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Abstract. We investigate natural systems of fundamental sequences for
ordinals below the Howard Bachmann ordinal and study growth rates of
the resulting slow growing hierarchies. We consider a specific assignment
of fundamental sequences which depends on a non negative real num-
ber e. We show that the resulting slow growing hierarchy is eventually
dominated by a fixed elementary recursive function if € is equal to zero.
We show further that the resulting slow growing hierarchy exhausts the
provably recursive functions of ID; if € is strictly greater than zero. Fi-
nally we show that the resulting fast growing hierarchies exhaust the
provably recursive functions of 1D for all non negative values of e.
Our result is somewhat surprising since usually the slow growing hierar-
chy along the Howard Bachmann ordinal exhausts precisely the provably
recursive functions of PA. Note that the elementary functions are a very
small subclass of the provably recursive functions of PA and the provably
recursive functions of PA are a very small subclass of the provably recur-
sive functions of ID;. Thus the jump from & equal to zero to & greater
than zero is one of the biggest jumps in growth rates for subrecursive
hierarchies one might think of.

This article is part of our general research program on phase transitions in logic
and combinatorics. Phase transition phenomena are ubiquitous in a wide variety
of branches of mathematics and neighbouring sciences, in particular, physics
(see, for example, [6]). An informal description of a ‘phase transition effect’ is
the effect behaviour wherein ‘small’ changes in certain parameters of a system
occasion dramatic shifts in some globally observed behaviour of the system, such
shifts being marked by a ‘sharp threshold point’. An everyday life example of
this is the change from one material state to a different one as temperature
is increased, with the ‘threshold’ being given by melting/boiling point. Similar
phenomena occur in mathematical and computational contexts like evolutionary
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graph theory (see, e.g., [3,10]), percolation theory (see, e.g., [9]), computational
complexity theory and artificial intelligence (see, for example, [7,11]).

The purpose of PTLC is to study Phase Transitions in Logic and Combinatorics.
We are particularly interested in the transition from provability to unprovability
of a given assertion by varying a threshold parameter. On the side of hierarchies
of recursive functions this reduces to classifing the phase transition for the growth
rates of the functions involved. In this article we are concerned with phase tran-
sitions for the slow growing hierarchy and we continue the investigations from
[12-15].

From the pure logical side this article is motivated by the classical classification
problem for the recursive functions and the resulting problem of comparing the
slow and fast growing hierarchies. It has been claimed, for example in [3] p. 439
1.-5, that for sufficiently big prooftheoretic ordinals the slow and fast growing
hierarchies will match up. The results of this paper may indicate that this claim
might not be true in general.

To formulate the results precisely we introduce some notation. For an ordinal «
less than the Howard Bachmann ordinal let Na be the number of symbols in «
which are different from 0 and +. The idea is essentially that N« is the number
of edges in the tree which represents the term for «.

For a limit ordinal A let A[z] := max{8 < A : NG < NX + z}. This assignment
of fundamental sequences is natural and does not change, as we will show in
the appendix, the growth rate of the induced fast growing hierarchy. But, as our
first main theorem shows, the induced slow growing hierarchy (along the Howard
Bachmann ordinal) consists of elementary functions only. This generalizes results
from [4] where we showed that the resulting slow growing hierarchy along I}
consists of elementary recursive functions only.

At first sight the resulting slow growing hierarchies seem always to collapse under
this assignment of fundamental sequences and one may wonder how robust this
phenomenon is. We prove therefore in a separate section a very surprising and
extremely sharp phase transition threshold for the slow growing hierarchy. The
upshot is that small changes prevent the hierarchies from collapsing. For a given
real number € > 0 let A[z]. := max{f < A: N3 < (1+4¢) - NA+x}. Then, as
we just said, for € = 0 the resulting slow growing hierarchy is very slow growing
but for any € > 0 the resulting slow growing hierarchy becomes fast growing and
matches up with the fast growing hierarchy at all e-numbers below the Howard-
Bachmann ordinal. We conjecture that within the phase transition, i.e. when in
the definition of A[z]. the number ¢ is a function of A and x, we may arrange
other behaviours of the resulting slow growing hierarchy.

The paper is not fully self contained. The proof of the first main theorem requires
basic familiarity with Buchholz style notation systems for the Howard Bachmann
ordinal. (Knowledge of [4] is more then sufficient.) The proof of the second main
result should be generally accessible (at least when one restricts the consideration
to ordinals below &.



1 Proof of the first main result

1.1 Basic concepts

We recall some basic definitions and facts from Buchholz papers on ordinal
notations. Missing proofs can be found in [4].

Definition 1 Inductive definition of a set of terms T and a set P C T.
0eT,

a€T&ie{0,1} = D;aeP,

ag,...,anp € P andn>1= (ag,...,a,) € T.

Notations for Section 1:

1. a,b,c,d, e range over T.

2. If a € P, then we identify the one element sequence (a) with the term a.
3. The empty sequence () is identified with the term 0.

4. x,y, z,1,l,m,n range over non negative integers.

Definition 2 Recursive definition of a < b for a,b € T.

a < b holds, iff one of the following cases holds:

1.a=0andb#0,

2. (a = Doao &b= le()),

3. (a = Dj;ag &b = D;by& ag < bo),

4. a=(ag,...,am)&b=(bg,...,bp) &1 <m+n and

[(m <n&Vi<n(a; =b;)) or (Fk < min{m,n}(Vi < k(a; = b;) & ar, < by))]

Lemma 1 (T, <) is a linear order.

(T, <) is not a well-order. To see this, let ag := D10 and a,4+1 := Doa,. Then
a;+1 < a; for all 7. In the sequel we thin out T to a smaller set OT which is
well-ordered by <.

Definition 3 Assume that M, N C T.

M<N <= VzeM3ye N(z=y).

a=<XN :< {a} =2 N.

