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Introduction will a:"l"aysbj'”ld an/ ':arge S#tt’ﬁetﬂ Ofélti]' " ”'“; C‘I’”ta'”'t Phase transition threshold forFFF
We shall survey surprising advances in classifying the pha'lrs],%a teaf; etenshen S, SUc | 4 SUSE al EVERRIEMENT  Matousek and Loebl showed subsequently the following re-
transition thresholds from provability to unprovability (in-Su SCLOI GELs The same valle Unaet finement of Friedman’s result. Létg be the binary loga-

Iffgsacoqst;nt function thent  Is clearlyaconseCIuencerithm_ ThenFFF.,, follows from the Peano axioms but
O kamsey's theorem. FFF, 1, does not.

Phase transitions The Infinite version of Ramsey’s theorem (stating that f rgain it is an obvious question whether it is possible to lo-

Phase transition is a type of behaviour wherein smafyp-coloring of thek-element subsets of an infinite S€t . o hhase transition threshold in the interval foono
changes of a parameter of a system cause dramatic sfiff€ exists an infinite monochromatic subseif 5) yields 4. In particular it seems of interest to see whether there is a
in some globally observed behaviour of the system, suéiat PHy Is true for any/f. The famous Paris Harrington. , i ous phase transition from provability to unprovabil-
shifts being usually marked by a sharp ‘threshold pointfieorem is thaPH;q is not provable from the Peano axioms -\ hether there is a sharp threshold (somewhat similar
(An everyday life example of such thresholds are ice mefhereid denotes the identity function. Thus in-betwee{b results in random graph theory). Using classical results
ing and water boiling temperatures.) This kind of phenorfonstant functions and the identity function there must b?rgm analytic combinatorics we have shown in [3] that there
ena nowadays occurs throughout many mathematical fhdse transition threshold for the Paris Harrington assertignmdeed an extremely sharp threshold. For a certain real

computational disciplines: statistical physics, evolutionaf!- numberp ~ 0.63957769 . . . the following dichotomy holds:

graph theory, percolation theory, Markov chains, COMPURY - <4 transition threshold for PH If » < pthenFFF,.,, does follow elementarily from Otter’s

tional complexity, artificial intelligence etc. immediate question is to motivate the largeness corPonential bounds on the number of trees, hence from the

The last few years have seen an unexpected series of res-lmtes_ Seano axioms. If > p thenFFF,.,, is unprovable from

that bring together independence results in logic, analylig" " the assertioir I and there has been some discussi

: - e Peano axioms [3].
combinatorics and Ramsey Theory. These results can'_r&éhte FOM nQV\/tsgrqup or;- th't_s topic. _ghg l(aast\rive E‘g;’jum
described intuitively as phase transitions from provabiliige 0 argue) intrinsic motivation provided by the Phase transition principle 2:

dependence) for natural mathematical assertions.

to unprovability of an assertion by varying a threshold p ado result s as follows. Letg” denote the inverse func'll—low to obtain an unprovable version of Friedman’s finite

rameter. ’[IOD ]c_)%f the supgr-eprqnentlal'Z\unctlclaln. ITh;er:_, estshentlaggrm of Kruskal’s theorem? Just escape by an extra con-
In the poster we shall survey recent advances on ph Osg—*é( K%H’tﬁ))ﬂ;; as blg am.bl fsma tﬁa;u allon ere= yition the bounds dictated by finitary combinatorics (here
transition phenomena which are related 0d@l’s incom- Ore ylelds thal i, IS provabie from the Feano axioms. 440 oq tree enumeration result)in analogy with physics

k. _ . . . .
pleteness theorems. We treat two spectacular results onl'tﬁtek?g denote th_elc th iteration of the_blna% 'Oga”tEm this phase transition might be considered as discontinuous
function. [In practice for largé the functiondog” andlog  being of first order

mathematical relevance of thed@el incompleteness the- o . P
are very similar to constant functions (at least as calcula-

orems. We will indicate that our advances are based t N1 Then thesE mad
cross-fertilization between Ramsey theory, analytic com {ons on a computer are concerne )] Then theoEridado

natorics (which finds its main applications in the avera ound is no longer applicable to prowé, .. Moreover the

case analysis of computer algorithms) and mathematibAl'P IS NOW asurprisingly big one since as proved in [4] t
logic. assertiorPH, . does not follow from the Peano axioms.

