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Abstract

For « less than g¢ let Na be the number of occurrences of w in the
Cantor normal form of a. Further let |n| denote the binary length of a
natural number n, let |n|; denote the h-times iterated binary length of n
and let inv(n) be the least h such that |n|, < 2. We show that for any
natural number h first order Peano arithmetic, PA, does not prove the
following sentence: For all K there exists an M which bounds the lengths
n of all strictly descending sequences (o, ...,an) of ordinals less than
€0 which satisfy the condition that the Norm Nea; of the i-th term «; is
bounded by K + |i| - |é]n.

As a supplement to this (refined Friedman style) independence result
we further show that e.g. primitive recursive arithmetic, PRA, proves
that for all K there is an M which bounds the length n of any strictly
descending sequence (o, ...,an) of ordinals less than o which satisfies
the condition that the Norm Na; of the i-th term «; is bounded by K+ |2\
inv(z). The proofs are based on results from proof theory and techniques
from asymptotic analysis of Polya-style enumerations.

Using results from Otter and from MatouSek and Loebl we obtain
similar characterizations for finite bad sequences of finite trees in terms
of Otter’s tree constant 2.9557652856. . ..
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1 Introduction and Motivation

A fascinating result of ordinal analysis is the classification of the provably recur-
sive functions of first order Peano arithmetic PA in terms of the Hardy—Wainer
hierarchy (Hga)a<e,- If PA proves Va3yT (e, z,y) for some natural number e,
then there exists some a < gg such that {e} is elementary recursive in H,.
Moreover, if {eg} = H,, then PA does not prove Vz3yT'(ep,x,y). These clas-
sical results can be reformulated neatly in terms of purely combinatorial inde-
pendence results as follows. For a binary number-theoretic function f let A(f)
be the assertion VKIMVYnVay, ..., an < eoag > ... > oy & Vi < n[Na; <
f(K,i)] = n < M] where No denotes the number of occurrences of w
in the Cantor normal form of «. Then, by the preceding, PA ¥ A(f) where
f(k,i) := k- i!. From the mathematical point of view it seems quite natural to
investigate whether this result can be sharpened by using functions f which grow
slower than k,i — k- il. According to Simpson [12] (or Smith [13]) Friedman
already showed PA ¥ A(f) where f(k,) := k-(i+1) (or even f(k,i) := k+1). In
this paper we characterize the class of functions f with PA ¥ A(f) in a nearly
optimal way. The proof combines methods from proof theory with methods
from pure mathematics!. To the author it has been a surprise that analytical
methods from infinitesimal calculus can be applied to metamathematical issues
like unprovability assertions.

Our investigation is inspired by [6] where a related problem in the context
of finite trees has been solved. The main result of [6] is strengthened in Section
4.

2 A proof of the unprovability result

Conventions. Throughout this paper small Greek letters range over ordinals less
than ¢ and small Latin letters range over non negative integers. By log (In, logs)
we denote the logarithm with respect to base 2 (e, 3), where e denotes the Euler
number 2.71828 ... = >->° | L. The least natural number greater than or equal
to a given non negative real number z is denoted by [x]. The greatest natural
number smaller than or equal to a given real number x is denoted by |[z]. The
binary length |n| of a natural number n is defined by |n| := [log(n + 1)]. The
h-times iterated length function ||, is defined recursively as follows |z|, := x
and |z];,,, := ||z|n|. Further let inv(n) be the least natural number h such that
[n|n < 2. As usual we assume that the ordinals less than ey are available in PA
via a standard coding.
In this section we prove the following result.

Theorem 1. For all natural numbers h, PA ¥ VKIMVnVay, ..., a, < &g [ag >
o>, &Vi<n[Noy < K+ il - |iln] = n< M].

1For carrying out the calculations we have profited from the asymptotic analysis of integer
partitions and the hints on asymptotic properties of trees of height less than or equal to 3
given in [7].



For this purpose it is convenient for us to recall an independence result from
[15].

Definition 1. For x < w and a < ¢¢ let
Ay(z) :=max{Ag(z)+1: 0 <a & NG < Na+ z}.
As usual put wo(a) := a and wy, 11 (@) := w (¥, Further let w,, := wp,(1).

Lemma 1. 1. A,(z) = max{n : (Bag,...,an < &)l = a9 > ... >
an & [(Vi <n)Najt1 < Nay + z]]}.

