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Abstract

It is well known from the work of Kirby and Paris that the hydra
game and the Goodstein process yield combinatorial statements which
are true but unprovable in first order Peano arithmetic PA. In this note
we characterize the phase transition from provability to unprovability for
these assertions. As a byproduct we classify those non pointwise descent
recursions (along the standard system of fundamental sequences for the
ordinals below £¢) which are still in the scope of the so called slow growing

hierarchy.

1 Introduction and statement of the results

This article is part of a general investigation on combinatorial independence
results for theories of mathematical interest. We mainly focus on first order
Peano arithmetic PA but the results shall extend without much effort to stronger
theories for which an ordinal analysis is available. The starting point of these
investigations is the classification of the provably recursive functions of PA in
terms of the Hardy hierarchies (Hy)a<e, and (ha)a<e,- These functions are

defined recursively

Hy(x) =
Hypi(z) =
Hy(x) =

xT
Hy(z+1)

ho(l‘)
hat1 (x)
ha(z)

'/I;7
ho(z+1)

where A is a limit and A[z] is the z-th member of the standard fundamental
sequence for A\. Recall here that the system of standard fundamental sequences is
given by ((a+1)-wM)[z] := a-w* +w** when X is a limit and ((a41)-w?t1)[z] :=
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a- WPt + WP - (z +1). (Moreover for technical reasons we put (o + 1)[z] = a
and 0[z] := 0.) ;From the point of view of provably recursive functions there
is no essential difference with respect to the rate of growth between H, and h,
since hq(z) < Ho(z) < ho(z + 1) for all z € N. A function F' : N — N is called
provably recursive in PA iff PA + (Vz)(3y)'F(x) = v’ where ‘F(z) = ¢/ is an
Lpa formula (in %) for the graph of F. Then F : N — N is provably recursive
in PA iff F is elementary recursive in H, (or h,) for some o < €g. Therefore
the assertion

Va3dy'H,, (1) =y (1)

is true but unprovable in PA since for every a < g¢ the function z — H,,_ (1)
eventually dominates H,. (Recall that wy := w and w41 := w*".) This asser-
tion is a prototype for an independent statement, i.e. a statement which is true
but unprovable in PA. For, let us consider the hydra game formulated in terms
of ordinals. As before let -] denote the standard assignments of fundamental
sequences for the ordinals below g¢ and let «(0) = a and «a(i + 1) := a(i)[f]
where it is understood that (o + 1)[z] = a. Then H,(0) < wia(i) = 0 and thus
the assertion

VaJiw, (i) = 0, (2)

(which formalizes that chopping of the righmost head is a winning strategy for
Hercules) is independent. Moreover it is well known that (2) can be reformulated
in terms of Goodstein sequences where the underlying Hardy hierarchy is now
(ha)a<e,- For stating the Goodstein principle precisely let us define afi := o] as
follows. If a < i then ali := o] = a. Ifa = i*-my+- - -+i% -m,, wherea; > ... >
an and i >m; > 0 then afi := a] := (i+1)2FE=0lmy 4 (i 1)%lE=al gy,
Let mg :=m, mp41 := (mg)[k + 2 := k4 3] — 1. Then the statement

YmIkmy =0 (3)

is independent of PA.

In this article we give a unified treatment of refinements and alterations of
(2) and (3). In particular we are going to classify the phase transition from
provability to unprovability in these assertions. For a given function f: N — N
let af(0) = a and of (i + 1) := af (i)[f(i)]. Then (2) states that the assertion

VaJiw! (i) =0, (4)

is independent for f(i) = i. Inspired from Arai’s results [1] we show that
(4) is independent even for all f with f(i) > |i H () but PA-provable for
all f with f(i) < [i[;-1;) where a < g9. Moreover we classify those f for
which the resulting lengths of descending chains are within the scope of the
elementary functions. This is the case when f(i) < |i|mh and h is arbitrary. (It
seems to us that this observation yields a partial analysis of Girard’s notion of
pointwiseness.)