In fact the threshold from the provable versionskit; 0 PA = FFF, 100 0 PA ¥ FFF, 10
Godel’s results to the unprovable versions ot has been classified In-

The Peano axioms have been designed to provide a cé@tweenog™ and alllog” in greater detail (by letting: de- _Man'feSto
plete axiomatization of the properties of the natural nurRe€nding on the input argument) but a complete explanatifor all existing independence results, find the sharp ver-

bers. However, G6del showed that there are statemenféould take as too far into technicalities [4]. sions (establish exact unprovability thresholds).

about the natural numbers which do neither follow nor cz?:r)\ 2.5eek new unprovable statements following a new

. ase transition principle 1: . . .
be refuted from the Peano axioms. Moreover he showeg' P P methodology: given a known mathematical theorem with

that the consistency assertion for the Peano axioms Is J)_Inoew to obtain an unprovable version of Ramsey's the-a bound, introduce a parameter (maybe functional) and

A .
such statement. orem? Just escape by an extra condition the bounds

try to supersede the existing bounds.
For a long time it has then been open whethéd@l’s re-
sult applies to assertions which are mathematically relev
or mathematically ‘interesting’. It would have indeed bee
possible that @del’'s theorem only applies to somewhat ar-
tificial statements. A first breakthrough in showing that
Godel’'s theorem matters to mathematics has been obtained
around 1977 by Jeff Paris (and Leo Harrington) [1] and a
second around 1980 by Harvey Friedman [2].

e r

—

dictated by finite combinatorics (here the Bed Rado

%%ult)! In analogy with physics this phase transition migﬁ.Cross-fertilize @del incompleteness with proof theory,

e considered as continuous or being of second ordefecursion theory, non standard models, logical limit laws,
Ramsey theory, analytic combinatorics, number theory,

ergodic theory, dynamical systems and statistical physics.
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PA¥PH; ~ Further results
Ramsey’s Theorem J =log"™ Using Ioglg, combinatorics and ang_lytlc number theory we
have obtained sharp phase transition thresholds for hydra

The Paris Harrington theorem is about Ramsey theory hattles. the Goodster . Ve hi hi
which is a branch of mathematics dedicated to the propo- PA = PHy atlies, the _OO Sein sequences, su recqrswe _ I€rarchies,
the Kanamori McAloon result, the combinatorial well-

sition that complete disorder is impossible. Ramsey’s theo- . . . o
P P Y foundedness af, In an additive setting and a multiplicative

rem in its finite version Says that given positive integers setting, and for various other statements in Ramsey theory
andn you can always find a number=: R(k,p,n) such Friedman'’s Finite Form of Kruskal's Theorem WQO—t,heory and the theory of well-orders. Similar to sta- |

that for any finite sety of cardinality not below- and for - oyr second example for a phase transition concerns Frighical physics resulting phase transitions share features of

any mappingP’ from thek-element subsets df Into a set man’s finite form of Kruskal's tree theorem. To fix terMitenormalization and universality

with p colours you will always find a subset of S con- nology we agree that afinite tree is a finite partial order such
ta'”'/”g atleast elements such that evekyelement subset that for every element in the tree the set of predecessor§isme project coauthors:

of 5" gets the same value under This theorem Is clearly jinearly ordered. Moreover we require trees to have exacfly Bovykin and L. Carlucci (both have been finalists in the
abo_ut finite objects and tis no big surprise that it followgne minimal element (the root). We say that one tree is egbung scholars competition). G. Lee, E. Omri, M. Kojman,
easily from the Peano axioms. Indeed, @&a@nd Rado pro- peddable into another tree if there exists an inf preserviag Kotlarski, B. Piekart, A. den Boer, G. Moser.

vided 1952 an explicit bound in terms of iterated exponegne to one mapping of the first tree into the second.

tial functions of the size of to guarantee the conclusion ofrpe story of Friedman’s finite form of Kruskal’s theorenh

Ramsey’s theorem. runs now as follows. We say that the vertex-growth of a sgeferences

guencely, . .., Ty of finite trees is controlled by € N and
ét—: N — Nifforall ¢ < N the number of nodes ify, does pleteness in Peano arithmetitandbook of Mathemat-
not exceed: + f(¢). Let FFF, (Friedman’s finite form of ical Logic, North-Holland, 1977, 1133-1142

Kruskal's theorem) be the assertion that for evietirere Is | R o |

a finite numberV which is so large that for every sequencel?] S- G- Simpson. Non-provability of certain combina-
Ty, ..., Ty of finite trees whose vertex-growth is controlled torial properties of finite treestarvey Friedman’s
by k and f there will always be two numbeisandj below research on the foundations of mathematibgrth-

N so thati < j andT; is embeddable intd@;. Friedman Holland, 1985, 87-117.

proved that neitheFFF,; nor its negation follow from the [3] A. Weiermann: An application of graphical enumera-
Peano axioms (and not even from predicative analysis). tionto PA. JSL 68 (2003), no. 1, 5-16.

[4] A. Welermann: A classification of rapidly growing
Ramsey functions. PAMS 132 (2004), no. 2, 553-561.

The Paris Harrington Theorem [1]J. Paris and L. Harrington: A mathematical incom-

Let us now consider a slight modification of Ramsey’s th
orem. Given a functiorf : N — N let us call a selS of
natural numberg-large if the number of elements $iis
not below f(min(.5)).

Following Paris and Harrington |t ; be the assertion that
given number®, £ andn you can find a find a natural num-
berr so large that for any mapping of the k-element sub-
sets of{1,...,r} with range contained if1, ..., p} you
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