2. PA ¥ VK3nA,, (1) = n. Moreover K — A, (1) eventually dominates
every provably recursive function of PA.

Proof. See, for example, [15]. O

Definition 2. For natural numbers k and h define
St={a<w,:Na=k}

and let 52 be the number of elements in S ,}j Moreover let
Sgk ={a<wy:Na<k}

and let s’%k be the number of elements in Sgk.

Then s, = >,., s/ and we have s} < sl for k < [ and h > 0 since if

Na = k then N(a +1—k) =1 for I > k. The following lemma (which is
provable in RCAy) yields a partial asymptotic analysis of S ,’g

Lemma 2 (RCAg). For any h > 3 there exist a constant Cp, > 0 and a natural
ok
number K}, such that 82 > 2Ch k-2 for k > Kj,.

Using Lemma 1 and Lemma 2 we can show Theorem 1 as follows.

Proof of Theorem 1. The idea of the proof is to construct a slowed down long
sequence («;) from a given long sequence (o) which witnesses the definedness
of A,, (1) for an appropriate m. The details are as follows.

Let h be given. Let h' := h + 3. Since h’ > 3 we may pick Kp and Cp,
according to Lemma 2. Let D be a constant such that

1
) ’_ > — 1R ’_ ’_ 1
lilpr—2 > cn (3] - []n —2[nr—2 (1a)
|| - |ilnr—2 = Kps (1b)
and
[i[p—2 + 1 < [i[n—3 (1c)

hold for 7 > D.



Let an arbitrary number K be given. Without loss of generality we may

assume that m = m(K) := [ 552 | -1 > n'.
Assume that w,, = af > ... > o/, is a sequence with M = A, (1), Nog =

m+1and Noj ; < Naj + 1 for 0 <i < M. Consider

P mo.
Mi := S8 il _,

for i > D. Assume that enum; is the enumeration function for M;, i.e. enum; (1)
is the I-th (with respect to <) member of M;. Let «; := wm(aiil)—l—enumi(Q‘i' —1)
for M > i > D and o := wyym+D—ifori < D. Then (o;);<nm is well-defined.
Indeed, by (1a), (1b) and Lemma 2 there are at least

lil-lilg, _
Ch n'—2

2 il lilyr _glpr o > 2|’L‘ >

. / . .
elements in Sﬁ\'lil;/ hence in M; for ¢ > D. Moreover, we have Ncuii‘ <
h/ —2

Naj+ il =m+1+|i| for 1 <i< M. Now (1c) and the definition of m yield
Noa; < K+ i - (lijp—2+1) < K+ i |i|lp—3 = K+ 1i| - |i]p for D < i < M.
The definition of m further yields No; < K 4+ |i| - |i|]p for 1 < ¢ < D. Thus
Na; < K+ |i| - |i|p, for 1 < ¢ < M. Further we have o; < a for ¢ > j. For
if i[ > [j| then this holds due to o] > a; and if |i] = [j| then M; = M; and
2l —j < 2Fl — 4. Finally, since K +— Awm(m(l) eventually dominates every
provably recursive function of PA, the lengths M of the sequences (a;)i<am as
a function of K cannot be proved to exist in PA either. O

We are left with proving Lemma 2. This will be done in a sequel of sublem-
mas.

Lemma 3 (RCAy). There is a natural number Ko such that si > 2VE for
k> Ks.

Proof. Let p be the number of integer partitions of k, i.e. the number of ordered
tuples (i1,...,iy) such that iy > ... > i, > 1 and > i, = k. Then
P = si. Indeed, each integer partition (i1,...,%,) of k corresponds to an

element W~ 4+ ... 4 win~1 € S,f and vice versa. Now use the partion theorem

L PE- 4/3k
im —————— = 1.
k—o00 e‘m/gk
(See, for example, [4] or section 2 of [8] for a proof). O

For h > 3 and natural numbers p, q let R"(p, q) be the set of ordinals a < wy,
which have a Cantor normal form o = w® +- - - +w? of length p where Na;; = ¢
for 1 <4 < p. Further let 7" (p, ¢) be the number of elements in R"(p, q). Then

rh(p7 q) S SZ.(q+1)'

Lemma 4 (RCAg). There exists a natural number Ks such that 82 > 2\7’;' for
all k > K;.



