CLASSIFYING THE PHASE TRANSITION THRESHOLD FOR
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ABSTRACT. We classify the sharp phase transition threshold from provability
to unprovability in fragments of Peano Arithmetic for the Kanamori-McAloon
principle for fixed dimension. For a non negative integer d let I¥X; be the
fragment of Peano arithmetic where the induction is restricted to formulas
of alternating quantifier depths d (bounded quantifiers are not counted). We
prove that the threshold for I3 -unprovable totality of f-regressive Ramsey

numbers lies above all functions n — 9~ (% /log, ;(n) where g=1 is the func-

tional inverse of an increasing function g which is primitive recursive in some
fast growing function F from the Schwichtenberg-Wainer-hierarchy for some
a < wg. Moreover we show that the threshold for I¥;-provable totality of

f-regressive Ramsey numbers lies below the function n +— FJ;(",)/logdfl(n).

1. INTRODUCTION AND MOTIVATION

The Peano Axioms (PA) for the natural numbers have been designed in a way
such that every true statement about the natural numbers should follow from these
axioms. It came therefore as a great surprise when Godel showed in 1931 that
there are true statements about the natural numbers which do not follow from
these axioms. Gdédel’s original witnesses for the incompleteness of PA have a pecu-
liar logical flavour and it has been suspected that incompleteness might be a purely
logical phenomenon. Nevertheless logicians have searched, since Godel’s discovery,
for mathematically interesting examples of incompleteness phenomena. A break-
through has been obtained in 1977 by Paris and Harrington [16] who showed that a
slight modification of the finite Ramsey theorem does not follow from PA. Further
examples have later been given by Kirby and Paris [11], Pudlak [8], Friedman [19]
and Kanamori-McAloon [9].

It is a natural mathematical problem to investigate how the incompleteness
emerges in these examples. These investigations led to a recent research program
on phase transitions for incompleteness results which surprisingly is connected to
areas like analytic number theory, combinatorial probability and, of course, finite
combinatorics [23, 24].
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The underlying idea can be briefly outlined as follows. Assume that we have
a given assertion A(F') which depends on a (weakly increasing) number-theoretic
function f : N — N. Let us assume that for a slow growth of f the assertion
A(f) does follow from PA and that for a fast-growing f the assertion A(f) is not a
consequence of PA. In analogy with random graph theory or statistical mechanics
one is tempted to ask for a threshold function where the phase transition from
provability to unprovability occurs.

In the examples considered so far a threshold classification has always been
obtained by using a certain phase transition principle. The principle asserts that
finite combinatorics places restrictions on the logical strength of a combinatorial
principle. In cases where we have an assertion with a built-in condition which forces
to exceed the bounds from finite combinatorics an independence emerges.

Let us explain this principle in case of the Paris-Harrington assertion. There
the homogeneous set Y which is asserted to exist for a given partition exceeds in
cardinality a given number and in addition has to satisfy the (so called largeness-)
condition that the cardinality of Y is larger than the minimum of Y.

The largeness condition can be fulfilled easily by applying compactness to the
infinite Ramsey theorem. Unexpectedly adding the largeness condition to the asser-
tion of the finite Ramsey theorem leads to an independent statement for PA. One
might argue that adding an artificial extra condition might produce incompleteness
phenomena and logical tricks have been introduced thus somehow indirectly.

But finite combinatorics allows us to give an intrinsic explanation. By bounds
from Erdés and Rado [5] it is known that adding a largeness condition of the form
card(Y) > log*(min(Y")) (where log™ is the functional inverse of the superexponen-
tial function) does not change the nature of the finite Ramsey theorem. If we choose
a function like an iterated log function (which slightly exceeds log*) in the largeness
condition which prevents the Erdés-Rado bounds then we come to an incomplete-
ness phenomenon. Moreover, measuring the excess of the Erdés-Rado bounds in
terms of hierarchies of recursive functions leads directly to a mathematical proof
for the resulting incompleteness.

In this paper we classify the phase transition threshold for the Kanamori-McAloon
assertion [9]. This assertion is considered by some authors to yield the most natural
incompleteness result for PA. Our proof strategy is, as sketched above, to measure
the excess of bounds from finite combinatorics in terms of hierarchies of recursive
functions. Unfortunately, there is no underlying theory of Ramsey numbers avail-
able for this purpose and, thus, we develop this theory from scratch in the course
of the proof of the main theorem.

The corresponding bootstrapping as well as the modified Erdés-Rado bounds
seem to be of independent interest by themselves.

The final result will be somewhat surprising. It is well known that for a fixed di-
mension d the corresponding Kanamori-McAloon and Paris-Harrington statements
are equivalent over a weak theory like I¥; or even 1Ay + exp. Instead, the corre-
sponding phase transitions turn out to be intrinsically different. Only in the limit,
when unbounded dimension is assumed, the phase transition thresholds will become
identical.

The paper is organized as follows. In section 2 we recall some relevant material
from logic which is needed later on. In section 3 we show that finite combinatorics
yields upper bounds on the strength of the Kanamori-McAloon principle in case
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of a slow growing parameter functions. This bound is obtained by adapting the
classical Erdos and Rado [5] bound to the present situation.

In section 4 we analyze in detail the excess of our Erdos-Rado-style bounds in
terms of hierarchies of recursive functions. For this purpose we develop a bit of
hierarchy theory which is needed later on. To excess the Erdds-Rado-style bounds
we prove lower bounds for certain Ramsey functions which are defined with respect
to min-homogeneity. The proof is an adaptation of the Stepping up Lemma (see,
for example, [7]). Surprisingly, we are forced to simultaneously consider Ramsey
functions which are defined with respect to max-homogeneity as well. (These results
will presumably have generalizations to other homogeneity constraints as well.) A
main crux of the proof will be the proof of the Sparseness Lemma (Lemma 4.15,
Section 4.3). Here we use a peculiar colour-diagonalization construction to excess
the Erdés-Rado-style bounds.

This part of the proof is very different from the corresponding treatment of the
Paris-Harrington assertion in [27], where the diagonalization proceeds along the
cardinality of homogeneous sets ). After passing this basic threshold we adapt the
machinery from Kanamori and McAloon [9] to iterate the sparseness properties
through the hierarchy of fast growing functions.

In the last section we sum up the main results of this paper. This paper is
essentially self contained. Nevertheless, basic familiarity with the Kanamori and
McAloon paper [9] and the Ketonen and Solovay paper [10] might be useful.

2. BACKGROUND NOTIONS AND RESULTS

We recall the definition of the Fast-Growing Hierarchy (Fy)a<e, (see [2, 18, 21])
If f is a function and d > 0 we denote by f¢ the d-th iteration of f, with fO(z) =z

Fo(x) = x+1
Fai(z) = Fi()
Fx(z) = Fyg(@)
Here - [] : €0 X N — g is a fixed assignment of fundamental sequences to ordinals

below ¢p, defined as follows. We assume a normal form condition, e.g. Cantor
Normal Form. (y + w*)[z] := v 4+ o, (v + 0Pt [z] := v + WP - 2, go[2] 1= wor1,
where wo(z) := =, way1(z) := w®) and wy := wy(1). For technical reasons we
put (8 + 1)[z] := § and 0[z] := 0.

Let IX; be the subsystem of PA obtained by replacing full first-order induction
with induction restricted to I¥4- formulas (IX4-induction). It is well-known that the
provably total function of I¥X; are characterized as the functions that are primitive
recursive in some Fy, for a < wq (see, e.g. [2, 18, 22]). Also, the function F,,,
eventually dominates every provably total function of I¥;. We summarize these
facts in the following Theorem.

Theorem 2.1. Let d > 0. Then
(1) IXg - (V2)(Fy) [Fa(z) =y iff @ < wg.
(2) Let f be a Xj-definable function. Then I¥; proves the totality f if and
only if f is primitive recursive in F, for some o < wg.

(3) F,, eventually dominates all I¥4-provably total functions.
(4) PAF (Vo)(3y)[Falz) = y] iff a < 0.
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(5) Let f be a ¥q-definable function. Then PA proves the totality f if and only
if f is primitive recursive in F, for some a < €.
(6) F., eventually dominates all I¥z-provably total functions.

Let us formally introduce the Kanamori-McAloon and the Paris-Harrington prin-
ciples. If X C N,d € N, let [X]? be the set of all subsets of X with d elements. As
usual in Ramsey Theory, we identify a positive integer m with its set of predeces-

sors {0,...,m — 1}. If C' is a colouring defined on [X]¢ we write C(z1,...,z4) for
C({x1,...,2q}) where 1 < --- < x4q. A subset H of X is called homogeneous or
monochromatic for C if C' is constant on [H]%. We write

X — (m)g

if for all C' : [X]? — k there exists H C X s.t. card(H) = m and H is homoge-
neous for C. Ramsey [17] proved the following result, known as the Finite Ramsey
Theorem.

(V) (Vk) (¥m)(30)[¢ — (m)§].
Erdos and Rado gave in [5] a primitive recursive upper bound for such an ¢. This
shows that the Finite Ramsey Theorem is provable in I¥;. The asymptotics of
Ramsey numbers is a main concern in Ramsey Theory [7].