M<a:< VreMi<a).
(al,...,am)—&—(bh...,bn) ::(al,...,ai,bl,...,bn)
where i € {1,...,m} is mazimal with by <X a;.

Definition 4 Recursive definition of K*a and Ka for a € T.
K*0:=0, KO0:=0,

K*(ag,...,a,) = Uz‘gn K*a;, K(ag,...,a,) = Uign Kas,
K*Dya :=K*a, KDja:=Ka,

K*Dya :={a} UK*a, KDya :={Dya}.

Lemma 2 K*¢c <a = Kc < Dya.



Definition 5 Inductive definition of a set of terms OT C T.

0 € OT,

ag,...,a, €OTNP,n>1anda, <... 3ay = (ag,...,a,) € OT,
a € OT — Dia € OT,

a€ 0T & K*a<a = Dga € OT.

Notations.
1:= D0, w:= Dyl, 2 := D,0.
T02:{$€TIZL’<Q}, OTy := 0T NTy.

Theorem 1 (OT, <) is a well-order. The order type of (OTy, <) is equal to the
Howard Bachmann ordinal.

Definition 6 b<.a : <= b<a&Vde OT (b <Xd=<a=Kbd<K*dUK*c)
[a,b,c € T].

Lemma 3 1. a < Dsa.

2.a,be 0Ty & a<b = K*a <X K*.

8. b<.a&k K'a<a&Ke<b&abe OT = K*b=<b.
4.bdca = d+b<.d+a& D;b<. Dia (i € {0,1}).

Proof. We prove assertion 3. Assume that b < K*b. Choose a subterm d of b with
b < K*d such that the length of d is minimal possible. Then d = Dye with K*e <
b < e =a, since Kb < K*cUK*a < a. Then we obtain K*b < K*c UK*e < b.
Contradiction.

Definition 7 Definition of tp(a) € {0,1,w, 2} for a € T.

tp(0) := 0.

tp(l) :=

tp($2) := £2.

tp(a) =1 = tp(D;a) := w.
tp(a) =w = tp(D;a) = w
tp(a) = 2 = tp(Dpa) = w.
tp(a) = 2 = tp(Dia) = 12.
tp((ao, 7an)) = tp(an

Definition 8 Recursive definition of a{c} € T for ¢ € Ty and a € T with
tp(a) = £2.

2{c} :=c.
(D1a){c} := Dya{c}.
a=(ag,...,an) = afc}:=(ag,...,an-1)+ an{c}.

Lemma 4 I.tp(a) =2 & ce Ty = afc} <.a.
2.tpla) =R & e, deTy & ec<d = a{c} < a{d}.
3.tpla) =N & ce Ty = K*a{c} < K*a{0} UK*c.
4.a€ 0T, tp(a) =N & cec OTy = a{c} € OT.



1.2 Refined concepts

Here we collect some technical material which is needing during the proof of the
first main result.

Definition 9 Recursive definition of Na fora € T.
NO:=0.

N(ag,...,an):=Nag+ ...+ Nay,.

ND;a:=1+ Na.

Definition 10 Definition of a[z] and a[z] for a € OT \ {0}.
alz] :=max{b€ OT :b<a & Nb< Na+ z}.
afz] := max{b € OT : b < a & Nb < x}.

Lemma 5 1. (ag,...,an—1,an)[x] = (ag,...,an—1) + anplz].

2. a=(ag,...,an), b=1(a1,...,ay,), x> Nag = afz] = ap + bz — Nao].
3. a=(ag,...,an), < Nag = afz] = ao[z].

4. a0] = 0.

5. (D1a)[z] = Dya[z].
6. x >0 = (Dya)[z] = Dyrafzx — 1].

Definition 11 Recursive definition of Go(z) for a € OTy.
Go(l') = 0.

Gat1(2) :=Go(z) + 1.

Ga(7) := Gog(x) if tp(a) =

Lemma 6 Leta,bc OTo

1. a=(ag,...,ap) = Gqu(x) =
2.a=Dy(b+1) = G,(z) =
3. a=xb& Na<z+1 = G,

Goao(x) + -+ Ga, (z).
Gp, b( )+Ga[[a:+1]]( ).

(z) < Gp(x).

Assertion 2 motivates the definition of the assignment -[-]. Moreover it gives a
first indication why the resulting slow growing hierarchy will collapse since the
second term G,,417(x) refers to afz + 1] which is in general very small when
compared to a. In the sequel we verify that this phenomenon also holds true in

more complicated situations.

Definition 12 Definition of T,(x) for a € T.
To(x) :=1.
Tu(2) = Ty () +2.

Remark. T, (z) is defined by recursion on the cardinality of the set {b < a :
Nb < z}. The asymptotic of T, is very interesting from the analytic number
theory point of view. We conjecture that sharp bounds on T, will prove useful
to obtain good upper bounds on G, but in this article we will just prove that
each G, is elementary for a € OT.



Lemma 7 1. a Xb& Na <z = T,(x) < Tp(x).
2. a=b=T,(x) <Tp(z).

Proof. 1. By induction on the cardinality of the set {¢ < b: N¢ < x}. Assume
that Ty (x) = Ty[gp(x) +2 and a # b. Then a = b[x] and the induction hypothesis
yields Ty (z) < Typzp(x) and the assertion follows.

2. If @ = 0 then the assertion is clear. Assume that T, (x) = T,,7(z) + 2 and
Ty(z) = Typzp(z) + 2. Then afz] < b[z] and the assertion follows from 1.

Definition 13 Recursive definition of Cy(a,g) for a € OT and g,z < w.
1 C( g) :=0.

((a0a-~ )’g) := Cy(ao, ) Oy (ana )
Cz(Doa, g) := g Gpya().
Ca(

9TDyalz+1)

Dia,g) =g - (Cyla,g) +1).
Lemma 8 If a € OTj then Cy(a,g) = g - Go(z).