For any function f such that f(i) > 1 let mJ := m and m,{H = (mi)[l +
f(n) =1+ f(n+1)] — 1. Then (3) states that the assertion

Ym3km! =0 (5)



is independent for f (i) = i. Refining a result from Kent and Hodgson [4] we show
that (5) is independent even for all f with f(i) > |i] Hz () but PA-provable for
all f with f(i) < [i|-1(;) where a < go. For any a < g9 let mc(a) be defined
as follows. mc(m) := m and mc(@) := max{mq,...,my,, mc(ay),...,mc(a,)}
where a = w* -my + - +w* - m, and a7 > ... > «,. Then the assertion

VEKIMVayg,...,an <wg[(Vi < Mme(o;) < f(i) = Fi< M & a; < a;41)].

is independent for f(i) = |i| ;-1 ;) and PA-provable for all f with f(i) < |i| -1,

€0 «@
where o < gp. These results indicate that the me(-) operation is genuinly
connected to the standard assignment of fundamental sequences.

2 Classifying the phase transition for hydra games
and Goodstein sequences

To fix the context we first recall some well known definitions and lemmata
from subrecursive hierarchy theory. We write a=Nxpw™ + -+ + w0 if a =

W 4w and @ > o > ... > ap. Let afz] = w4 - 4 @Ol
if @ = w™ 4+ +w* and o, = .’ + 1 and afz] = w* + - 4 Wl if
a=wr+--- 4w and o, € Lim. Moreover let (o + 1)[z] := « and 0[z] := 0.

In the sequel f denotes a weakly increasing function f : N — N satisfying
F(z) > 1.

Definition 1 (Predecessor operations). 1. P/0 := 0, P/(a +1) = q,
and PI\ := P/ \[f(2)].

2. Q10:=0, QI (a+1) = a, and QL) := \[f(=)].

When f is the identity function f(i) =i = id(i) then we drop the superscript
in R € {P,Q}, thus R,a := R%a.

Definition 2. For R € {P,Q} define
L. a>?’”5:<:> R ... Rla>0&p3=R!...Rla for some n >0,
2. a>—]}§ﬂ:<:> (Fn)[a >—?’" 4],
3. ar-f = a>?ﬂwheref(i):kforallieN
4. a-BpB:= a-Fora=3

Definition 3. 1. a=npw™ + -+ if @« = W™ + -+ +w* and a7 >
el 2 Oy

2. NF(B,7) if B=npw™ + - +w’ and y=npw? +---+w* and B, > 1.

3. aog(B) := B, apt1(B) := a®»(® . Moreover, wy, := wy(1).



Lemma 1. Let R € {P,Q}. Then
1. NF(y,8) & >0 = RI(v+0) =~+ RIS
2. NF(y,a)&a =" = y+a=F"y+p.
3. a>0 = ax=f1&ax>{0.
r>0&a =03 = w* =81 WP for some n > m.

a-Pp = a=943.

S v

a>0andy >r = atgPTa—i—l.

=

y>0& A€ Lim = Aa+1] =9 A[z] + 1.

S

a =@ B=Dmy = o ="y for some n > m.

9. y>0& A€ Lim = Az +1] =F Nz] & Az + 1] =9 Az].
10. a=BR&x<y = a>5ﬁ.

1. (W)[f() < g &a=F 3 = axFp.

Proof. Assertion 1 follows from the definitions. Assertion 2 follows from asser-
tion 1. Assertion 3 follows by induction on a.. Assertion 4 follows from assertion
3 by induction on «. Assertion 5 follows by induction on a. Assertion 6 follows
by induction on «. Indeed, if « = 8+ 1 then a = P,a+ 1. If «a is a limit
then the i.h. yields Pyafz] =§ Pyalz] 4+ 1. Assertion 7 follows by induction on
a. Indeed, if A = w® 4+ 3 with 8 € Lim and f < w®*! then the i.h. yields
Blz+1] =2 Blz]. Thus the assertion follows from assertion 2. Now assume that
A =w?® If a € Lim then the assertion follows from assertion 4. If « =+ 1
then the assertion follows from assertion 3.