The Paris-Harrington principle is a seemingly innocent variant of the Finite
Ramsey Theorem. Let f be a number-theoretic function. A set X is called f-
relatively large if card(X) > f(min X). If f = id, the identity function, we call
such a set relatively large or just large. We write

X =75 (m)g

if for all C : [X]% — k there exists H C X s.t. card(H) = m, H is homogeneous
for C' and H is relatively f-large. The Paris-Harrington principle is just the Fi-
nite Ramsey Theorem with the extra condition that the homogeneous set is also
relatively large.

(PH) := (V) (Vk)(¥m)(3O)[ —7 (m)g].

Let f : N — N be a number-theoretic function. A function C : [X]? — N is called
f-regressive is for all s € [X]? such that f(min(s)) > 0 we have C(s) < f(min(s)).
When f is the identity function we just say that C' is regressive. A set H is min-
homogeneous for C if for all s,t € [H]¢ with min(s) = min(t) we have C(s) = C(t).
We write

X — (m)?—reg

if for all f-regressive C' : [X]¢ — N there exists H C X s.t. card(H) = m and H
is min-homogeneous for C. In [9] Kanamori and McAloon introduced the following
statement and proved it for any choice of f.

(KM) 5 := (V) (Vm) (300 — (m)].p.y).

f-reg
The main result of [9], proved by a model-theoretic argument, is that (KM);4 is
unprovable in PA. As a corollary one obtains the (provable in PA) equivalence of
(KM) with (PH).
Weiermann considered the concept of f-largeness in [25] order to study the phase
transition for (PH). He accordingly introduced the following parametrized Paris-
Harrington principle

(PH); := (¥d)(Vk) (¥m)(30)[€ — (m){]
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and characterized for which f the principle (PH); remains unprovable in PA. We
summarize his results in the following Theorem. Let | - |4 be the d-times iterated
binary length function and log* the inverse of the superexponential function:

|z| :=logy(z + 1), |Z|as1 :=||z|a], and log"z:=min{d: |z|s < 2}
For an unbounded function f : N — N we denote by f~! the inverse of f defined

as follows. f~1(z) := min{y : f(y) > z}. Observe that we have f~1(z) < y if and
only if z < f(y).

Theorem 2.2 (Weiermann [25]). For a < ¢ let
fali) = |i|F;1(i)'
Then
(1) IX; F (PH)jog*-

(2) For all d € N, PA ¥ (PH),.,,.
(3) PAF (PH)y, if and only if a < &o.

In his Ph.D. thesis [15], the second author showed that the same situation occurs
in the case of (KM). That is, the phase transition threshold is the same when
unbounded dimensions are considered. Lee also obtained partial results for (KM)
with fixed dimensions with respect to fragments of PA.

Let us formally define the version of (PH) and (KM) for fixed dimensions, the
latter being the main concern of the present paper:

(PH)} = (Vh)(Ym)(FO[ —7F (m)§]
(KM)§ = (Ym)(3O[L — (m)F.p.c,]

When f is the identity function we drop the subscript. In our investigation we
will study the growth rate of the functions that are naturally associated with T3
combinatorial principles. In particular, we define

R(u)}(m) := min{€: € — (m)%.,.,}.

That is, R(u)’ is the Skolem-function associated with (KM)?.
In his Ph.D. thesis [15], the second author proved the following Theorem.

Theorem 2.3 (Lee, [15]). Let d > 1. Then

(1) IS+ (KM){EL
d+1
(2) IZa ¥ (KM){,

The case d — 1 was left open. Lee formulated the following Conjecture.

Congecture 2.4 (Lee, 2005). For all n > 1, for all d > 1

IX, ¥ (KM)**! :
¥ M) e

We will prove a general Theorem that implies the truth of Conjecture 2.4 and
closes the gap in Theorem 2.3.

Recall that from [9] we have the following.

Theorem 2.5. Let d > 1.
(1) 1L F (PH)™! s (KM)4HL,
(2) IXq F (KM)?.
(3) Ixg ¥ (KM)4+1,
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The third author has characterized as follows the phase transition for (PH):

Theorem 2.6 (Weiermann [27]). Let

o= ]

Then
X (PH)S iff o <wa

In this paper we classify the phase transition threshold for the (KM)? principles.
Surprisingly (in view of Theorems 2.2 and 2.5 (i) above), for fixed dimensions, the
phase transition of the Kanamori-McAloon principle turns out to be different from
that of the Paris-Harrington principle. Let log,; be the d-th iterated logarithm in
base 2. We stipulate log(0) := 0. Let 25 be the tower function in base 2 with height
d and exponent ¢. 2¢(x) := = and we sometimes write 24(c) for 2G. Our main result
(Theorem 5.1 in section 5) is the following.

Theorem. Let

fa) = | "o Y/ logg (i) .

IS (KM);ff{}l iff o< w,.

Then

The case d = 1 has been proved by Kojman, Lee, Omri and Weiermann in [12]
generalizing methods from Kojman and Shelah [13] and [4]. Our proof does not
follow these lines.

3. PrRoOVABILITY (UPPER BOUNDS)

In this section we show the provability part of our main result. Essentially, the
bound for standard Ramsey functions from Erdds-Rado’s [5] is adapted to the case
of regressive functions.

Definition 3.1. Let C: [(]* — k be a coloring. Call a set H s-homogeneous for C' if
for any s-element set U C H and for any (d — s)-element sets V, W C H such that
max U < min{min V, min W}, we have

C(UuUV)=C(UUW).
(d — 1)-homogeneous sets are called end-homogeneous.

Note that 0-homogeneous sets are homogeneous and 1-homogeneous sets are
min-homogeneous. Let
X — <m>g
denote that given any coloring C: [X]¢ — k, there is H s-homogeneous for C
such that card(H) > m. The following lemma shows a connection between s-
homogeneity and homogeneity.

Lemma 3.2. Let s < d and assume
(1) € —s (p),
2) p—d+s— (m—d+s);.
Then we have
¢ — (m)j.
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Proof. Let C: [{]2 — k be given. Then assumption 1 implies that there is H C ¢
such that |H| = p and H is s-homogeneous for C. Let z1 < -+ < z4_g be the last
d — s elements of H. Set Hy := H \ {z1,...,24—s}. Then card(Hy) = p—d + s.
Define D: [Ho)® — k by

D(xy,...,25) :=C(x1,...,Ts,21, ., 2Zd—s)-

By assumption 2 there is Yy such that Yy C Hy, card(Yy) = m — d + s, and homo-
geneous for D. Hence D [[Yj]® = e for some e < k. Set YV := Yy U {21,...,24-s}-
Then card(Y) = m and Y is homogeneous for C'. Indeed, we have for any sequence
1 < - <xqfromY
C(x1,...,xq) = C(x1,...,Ts, 21, -, 2d—s) = D(x1,...,25) = €.
The proof is complete. O
Given d, s such that s < d define R,(d,-,-): N? — N by
R} (d,k,m) :=min{l: £ — (m)d}.
Then
RY(L,k,m—d+1)=k-(m—d) +1,
d — s —
R (d,k,m) = R;(d,1,m) =m,
R} (d,k,d) =d,
s s—1
R} (d,k,m) < R, (.d, k,m) for any s > 0.
R}, are called Ramsey functions. Set
R(d,k,m) := Rg(d,k,m) and R,(d,k,m):= Ri(d,k,m).

Then R(u)%c (m) = R)(d,k,m) where f; is the constant function with value k.
Define a binary operation * by putting, for positive natural numbers x and v,

xxy = aY.
Further, we put for p > 3
Ty To k- -k Tp =1 % (T * (- % (Tp_1 % Tp)--+))

Erdos and Rado [5] gave an upper bound for R(d, k,m): Given d, k, m such that
k>2and m > d > 2, we have

R(d,k,m) < ks (k%Y « (k%) % % (%) % (k- (m — d) + 1).
Theorem 3.3 (IX1). Let 2<d <m,0<s<d, and 2 < k.

s d—1 d—2 s+1

Ri(d,k,m) <k (K7 7) % (K7%) % (B°7 )« (m —d +s) xs.
In particular, R, (2,k,m) < k™1
Proof. The proof construction below is motivated by Erdés and Rado [5]. We shall
work with s-homogeneity instead of homogeneity.

Let X be a finite set. In the following construction we assume that card(X) is
large enough. How large it should be will be determined after the construction has
been defined. Throughout this proof the letter Y denotes subsets of X such that
card(Y)=d — 2.

Let C: [X]¢ — k be given and x; < ... < w41 the first d — 1 elements of X.
Given x € X \ {z1,...,24-1} put

Cy—1(z) :=C(x1,...,24-1,%).



8 LORENZO CARLUCCI, GYESIK LEE, AND ANDREAS WEIERMANN

Then Im(Cy—1) Ck, and there is Xq C X\ {z1,...,24—1} such that Cy_; is constant
on X4 and
card(Xq) > k7' - (card(X) —d +1).

Let x4 := min X4 and given z € X \ {z4} put

Ca(x) := H{C(Y U{zg,2}): Y Ha1,...,24-1}}
Then Im(Cy) C e * (Z:;), and there is X411 C X4\ {24} such that Cy is constant
on X441 and
card(Xa1) > k= (22) - (card(X,) - 1).