Proof by induction on Na.

1. a = 0. Then the assertion is obvious.

2. a = (ag,...,a,). Then the induction hypothesis yields C,(a,g) = Cy(ao,g9) +
+Cy (am ) =g- Gao(x) +--+g- Gan(x) =g- G(ao ,,,,, an)(x)‘

3. a = Dgb. Then C,(a,g) = g - Ga(x).

The following Lemma is a crucial tool in proving the hierarchy collapse.

Lemma 9 (Mainlemma) If a,b € OT, K*b < a, Nb < z+ 1 and g =

G (Doa)fa+11 (%)

then T (es1)a1
Colbg)<g®"" .

Proof by induction on Nb.

1. b = 0. Then the assertion is obvious.

2.b=(bgy...,bp). Then n+1 < z+1, Nb; < z+ 1 and K*b; C K*b < a
9T (z+1)+1

for i = 0,...,n. The induction hypothesis yields C,(b;,g9) < g for
i=0,...,n Thus Cy(b,g) = Culbo,g) + -+ Calbnrg) < g2 °" 4.

Tb (z+1)+1 < (x+ 1) 2Tb(1.+1) 1 < g2Tb(.'L+l)+l
since z + 1 < g and T, (sc +1) < Ty(z + 1) by Lemma 7.
3.b = Dgc. Then Cy(b, g) = g-Gpye(x). K*b < a yields b < Dga. Thus Nb < x+1
yields b < (Doa)[x + 1] and Gy(2) < G(pya)[z+1] () hence Cx (b, g) < g°.

4. b = Dic. Then the induction hypothesis yields C,(c, g) < ngC(Ml)+1

Tp, o (v+1)
2P (Coleg) + 1)
oTc(z+1)+1 + 1)

hence

Ce(b,g) =
Tph, o(z+1)
2 ch
<g (g
Tp,o(z+1)+1
<g
oTp(z+1)+1

since To(x + 1) + 1 < Tp,.(z + 1) because ¢ < Dyc and Ne¢ < z.



1.3 Collapsing ordinals with countable cofinalities

Lemma 10 If z < Na then K*a[z] < K*a.

Proof by induction on Na using Lemma 5.

1. a = 0. Then the assertion is obvious.

2. a=(ag,...,an). Let b:=(a1,...,an).

2.1. z < Nag. Then a[z]] = ag[z] and the induction hypothesis yields K*a[z] =
K*agz] X K*ap C K*a by assertion 2 of Lemma 3.

2.2. x = Nag. Then afJz] = ag and K*ay C K*a.

2.3. x > Nag. Then afJz] = ag + bz — Nag]. x < Na yields ¢ — Nag < Nb and
the induction hypothesis yields K*b[z — Nag] =< K*b. Thus K*a[z] = K*ap U
K*b[z — Nag] = K*ap UK*b = K*a.

3. a = Dgb. Then afz] < a < 2, therefore K*aJz] < K*a by assertion 2 of
Lemma 3.

4. a = D1b. Then Na =1+ Nb.

4.1. b =0. Then Na =1 hence x = 0 and the assertion is obvious.

4.2. tp(b) € {w, 2}. We may assume that x > 0. Then (D1b)[z] = D1b[z — 1].
x < Na yields  — 1 < Nb. The induction hypothesis yields K*bJz — 1] < K*b,
hence K*a[z] < K*a.

4.3. b= c+ 1. Then a[z] = Dic-y + (Di1c)[z] where NDjc > z. The induction
hypothesis yields K*(D;c)[z] < K*D;c hence K*af[z] < K*a.

Lemma 11 Ifa,b € OT, tp(b) = w and b[z] < a = b then K*b[z] < K*a.

Proof by induction on Nb.

1. b= (bg,...,by). Then we have bx] = (bo,...,bn—1) + by[x] by assertion 1 of
Lemma 5. b[z] < a < b yields a = (bg, ..., bn—_1) + ¢ for some ¢ with b,[z] < ¢ <
by. The induction hypothesis yields K*b, [x] < K*c hence K*b[z] < K*a.

2. b= Dgc. Then b[z] < a < b < 2 and K*b[z] < K*a.

3.b= ch.

3.1. tp(¢) = w. Then b[z] = D;c[z] < a < Dyc. Thus a = Did+e for some d with
c[z] X d < ¢. The induction hypothesis yields K*¢[x] < K*d hence K*b[z] < K*a.
3.2. ¢ =d+ 1. Then (Dyc)[z] = Did -y + (D1d)[z] with z < ND;d and y > 0.
Lemma 10 yields K*(D1d)[z] < K*D1d. D1d -y + (D1d)[2] = a < Djc yields
a = Dyd + e for some e < Dyc hence K*b[z] < K*a.

Lemma 12 Assume that b € OT and tp(b) = w.
1. blx] <z b.

2. K*b[z] < b[z].

3. Doblz] € OT.

Proof. Assertions 2 and 3 follow from assertion 1. Assertion 1 itself follows from
Lemma 11.

Lemma 13 Assume Dob € OT. If x < w and tp(b) = w then Dyb[z] € OT and
(Dob)[z] = Dob[z].



Proof. Lemma, 12 yields K*b[z] < b[z], hence Dyb[z] € OT. By definition we have
Dyblx] < (Dob)[z]. Assume now that (Dyb)[x] = Dgoc+d for some d < Do(c+1).
If d # 0 then Dg(c + 1) would be a better choice for (Dgb)[z] than Dyc + d.
Hence d = 0. We have N(Dgb)[z] =1+ Nb+ 2 =1+ Ne¢, thus Nc = Nb + z.
¢ < b yields ¢ < b[z] hence Dyc < Dgb[z]. Therefore Dob[x] = (Dob)x].

Lemma 14 Assume that a,b € OT, tp(b) = w, K*b < a and g = G (p,a)[z+1](T)-
Then C:c(b[ng) < Cx(ba g)'

Proof by induction on b.