Assertion 9 follows from assertion 7 and assertion 8. Assertion 8 follows by
induction on a. The assertion is true for &« = 3 and follows from the i.h. if
a =03+ 1. If @ € Lim then the i.h. yields alz] =" v for some n > m. Now
notice that a descent at x via P starting from P(«[z]) is also a descent starting
from P(a).

Assertion 10 follows from assertions 7, 9 and 8 by induction on . Assertion
11 follows from assertion 10

O

Corollary 1. 1. >0 = wo! =2 w4+ we.
2. 2>0 = w't =9 w41,

3. 2>0 = whri(a+1) =2 wpii(a) +whys-



Proof. Assertion 1 follows from assertion 3 of Lemma 1. Assertion 2 follows from
assertion 1 and assertion 3 of Lemma 1. Assertion 3 follows from assertion 2.
Indeed, by induction on i one shows that for i € {0,...,i} we have w*r(@+1) @
w@r=i@i(@)+1) " This is true for i = 0. Assume that the assertion holds for i
and that i + 1 < h. Then the i.h. yields w*r(@+1) =@ en—i(wi(@)+1) Moreover
wWh—i(wi(a)+1) — wW}L—i—l(Wwi(u)+l) >_§ wwh—i—l(wwi((y))+l — Wh—(i+1) (@i1(@)+1)
Therefore wwn(et1) >_1Q wwn(a)+1 i’g wenr(@) o ywn(@) tg? wwn@) 4 ywn(1) O
Definition 4. 1. G,0:=0, Gy(a+1) = Gza+ 1, and G\ := 1+ G \[z].

2. 9:0:=0, gz(a+1) = ga+ 1, and g\ := g, A\[z].

3. Hl(z) := x, Hf+1(x) = H/(z+1), and H)Jf(x) = Hf\c[f(x”(m +1)

[e3

4. hg(x) =z, h£+1(m) :=hf(z+1), and hi(az) = hi[f(m)] (x)
If f(i) = i then we suppress the superscript f when we refer to gf, G, b/, HY.

Lemma 2. 1. Let F € {g,G,h,H}. Then F,(x) < Fo(x +1).
2. Let F € {g,h}. If afz] < 8 < a then Fy(z+ 1) < Fg(x).
3. Let F € {G,H}. Ifafr] < B < a andy > 1 then Fy(y) < Fa(y).
4. a< peLim&me(a) <z = a< flz].

5. Let F € {9,G,h, H}. If o < 8 and mc(v) < x then Fo(x) < Fa(z).

Lemma 3. 1. pi(Pla =0) = g,a where the upper index denotes iteration.
2. pi> :r(PifPif_1 e Plfa =0) = hl(2).
3 a<f&me(a) <z+1 = a<fz].
4. #{a < B :mc(a) <z +1} < G,p0.
5. If a=Npw® 4 -+ w then gp(a) = (z 4+ 1)9=(00) ... 4 (g 4 1)9=(n),
6. g.« is the result of replacing in the Cantor Normal form of o the symbol

w by x+1.

Proof. Assertions 1 and 2 are proved by induction on a. Assertion 3 is proved
by induction on (. Assertion 4 is proved by induction on « using assertion
3. Assertion 5 is proved by induction on «. Assertion 6 follows from assertion
3. O

Let |0] := 1 and for 4 > 1 let |i| be the least natural number larger than or
equal to logy(i + 1). Let [i], := 4 if h = 0 and i, = [[i]

Lemma 4. Let h > 0 and f(i) := |i|p for i € N. Let a be given and  :=
wht1(a) +wni1. Then there exists an i > Hy (1) such that 3 >JICD’1 wn+1(0).



