

lL-class one — simple

New maximum scattered linear sets of the projective line

Ferdinando Zullo (UNICAMPANIA)



Ly Fq—linear set of rank n with maximum field of linearity Fq

lL-class = number of 'L(2, q")-orbits on F4-subspaces defining Ly

lL-class one — simple

Giuseppe Marino’s talk!
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L-class and MRD-codes

fk=n
Ly = {<(X, (X)) )F,n: X € Fgr}
n—1 )
f(x) = > aix? g-polynomial over Fgr
i=0
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L-class and MRD-codes

fk=n
Ly = {<(X, (X)) )F,n: X € Fgr}
n—1 )
f(x) = > aix? g-polynomial over Fgr
i=0

If L is maximum scattered then

{xeFgn— ax +bf(x)eFgn: a,be Fgn}
is an MRD-code
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L-class and MRD-codes

fk=n
Ly = {<(X, (X)) )F,n: X € Fgr}
n—1 )
f(x) = > aix? g-polynomial over Fgr
i=0

If L is maximum scattered then

{xeFgn— ax +bf(x)eFgn: a,be Fgn}
is an MRD-code

IL-class of Ly = number of inequivalent MRD-codes obtained from L J
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Z(T'L)-class

Ly Fq—linear set of rank n with maximum field of linearity Fq
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Z(T'L)-class

Ly Fq—linear set of rank n with maximum field of linearity Fq

Z(I'L)-class = number of Z(I'L(2, g"))-orbits on F4-subspaces
defining Ly
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Z(T'L)-class

Ly Fq—linear set of rank n with maximum field of linearity Fq

Z(I'L)-class = number of Z(I'L(2, g"))-orbits on F4-subspaces
defining Ly

lL-class < Z(T'L)-class
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Z(T'L)-class

PG(W,Fg) = PG(1,q") — PG(W,Fy) = PG(2n—1,q)
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Z(T'L)-class

PG(W,Fg) = PG(1,q") — PG(W,Fy) = PG(2n—1,q)

P = <u>Fqn € PG(1 ) qn) - XP = PG(<u>quIFQ) = PG(n - 1>q)
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Z(T'L)-class

PG(W,Fgn) = PG(1,q") — PG(W,Fq) = PG(2n—1,q)
P = <u>]Fq,, e PG(1,9") — Xp = PG(<u>Fqn,IFq) =PG(n-1,q)
V(Ly) = | Xe

PELU

variety of PG(2n — 1, q) associated to L
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Z(T'L)-class
PG(W,Fgn) = PG(1,q") — PG(W,Fq) = PG(2n - 1,q)
P =(ur,, € PG(1,9") - Xp = PG((Wr,,,Fq) = PG(n—1,q)
V(Ly) = | Xe
PeLy

variety of PG(2n — 1, q) associated to Ly

S. Ball, A. Blokhuis and M. Lavrauw: Linear (q+1)-fold blocking sets in
PG(2, g*), Finite Fields Appl., 6 (2000), 294-301.

M. Lavrauw, J. Sheekey and C. Zanella: On embeddings of minimum
dimension of PG(n, q) x PG(n, q), Des. Codes Cryptogr. 74 n.2 (2015),
427-440.
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Z(T'L)-class

H = PG(V,Fq) = PG(n—1,q) is a transversal space of V(L)

ifHnXp#foreach Pely
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Z(T'L)-class

H = PG(V,Fq) = PG(n—1,q) is a transversal space of V(L)
ifHnXp#foreach Pely

< I—U:LV
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Z(T'L)-class

H = PG(V,Fq) = PG(n—1,q) is a transversal space of V(L)
ifHnXp#foreach Pely

< I—U:LV

Z(T'L)-class of Ly = number of transversal spaces of V(L) defined by
[F4-spaces not [Fgn-proportional. J
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Z(T'L)-class

H = PG(V,Fq) = PG(n—1,q) is a transversal space of V(L)
ifHnXp#foreach Pely
< I—U = LV

Z(T'L)-class of Ly = number of transversal spaces of V(L) defined by
[F4-spaces not [Fgn-proportional.

v

If Ly is maximum scattered =
Number of transversal spaces through Q € V(Ly) = Z(T'L)-class of Ly
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Known maximum scattered linear sets: L;