1. b= (bg,...,by) with tp(b,) = w.

Then K*b, < a and the induction hypothesis yields Cy(b,[z],g) < Cy(bn,9).
Then Cy(b[x], g) = Cy(bo,g) + - -+ + Cu(bn[z], 9) < Cyp(bo,g) + -+ + Cyp(by,g) =
2.b= D()C.

Then b[z] < 2 and Lemma 8 yields Cy(b[z],g9) = g - Gpz)(x) = g - Gp(x)
Cu(b, ).

3. b = D;c where tp(c) = w.

We have K*¢ € K*b < a and the induction hypothesis yields C.(c[z], g)
Cy(c, g). Therefore Lemma 7 yields

Cm(b[x]vg) = Cm(ch[x]vg)
9TDqelz] (*+1) . (C,;(C[x},g) . 1)
: (Ca:(cv g) + 1)

IN

9
Tp, o(z4+1)
2" Djc
9

IN

Cr(b, ).

4. b= Dyic where c =d + 1.

In this critical case we have b[z] = Did + (D1c)[z + 1] = Did -y + (D1¢)[2]
where z < NDjc and y > 0. Lemma 10 yields K*(D1¢)[z] = K*Dyjc < K*b < a.
Thus K*(Dic)[z + 1] < a. Hence Lemma 9 yields

Cm(b[x]vg) = Cz(Dld’ g) + Cz((ch)Hx + 1]]79)

T (z+1) T, e (z41)+1
S 2'Dyd +1 ) (Cz(d7 g) 4 1) +g2 (Dyc)[z+1]
Tp,c(z+l)
<¢® " (Culeg)+1)
= C,(b,9)

since Tp,c(r + 1) > T(p,o)e+1(x + 1) + L and Tp,c(x + 1) > Tp,a(x + 1).

1.4 Collapsing ordinals with uncountable cofinalities

Lemma 15 tp(a) = 2 & a{0} <b<a = Na{0} < Nb.

Proof by induction on Na.
1. a = 2. Then a{0} = 0 and the assertion is obvious.



2. a = (ag,...,an). a{0} < b < a yields b = (ag,...,an—-1,c) for some ¢ with
a,{0} < ¢ < a,. The induction hypothesis yields Na, {0} < Nc hence Na{0} <
Nb.

3. a = Dic. a{0} = D1¢{0} < b < Dycyields b = Did+e for some e < D;(d+1)
and ¢{0} < d < c. The induction hypothesis yields Nc{0} < Nd. If e # 0 then
Nb> Nd+ Ne+1> Na. If e =0 then ¢{0} < d < ¢. The induction hypothesis
yields Nc¢{0} < Nd hence the assertion.

Lemma 16 Assume that Doa,b,c € OT, tp(a) =tp(c) = 2,b<c=<a, K*b <a
and Nb < Nc+ z. Then b < ¢{(Dga)[z + 1]}

Proof by induction on Nb.

1. b = 0. Then the assertion is obvious.

2. b= (bg,...,bn). Assume that ¢ = (co,...,cp).

2.1. by = cg, ... by, = ¢y and m < n. Then b < (co, ..., cm) <X c{(Doa)[z + 1]}

22. 3 < min{m,n}[bo =coy...,0i_1 =ci_1,b; < Ci].
If i <n then b < (cg,...,c;) = c{(Doa)[z + 1]}
Assume i =n and by, ..., b, < ¢yl

2.2.1.m =n. Nb < Nc+ x yields Nb,, < Nc¢, + x. The induction hypothesis
yields b, =< ¢, {(Doa)[z + 1]} hence b < ¢{(Doa)[z + 1] }.

2.22. m >n. Nb < Nc+ x yields Nb,,..., Nb,, < Nc¢, + x — 1 The induction
hypothesis yields for z > 0 that by, ..., by = cp{(Doa)[z]} < cn{(Doa)[x + 1]}.
For x = 0 we obtain by, ..., by, < ¢, {0} = ¢, {(Doa)[z]} by Lemma 15. Since
cen{(Doa)[z + 1]} € P we obtain (by,...,bm) < cn{(Doa)[x + 1]} hence b <
c{(Dga)[x + 1]} holds for = > 0.

3. b= Doc. K*b < a yields K*cU {c} < a hence b < Dga, thus b < (Doa)[Nb].
3.1. ¢= 2. Then Nc =1 and b = (Doa)[z + 1] = c{(Doa)[z + 1]}

3.2. 2 < c. Then b = 2 < ¢[0] = {(Dpa)[x + 1]}.

4. b= Did.

4.1. ¢ = (cg,...,cn) with n > 1.

Then b = D1d < ¢y = ¢{0} < {(Doa)Jz + 1]}.

4.2. ¢ = Dye. Nb < Nc+x yields Nd < Ne+x. The induction hypothesis yields
d <X e{(Dpa)[x + 1]} since e < Die = a. Thus b = D1d < Dye{(Dpa)[z + 1]} =
e{(Doa) [z + 11}

Corollary 1 Assume that tp(a) = 2, b < a, K*b < b and Nb < Na+ x. Then
b < a{(Doa)[z +1]}.

Proof. Put ¢ = a in Lemma 16.

Lemma 17 Assume that Doa € OT and tp(a) = (2. Let z < NDga. Then
(Dga)[z] = Doa{0} if z = NDga[0] and (Doa)[z] = (Doa{0})[z] else.

Proof. Tt suffices to show (Dga)[z] < Doa{0}. Assume for a contradiction that
Dya{0} < (Dga)[z] < Doa. Then (Dga)[z] = Dob + d for some b with a{0} <
b < a. Lemma 15 yields Nb > Na{0}. If d # 0 then N(Dob+d) > NDpa{0}+1 =



N Dga. This contradicts z < NDga. Hence d = 0 and a{0} < b < a. Lemma 15
yields Nb > Na{0} hence NDyb > N Dya. This contradicts z < N Dya.