Generally, let p > d, and suppose that z1,...,zp,—1 and X4, Xg41,..., X, have
been defined, and that X, # @. Then let z, := min X, and for € X, \ {z,} put

Cp(z) = [[{C(Y U{ap.2}): Y C{ar,. . 251}

Then Im(C,) Ck * (771), and there is X,41 C X, \ {z,} such that C, is constant
on X, and

card(Xps1) > k= (62) - (card(X,) — 1).
Now put
C:=1+R;(d—1km—1).
Then ¢ > m > d. If card(X) is sufficiently large, then X,, # @, for all p such
that d < p < {, so that x1,...,x, exist. Note also that ;1 < -+ < xzy. For
1<p1 <---<pg—1 </{put
D(p1,...,pi-1) =C(xp, ..., xp, 1, T¢).
By definition of ¢ there is Z C{1,...,£ — 1} such that Z is s-homogeneous for D
and card(Z) = m — 1. Finally, we put
X" :={x,: pe Z}U{x}.
We claim that X’ is min-homogeneous for C. Let
H:=A{x,,....2,,} and H ={z,,....zy,}
be two subsets of X’ such that p1 =n1,..., ps =75 and
l<p<--<pa<dl, 1<m<--<na<l

Since z,,, ¢ € X,,, we have Cp,_,

(xp,) = Cp,_, (x¢) and hence
Clxp, . xpy 1 Tp,) =C(Xpy,. ., Tpy 1, Tp).
Similarly, we show that
C(xm e Lng_qs xnd) = C(xm? s 7xnddn717xé)'
In addition, since {z,,,...,Zp, , }U{Zns, ..., 2y, ,} CX’, we have
D(py,...,pa-1) = D(m, ..., na-1),
ie.
C(IPU s Lpg_1s xl) = C(Im’ sy Tng g If)'
This means that C(H) = C(H’). So X’ is min-homogeneous for C.

We now return to the question how large card(X) should be in order to ensure
that the construction above can be carried through.
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Set
tg = k7' (card(X)—d+1),
o = k02 (1, -1)  (d<p<)
Then we require that ¢, > 0, where
tpo= k) (G () (1 - 1)) ) = 1)
D) gy D) e (D) ()

Since k = £(1=2) a sufficient condition on card(X) is then
card(X) — d+1 > kla=2)+-+(55) 4 (G2 +-+(G35) 4. 4 x(55)

A possible value is

-2
card(X)=d+ Y k),
p=d—1
so that
-2 -2
Ri(d,k,m) < d+ Z k(dgl) < d+ Z P
p=d—1 p=d—1
0—2
< d+ Y (RETT gt
p=d—1
_ d_|_ k(zil)dfl _ k(dil)dfl
< KT
_ kRu(dq,k,mq)d*l'
Hence

Ri(d.kym)xd < (k%) xRi(d—1,k;m—1)*(d—1).
After (d — s) times iterated applications of the inequality we get
Ro(d,k,m)«d < (k%) (k") son (BT R (s, k,m —d +s) * s
= (Y s (¥ xox (BT % (m — d + 5) % 5.
This completes the proof. ([

Remark 3.4. Lemma 26.4 in [3] gives a slight sharper estimate for s =d — 1 :

m—2
d—1 dil
RI~Nd.k,m) <d+ E(aln)
1=d—1

Corollary 3.5. Let 2 < d <m and 2 < k.
Ru(d,kym) < ks (971 % (K972) 5 -5 (K2) % (m — d + 1).

Now we come back to f-regressiveness and prove the key upper bound of the
present section.
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Lemma 3.6. Given d > 1 and a < g¢ set f2(i) := | "' ®Q/Tog,(i) |. Then

Fo m-+p
()t (m) < 24717
for some p, ¢ € N depending (primitive-recursively) on d and a.

Proof. Given d and « note first that there are two natural numbers p and ¢ such
that d < p < g and for all m

(= 20" L (g) < 20 =,
Let C: [N]?*! — N be any fd-regressive function and
D: [Fa(q), )" = N
be defined from C' by restriction. Then for any y € [F,(q), £], we have

T Wflogg y(y) < T T logy  (24-1(Fa(g)m )

= VFu (Q)erp-

Hence
Im(D) C [ Fa(q)™ ™7 | +1.

Put now k := | F,(q)™*P)/4 | +1. Then
(k) # (k%) s+ % (k2) * (m — d) < 2q-1(Falq)™ ™ + 1)

if ¢ is sufficiently larger than p. By Theorem 3.3 there is an H C N min-homogeneous
for D, hence for C, such that card(H) > m. O

Theorem 3.7. Let d > 1.
(1) (KM)jog- is provable in IX;.

(2) (KM)‘f;’;lng is provable in I3;.

(3) (KM)T—FFEI('{/MJ is provable in I, if a < wq.
Proof. (1) Let d, m > 1 be given. Note first that there is « larger than d and
m such that for k := z +m and £ := z + 251"

B (B s (B2 - (K2) % (k= d+1) < 25T,

and
log" ¢ <k
We claim that R(u)flog* (m) < (. Let C: [()]* — N be log*-regressive and
C': [x,£]* — N be defined from C by restriction. By Theorem 3.3 we can
find an H C ¢ min-homogeneous for C’, hence for C, such that card(H) >
m.
(2) Let d, m > 1 be given. Note first that there is  larger than d and m such
that for k := 2z 4+ m and £ := z + 257"
Fox (D) % (B oo (K2) % (m = d) < 251
and
[loga(6) ] <k
We claim that R(u)d'gi(m) < 0. Let C: [(]**! — N be log,regressive

lo

and C': [z,£]%"! — N be defined from C by restriction. By Theorem 3.3
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we can find an H C ¢ min-homogeneous for C’, hence for C, such that

card(H) > m.
(3) F, is provably recursive in IX; for & < wq. Then the assertion follows from
Lemma 3.6 O

4. UNPROVABILITY (LOWER BOUNDS)

In this section we present the unprovability part of the phase transition for
the Kanamori-McAloon principle with fixed dimension. The key arguments in
subsection 4.4 are a non-trivial adaptation of Kanamori-McAloon’s [9], Section 3.
Before being able to apply those arguments we need to develop, by bootstrapping,
some relevant bounds for the parametrized Kanamori-McAloon principle. This is
done in subsection 4.3 by adapting the idea of the Stepping up Lemma in [7]. We
begin with the base case d = 1 which is helpful for a better understanding of the
coming general cases. The following subsection 4.1, covering the base case d = 1 of
our main result, is already done in [12, 15].

4.1. Ackermannian Ramsey functions. Throughout this subsection m denotes
a fized positive natural number. Set

holi) = | ™ Xi| and hm(i):=| Vi] .
Define a sequence of strictly increasing functions f,, , for as follows:
141 if n =0,
Fmnl8) = {fﬁ}?{)(z) otherwise.
Note that f,, , are strictly increasing.
Lemma 4.1. R(p); (R(2,¢,i43)) > fm,c(@) for all ¢ and i.
Proof. Let k := R(2,c,i + 3) and define a function Cp,: [R(n); (K)]* — N as

follows:
0 if finc(z) <y,
Cn(z,y) = S (. )=
¢ otherwise,

where the number / is defined by
¢ 041
Fih@) <y < fis (@)

where p < ¢ is the maximum such that f,, ,(x) <y. Note that C,, is hy,-regressive

since 7(7}775/5”(3:) = fmp+1(x). Let H be a k-element subset of R(u); (k) which is
min-homogeneous for Cy,,. Define a c-coloring D,,: [H]?> — ¢ by

0 if fm,C(x) <v,
p otherwise,

Dy (x,y) = {

where p is as above. Then there is a (i + 3)-element set X C H homogeneous for
D,,. Let z < y < z be the last three elements of X. Then ¢ < x. Hence, it suffices
to show that fy, .(z) <y since fy, . is an increasing function.

Assume fr, o(x) > y. Then fm c(y) > fm,c(x) > 2z by the min-homogeneity. Let
C(z,y) = Cp(z,2) = € and Dy, (2,y) = D (2, 2) = D(y, 2z) = p. Then

Y4 /41
O (2) <y <z < flD ().

By applying fm,p we get the contradiction that z < fﬁf;rjl)(:zr) < frmply) <z, O
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We are going to show that Ry, is not primitive recursive. This will be done by
comparing the functions f, , with the Ackermann function.

Lemma 4.2. Let 1 > 4™ and ¢ > 0.
(1) 20+ 2)™ < frnerom2 (i) and fr prome (20 +2)™) < £ 50(0).
(2) Fu(i) < £2 L onali).

Proof. (1) By induction on k it is easy to show that f,, (i) > (| Vi ])* for any
i > 0. Hence for ¢ > 4™

Fanaa @) > (LY 2 (LVE)™ 20 > (Vi T)™ 2™ = (20 +2)"
since 2- [ ¥/i] > %/i+ 1. The second claim follows from the first one.

(2) By induction on n we show the claim. If n = 0 it is obvious. Suppose the
claim is true for n. Let ¢ > 4™ be given. Then by induction hypothesis we have

F.(i) < fff)nwmg (). Hence
FnJrl(i) < FéiJrl) (Z) < fr(,f;if;mz (Z) < fm,n+2m2+1((2i + 2)m) < fg,)n+2m2+l(i)'
The induction is now complete. (I

Corollary 4.3. F,(1) < fntom2+1(@) for any i > 4™,
Theorem 4.4. R(u); ~and R(u);  are not primitive recursive.