Uy = {(x,x%): x € Fgn}

1<s<n-1,gcd(s,n) =1
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Known maximum scattered linear sets: L;

Uy = {(x,x%): x € Fgn}

1<s<n-1,gcd(s,n) =1

found by Blokhuis and Lavrauw - 2000
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Known maximum scattered linear sets: L;

Uy = {(x,x%): x € Fgn}

1<s<n-1,gcd(s,n) =1

found by Blokhuis and Lavrauw - 2000

Ly = {<(X,qu)>]Fan x € F,} — linear set of pseudoregulus type
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Known maximum scattered linear sets: L;

Uy = {(x,x%): x € Fgn}

1<s<n-1,gcd(s,n) =1

found by Blokhuis and Lavrauw - 2000

Ly = {<(x,xqs)>1pqn: x € F,} — linear set of pseudoregulus type

@ Z(TL) —class = ¢(n) (Lavrauw, Sheekey and Zanella - 2015);
@ L —class = ¢(n)/2 (Csajbdk and Zanella - 2016).

New maximum scattered linear sets of the projective line Ferdinando Zullo (UNICAMPANIA)



Known maximum scattered linear sets: Lo

Us = {(x,0x% + x9"°): x € Fgn}

q=3,n=4,Ngq(d) ¢ {0,1} and gcd(s, n) = 1
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Known maximum scattered linear sets: Lo

Us = {(x,0x% + x9"°): x € Fgn}
q=3,n=4,Ngq(d) ¢ {0,1} and gcd(s, n) = 1
s = 1 found by Lunardon and Polverino - 2001
s > 1 found by Sheekey - 2016
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Known maximum scattered linear sets: Lo

Us = {(x,0x% + x9"°): x € Fgn}
q=3,n=4,Ngq(d) ¢ {0,1} and gcd(s, n) = 1
s = 1 found by Lunardon and Polverino - 2001

s > 1 found by Sheekey - 2016

Lo = {{(x,0x% + x9" ") r: X € Fyn}

Theorem (Lunardon-Polverino 2001)
Forqg>3,n>4ands =1, L, is not equivalent to L.
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Known maximum scattered linear sets: L3

s+n/2

Us = {(x,0x% +x9""): x € Fgn}

ne {6,8}, g > 2,gcd(s,n/2) =1, Ngn/gn2(5) ¢ {0, 1} and other
conditions on § and g
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Known maximum scattered linear sets: L3

Us i= {(x,6x% + x9"%): x e Fgn}

ne {6,8}, g > 2,gcd(s,n/2) =1, Ngn/gn2(5) ¢ {0, 1} and other
conditions on § and g

found by Csajbék, Marino, Polverino and Zanella - 2017
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Known maximum scattered linear sets: L3

Us i= {(x,6x% + x9"%): x e Fgn}

ne {6,8}, g > 2,gcd(s,n/2) =1, Ngn/gn2(5) ¢ {0, 1} and other
conditions on § and g

found by Csajbék, Marino, Polverino and Zanella - 2017

Ly = {<(x, 0xT + xT" ) g, x € Fin)
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Known maximum scattered linear sets: L3

Us i= {(x,6x% + x9"%): x e Fgn}

ne {6,8}, g > 2,gcd(s,n/2) =1, Ngn/gn2(5) ¢ {0, 1} and other
conditions on § and g

found by Csajbék, Marino, Polverino and Zanella - 2017

Ly = {<(x, 0xT + xT" ) g, x € Fin)

Bence Csajbok’s talk!
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Our results
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Our results

Theorem (Csajbdk, Marino and FZ)

The linear set Ly = {{(x,6x% + x9""))r_,: x € F5n} s not of
pseudoregulus type foreachn > 4, s,6 and q > 3.
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Our results

Theorem (Csajbdk, Marino and FZ)

The linear set Ly = {{(x,6x% + x9""))r_,: x € F5n} s not of
pseudoregulus type foreachn > 4, s,6 and q > 3.