Lemma 18 Assume that Doa € OT and tp(a) = 2. Let z < N(Dya). Let
doa(0, z) := (Doa{0})[2] and doa(y + 1,2) := Doa{doa(y,z)}. Then doa(y,z) <
doa(y + 1,2) and dpa(y,z) € OT. Moreover (Doa)[z] = doa(y,z’) where y and
z' are chosen such that (Na+1)-y+2' =z and 2/ < Na+ 1.

Proof. By induction on y we show dpa(y, z) < doa(y + 1, 2).

Assume first that y = 0.

Then dpa(0,z) = (Dpa{0})[z] and dpa(1,z) = Doa{(Doa{0})[z]}. If z = 0
then dpa(0,z) < dpa(l,z) is obvious. Assume that z # 0. Lemma 10 yields
K*(Dpa{0})[z] = K*(Doa{0}) = K*a{0}U{a{0}} < a{(Dpa{0})[z]}. Lemma 2
yields K(Doa{0})[2] < Doa{(Doa{0})[=]} hence (Doaf{0})[=] < Doaf (Doa{0})[-1}.

Now assume that y =" + 1.
The induction hypothesis yields doa(y’, z) < doa(y’ + 1, 2) hence a{dpa(y’, 2)} <
a{dpa(y’ + 1, 2)} thus dopa(y, z) < doaly + 1, 2).

By induction on y we show dpa(y, z) € OT.

Assume y = 0.

Then dya(y, z) = (Doa{0})[z] € OT.

Assume y =y’ + 1.

Then dpa(y, z) := Doa{doa(y’, 2)}. The induction hypothesis yields dpa(y’, z) €
OT hence a{dpa(y’,z)} € OT.

We have to show K*a{dpa(y’, 2)} < a{doa(y’, z)} and compute K*a{dpa(y’, z)} <
K*a{0} UK*dpa(y’, z). Lemma 4 yields a{0} <p a hence K*a{0} < a{0} since
K*a < a.

We first consider the case y’ = 0. If z = 0 then doa(y’, z) = 0 hence K*a{dpa(y’, 2)} =
K*a{0} < a{0} = a{dpa(y’, 2)}. If z > 0 then (Dya{0})[z] # 0 and Lemma 10
yields K*doa(y', z) < K*Doa{0} < K*a{0} U {a{0}} = a{0} < a{(Doa{0})[=]}-
Now assume that 3’ > 0. We already have shown that {dpa(y’ — 1,2)} <
dpa(y’, z). The induction hypothesis yields dpa(y’, z) € OT hence K*a{dpa(y’ —
1,2)} < a{doa(y’ — 1,2)} hence K*a{doa(y',2)} = K*Doa{doa(y’ — 1,2)} =
K*a{0} UK*{doa(y’' — 1,2)} U{doa(y’ — 1,2)} < {doa(y’ — 1,2)} < doa(y/, 2).

Now we prove (Doa)[z] = doa(y, z’) by induction on x where (Na+1)-y+2' = x
and 2/ < Na+1.If < N(Dga) then the assertion follows from Lemma 17. Now
assume that z > N(Dga). The choice of y and 2z’ and the definition of (Dga)[x]
yield (Dga)[z] > dpa(y, z’) since Ndpa(y,z') = x.

Now assume that (Dga)[z] = Dob+ ¢ with b < @ and ¢ < Dg(b+1). Then ¢ =0
since otherwise Dy(b + 1) would be a better choice than Dgb + ¢ for (Dga)[z].
We have b < a, tp(a) = 2, K*b < band Nb <2z =Na+1+2— Na—1. The
induction hypothesis yields (Dga)[x — Na — 1] = dpa(y — 1, z). Lemma 1 yields
b < a{(Doa)[x — Na]} hence Dyb < Doa{(Doa)[z — Na—1]} = doa(y, z) € OT.



Corollary 2 Assume that tp(a) = 2. Then Doa{(Dpa)[z + 1]} € OT and
(Doa)[z] = Doa{(Dga)[z + 1]}.

Proof. Lemma 18 yields (Dga)[z] = (Dpa)[Na+ 1+ z] = Doa{(Doa)[z + 1]} €
OT.

Definition 14 Recursive definition of a nominal form C,(a,g) for a € OT with
tp(a) = 2 and g < w.

1. C,(92,g) == *.

2. Cx((aOa AR anflaan)vg) = Cx(a()vg) +- 4+ Cm(anflag) + Cz(anag)

5. Co(Dia,g) = g* """ (Calayg) + 1),

If C is a nominal form then C[x := ¢| denotes the result of replacing every
occurrence of x in C by c.

Lemma 19 Ifa € OT, tp(a) = 2 and ¢ € OTy then Cy(alc],g) < Cy(a, g)[* :=
g Ge(z)].

Proof by induction on Na.

1. a = {2. Then Lemma 8 yields Cy(alc],g) = Cy(c,9) = g Ge(z) = *[x :=
g-Ge(2)].

2.a = (ag, - - - ,an). Then the induction hypothesis yields C, (a[c], g) = Cy(ag, g)+

+Cm(a’n—1ag) +C£(an[ } ) < C (a03 ) +C’ib(an—hg) +C$(anag)[* =
3. a= Dyb.

Then assertion 2 of Lemma 7 and the induction hypothesis yields
Cr(ald], g) = C(D1(b]c]), 9)
2T (bl ) + 1)
< Culbig) = g+ Gel@) + 1)
=Ce(a, g)lx =g - Ge()].
Lemma 20 Ifa € OT and tp(a) = 2 then C,(a, g)[* = ¢°] < Cy(a, g).