Proof. Let L :== H,(1). Then L = pui > 1(P;—1Pi—2... Pha = 0). By definition
we have f(i) > 1 for all . Further we obtain

B = whpr(@) +whi
>-f wh+1(a) =+ P1Wh+1
>-{) wh+1(a) + P1P1u)h+1
P
1

=P wpp(@) + PP wpg = o (@)

since ,ui(PliUJ}H_l = 0) = g1Wh+1 = Qh(Q) .
Hence there exists an ig > 25(2) such that 3 >chj’“’ wht1(a). For i > ip we
have 2 < f(i). Further we obtain

wh+1(oz) tg Wh+1 Pla + 1)

(
=5 whi1(Pra) + wht
>§ whH(Pla) + Pgwh_H
=8 wpi1(Pra) + PaPowp i1
P
2

=L wni(@) + Py Py = o (Pra)

since pi(Pijwn+1 = 0) = gawnt1 = 3r(3). o

Hence there exists an i; > 35,(3) such that >5,10+11 wht1(Pra). For i > g
we have 3 < f(i). By iteration we obtain for any k < L that there exists an
ir > (k+2)p(k+2) such that 3 >}3’i0+i1+'“+i’° wht1(PePr—1 ... Pra) = wpy1(0).
The assertion follows from 49 + 41 + ...+ 4,_1 > L. O

The following lemma is inspired by Arai [1].

Lemma 5. Let f(i) = |i[y-1(;), m =2 2 and a = wpy1(Wn) + wmi1. Then
€0
o >?’k 0 for some k > H,, (1).

Proof. Let fi(i) = |il,,. Ifi < H,, (1) =: 1 then H_'(i) < H '(l) < m.
Thus \i\H;ol(i) > fm(i) for ¢ < I. By Lemma 4 there exists a § > 0 such that

o »j;l 0. Hence there exists some k£ > [ such that « »}D’k 0 since f(i) > fum (i)
for i <. O

Let T denote a standard primitive recursive Kleene predicate for the enu-
meration of the partial recursive functions. Let U be the corresponding result
function. Within the language of PA the T predicate is ¥;. Let ®.(m) :=
U(unT(e,m,n). Our applications are based on the following classical result
over the provably recursive functions of PA

Theorem 1. If PA F Va3yT (e, x,y) then there exists an o < g9 such that O,
18 primitive recursive in and bounded by H,.



Moreover it is well known that H,, eventually dominates every function H,
for a < gy.

Lemma 6. 1. PA¥ (VK)(3M)Pys ... Plwg = 0.

3. PA ¥ (VK)3M)NVay,...,ay < wig)[Vi < Mmce(o;) <1 = (Fi <
M)[Oéz S ai-&-l}-

Proof. Assertions 2 follows from assertion 1. Assertion 3 follows from as-
sertion 2. We may thus concentrate on proving assertion 1. Assume that
PA+F (VK)(3M)Pysr ... Prwg = 0. Then PA - (VK)(3M)Pyy ... Piws.g+1 = 0.
Hence, by Theorem 1 there exists an a < gg such that for all K there is an
M < H,(K) such that Py ... Piwa.g+1 = 0. Thus for all K we would have
P, e (1) < Ho(K). But

P
W2.K+1 ~1 WaK
P
=2 WaK—1

P
Kk  WK+1
P
>K+1 WK -

Hence for all K we would have H. (K) < hyy (K + 1) < heypey, (1) < Ho(K).
Contradiction. O

Theorem 2 (The phase transition for the hydra game. Part I). Let
f@) = |7’|H;01(i)

1. PA¥ (VK)(3M)PL, P!, ... Plug =o.

2. PA¥ (YK)BM)QL, Q4 1. . Qlwk =0.

3. PA¥ (VK)(3M)(Vay,...,an <wg)Vi < M(me(a); < f(i)) = 3i,j(0 <
z'<j§M&ozi§aj)}

Proof. This follows from Lemma 5 and Lemma 6. O

Theorem 3 (The phase transition for the hydra game. Part II). Let
fa@) =il 1) Assume that o < &o.