Proof. Lemma 4.1 and Corollary 4.3 imply that R(u)im is not primitive recursive.
For the second assertion we claim that

N(i) == R(p);_(R(2,i+ 2% +1,4" 4+ 3)) > F,(4)

for all i. Assume to the contrary that N(i) < A(i) for some i. Then for any
¢ < N (i) we have A=1(¢) < i, hence v < *~ {/¢. Hence

R(p);_ (R(2,i+2i* +1,4" + 3)) R(p)i (R(2,i+ 2i* +1,4" + 3))

>

> fi,i+2i2+1(4i)

Fo (i)

by Lemma 4.1 and Corollary 4.3. Contradiction! O

V

Now we are ready to begin with the general cases.

4.2. Fast-growing hierarchies. We introduce some variants of the Schwichtenberg-
Wainer hierarchy and prove that they are still fast-growing, meaning they match
up with the Schwichtenberg-Wainer hierarchy.

Definition 4.5. Let d > 0,c > 2 be natural numbers. Let € be a real number such
that 0 < e < 1.

Becao(z) = 2510gd(1)Jc
e </log,(x
Becdati(z) = BLF ()
Becarw = Bé7c7d1)\[L€.g/m”(.’I])

In the following we abbreviate B¢ . 4.« by Bo when c,d, € are fixed.
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Lemma 4.6. Let ¢, d, € as above.

i c
(1) Bi+1(2cL£1 (z+1) ] )
(2) Ba(2y" V) 2

e (Fi(x)+1) )¢

for all i € w and =z > 0.

@A) po o > w and = > 0.

Proof. (1) We claim that B{*(z) = 2510%(1“6 for m > 0. Proof by induction
on m. The base case holds trivially. For the induction step we calculate:

By+ (2)

= Bo(By'(x))
o Lloga(BE (@) J°
d

log g (=) 1€\ e
gLloga(24" 547 |
d

ol Lloga(@) " J°

m-+1

gl1oEa(a)J°

We now claim that Bjy; (25671'@“”6) > 25671'(&@)“”6 Proof by induc-
tion on ¢. For ¢ = 0 we obtain

el (x ¢
Bz )

since x > 0 and ¢ > 1.

1. c
By (2 TV

Y%

Y%

Y

Y%

vV IV IV

Y%

ple Viesai ™ gl @i 1y
Blele @ (ol e
Bg+1(25€71'(m+1)Jc)
2blogd<2g’1-<z“>J°>JC”“
plle 1))y
255*1.(%1”0”2

25671~(F0(m)+1) J°

For the induction step we compute

pleVom@ ™ I et )
Bim+1(20Lle*1-(w+1) JC)
Broj Ao
Bw—l (2L€*1.(Fi271(1)+1) JC)
i d

2LE’1-(Fff11(r)+1) J°
d

25671'(Fi(w)+1)f
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(2) We prove the claim by induction on a > w. Let a = w. We obtain

1.y c ez c
Bu(y” ) = By
gl (Fa(@)+1) J°
d

v

25671-(%(1)“) 1°

For the successor case a4+ 1 we compute

_ c 6'0 Léfl,(gH,l)Jc “1(y .
B0y gl VT gl oy

Bz+1(2([1571'(1+1) JC)
]

Bz(Ba@([ie*l-(erl) C))

> Bw(25€71'(Fa(m)+1)Jc)
> .

> ol @@L

> 25671'(Fa+1(w)+1)Jc

If A is a limit we obtain
Le b (z+1) ¢ Le b (z+1) ¢
Bk(2d ) Mle € logd(2§éil'(z+1”c)]]( d )

e l(z ¢
> Bd,A[z+l](2(L1 (r+ )] )
> 25671'(Fx[z+1](1)+1)lc
> 25571'(Fx(90)+1)JC

O
Theorem 4.7. Let d > 0,c¢ > 1 be natural numbers. Let 0 < e < 1.
(1) Be,c,dw is Ackermannian.
(2) Bec.d.o is provably total in IE,, iff o < wy,.
(3) (Becd,a)a<e, is fast-growing.
Proof. Obvious by Lemma 4.6. O
4.3. Bootstrapping. In this section we show how one can use (I{M)C?/Lﬁ)gj to

obtain min-homogeneous sets whose elements are “spread apart” with respect to the
function 24_1(logy_1(x)) (i.e. Be,c,a—1,0)- This fact will be used next (Proposition
4.21) to show that one can similarly obtain from the same assumption even sparser
sets (essentially sets whose elements are F,e | “spread apart”).

For the sake of clarity we work out the proofs of the main results of the present
section for the base cases d = 2 and d = 4 in detail in section 4.3.1 before general-
izing them in section 4.3.2. We hope that this will improve the readability of the
arguments.

Definition 4.8. We say that a set X if f-sparseiff for all a,b € X we have f(a) <.
We say that two elements a, b of a set X are n-apart iff there exist ey, ..., e, from



THE PHASE TRANSITION FOR REGRESSIVE RAMSEY FUNCTIONS 15

X such that a < e; < -+ < e, < b. We say that a set is (f,n)-sparse iff for all
a,b € X such that a and b are n-apart we have f(a) <b.

Definition 4.9. Let X be a set of cardinality > m - k. We define X/m as the set
{x0, Tm, Tam, - - -, Tk.m }, where x; is the (i + 1)-th smallest element of X.

Thus, if a set X is (f,m)-sparse of cardinality > k - m we have that X/m is
f-sparse and has cardinality > k.

4.3.1. Be2.1,0-sparse min-homogeneous sets - Base Cases. Given P : [é]d — N we
call X C ¢ max-homogeneous for P if for all U,V € [X]? with max(U) = max(V)
we have P(U) = P(V).

Let MIN{(m) := R,(d, k,m), i.e., the least natural number ¢ such that for all
partitions P : [{]¢ — k there is a min-homogeneous Y C ¢ such that card(Y) > m.
Let MAXY(m) be the least natural number ¢ such that for all partitions P : [(]? — k
there is a max-homogeneous Y C ¢ such that card(Y) > m.

Let k > 2 and m > 1. Given an integer a < k™ let a = k™1 -a(m — 1) +--- +
kY - a(0) be in the unique representation with a(m —1),...,a(0) € {0,...,k — 1}.
Then D®™) : [k™]2 — m is defined by

D¥™) (a,b) := max{j : a(j) # b(4)}-
Lemma 4.10. Let kK > 2 and m > 1.

(1) MINZ,,,,(m +2) > k™.
(2) MAXZ,,.(m +2) > k™.

Proof. Let us show the first item. Define R : [k™]? — k - m as follows.
Ri(a,b) := k- D(a,b) + b(D(a,b)),

where D := D®™) . Assume Y = {ag,...,a;} with ag < ... < a is min-
homogeneous for Ry. We claim £ < m. Let ¢; := D(a;,a;41), ¢ < £. Since
m > ¢g it is sufficient to show ¢;41 < ¢; for every ¢ < £ — 1.

Fixi < —1. We have D(a;, a;+1) = D(ai, a;y2) since Ry (a;, a;41) = Ri(ai, ait2)
by min-homogeneity. Hence for any j > D(a;,a;+1) we have a;(j) = ai+1(j) =
ai+2(j) which means ¢; > c¢;41. Moreover, Ri(a;,a;+1) = Ri(a;,ait2) further
yields a;+1(D(a;, ai+1)) = ai+2(D(a;, ai+2)), hence ¢; = ¢;+1 cannot be true, since
ai+1(D(ait1,aiv2)) # aire(D(ait1, aiv2)).

For the proof of the second item define R} : [k™]? — k- m as follows.

R’ (a,b) := k- D(a,b) + a(D(a,b)),

where D := D®™)  Assume Y = {ag,...,a;} with ag < ... < ag is max-
homogeneous for Rj. We claim £ < m. Let ¢; := D(a;,a;41), ¢ < £. Since
m > cg—1 it is sufficient to show c¢;11 > ¢; for every ¢ < £ — 1.

Fix i < £ — 1. We have D(ai,ai+2) = D(Gi+1,ai+2) since Rll(ai,alqrz) =
R} (ai+1,ai+2) by max-homogeneity. Hence for any j > D(a;t1,a;1+2) we have

a;(j) = a;+1(j) = ai+2(j) which means ¢; < ¢;41. Moreover, R|(a;,a;12) =
/ . . 1 . . . — (. . . L=
T
R} (ait1,ai42) further yields a;(D(a;, a;t2)) = air1(D(ait1, ait2)), hence ¢; = ¢;11
cannot be true, since a;(D(a;, a;y1)) # aiv1(D(ai, ait1)). O

Lemma 4.11. Let k,m > 2.
(1) MIN3, . (2m +4) > 2+,
(2) MAX3,,,.(2m +4) > 28",
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Proof. (1) Let k,m > 2 be positive integers and put e := k™. Let Ry and Rj be
the partitions from Lemma 4.10. Define Ry : [2¢]> — 2k - m as follows:

Rl(D(u,v),D(v,w)) if D(u,v) < D(v,w),
Ro(u,v,w) = .

k-m+ Ry (D(v,w),D(u,v)) if D(u,v) > D(v,w),
where D := D), The case D(u,v) = D(v,w) does not occur since we developed
u, v, w with respect to base 2. Let Y C 2¢ be min-homogeneous for Ry. We claim
card(Y) < 2m + 4.

Assume card(Y) > 2m + 4. Let {ug,...,u2m+3} C Y be min-homogeneous for

R>. We shall provide a contradiction. Let d; := D(u;, u;q1) for i < 2m + 3.