Proof by induction on Na.
T
1.a = £2. Then Cy(a, g)[* := ¢%] = ¢2 and C,(D10,g) = g> """V . (04+1) > ¢2

2. a=(ag,...,an)

Then the induction hypothesm ylelds Cz(a, )[ = g2] = Cy(ao,g9) + -+ +
Cy (an—lv )+C (anvg)[* =9 ] ( 79) (an—h )+C (ana ) =
C(a,9)-

3. a = D1b. Then the induction hypothesis yields

Cola, 9)lx:=9g"l =9 (Calby g)[x = g°] + 1)

9TDyb(z+1)

9T Dy b (x+1)

= Cat(aag)'



1.5 Putting things together

Theorem 2 Let Doa € OTy and g := G (pya)[et+1](2). Let Dob € OT and as-
sume that K*Dgb < a. Then

Gpop(x) <14 Cy(b, g).

Proof by induction on Dgb.

1. Gpyo(x) =1 <1+ C,(0,9).

2. b=c+ 1. Then GDUb(JC) = GD00+(D0b)[[93+1]] (:l?) = GDQC(:E) +G(D0b)[[w+1]] (I)
1+ Cz(cvg) +g=1+ Cm(c+ ]-ag) since Cx(lag) =9 and G(Dob)[[x+1]](x)
G (Dya)[e+1](T) Dy assertion 3 of Lemma 6.

3. tp(b) = w.

Then the induction hypothesis, Lemma 13 and Lemma 14 yield

Gpob() = G(Dop)[2] (%) = Gpypfa)) (7) < 1+ Cp(blz],g) <1+ Cr(b, g)

4. tp(b) = 0.

Then the induction hypothesis, Lemma 2, Lemma 19 and Lemma 20 yield

IAIA

G pob(7) = G pob(Dob)[z-+1]) (2)
< 14 Co(b{(Dod)[z + 1]}, 9)
<14 Ce(b, 9)[x = g G(popy[at17(2)](2)
<1+ Co(b, 9)lx = 7]
<14 Cy(b,g).

Lemma 21 Let U, := {a € T : Na < z} and #U, be the cardinality of U,.
Then #U, < 44" .

Proof. By induction on z. Obviously #Uy = 1 and #U,1 is less than or equal
to one plus the cardinality of the Cartesian product {0,1,2} x U, x --- U, x Uy,
with x + 2 factors. For, if a € T then a is either of the form (ay,...,a,) with
n <z and a; € T, or a is of the form Dyb or D1b for b € T,.. Hence, arguing by

d : . T . 44" \z 441Jrl
induction, #U,+1 <3 (#U,)* <3-(4* )* <4 .

Theorem 3 Let p(z) := 41" Ifa € OTg and Na < z then Go(x) < p(p(To(z+
1D)).

Proof. By induction on Na.

1. @ = 0. Then the assertion is obvious.

2.a=(ag,...,an)

Then the induction hypothesis yields G, (z) = Go, (2)+: - -+Gla, () < p*(To, (z+
1))+ +p(Ta, (x4 1)) < p*(To(z + 1))

2. a = Dob. Let g := (Dga)[x + 1]. Then the induction hypothesis and Lemma
9 yield

Ga(z) <1+ Cy(b,g)
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Corollary 3 Let 4o(x) := x and 4,41(x) := 4@ [fa € OTy and Na < x
then Go(x) < 4o(x).

Proof. By Lemma 21 and Theorem 3.

We find it an interesting open question to decide whether G, can be majorized
eventually by a double (or triple) exponential function. Another interesting open
question is whether our first main result extends to the proof-theoretic ordinal of
the theory ID_,,. Then the usual first subrecursively inaccessible ordinal would
not be subrecursively inaccessible for the assignment of fundamental sequences
considered in this section. The corresponding phase transition would then even
sharper than the one obtained in this paper.

2 The second main result

2.1 Preliminaries

We collect here some folklore material which proves useful in proofs later on. In
this section we denote ordinals by small Greek letters. The idea is to indicate
that the results of this chapter are independent of the notation system OT to a
large extent. In particular, for € > 0 the resulting slow growing hierarchy, when
restricted to the segment of ordinals below g will exactly exhaust all provably
recursive functions of PA. Therefore this section can be read by readers without
knowledge of higher ordinal notations.

Definition 15 For a given real number € > 0 let Az]. := max{f < A : NG <
(14+¢€) - NA+ x}. Any such system will be called a norm based assignment of
fundamental sequences. If e = 0 we call -[-]. the standard norm based assignment.

Definition 16
Let <[] be an assignment of fundamental sequences. With respect -[-] we define
certain ordinal relations as follows:

1. a=, 0

r= (I >0)F0,. )= & B =y, & (Vi <n)[yip1r = vil2]]].
2. = B¢ a<,Va=0.
3 By m:<— Q)P =z a & Na>m].

The following lemma provides some useful properties for investigating the growth
rate of pointwise hierarchies.



Lemma 22 Let -[-] be a norm based assignment of fundamental sequences and
let the slow growing hierarchy (Gy) be defined with respect to -[-]. Then we have:

1. ar, B = Gulx) > Gg(x).
2. Gy(z) > N§.
3. fdsm = Gg(xz)>m.

Proof. Straightforward. ]

Lemma 23 Assume that -[-] is a norm based assignment. Let A € Lim. Then
NX+z < NAz|. If further A[z] +1 < a < X then Az] + 1 < «[0].

Proof. The first claim is obvious. Assume that «[0] < A[z] + 1 < a < A. Then
NAz]+1> Na[0] > Nao > NA[z] + 1. Contradiction. O

Corollary 4 Assume that -[-] is a norm based assignment. Let =, be defined
with respect to -[-].

1. Let A € Lim. Then Az + 1] =, Alz] + 1.
2. Assume that o =5 B and 6§ = WY + « where o < WYt Then 6 =, WY + 3.
3. Assume that o =, . Then w® =, w”.