Proof. 2 For any choice of p and ¢ with p- (¢ + 1) < k we have r3(p,q) < s3.
Thus it suffices to find a lower bound for 73(p, ¢) for appropriate p and q.
Let p :=p(k) := L#J and ¢ := q(k) := |k|* — 1. Then, of course, p-(q+1) <

k and si > 52-(q+1) > 1r3(p,q). There exists a natural number K3 such that for
k > K3 the following holds
1 k
p> .
Varpz loge |kl (3a)
since limy_. o @p =1,
Tk
(log(e) =1) - Vg p = Ip| (3b)
since limy_, o p(k) = 400
Va-p=>p-lpl (3¢)
and
s2 > Vi (3d)
by Lemma 3.

2\p
We have r3(p, q) > (S;!) since for fixed p there are at least (5(21)1’ sequences

of length p with entries in S7. Since we have to consider only ordered sequences
we have to divide this number by p!.
V)

Since p! < ()P p-e we obtain by (3) that r*(p, q) > (Czp!
921/ p108()—(p1)108(p) > glose V@D > 9T -

2-\/6-17,617—1

P
[S]
> PP+l

>

Proof of Lemma 2. By induction on h > 3. The case h = 3 is done in Lemma
4. Assume now that the assertion holds for h — 1 > 3. For any choice of p
and ¢ with p- (¢ + 1) < k we have 7"(p,q) < sf. Thus it suffices to find a
lower bound for 7" (p, q) for appropriate p and ¢q. Let p := p(k) := L#J and
q := q(k) := |k|> — 1. Then, of course, p- (¢+ 1) < k. Let r := r"(p, q). There
exists a natural number K} such that for k£ > K}, the following holds

q 3 k

p- >~ ) 4a
lgln—3 — 4|k|p—2 (42)

1 q
Cho1- 5 p=1pl, 4b
8 lgln-3 i (4)

1 q
Cho- < >1p 4c
Y8 glhes v (4c)
since limy_. o ﬁ = 400 and

shl > T (4d)

2In this proof we follow a hint to exercise 10.7.6 (e) on p.397 in [7] where a bound on the
number of trees of height less than or equal to three which have k leaves is obtained.



due to the induction hypothesis since limg_, o, ¢ = 400.

The proof has now a similar structure as the proof of the previous lemma.
h—1\p

First we have rr > (S“p! ) by a similar reasoning as in the previous proof. Since

Ch_

q
1 P
qalp—
lalp 3)P P 1

. Cy_1- p-q

p! < (E)P-p-e we obtain by (4) that r > (2# > " Talh—s . T 2
. 3 . 33 k k

O Tl ~(PHDIBP o gOh BT S 9O TS > 99T where

Cy, = —Ch{l. [

The proof shows that we may put Cp, := (%)h_g’.

3 Proof of the provability assertion

In this section we show the following theorem. (Recall that inv(s) is the least h
such that |i|, < 2.)

Theorem 2. PRA + VKIMVnVaq,...,a, < Eo[ao > 0> o, & Vi<
n[Ne; < K+ [i] - inv(i)] = n < M].

Corollary 1. PRA + VKaMVnVay,...,a, < eo[ao > > a, & Vi<
n[Noa; < K +i| - K] = n < M].

Theorem 2 follows from the following Lemma. (Recall that s% & is the number
of elements in S%,. Moreover let logh (k) = logz(logh (k)) where logi(k) =
logs(k)) and similarly let In" (k) = In(In"(k)) where In'(k) = In(k)).

Lemma 5. Let h > 3. There exists a constant Cy, > 0 such that for all k with

Ch-—ptr—
log§72(kj) > 1 we have sgk <2 tomy i)

Proof of Theorem 2. We argue informally in PRA while assuming that the proof
of Lemma 5 can be formalized in RCA( so that the assertion of Lemma 5 holds
in PRA. Let 3g(k) := k and 3,,41(k) := 3%*(*). Assume that K is given.
Choose Ck according to Lemma 5. Let N := 3 (K + Ck). Assume that we
have given a sequence ag > ... > a, with Noy < K + |i| - inv(4) for i <n. We
claim that n < N. Otherwise wg_1 > a1 > ... > ayy41 would be a sequence
with Na; < K+ |N +1|-inv(N 4+ 1) for 1 <i < N+ 1. By Lemma 5 N + 1 is
bounded by

Cr- K+ |N+1]-inv(N+1) c K+(Bg_1(K+Cg)+1)-2(K+Cg)
) loghl "2 (K+|N+1]-inv(N+1)) < b SK+CK < N.