Case 1: Assume there is some r such that d, < ... < dyyrma1. We claim that Y’ :=
{dy,...,drtm+1} is min-homogeneous for Ry which would contradict Lemma 4.10.
Note that for all 4,7 with » <i < j <r+m + 2 we have

D(u;,u;) = max{D(u;, wiy1), ..., D(uj—1,u;)}
We have therefore for r <i< j<r+4+m-+1
Ri(di, dj) = Ri(D(ui, wit1), D(wiv1,wjv1)) = Ra(wi, wig1, wjtr).
By min-homogeneity of Y we obtain similarly
Ro(ui, i1, ujq1) = Ro(ui, wigr, ups1) = Ri(ds, dp)
forall 7,j,psuch that r <i<j<p<r+m+1.

Case 2: Assume there is some r such that d,. > ... > dy1ma1. We claim that Y’ :=
{dr+m+1;- - -,dr} is max-homogeneous for R} which would contradict Lemma 4.10.
Assume r <7 < j <p<r+m+1, hence u; < uj; < wu, and dp < dj < d;. Note
that we also have d; = D(uj,u,) and d; = D(u;, u,). Hence
k-m+ Rll (dpv d]) =k-m+ Rll (D(’U,p, u;DJrl)a D(ujv U’;D)) = RQ(uja Up, u;DJrl)'
By min-homogeneity we obtain
km_'—Ri(dPadl) = k'm+R/1(D(upvup+1)7D(uivu;D))

= Ro(uj up, tupi1)

= Ro(uj uj,uj41)
Case 3: There is a local maximum of the form d; < d;y1 > d;+2. Note then
that D(u;, uit2) = dj+1. Hence we obtain the following contradiction using the
min-homogeneity: k- m > Ri(di, diy1) = Ra(ui, wiy1, uiy2) = Ro(ui, wiy2, uiys) =
k-m+ Ry (dit2,dit1) > k-m.
Case 4: Cases 1 to 3 do not hold. Then there must be two local minima. But then
inbetween we have a local maximum and we are back in Case 3.

(2) Similar to the first claim. Define R} just by interchanging R; and Rj and
argue as above interchanging the role of min-homogeneous and max-homogeneous
sets. g
Lemma 4.12. Let k,m > 2.

(1) MINY, . (2@2m +4) +2) > 22"

(2) MAXS,,.(2@2m+4)+2) > 22"
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Proof. (1) Let k,m > 2 be positive integers and put £ := 2¥". Let Ry and R} be the

partitions from the Lemma 4.11. Let D := D). Then define R3 : [2¢]* — 4k -m
as follows:

Rs(u,v,w,z) :=

Ro(D(u,v), D(v,w), D(w,x)) if D(u,v) < D(v,w) < D(w, x)
2k - m + Ry(D(w, z), D(v,w), D(u,v)) if D(u,v) > D(v,w) > D(w, )
0 if D(u,v) < D(v,w) > D(w,z)
2k -m if D(u,v) > D(v,w) < D(w,x)

The cases D(u,v) = D(v,w) or D(v,w) = D(w,z) don’t occur since we developed
u, v, w, T with respect to base 2.

Let Y C 2¢ be min-homogeneous for R3. We claim card(Y) < 2(2m + 4) + 1.
Let Y = {ug,...,un} be min-homogeneous for Rz, where h := 2(2m + 4) + 1. Put
d; := D(u;,ui+1) and g := 2m + 3.

Case 1: Assume that there is some r such that d, < ... < dyy4. We claim
that Y := {d,,...,d,14} is min-homogeneous for Ry which would contradict
Lemma 4.11.

Note again that for r <i < j <r+ g+ 1 we have
D(ui, uj) = max{D(ui, uit1), ..., D(uj—1,u;)} = D(uj—1,u;).
Therefore for r <i<p<g<r+4g
Ro(di,dp,dg) = Ro(D(uisuiv1), D(wis1, tupt1), D(up1, ugt1))
= R3(uisUit1, Upt1, Ugt1)-
By the same pattern we obtain for r <i<u<v<r+yg
Ro(diydu, dv) = Ro(D(wi, tit1), D(Wis1, tus1), D(Uut, tvt1))
= R3(ui,Uit1, Uut1, Upt1)-

By min-homogeneity of ¥ for R3 we obtain then Rs(d;,d,,d,) = Ra(di,dy,dy).
Thus Y’ is min-homogeneous for Rs.

Case 2: Assume that there is some r such that d, > ... > d,14. We claim
that Y/ := {d;44,...,dr} is max-homogeneous for R); which would contradict
Lemma 4.11.

Then forr <i<p<qg<r+g

2k -m+ Ry(dg, dp,di) = 2k -m+ Ry(D(upt1, tgt1), D(tigr, ups1), D(ui; tig))
= Ra(wi,Uit1,Upy1,Ugt1)-

By the same pattern we obtain forr <i<u<v<r+4g

2k -m + Ry(dy,du,d;) = 2k-m+ Ry(D(tus1, tot1), D(Wig1, Uuy1), D(wi, wiy1))
= R3(Wi, Wig1, Uusg1, Ups1)-

By min-homogeneity of ¥ for R3 we obtain then R5(dg,dp,d;) = R5(dy,du,d;).
Thus Y’ is max-homogeneous for Rj.
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Case 3: There is a local maximum of the form d; < d;+1 > d;12. Then we obtain
the following contradiction using the min-homogeneity

0 = Ra(ui,Uit1, Uiv2, Uit3)
= Ra(us, Uit2, Uiy3, Uiya)
> 2k-m
since D(ui, ui+2) = di+1 > di+2.
Case 4: Cases 1 to 3. do not hold. Then there must be two local minima. But

then inbetween we have a local maximum and we are back in Case 3.

(2) Similar to the first claim. Define Rj just by interchanging Re and Rj and argue
interchanging the role of min-homogeneous and max-homogeneous sets. ([l

We now show how one can obtain sparse min-homogeneous sets for certain func-
tions of dimension 3 from the bounds from Lemma 4.11. It will be clear that the
same can be done for functions of dimension 4 using the bounds from Lemma 4.12.
In section 4.3.2 we will lift the bounds and the sparseness results to the general
case.

Lemma 4.13. Let f(i) := |\/log(i) |. Let ¢ := 20617+D°  Then there exists an
f-regressive partition P : [N]3> — N such that if Y is min-homogeneous for P and
of cardinality not below 3¢ — 1, then we have 2(log(a))* < b for all a,b € Y /4, where

Y := Y \ ({the first £ elements of Y} U {the last £ — 2 elements of Y}).
Proof. Let ug : =0, up = £ and w41 := MIN?(ui)_l(ﬁ—F 1) — 1 for i > 0. Notice that
u; < u;y1. This is because u; > 9(16:17+1)?

wip1 = MIN}(,y (£+1)—1

implies by Lemma 4.11, letting m = 8,

> MIN%(,,)_1(20) — 1
> ol M

> 2f(u1')4

_ 210g(ui)2

> U

Let Go : [u1]® — 1 be the constant function with the value 0 and for i > 0 choose
G : [ui+1]® — f(u;)—1 such that every G;-min-homogeneous set Y C w;; satisfies
card(Y) < £+ 1. Let P: [N]> - N be defined as follows:

Gi(xo,xl,xg)—l—l ifu; <xp <1 < T2 < Uisi,
0 otherwise.

P(l‘o,xl,l'g) = {

Then P is f-regressive by the choice of the G,;. Assume that ¥ C N is min-
homogeneous for P and card(Y) > 3¢ — 1 and Y is as described, i.e., card(Y) >
(+1. If Y C [us,uip1[ then Y is G;-min-homogeneous hence card(Y) < ¢ which
is excluded. Hence each interval [u;, u; 1] contains at most two elements from Y
since we have omitted the last £ — 2 elements from Y.

If a,b are in Y /4. Then there are ej,ez,e3 € Y such that a < e; < ea < ez < b,
and so there exists an ¢ > 1 such that a < w; < u;41 < b. Hence b > w1 >
2f (u)?* > 2l08(2)” a5 above by Lemma 4.11. O
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(16-17+1)

We just want to remark that 2 is not the smallest number which satisfies

Lemma 4.13.

4.3.2. Be c,4,0-sparse min-homogeneous sets - Generalization. We now show how
the above results Lemma 4.12 and Lemma 4.13 can be generalized to arbitrary
dimension. Let gq be defined inductively as follows. go(z) := x, ga+1(z) := 2 -
ga(z) + 2. Thus

ga(z) :=2(...22xz+2)+2)...)+ 2,

—————
d

i.e. d iterations of the function z — 2x + 2.

Lemma 4.14. Let d > 1 and k,m > 2.
(1) MINZFL  (ga_o(2m 4 4)) > 241 (™).

2d=1k.m

(2) MAXE  (ga_o(2m +4)) > 241 (k™).

2d—1k.m

Proof Sketch. By a simultaneous induction on d > 1. The base cases for d < 2 are
proved in Lemma 4.10 and Lemma 4.11. Let now d > 2. The proof is essentially
the same as the previous ones.

Let Ry : [2q—1(k™)]" — 247k - m (or R)) 1 [24—1(k™)]%! — 2971k - m) be
a partition such that every min-homogeneous set for R; (or max-homogeneous set
for R)) is of cardinality < gq—2(2m + 4).

We define then Rgyq : [2§m]d+2 — 29k - m as follows. Rgy1(21,...,Ta42) =
Rg(d(z1,22),...,d(®d41,Tat2)) if d(@y,22) < -+ < d(zaq1, Tay2),
20=1k . m + R&(d(l‘,ﬂ_g, xd-‘,—l), . ,d(.’L‘g, .’L‘l)) if d(xl,xg) > > d($d+la$d+2)7
0 if d(x1,x2) < d(x2,x3) > d(x3,24)
201k . m else.