Proof. Assertion 1) follows from Lemma 23. The assertions 2) are 3) are proved
by induction on S with the use of 1). O
The following lemma shows that monotonicity for the indices of the assignment
of fundamental sequences yields the expected monotonicity for the induced as-
signments and pointwise hierarchies.

Lemma 24 Let ¢,& be real numbers with 1 < e <¢€’.

Let (G,) be defined with respect to -[-]. and let (G')) be defined with respect to
[le. Let = be defined with respect to -[-]. Then the following holds:

1. If A € Lim then Nx]. =, A[z]..
2. Go(x) < GL(x) for any o € OT and r < w.

Proof. Straightforward. m]

We are going to show that for € > 0 the pointwise hierarchies consists in fact of
fast growing functions. For this purpose we recall some basic facts from hierarchy
theory.

Definition 17 (The Hardy-Hierarchy) With regard to the a given norm based
system -] of fundamental sequences we define recursively numbertheoretic func-
tions Hy as follows.

1. Ho(af) :

=z
2. Hot1(2) :

— Ha(x+1).



8. Hx(z) := Hy[z) () if X is a limit.

Lemma 25 Let >, be defined with respect to a given norm based assignment
[-]. Then o =4 B yields H,(y) > Hg(y) for ally > x. Furthermore each function
H,, is strictly monotonic increasing.

Lemma 26 Let €,&’ be real numbers with 1 < e < ¢&’. Let (Hy) be defined with
respect to -[-]. and let (H],) be defined with respect to -[].. Let =, be defined with
respect to -[-]. Then Hy(z) < H. (x) for any o and x < w.

Proof. Straightforward. o

Lemma 27 Let (H,) be defined with respect to a norm based assignment Then
(H,) is a fast growing hierarchy.

Proof. This is postponed into the appendix. Using techniques from [14] the proof
is straightforward.

2.2 Putting things together

If f is an operation on natural numbers we write f(m/n) for f(I) where [ is the
largest integer less than or equal to m/n :=m-n~!. In the sequel we show the
fast growingness of (G, ) when defined with respect to -[-] for £ > 0 by a straight
forward but tedious calculation.

Theorem 4 Assume k > 4. Let -[-] := -[]1 /5 and let Jo,=¢ and (H,) be defined
with respect to -[] If y=npd + w*" - k¥ then v Jg Ho(NG/k).

Proof. By induction on «. In the following calculations we frequently make use
of assertions 1),2) and 3) of Corollary 4.

We may assume that a > 0.

Case l.a=pF3+1.

Then 6 +w*’" k¥ =0 § + w - (kF = 1) + w*’*7 for some v < wPt! with
Ny > (NB+1) k141 Let & =6 +w” " - (kF — 1) + w7,

If v < w then & = ¢ 4w (kF — 1) + W FAENB) R . Uy >w
then & >=q J + W (KkF — 1) + Wt = &1. In both cases & =g &. We
have & >=¢ 6 +w*’ . (kF —1) + W FAFNB)ETY D9 ¢y since NE; - 1/k
(3+NB)-(k*—=1)/k+(2+NB+1+NB-kF=1) .k > 3+ NB)-kF 1 + N3 - kF—2
Nuw<"++NB)K" gimilarly we obtain

B+

>
>

€ = 64w’ (K — 1) 4w FAENART
=0 8+ an (K" — 1)+ W HAHNB) R L WP (NG R TI-1



—_—
0 8+ W (kF = 1) 4w AN R Wl QNS L

B B
+ww +2 _|_ww +1 —. 53

We have N&;-(1/k) > (1/k)-(No+(3+NB)- (K5~ —1))+(1/k) 2N VDTG >
(2 4+ Np) - k¥ hence the induction hypothesis yields

=10 T (k% —1) 4w HOANARETE WP AENG) R L
+ww5+2 +ww5+1
0 6+ w T (K = 1) 4w TOENB R WP OENB) R Ly
_’_ww[3+2 +wwﬁ X kk
To Ho(N(S+w*”" - (k¥ = 1) +..))/k) > Hy(N5/k + 1) = Hy(N5/k).
Case 2. a € Lim. We have

N&§/k+(2+Na)-kk—1]

§+w™ kR =g 8+ W (K — 1) 4t
=0 0 +w* - (kk —1)+ WIS/t (14 Na) kR =1 41)
=0 0 +w*" - (K — 1)+ wwa[Né/k+(1+Na)-kk_1]+1 .
=0 0 +w* - (kk —1) 4 WOINS k(14 Na)kF 1] 5 o

since Nng-1/k > N6/k+ (24 Na)k* + (1+Na)-kF=2 > N[woN6/k+(1+Na) k]
Further

[N§/k+(14+Na)-kF—1] Wa[Na/k+(1+Na)-1«k*1—1]+1
+ w

m =0 86 +w - (k¥ = 1) + "

[N6/k+(1+Na)-kF—1] a[N§/k+(1+Na)-kF—1 1]
+ ww 2

=0 0+ w (kR —1) 4w
=0 ...

a[N&/k+(1+Na)-kF—1]

=004+ w (kP —1) +w®
wwa[NJ/k+(1+Na)-kk_1—1]+.._+wa[1]+w

[N6/k+(1+Na)-kk—1]

=00 +w (kR —1)+w®
wwa[NJ/kJr(HNa)-k’“—l71]+”_+wa[1]+N5/k.kk*1

Let 1y := WOINS/k+(14Na) k" " =1] o 4 el Then

Ny =0 +wwa . (kk — 1) +wn2+N6/k-k"*1
0 0+ w*" - (KF — 1) + W tNO/RRTISL ek NGk

« k=1 _ a[N§/k+(14+Na)-kF—1]
EO(S‘FWW -(kk—1)+wn2+N5/kk 1+ww



0 84w (KF = 1) N/l

wa[Né/k+(1+Na)~kk_l—1]+wo<[N5/k+(1+No<)lkk_l —2]+___wa[1]+N5/k~kk_1—l

“+w

4+ 4+
_’_wwa[Né/k]Jr...JrNg/k.kk*l,1
WING/K] 4y _.

