FINITE SPECIAL MOUFANG SETS OF EVEN
CHARACTERISTIC
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ABSTRACT. We give a short and elementary proof of the fact that a
finite special Moufang set with root groups of even order is isomorphic
to the unique Moufang set whose little projective group is PSLg(Qk) for
some integer k£ > 1.

INTRODUCTION

Moufang sets were introduced in 1990 by J. Tits [T]. Finite Moufang
sets had already been studied “avant la lettre” a long time before that as
part of the classification of finite split BN-pairs of rank 1. Recall that the
class of finite split BN-pairs of rank 1 is a class of doubly transitive groups
and that their classification was carried out by Suzuki [Su], Shult [Sh] and
Peterfalvi [P1], when the degree is odd and by Hering, Kantor and Seitz
[HKSe], when the degree is even. With the exception of Perterfalvi’s paper,
all these papers are hard and rely, in addition to the Feit-Thompson odd
order theorem, on many other deep results in finite group theory.

Our goal in this paper is to give a short and elementary proof for the
classification of finite special Moufang sets M(U, 7), where |U]| is even (i.e.
the degree is odd). The paper [S] deals with the case when |U| is odd. Our
proof uses the Feit-Thompson Theorem and Glauberman’s Z*-Theorem, but
no other deep results are needed. We note that the special Moufang sets
form a restricted subclass of all Moufang sets, but nevertheless, our approach
illustrates that the new theory of (not necessarily finite) Moufang sets which
had been developed so far [DW, DS, SW, DST] can be used to simplify and
give more insight into the existing theory of finite Moufang sets.

More precisely, the goal of this paper is to show the following theorem.

Main Theorem. Let M(U,7) be a finite special Moufang set such that
|U| = q is even. Then q is a power of 2, U is elementary abelian and
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M(U,7) = M(q), the unique Moufang set whose little projective group is
PSLs(q).

Recall that M(U, 7) is special if and only if (—x)7 = —(z7), for all x € U*.
Hence, if U is an elementary abelian 2-group, then M(U, 7) is special, and
hence we have the following corollary to our Main Theorem.

Corollary. Let M(U, 7) be a finite Moufang set such that U is an elementary
abelian 2-group. Then M(U, 7) = M(q), the unique Moufang set whose little
projective group is PSLa(q), where ¢ = |U].

The crucial point in the proof of the Main Theorem will be to study the
two point stabilizer H of the little projective group G, and the proof of the
Main Theorem will go in three steps. We first show that |H| is odd and
that H acts transitively on the ¢ — 1 remaining points (i.e. on U*), then we
deduce from this that H is cyclic, and finally we show that this implies that
the Moufang set is isomorphic to M(q).

1. NOTATION AND DEFINITIONS

We start by fixing the (standard) notation that we will use in this paper.

Notation 1.1 (Notation for groups). Let G be a group and p a prime.
(1) For 2,y € G, 2¥ := y~toy and [z,y] := 2~ 1y Lay.
(2) When we write an inequality sign H < G, we always mean that H is
a subgroup of G (while A C G means that A is a subset of G).

3) For A C G, (A) is the subgroup generated by \A.

4) For a set A we let | A| be the cardinality of A.

5) For an element g € G, |g| denotes the order of G.

6) G* denotes the set of nontrivial elements of G.

(7) Inv(G) denotes the set of involutions of G.

(
(
(
(

Notation 1.2 (Notation for permutation groups). Let G be a permutation
group on a set 2, and let Y C ) be a nonempty subset.

(1) We let Gy be the pointwise stabilizer of Y in G and we write Q{y}
for the global stabilizer of Y in G.
(2) We apply permutations on the right, and for g € Gyy, Cy(g) =
{yeY |yg =y}
Definition 1.3. A Moufang set M is a set X together with a collection of
groups U, < Sym(X), one for each x € X, such that each U, fixes x and
acts sharply transitively on X \ {z}, and such that each U, permutes the

set {U, | * € X} by conjugation. The groups U, are called the root groups
of M.

Notation 1.4 (Notation for Moufang sets). Our notation for Moufang sets
follows [DS], and we refer the reader to that paper for details. We will
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briefly recall the construction M(U, 7) starting with a group (U,+) and a
permutation 7 € Sym(U™).

So let (U,+) be an arbitrary group (possibly non-abelian), and let 7 be
a permutation of U* := U \ {0}. We set X := U U {o0}, and we extend 7
to X by 07 = 0o and cor = 0. For each a € U, we define o, € Sym(X) by
oo, = 00 and za, = =+ a for all x € U. Clearly, Uy = {ag | a € U}
is a subgroup of Sym(X) isomorphic to U. We now define Uy := UZ, (by
conjugation in Sym(X)), and for each a € U* we let U, := Ug™. We then
write M(U, 7) for the collection (X, (Uz)zex); this is not always a Moufang
set, but every Moufang set can be obtained in this way.