And R}, : [28"]9%2 — 29k - m is defined similarly by interchanging Ry and R}
Now we can argue analogously to Lemma 4.12. O

We now state the key result of the present section, the Sparseness Lemma. Let
f@@) == | /logy_1 (i) |]. We show how an f-regressive function P of dimension d + 1

can be defined such that all large min-homogeneous sets are (2Sig1d’l('))c, 3)-sparse.

Lemma 4.15 (Sparseness Lemma). Given ¢ > 2 and d > 11let f(i) := | ¢/log,;_4 () |.
And define m := 2c%, n:= 29"t . m, and £ :=24_1((n- (n+ 1) + 1)¢). There exists
an f-regressive partition P. 4 : [N]9*? — N such that, if Y is

e min-homogeneous for P, 4 and

e card(Y) > 3¢ —1,
then we have 2;13‘?‘1’1((1))0 < b for all a,b € Y /4, where

Y :=Y \ ({the first £ elements of Y’} U {the last £ — 2 elements of Y}).
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Proof. Letug :=0,u; := £and u;;q := MINdErl) 1 (£+1)—1. Notice that u; < 1.

This is because u; > ¢ implies by Lemma 4.14

Uip1 = MINd(“) J(e+1)—1

> MINY (ga2(2m +4)) - 1
L gEER
f(ui)m/2
> 24t
— 9glog(ui)*
> U

Note that £ > g4_2(2m + 4). Let Go : [u1]**! — 1 be the constant function with
value 0 and for 4 > 0 choose G : [u;11]?T — f(u;) — 1 such that every G;-min-
homogeneous set Y C ;1 satisfies card(Y) < £. Let P : [N]9*! — N be defined as
follows:

P.i(xg,...,xq) = {

Gi(xo,...,xd)—i—l ifui§x0<---<xd<ui+1
0 otherwise.

Then P, 4 is f-regressive by choice of the G;’s. Assume Y C N is min-homogeneous
for P.4 and card(Y) > 3¢ — 1. Let Y be as described, i.e. card(Y) > ¢ + 1 If
Y C [ul, u;y1] for some 4 then Y is min-homogeneous for G;, hence card(Y) < ¢,
which is impossible. Hence each interval [u;, u;4+1[ contains at most two elements
from Y, since we have omitted the last £ — 2 elements of Y.

Given a,b € 37/4 let e1,eq,e3 € Y such that a < e1 < e2 < e < b. Then there
exists an ¢ > 1 such that a < u; < w41 <b. Hence b > ujyg > 2-70(“1')”1/2 > olog(a)*
as above by Lemma 4.14. O

4.4. Combinatorics. Given ¢ > 2 and d > 1 let f. q4(x) := | {/logy(x) |. We first

want to show that the regressive Ramsey function R(u )d:ril eventually dominates

B c.dws (for suitable choices of €). Now let f,, 4—1 be | y 55,Q/logy ; |. We will

conclude that the regressive Ramsey function R(u )de

_, eventually dominates
B,,,. The latter fact will be seen to imply our main result of the present section,
ie.
d+1
g ¥ (KM) Yl
4.4.1. By-sparse min-homogeneous sets. We begin by recalling the definition of
the “step-down” relation on ordinals from [10] and some of its properties with
respect to the hierarchies defined in Section 4.2.

Definition 4.16. Let o < 8 < g9 Then § —,, «a if for some sequence 7y, ..., of
ordinals we have vy = 3, vi+1 = vi[n] for 0 <i < k and v = «.

We first recall the following property of the —, relation. It is stated and proved
as Corollary 2.4 in [10].

Lemma 4.17. Let § < a < &g. Let n > 4. If « —; § then « —, .

Proposition 4.18. Let a < g¢. For all ¢ > 2,d > 1, let f(z) = | </logg(x) |. Let
0 < € < 1. Then we have the following.
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(1) If f(n) > f(m) then B d.a(n) > Becd.alm).
(2) If « = B+ 1 then B .q,a(n) > Becap(n); if e- f(n) > 1 then Be ¢ q,0(n) >

Be,c,d,ﬁ(n)-
(3) If o —lef(n)] 8 then Be,c,d@(n) > Be,c,dﬁ(n).

Proof. Straightforward from the proof of Proposition 2.5 in [10]. O

We denote by ng,n the set {a : w§ —n a}. We recall the following bound from
[10], Proposition 2.10.

Lemma 4.19. Let n > 2 and ¢,d > 1. Then
card(Tye.n) < 24_1(n%).

Observe that, by straightforward adaptation of the proof of Lemma 4.19 (Propo-
sition 2.10 in [10]), we accordingly have card(T,e fmn)) < 24-1(f(n)%¢) for f a
non-decreasing function and all n such that f(n) > 2.

Definition 4.20. Let 7 be a function of type k. We say that 7 is weakly monotonic
on first arguments on X (abbreviated w.m.f.a.) if for all s,¢ € [X]* such that
min(s) < min(t) we have 7(s) < 7(¢).

In the rest of the present section, when ¢, ¢, d are fixed and clear from the context,
B, stands for B g, for brevity.

Proposition 4.21 (Capturing). Given ¢,d > 2 let e = %/1/3. Put
f@) = |{logs(@)|
{602 10gd71($)J

h(z) = ch/l/_fi 6C\2/10gd71(I)J

Then there are functions 71 : [N]? — N 245 (1 f)-regressive, 72 : [N]* — N f-
regressive, 73 : [N]?2 — 2 so that the following holds: If H C N is of cardinality > 2
and s.t.

2,
8
S~—
[

(a) H is min-homogeneous for 7,
(b) Vs,t € [H]? if min(s) < min(¢) then 71(s) < 71(¢) (i.e. 71 is w.m.f.a. on H),
(¢) H 2Llogd 107 -sparse (i.e. Be . d—1,0-Sparse),
(d) min(H )> h=H(2),
e) H is min-homogeneous for 7, and

g
(f) H is homogeneous for 73,

then for any x < y in H we have Be7c7d_17w371(x) <y (ie. His Be,c)d_l,wgil—sparse).
Proof. Define a function 7, as follows.
0 if Bye (z) <yorh(z) <2,
(z,y) = o .
§=1 otherwise, where { = min{a € Tc  p@) 'y < Ba(2)}.

& -1 means 0if ¢ =0 and B if £ =+ 1. We have to show that 71 is well-defined.

First observe that the values of 71 can be taken to be in N since, by Lemma 4.19,

. s h(z)%®
we can assume an order preserving bijection between Tie 5 (2) and 2 d(fz) :

6c/1 6¢ 1 l -
m1(z,y) < 2q—2(h(z)%) = 25 ;F Vig @) _ s_m>
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In the following we will only use properties of values of 71 that can be inferred by
this assumption.

Let £ = min{a € Tye  n@) 'y < Ba(x)}. Note that £ # 0 by condition (c).
Suppose that the minimum £ is a limit ordinal, call it \. Then, by definition of the
hierarchy, we have

Bi(z) = By (z) > y-
But A[h(x)] < A and A[h(2)] € Tie | h(x), against the minimality of A.

Define a function 75 as follows.

0 if Bye  (z) <yorh(z) <2,
TQ(xay) = o)

k—1 otherwise, where Bf;(iy)(x) <y< Bfl () (E)-

If £ = minf{a € Tos n@) 1Y < B,(z)} =0, i.e., Bo(x) >y, then m(z,y) = 0. On
the other hand, if £ > 0 then one observes that k — 1 < e- ¢/log,;_;(z) by definition
of 7 and of B, so that 7o is f-regressive.

Define a function 73 as follows.

(2,) 0 if Bye (7) <yorh(z) <2,
m3(x,y) = -
NG Y 1  otherwise.

Suppose H is as hypothesized. We show that 73 takes constant value 0. This
implies the B,  -sparseness since h(min(H)) > 2. Assume otherwise and let
x <y < zbein H. Note first that by the condition (c)

min{a € Ty n(w) 1y < Ba(z)} >0 and hence 72(z,y) > 0.

By hypotheses on H, 71(x,y) = 11(x, 2), 12(z,y) = 72(x, 2), 11(x, 2) < 11(y, 2).
We have the following, by definition of 71, 7».
To(x,2 To(x,2)+1
BRI (@) <y <2< BRH ).

This implies that B:f((ij))ﬂ(x) < B\ (a,2)(y), by one application of B, (5. .)-.

We now show that 7i(y,z) —p(y) 71(2,2). We know 7 € Toe | n(z)s e
Wi 1 —h() Ti(w,2). Since x < y implies h(z) < h(y) we have wj_; —p(y)
71(z, z). But since 71(y,2) € Te | n(y) and 71(y, 2) > 71(z, 2) by hypotheses on H,
we can conclude that 71(y, 2) —p(y) 71(2, 2).