1. PA + (VK)3M)(Vai,...,an < wi)[Vi < M(me(a);, < fo(i) =
32,](0§Z<]§M&0¢1§O&j)]

2. PA+ (VK)3BM)[QLs ... Q" wk = 0]
3. PA+ (Ym)(3i)my, ; = 0.



Proof. We only proof the first assertion. The other ones follow immediately.
We may assume that « = w68 and 8 > 2. Then

H s.(i)>2-i42 (6)

for all i. Moreover we have for every i that H'(Ha.2(i)) = Ha(i) since

H,(H,(i)) = Hu.2(i). Let K be given. Let 2, (i) = 2°—1 and 2,41 (i) := 220 —1
Then \Qk(z)|k =1 and )

ik (1) < 221(7) (7

for every ¢ > 2 and every kK > 1. Put M := QHM(K) + H,2(K). Then
M < QHM(K)H. As abbreviation let h := H,.o(K). Assume for a contradiction

that there exists a sequence ay, ..., oy < wg such that me(ay;) < fo (7).
For every ¢ € {h,..., M} we then obtain Assume that ag > ... > «,, and
mc(ai) < fu(z)
< |M|H;1(h)
< 2w, x)(1)
Hence
M—-h+1 = card{h, M}
< card{a < wg :me(a) < §h+1—HQ(K)(1)}
< Chpr—m, (1) + Dk (1)
< 20k (2pp1-m. () (1) + 1)
< (Qh—HQ(K)+2'K+2(]—)
< 20,0 4(K)
< M-h
Contradiction!

O

Theorem 4 (Classifying pointwiseness). For every h € N let f3, (i) := |i||i‘h.

Let o < gg. Then x — pui > x(QfC ...Qla = 0) is elementary recursive.

Proof. This is proved like theorem 3. O
Our treatment of the Goodsteinsequences is in the style of Cichon [2]

Lemma 7 (Cichon). G,P,a = P,G,a.

Proof. By induction on «. O

Definition 5. Definition of afi := ] for w > a >4 > 2.

1. If a < i then afi := a] = a.



2. Ifa=14"-mqy +---+14% -m, where a; > ... > a, and ¢ > m; > 0 then
ali :==a] == (i + D)@E=el iy 4o (i 4 1)enlE=0l oy,

Thus afi := @] is the result of replacing in the complete base ¢ representation
of a the base i by a. The following is the classical result on Goodstein sequences
by Kirby and Paris [3] and its refinment by Hodgson and Kent [4]. Tt follows
immediately from Theorem 6 hence we omit its proof.

Definition 6 (Goodstein sequences). myo := m and my,;11 = mys;[1 +
fli): =1+ f(E+1)] -1
Theorem 5 (Kirby and Paris, Hodgson and Kent). 1. If f(i)=i+1

then
PA ¥ Vm3imy; = 0.

2. If h e N and f(i) = |i|, then
PA ¥ Ym3imy; = 0.
Theorem 6 (The phase transition for Goodstein sequences). 1. Let f(i) =
|Z|H71(1) Then
€0
PA ¥ Vm3imy; = 0.
2. Let a <eg and fo(i) = |i| -1,y Then
PA b Vm3im; = 0.
Proof. We prove assertion 1. Assertion 2 follows by the same pattern and The-
orem 3 Assume otherwise. Let
e(m) =2t 14m + 2m41-

Then
PA F Vm3ie(m)y,; = 0.

Let m be given. Assume that m > 2. Let a := wmnt14m + Wmy1 be the
result of replacing 2 in the complete base 2 representation of e(m) by w and let
m’ :=e(m). Then
mlﬁo =m' = G140 ().
Further
M1 = Pry)Gre)(@) = Gy Prgoa
and
M2 = Prso)Grir@ (Prsma) = Grepe Prse Posoa.
Thus by iteration we obtain for i < H,, (1)

myiv1 = Gy Prasit - Prapya
Therefore, by lemma 4
/,Li(m‘/f’,i+1 = 0) = /J'Z(Pl-i-f(z) . P1+f(1)O[ = 0) > me(l)

Since m — H,, (1) is not provably recursive in PA we obtain a contradiction.
O



There are versions of the results obtained so far which apply to the fragments
I¥;, of PA in which the induction schema is restricted to ¥ formulas.

Lemma 8. wp(k) > a = (wip(k) - a)[z] = wp(k) - afz]

Using this lemma one can show using the techniques from above the following
theorem.

Theorem 7. Let fI'(i) := Hgl(i\)/m~

h h
1 If o= wpyy then IS, ¥ VEIMQL: ... QI w, (K) =0.

2. If a < wnps then ISy, FYK3IMQLs ... Q7 wy (K) = 0.
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