Now let M := M(U, 1) be a Moufang set. Throughout this paper we fix
the following notation.

(1) G denotes the little projective group (U, | x € X) of M.

(2) N := G{p,00 is the global stabilizer in G of {0, co}.

(3) H := G is the pointwise stabilizer in G of 0, c0; this is the Hua
subgroup of M. Since M is a Moufang set, H is a subgroup of Aut(U).

(4) For each a € U*, we let u, be the unique element of the double coset
Upa,Up interchanging 0 and oo.

(5) For a field F, we let M(FF) be the unique Moufang set whose little
projective group is isomorphic to PSLy(FF). More precisely, this is
the Moufang set M(F;z — —z~ 1) see [DW, Example 3.1]; we write
M(q) := M(F,).

Definition 1.5. A Moufang set M = M(U, 1) is called special, if we have
(—a)T = —(ar) for all a € U*.

From now until the end of the paper we assume that M(U, 7) is a finite
special Moufang set such that |U| is even.

2. H HAS ODD ORDER

Since |U] is even, [DST, Theorem 5.5] implies that U is an elementary
abelian 2-group, and by [DS, Lemma 4.3(5)] or [DST, Theorem 6.3], u2 = 1
for all z € U™.

Proposition 2.1. (1) |H| is odd;
(2) H is transitive on U*.

Proof. The idea of the proof is taken from [P1]. Let

7:=|]JU;.

reX
Notice that Z C Inv(G), and that

(2.1) ift€ TNGx then t € Us.
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Note further that
(2.2) ifteUL,seZ, and [s,t] = 1, then s, st € Ux.

This is because oo is the unique fixed point of ¢t and hence s € Z N G, sO
by (2.1), s € Uy, and then st € Uy,. It follows that

(2.3) if s,t € Z and s ¢ U 2 t, then |st| is odd.

Indeed, suppose |st| is even, and let w € Inv((st)). Then wt is conjugate to
tor s (in (s,t)), so wt € Z and hence by (2.2), w € Uy. Similarly ws € Z,
and applying (2.2) once more we see that s € Uy, a contradiction.

By (2.3) any involution in Uy is conjugate to s and so all involutions in
U are conjugate, that is

(2.4) 7 is a conjugacy class of involutions in G.

Note that since any s,t € UZ are conjugate in G, they are actually conjugate
in Goo = UsoH, so they are conjugate by an element of H; since aZ = Qg
for all a € U and h € H, this shows (2).

Further, since u! = ji4;, for each a € U* and h € H (see [DS, Prop. 3.9(2)]),

it follows that
(2.5) {tta | @ € U™} is a conjugacy class of involutions in N.

Notice however that for a,b € U* with a # b, [ua, us] # 1, because uh® =
Hay, (again by [DS, Prop. 3.9(2)]), so if jtqu, = fta, then by [DS, Prop. 4.9(4)],
appy = a; but by [DS, Lemma 4.3(5)], up is conjugate to ap and therefore has
a unique fixed point, which is equal to b by [DS, Lemma 4.3(2)], implying
a=b.

By (2.5) and Glauberman’s Z*-Theorem (see, e.g., [A, p. 261]), papp €
O (N), for all a,b € U*, where Oy (N) is the largest normal subgroup of
odd order of N. However by [DW, Theorem 3.1(ii)|, H = (ais | a,b € U*),
so H < Oy (N) and hence |H| is odd. O

3. H 1s cycLIC

To show that H is cyclic, we will rely on the following result, the elemen-
tary proof of which is due to T. Peterfalvi.

Lemma 3.1. Let p be an odd prime, let q be an arbitrary prime, and suppose
that P is a p-group acting faithfully on an elementary abelian q-group E. If
|Cp(a)] = |Cp(b)| for all a,b € E*, then P is cyclic and Cg(P) = 0.

Proof. See [P2, Lemme, Appendix X, p. 281]. O
Proposition 3.2. H is cyclic.

Proof. Recall that H < Aut(U). By Proposition 2.1(1), |H| is odd, so in par-
ticular, by the Feit-Thompson theorem H is solvable. By Proposition 2.1(2),

(31)  |Co,m(e)l = |Co,um)(f)|, for all primes p and all e, f € U™.
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By (3.1) and Lemma 3.1 (with O,(H) in place of P and U in place of E),
Op(H) is cyclic, for all odd primes p and hence

(3.2)  H is solvable of odd order and the Fitting group F(H) is cyclic.

Now by Proposition 2.1(2), H acts transitively on U*. Since F'(H) is cyclic,
every subgroup of F/(H) is normal in H, and in particular (h) is normal in
H for all h € F(H). Hence

(3.3) Cy(h) =0, for all h € F(H)".