Hence, by Lemma4.17 and Proposition 4.18.(3), we have By (,.)(y) <
B;, (y.»)(y), and we know that B (,.)(y) < z by definition of 71. So we reached

the contradiction z < z.
O

A comment about the utility of Proposition 4.21. If, assuming (KM)TE}W R
d—1

we are able to infer the existence of a set H satisfying the conditions of Proposi-
tion 4.21, then we can conclude that R(z)4"} has eventually the same growth

L {/ logy_q |

rate of Bye . In fact, suppose that there exists a M such that for almost all =
there exists a set H satisfying the conditions of Proposition 4.21 and such that
H C R(p)4*! (z + M), which means that such an H can be found as a con-

L {/loga_, |
sequence of (KM) (Lﬁi}mJ .

an H of cardinality > x+ 2. Then for such an H = {hy, ..., hr} we have k > z+1,

Also suppose that, for almost all £ we can find such



THE PHASE TRANSITION FOR REGRESSIVE RAMSEY FUNCTIONS 23

hrx—1 > x and, by Proposition 4.21 hj; > Bw;,l(hkfl)- Hence we can show that

R(u)fz}m | has eventually the same growth rate as Bye |
R(p)®H1 (x+ M) > hg > By (hg—1) > Bue_ (2)

[ {/loggq_1 ]

In the following we show how to obtain a set H as in Proposition 4.21 from
(KM)d+l )

[ {/logg_1 |
4.4.2. Glueing and logarithmic compression of f-regressive functions. We here col-
lect some tools that are needed to combine or glue distinct f-regressive functions
in such a way that a min-homogeneous set (or a subset thereof) for the resulting
function is min-homogeneous for each of the component functions. Most of these
tools are straightforward adaptations of analogous results for regressive partitions
from [9)].

The first simple lemma (Lemma 4.22 below) will help us glue the partition en-
suring sparseness obtained by the Sparseness Lemma 4.15 with some other relevant
function introduced below. Observe that one does not have to go to an higher di-
mension if one is willing to give up one square root in the regressiveness condition.

Lemma 4.22. Let P : [N]” — Nbe Q : [N]” — N be | ¥/log,, |-regressive functions.
And define (P ® Q) : [N]” — N as follows:

(PRQ)(x1,...,xn) = P(x1,...,20) - | ¥logi(z1) | +Q(z1,...,2Tn)

Then (P®Q) is | v/logy, |-regressive and if H is min-homogeneous for (P ® Q) then
H is min-homogenous for P and for Q.

Proof. We show that (P ® Q) is {/log-regressive:

P(Z) - | ¥/logy(z1) | +Q(2)

(*%/logy,(x1) = 1) - %/logy,(x1) + (¥/logy,(z1) — 1)
vlogg(z1) — 1

[ Vlogy(z1) |

We show that if H is min-homogeneous for (P ® @) then H is min-homogeneous
for both P and Q. Let x < yo-+- <y, and ¢ < 29 < --- < 2z, be in H. Then
(P®Q)(x,9) = (P®Q)(x,Z). Then we show a := P(z,¥) = P(z,7) =: ¢ and
c:=Q(z,9) = Qx,2) =:d.

If w:= | %/log,(z1)| = 0 then it is obvious since a = b = 0. Assume now
w > 0. Then a-w+ b= c-w+ d. This, however, implies that a = ¢ and b = d,
since a,b,c,d < w. ([l

(P ©Q)(T)

IN

The next two results are adaptations of Lemma 3.3 and Proposition 3.6 of
Kanamori-McAloon [9] for f-regressiveness (for any choice of f). Lemma 4.23
is used in [9] for a different purpose, and it is quite surprising how well it fits in the
present investigation. Essentially, it will be used to obtain, from an 2§72—regressive
of dimension 2, an f-regressive function of dimension d — 2 such that both have
almost same min-homogeneous sets. Each iteration of the following Lemma costs
one dimension.
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Lemma 4.23. If P : [N]® — N is f-regressive, then there is a P : [N]"*1 — N
f-regressive s.t.
(i) P(s) < 2log(f(min(s))) + 1 for all s € [N]"*!, and
(ii) if H is min-homogeneous for P then H = H — (f~1(7) U {max(H)}) is
min-homogeneous for P.

Proof. Write P(s) = (yo(s),--.,ya—1(s)) where d = log(f(min(s))). Define P on
[N]"+1 as follows.

0 if either f(xo) <7 or {x0,...,2n}
is min-homogeneous for P,
P(x0,...,2y) =< 2i +yi(zo,...,xn_1) +1 otherwise, where i < log(f(xo))
is the least s.t. {zg,...,zn}

is not min-homogeneous for y;.

Then P is f-regressive and satisfies (i). We now verify (ii). Suppose that H
is min-homogeneous for P and H is as described. If P|[H]"*! = {0} then we are

done, since then all {xq,...,x,} € [H ]”*{are min-homogeneous for P. Suppose

then that there are zp < - -+ < @, in H s.t. P(xo,...,x,) = 2i+yi(x0,. .., Tn-1)+1.

Given s,t € [{xo, ..., 2, }]™ with min(s) = min(¢) = x¢ we observe that
P(sUmax(H)) = P(zo,...,z,) = P(t Umax(H))

by min-homogeneity. But then y;(s) = y;(t), a contradiction. O

The next proposition allows one to glue together a finite number of f-regressive
functions into a single f-regressive. This operation costs one dimension.

Proposition 4.24. There is a primitive recursive function p : N — N such that for
any n,e € N, if P; : [N]® — N is f-regressive for every i < e and P : [N]"*! — N is
f-regressive, there are p; : [N]"*! — N f-regressive and po : [N]"*! — 2 such that
if H is min-homogeneous for p; and homogeneous for py, then

H = H\ (max{f~1(7), p(e)} U {max(H)})

is min-homogeneous for each P; and for P.

Proof. Note that given any k € N there is an m € N such that for all x > m

(2log(f(2)) + 1) < f(x).
Let p(k) be the least such m.

For each P;, let P; be obtained by an application of the Lemma 4.23. Define
p2 : [N]"*1 — 2 as follows.

0 if Pi(s) # 0 for some i < e,
p2(s) = .
1  otherwise.

Define p; : [N]"*! — N f-regressive as follows.

(s) = (Py(8), ..., Pu(s)) if pa(s) =0 and min(s) > p(e),
pris) = P(s) otherwise.
Observe that p; can be coded as a f-regressive function by choice of p(-).

Suppose H is as hypothesized and H is as described. If py on [H]"T! were
constantly 0, we can derive a contradiction as in the proof of the previous Lemma.
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Thus pz is constantly 1 on [H]"™! and therefore p1(s) = P(s) for s € [H]"™! and
the proof is complete. (I

The following proposition is an f-regressive version of Proposition 3.4 in
Kanamori-McAloon [9]. It is easily seen to hold for any choice of f, but we in-
clude the proof for completeness. This proposition will allow us to find a min-
homogeneous set on which 7 from Proposition 4.21 is weakly monotonic increasing
on first arguments. The cost for this is one dimension.

Proposition 4.25. If P : [N]® — N is f-regressive, then there are o1 : [N]"*! —
N f-regressive and o9 : [N]"™1 — 2 such that if H is of cardinality > n + 1,
min-homogeneous for o; and homogeneous for oz, then H \ {max(H)} is min-
homogeneous for P and for all s,¢ € [H]™ with min(s) < min(¢) we have P(s) <
P(t).

Proof. Define o1 : [N]"™ — N as follows:
o1(xo, ..., Tn) :=min(P(zg,...,Tn-1), P(x1,...,2,))

Obviously oy is f-regressive since P is f-regressive. Define oy : [N]"*! — N as
follows:

0 if P(zo,...,xn-1) < P(x1,...,24,),
1 otherwise

02(Zoy .-, Tp) = {

Now let H be as hypothesized. Suppose first that o3 is constantly 0 on [H|"*!.
Then weak monotonicity is obviously satisfied. We show that H \ {max(H)} is min-
homogeneous for P as follows. Let zg < x1--- < Tp—1 and 2o < y1 < -+ < Yn—1
be in H \ {max(H)}. Since o3 is constantly 0 on H, we have F(xg,z1,...,Zn-1) <
F(z1,...,zp_1,max(H)), and F(zo, Y1, -, Yn-1) < F(y1,-..,Yn—1,max(H)). Since
H is also min-homogeneous for o1, we have

o1(xo, x1,. .., Zp—1,max(H)) = o1(x0,y1,- .., Yn—1, max(H)).

ThUS, F(.’I]Q,.’Ifl, s 7xn—l) = F($07y17 s 7yn—l)'
Assume by way of contradiction that oo is constantly 1 on [H]"™!. Let 29 <
++ < Tp41 bein H. Then, by two applications of o5 we have

F(zo,...,xn-1) > F(x1,...,24) > F(x2,...,Tny1),

sothat o1 (zg, ..., x,) = F(x1,...,2,) while o1 (2o, X2, ..., Tnt1) = F(T2,...,Tnt1),
against the min-homogeneity of H for o7. O

4.4.3. Putting things together. Now we have all ingredients needed for the sharp
unprovability result. Figure 1 below is a scheme of how we will put them together
to get the desired result. It illustrates, besides the general structure of the argument,
how the need for Kanamori-McAloon principle for hypergraphs of dimension d + 1
arises when dealing with the wg-level of the fast-growing hierarchy (in other words,
with I13,).

Given f let fi be defined as follows: fo(z) := f(z), frr1(z) := 2log(fr(z)) + 1.
Thus,

Jr(z) :=2log(2log(... (2log(f(z))+1)...)+1)+1,

with k iterations of 2log(-) + 1 applied to f.