Theorem (Csajbdk, Marino and F2)

For n = 6,8 and for any choice of the parameters, the linear sets L1, Lo
and Lg are pairwise non-equivalent.
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Our results

Lo = {06 X7+ xT +bxT )z 2 x € i)
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Our results

Lo = {06 X7+ xT +bxT )z 2 x € i)

If g=0,+1 (mod 5), godd and b? + b = 1 = L4 is a maximum
scattered linear set!
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Our results

Lo = {06 X7+ xT +bxT )z 2 x € i)

If g=0,+1 (mod 5), godd and b? + b = 1 = L4 is a maximum
scattered linear set!

@ L4 is new;
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Our results

Lo = {06 X7+ xT +bxT )z 2 x € i)

If g=0,+1 (mod 5), godd and b? + b = 1 = L4 is a maximum
scattered linear set!

@ L4 is new;

@ itis simpleif g=0 (mod 5);
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Our results

Lo = {06 X7+ xT +bxT )z 2 x € i)

If g=0,+1 (mod 5), godd and b? + b = 1 = L4 is a maximum
scattered linear set!

@ L4 is new;
@ itis simpleif g=0 (mod 5);

@ MRD-codes obtained from L4 are new.
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Sketch of the proof

Lo = {06 X7+ XT 4+ DX ))m 2 x € i)

is scattered < w;,(P) = 1foreach Pe Ly
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Sketch of the proof

Lo = {06 X7+ XT 4+ DX ))m 2 x € i)

is scattered < w;,(P) = 1foreach Pe Ly

Note that P + {(0, 1)>3~q6 - P ={(1, —m)>~g(_76 with m e Fe.
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Sketch of the proof

Lo = {06 X7+ XT 4+ DX ))m 2 x € i)

is scattered < w;,(P) = 1foreach Pe Ly

Note that P + {(0, 1)>3~q6 - P ={(1, —m)>3~(_76 with m e Fe.

3 5
. x9 + x9 + bx9 : .
L4 is scattered & = —m admits at most g solutions

X
for each me F s
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Sketch of the proof

Lo = {06 X7+ XT 4+ DX ))m 2 x € i)

is scattered < w;,(P) = 1foreach Pe Ly

Note that P + {(0, 1)>3~q6 - P ={(1, —m)>3~(_76 with m e Fe.

3 5
. x9 + x9 + bx9 : .
L4 is scattered & = —m admits at most g solutions

X
for each me F s

< r(x) =mx + x9 + X% + bx9 has rank > 5
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Sketch of the proof

The rank of a q-polynomial over F 4 is equal to the rank of its Dickson
matrix.
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Sketch of the proof

The rank of a q-polynomial over F 4 is equal to the rank of its Dickson
matrix.

Z. Liu and B. Wu: Linearized polynomials over finite fields revisited, Finite
Fields Appl. 22 (2013), 79-100. J
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Sketch of the proof

The rank of a q-polynomial over F 4 is equal to the rank of its Dickson
matrix.

Z. Liu and B. Wu: Linearized polynomials over finite fields revisited, Finite
Fields Appl. 22 (2013), 79-100. J

m 1 0 1 0

b
b m1 0 1 0
0 b m 1 0 1
D= 5
1 0 b m 1 0
01 0 b ma 1
1 0 1 0o b mP

Dickson matrix of r(x) = mx + x9 + x9° + bx%°
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Sketch of the proof

The rank of a q-polynomial over F 4 is equal to the rank of its Dickson
matrix.

Z. Liu and B. Wu: Linearized polynomials over finite fields revisited, Finite
Fields Appl. 22 (2013), 79-100. J

m 1 0 1 0

b
b m1 0 1 0
0 b m 1 0 1
D= 5
1 0 b m 1 0
01 0 b ma 1
1 0 1 0o b mP

Dickson matrix of r(x) = mx + x9 + x9° + bx%°

L4 is scattered <> rk(D) > 5 for each m e Fe
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Sketch of the proof

The rank of a q-polynomial over F 4 is equal to the rank of its Dickson
matrix.

Z. Liu and B. Wu: Linearized polynomials over finite fields revisited, Finite
Fields Appl. 22 (2013), 79-100. J

m 1 0 1 0

b
b m1 0 1 0
0 b m 1 0 1
D= 5
1 0 b m 1 0
01 0 b ma 1
1 0 1 0o b mP

Dickson matrix of r(x) = mx + x9 + x9° + bx%°

L4 is scattered <> rk(D) > 5 for each m e Fe O
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Thank you

Thank you for your attention!
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