04w (-1 + - Fw

The induction hypothesis yields

- +wwa[N6/k]+1

= wwa[Né/k] - kk

Jo Hons e (N6 /k) = Ha(k)

since Nm3 > No/k-kF=1 kP14 1/2. (Na+1)2- (k¥ 12 > 2+ Na(k+1)/k+
No k)K"

a4+ aqy wat

w 1 w 1 w4
Lemma 28 w¥ kR 4w e W RN

Proof. We obtain

watl Wt
w? N
watl WO k-1
tw ww . kjk + ww +a+k
wotl w g k—1_
toww -kk+ww +z+k 1.2
wotl w4
=0 w* R
oo tt k k etk Tl wette g
o w KP4+ ER 4w + ... tw -k
Theorem 5 Assume k > 4. Let -[-] := -[]y /5. Assume that (G) is defined with

respect to -] and that (H,) is defined with respect to the standard norm based
assignment. Then wawa+l e (z) > Hyo ().

Proof. This follows from assertion 2 of Lemma 22 and Lemma 28

Corollary 5 Let € > 0 and assume that the hierarchy (Go) is defined with
respect to -[-|c. Then (G4) is fast growing.

Proof. This follows from Theorem 5

Appendix

We stick to the notational conventions of Section 1. In this appendix we first
describe the standard system of fundamental sequences in terms of the norms



function and show that it gives rise to a normed Bachmann system. Second,
we define the standard Hardy hierarchy (H}) along OT and compare it with
(H,). For an intermediate calculation we introduce in addition a fast growing
(as shown in [1]) hierarchy (A,) (which looks slow growing at first sight).

Definition 18 For a € OT with tp(a) = w and z < w we define a non negative
integer p(a + x) as follows.

1. a=(ag,...,an-1,an) = pla+x):=Nag+...+ Na,—1 + pla, + x).
2.a=D;(b+1) = plat+z):=(Nb+1) (x+1).

3. a=Dib&tp(b) =w = pla+2x):=1+pb+2x).

4. a=Dob & tp(b) =2 = pla+z):=(Nb+1) (z+1).

Definition 19 Definition of a{{z}} for a € OTy with tp(a) =w and v < w.
a{{z}} =max{be OT:b<a & Nb<p(a+z)}.

Lemma 29 The structure (OTy,-{{-}}, N) is a normed Bachmann system.

Proof. This follows from Theorem 5 of [5].
Lemma 30 Characterization of a{{z}} for a € OT¢ with tp(a) = w and z < w.

1. a=(ag,...,an-1,0n) = a{{z}} = (ao,...,an-1) +an{{z}}.

2. a=Dy(b+1) = a{{z}} = Dob- (z+1).

3. a=Dpb& tp(b) =w = a{{z}} = Dob{{z}}.

4. a=Dpb&tp(b) = 2 = af{{z}} = Dob, where by := b{0} and by41 =
b{Dob, }.

Lemma 30 shows that -{{-}} coincides with Buchholz usual definition of funda-
mental sequences for the limits below the Howard Bachmann ordinal.

In the sequel a, b, ¢, d range over OTy.

Lemma 31 1. N(a{{0}}) = N(a)+ 1.
2. N(w-a{0}) < Nw-a)+1.

3. N(a{{z}}) < Na-(z+1).

4. N(w"-a) < Na-(i+1).

Definition 20
1. (a) H§(x) :=z,
(b) Hy y(x) == H;(x+1),
(¢) Hy(x) :== H} (41 (@) if tp(a) = w.
2. (a) Ap(x) ===,
(b) Au(z) := max{Ap(x) +1:b<a & Nb< Na+ z}.

Lemma 32 1. NF(a,b) = Hqp(x) = Ho(Hp(x)).
2. Hw~10($) Z 10- z.



3. sz-a+w~a+w-(k¢+11)(x) > Hw2~a+w-a+w-(k+1(10 : l‘)
4. a<=b& Na < Nb+z = Hy(x) < Hy(z).
5. Aa(z) < Hq(z) < Hy ().

Definition 21 1. aE}Eb:<:) a>=b& Na> Nb+x.
2. a,b: <= (Jag,...,an)[a0 =a & a, =b& (Vi < n)la; >y ai+1]].
3 a>, ke (3)as,b& Nb> k.

Lemma 33 1. al,b = A,(z) > Ap(x).
2. A,(z) > Na.

3. a> k = A (x) > k.

4. w-a>104 Na- (10 -z —1).

Lemma 34 1. 2>2 = w? atw-a+w-k+w>, Hi(k+z).
2.2>2 = H,arwatwktw(®) > Hi(k+ ).
3. c=wT = (Ya < ¢)(Fb < c)(Va)[H (z) < Hy(w)]

Proof of the first assertion by induction on a.
1l.a=0.
w-k+wlbipgrw-k+10-z+1
>10.p -
>1gp k- (10-2+1)4+10-2+1
>0 K+ = Hj(k+ x).

2. a = b+ 1. Then the induction hypothesis yields

Wwiatwoatw-k+w
Digew? b+w-b+w+w-(k+1)+w
>10-z Hg(k+$+1):H;(k+$)

3. tp(a) = w. Then the induction hypothesis yields

Wwiatw-atw- k4w
lzlo.mwQ'a+Na~(1O~:1771)+w~k+w
D10 w?-a{{z}}+w-a{z}} +w-k+w
>100 Hypop (k+2) = Hy(k + ).

The second assertion follows from assertion 3 of the Lemma 33 and assertion 5
of Lemma 32 and the last assertion follows from the second assertion.
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