Let f(z) = | ¢/log,_; | and f'(z) = 2¢(1/3- f(x)), £ = d — 2. Observe then that

ftf is eventually dominated by f, so that an fé—regressive function is also f-regressive
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Proposition 4.21
7 :[N2 - N

24-2(1/3 ¥/log,_;)-reg

Proposition 4.25

o[NP - N
24-2(1/3 ¥/log,_;)-reg

Lemma 4.23
(d — 2 times)

of : [N]**! - N

eventually %/log,_,-reg

Proposition 4.24

Sparseness Lemma 4.15
ch)d : [N]dJrl — N p1: [N]d+1 — N

3/ 1og,_-reg 3/ log,_i-reg

\ l Lemma 4.22

(PQC_’d ® pl) . [N]dJrl — N

v/10gg_1-reg
FIGURE 1. Scheme of the unprovability proof

if the arguments are large enough. Let m be such that | {/log,_,(x) | > f/(z) for
all x > m. We have

R (@ +m) > R(w) 7 ().

Thus (KM)?»+1 implies (KM)?—TI This will be used in the following. We summarize
0
the above argument in the following Lemma.

Lemma 4.26. If h eventually dominates g then
R(u)ji(z +m) > R(p)g(x)

where m is such that h(z) > g(z) for all z > m.
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Proof Sketch. If G is g-regressive then define G’ on the same interval by letting
G'(i) = 0ifi < mand G'(i) = G(i) otherwise. Then G’ is h-regressive. If H' is min-
homogeneous for G’ and card(H') > x+m then H = H' —{first m elements of H'}
is min-homogeneous for G and of cardinality > x. O

The next Theorem shows that R(u)?“, with f(x) = | ¢/log,_;(z) |, has even-
tually the same growth rate of Béycyd,lngil(x). As a consequence we will obtain
the desired unprovability result.

Theorem 4.27 (in I31). Given ¢,d > 2 let f(z) = | ¢/log,_1(x) |. Then for all x
R(N)?+1(12x + K(C7 d)) > Be,2c,d—l,w§il(x)7

where e = '%/1/3 and K : N> — N is a primitive recursive function.

Proof. Let f(z) := | 2/log, (z) | and q(z) := 2d_2(%f(x)). Then Gq_2 is even-
tually dominated by f , so there is a number r such that for all x > r we have
Ga—2(x) < f(z). Let D(c,d) be the least such . Notice that D : N> — N is
primitive recursive.

Let h(x) := | *¥/1/3- 2*/log, ,(z) |. Now we are going to show that for all =
R(M)?Jrl(gﬂl - 1) > Be,?c,d—l,wﬁil(x)u

where ¢/ = ¢ + 4z +4d +4D(c,d) + 7, £ =24 1((n- (n + 1) +1)%¢), n = 291 . m,
where m is the least number such that m > 2(2¢)?, and

¢ > max({f71(7),h71(2),p(0)} U {a; (7) : k < d = 3}),
where p(-) is as in Proposition 4.24. The existence of such an m depends primitive
recursively on ¢, d. Notice that the Sparseness Lemma 4.15 functions for any such m
with respect to f . We just remark that one should not wonder about how one comes
to the exact numbers above. They just follows from the following construction of
the proof.

Let 71,72, 73 be the functions defined in Proposition 4.21 with respect to f
Observe that 7 is 2,1_2(% f)-regressive and 72 is f-regressive.
Let 01,02 be the functions obtained by Proposition 4.25 applied to 71. Observe

that o is 2d,2(%f)—regressive, i.e. g-regressive.

Let of : [N]J4*! — N be the function obtained by applying Proposition 4.23 to
o1 d — 2 times. Observe that o} is eventually f—regressive by the same argument
as above.

Define 67 : [N]*! — N as follows:

. 0 if x < D(c,d),
o] =
! o} (z) otherwise.
Then 67 is f—regressive such that if H is min-homogeneous for 6] then

H \ {first D(c,d) elements of H}

is min-homogeneous for 7.

Let p; and ps be the functions obtained by applying Proposition 4.24 to the
f-regressive functions 67 and 75 (the latter trivially lifted to dimension d). Observe
that p; is f-regressive.
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Now let (Pac,q ® p1) be obtained, as in Lemma 4.22, from p; and the partition
P q : [N — N from the Sparseness Lemma 4.15 with respect to f Observe
that, by Lemma 4.22, we have that (Pycq ® p1) is {/log,_-regressive, i.e. f-
regressive.

Now z be given. Let H C R(u)?“(%' — 1) be such that

card(H) > 3¢ — 1

and H is min-homogeneous for (Ps. 4 ® p1) and homogeneous for ps, for o2 and for
73. This is possible since the Finite Ramsey Theorem is provable in I¥;. Notice
that H is then min-homogeneous for P». 4 and for p;.

Now we follow the process just above in the reverse order to get a set which
satisfies the conditions of the Capturing Proposition 4.21.

Define first Hy and H; by:

Hy, := H\ ({first £ elements of H} U {last £ — 2 elements of H}),
H, = Hy/4
Then for all a,b € H;y such that a < b we have 2l(ili§d’l(a))2c < b by Lemma 4.15.
Notice that
card(Hy) > 0 +1,
card(Hy) > [({'+1)/4]+1.

Since H; is also min-homogeneous for p; (and p) we have by Proposition 4.24
that Hs defined by

Hz == Hy \ (max{f~"(7),p(0)} U {max(H1)}) = Hy \ {max(H)}
is min-homogeneous for 67 and for 72, and
card(Hz) > [(¢' +1)/4].

Let
Hs := Hy \ { first D(c,d) elements of Hs}.

Then Hj is also min-homogeneous for o] (and obviously still min-homogeneous for
T2, homogeneous for ps, for o2 and for 73). Also, we have

card(Hs) > | (¢’ +1)/4 | —D(c,d).
By Lemma 4.23 we have that Hy defined by
Hy = H;)\ (max{g, '(7):k <d—3}U{last d — 2 elements of H3})
= Hs )\ {last d — 2 elements of H3}
is min-homogeneous for ¢; (and o2), and
card(Hy) > (¢’ +1)/4 | —D(c,d) — d + 2.
Now define H* as follows:
H* := Hy\ {max Hy}

Notice that card(H) > 3. Then by Proposition 4.25 H* is min-homogeneous for
71 which is weakly monotonic on first arguments on [H*]?, and

card(H*) > [({' +1)/4 | —D(c,d) —d+1>x + 1.

The second inequality follows from the definition of /. Notice now that H* satisfies
all the conditions of the Capturing Proposition 4.21 with respect to f.
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Let H* = {ho,...,hi} (k> x+1, so that hy_1 > x). Then, by Proposition 4.21,
foralla,beH*suchthata<bwehaveB _(a) <b.

R(u)d+l(3€/ - ) > hk > BE 2¢,d— 1w2c (hk 1) > Be 2¢,d—1 wz‘: (.I),

where € = '%/1/3. The first inequality holds since we chose H* C R(u )d+1 (¢ —-1).
The second holds by Proposition 4.21. The third holds because hi_1 > =x. (Il

Let us restate Theorem 4.27 in a somewhat simplified form. Given c¢,d > 2 set,

from now on,
ge(x) := {/logy_,(x)

Theorem 4.28. There are primitive recursive functions A : N — N and K : N> - N
such that for all x and all ¢,d > 2

R(M)Zjl(h(ﬂc) + K(c,d)) > Be,c,d—lwg,l(x)v

where e = %/1/3.

Proof. By inspection of the proof of Theorem 4.27, and by the fact that, as proved
in Theorem 4.7, B. 4, and Bs. 4., have the same growth rate. [l

Remember the fast-growing hierarchy F,, defined in Section 2.

Theorem 4.29. Given d > 2 let f(z) = Fou ®}/log, 4 ( Then there is a prim-

itive recursive function k such that the function =z — R( )dH(k:(:z:)) eventually
dominates every I¥;-provably total function.

Proof. First remember that, by Lemma 4.6, there is a primitive recursive function
r: N2 — N such that
Bys  (r(e,z)) > Fue_ (z).
On the other hand by Theorem 4.28, we have that for all
d+1
R(p)3." (h(x) + K(c,d)) > Bug_, (2)
for some primitive recursive functions h and K. Hence

R()i (h(r(c,x)) + K (¢, d)) > Bus_ (r(c,x)) > Fus_ (2).
We claim that
R (h(r(z, 7)) + K (2,d)) > F, ()

for all x.
Assume it is false for some z and let

N(z) = R(p)§ (h(r(z, ) + K(z,d)).
Then for all i < N(x) we have F (i) < z and so

\/IOgd 1 ( \/10gd 1(1) = g (2).
This implies that

R(p)§* (h(r(z,2)) + K (x,d))

R(p)gH (h(r(z, z)) + K (x,d))

I
¢
a
=
8
G

Contradiction! O
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5. CONCLUSION

Putting together the results from Sections 3 and 4 we can state the main Theo-
rem.

Theorem 5.1. Given d > 1 and o < g¢ let f4(i) = | " }/log,(i) |.

I8, - (KM)jj}l & o< w

Proof. The provability follows from the Theorem 3.7, and the unprovability parts
are established by Theorems 4.4, 4.28 and 4.29. (I

Observe that Theorem 5.1 also closes the gap between d — 2 and d in Theorem
2.3, showing

IZgF (KM en>d

The truth of Conjecture 2.4 is implied as well: for all n > 1 for all d > 1, we have

that 13, ¥ (KM)4+! .
at Iog ¥ (RM)7, o
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