Let # € U* and h € F(H). If pgn, = p» = pig, then zh = z and hence by
(3.3), h = 1. Hence

(3.4) Crmy(pe) =1 for all z € U™

But now, since p2 = 1, (3.2) and (3.4) imply that ju, inverts F(H). We thus
see that

Loty € Cu(F(H)) < F(H),
for all z,y € U*, so since H = (uypy | x,y € U*) by [DW, Theorem 3.1(ii)],
we see that H = F(H) is cyclic. O

4. PROOF OF THE MAIN THEOREM

We will follow the convention of [DW, Remark 3.2] and choose an identity
element e € U*, so that its Hua map h, is the identity map on U. We will
explicitly reconstruct the field F, (with identity e) and show that M(U, 1) =

M(q).
Proposition 4.1. M(U,7) = M(q), where ¢ = |U| is a power of 2.

Proof. Observe that by [DS, Prop. 5.2(4)], we have hgp, = hghi for all
a,b € U*, and since H = (h, | a € U*), it follows that

(4.1) hap = hoh?

foralla € U* and all h € H.

Now let a,b € U* be arbitrary, and let h € H be such that h? = hy,.
Then hohy = hah? = hap by equation (4.1), and hence H = {h, | a € U*}.
Since h, = hy if and only if a = b by [DS, Prop. 5.2(5)], this implies that
|H| = |U*| = ¢ — 1. In particular, h = h for all h € H.

We now define a multiplication on U by setting

a'b::ahg/2

for all a,b € U (where, by convention, hy is the zero map). Then, by equation
(4.1), we have hq.p, = hohi = hohy, for all a,b € U*. Since H is abelian, this
implies hq.p = hp.q, and hence this multiplication is commutative. It is also
associative, since h(q.p).c = hahphe = hg.(p.c) for all a,b,c € U*. Moreover, it
is obvious that (a+b)-¢c=a-c+b- ¢, so the distributive laws hold. Finally,
by construction e is the identity of our multiplication, and this choice forces
T = le, SO hghgr = he, for all a € U*; see for example [DS, Prop. 5.2(3)].
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Hence a-ar = e for all a € U*. We conclude that (U, +,-) is a commutative
field with identity e and multiplicative inverse 7. Since |U| = ¢, we conclude
that this field must be F,, and hence M(U,7) = M(q); see, for example,
[DW, Example 3.1]. O

REFERENCES

[A] M. Aschbacher, Finite Group Theory, Cambridge U. Press, Cambridge, 1986.

[DS] T. De Medts and Y. Segev, “Identities in Moufang sets”, to appear in
Trans. Amer. Math. Soc.

[DST] T. De Medts, Y. Segev and K. Tent, “Some special Features of special Moufang
sets”, submitted.

[HKSe] C. Hering, W. M. Kantor and G. M. Seitz, “Finite groups with a split BN-pair
of rank 1, I7, J. Algebra 20 (1972), 435-475.

[DW] T. De Medts and R. M. Weiss, “Moufang sets and Jordan division algebras”,
Math. Ann. 335 (2006), no. 2, 415-433.

[P1] T. Peterfalvi, “Sur les BN-paires scindées de rang 1, de degré impair”, Comm. Al-
gebra 18 (1990), no. 7, 2281-2292.

[P2] T. Peterfalvi, “Le théoréme de Bender-Suzuki I1”, in Révision dans les groupes finis.
Groupes du type de Lie de rang 1, Astérisque no. 143 (1986), 235-295.

[S] Y. Segev, Finite special Moufang sets of odd characteristic, preprint, 2006.

[SW] Y. Segev and R. M. Weiss, “On the action of the Hua subgroups in special Moufang
sets”, to appear in Math. Proc. Cambridge Philos. Soc.

[Sh] E. Shult, “On a class of doubly transitive groups”, Illinois J. Math. 16 (1972), 434
445.

[Su] M. Suzuki, On a class of doubly transitive groups II, Ann. of Math. (2) 79 (1964)
514-589.

[T] J. Tits, “T'win buildings and groups of Kac-Moody type”, in Groups, combinatorics
& geometry (Durham, 1990), 249-286, London Math. Soc. Lecture Note Ser. 165,
Cambridge Univ. Press, Cambridge, 1992.

ToMm DE MEDTS, DEPARTMENT OF PURE MATHEMATICS AND COMPUTER ALGEBRA,
GHENT UNIVERSITY, KRIJGSLAAN 281 S22, 9000 GENT, BELGIUM
E-mail address: tdemedts@cage.ugent.be

YOAV SEGEV, DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY, BEER-
SHEVA 84105, ISRAEL
E-mail address: yoavs@math.bgu.ac.il