Contradiction. O

Proof of Lemma 5. Let ! (t",) be the number of finite rooted trees which have
height bounded by h and which have k (at most k) nodes. It is easily seen that
the number of elements in S%, is bounded by #", +1. Indeed, to any « in this set
we define inductively a tree as follows. If @ = 0 then T'(c) consist of a singleton
tree. Assume that « has the Cantor normal form w* +--- 4+ w*". Assume that



we assigned inductively trees T'(a1),...,T () to aq,...,a,. Then we assign
to « the rooted tree with immediate subtrees T'(ov1),...,T (o). For different
ordinals we obtain different non isomorphic trees. If @ < wg then the height of
T(«) is bounded by K and if Na < k then T'(«) has at most k + 1 nodes.

Now we want to obtain non trivial bounds on ¢, . For this we first compute
bounds on 7.2 Let T" be the generating function for the sequence (tﬁ)zozo.
Thus T'(z) = Y po th - ab = 307 th - 2 since t}f = 0. Let p; denote the
number of integer partitions of j, i.e. the number of sequences (i1, ...,i;) with
i1 > ...>dp>1and iy + - +ip = j. Then, T?(x) :x.z;ilpj O
since trees of height 2 correspond to integer partitions in a unique fashion and
trees of height 1 correspond uniquely to natural numbers.

According to [10] we have

oo o0

h h e, Thial)
T“(x):Ztn+1~x”:x~e i= = (1—29) I (5)
=1 (

n=1 J

for all x €]0,1].
Let eg(k) := k and e,,41(k) := e®»(¥). We prove by induction on h that for
any h > 2 there is a constant Dj, such that for every = €]0,1]

Th(x)) < ep_o(0) (6

|
n( x 1—x

=

and extract bounds on ¢} from this afterwards. The assertion holds for h =
since as shown in (7] we have In(3-72 | p;-a7) < %2 - 7%= Hence In( Z(I)) < li
and we may put Dy := 3.

By induction hypothesis assume that ln(T"(z)) < ep—2(Dp - 725). Then

Th(x) < z-ep_1(Dy - ﬂ), hence by taking logarithms and expanding — In(1 —

3In what follows we utilize formulas from [10] and some hints provided on p.328 and p.396
in [7].



z7) into its power series we obtain by (5) for x €]0, 1]

ht1(g % )
1n(w) Zt?(fln(l —a7))

T

J=1 n=1
= - ;
n=1 j=1
=1
S
n
n=1
=1 Dy,
< —pn
< T ehq(1 z")
n=1
=1 Dy
< —x"ep_
- nz::lnx ch 1(1 x)
1 Dy,
< _
- 1—xeh 1(1—36)
Dy +1
< _ .
= €p 1( 1—o )

By positivity of the summands involved all calculations are legitimate a poste-
riori. We then may put Dp4q := Dj, + 1 and the induction is finished. (Note
that the radius of convergence of 7" (z) is not less than 1.)

Now let Cj, > Dpyq. Let

Ch
In"~2(n)
for large enough n such that = €]0, 1[. Since the coefficients of T/*1(z) are all
non negative, we obtain by (6)
1

xn

x:=x(n):=1-—

1 Dy,
ehfl(

th < —1(z) <

- 213"71

).

1—=z

Hence

In(t4) < (= + 1) (@) + ep a2 ).

w = 1 we obtain

Since limgy |
Ch

(—n+1)-In(z) = (-n+1)-In(l- ———

In""*(n)

nfl—ln(l—ln,f%) nC},




Moreover D .
) < (®)

eh—2(

(Cr+1)

for large n. Hence th <e W20 for large n by (7) and (8) since % <1

Let E be a natural number such that In" 2k > 1 for k > E. From the
calculation above we know that for a suitable constant C' which does not depend

k
on k.t < e“W® for all k> E. Then th, < thp + 30 o th <thp 4 k-

& oL — . .
¥ -2k < e W72 for a suitable constant C’ which does not depend on k.
Since In(x) > logs(x) we finally obtain the assertion. O

By refining the the previous calculations one obtains refined Friedman style
independence results for the fragments I3J,, of Peano arithmetic. Using multi-
plicative number theory it is also possible to obtain related results for PA and
I¥,, in the style of Friedman and Sheard [3] where the ordinals are represented
via a Schiitte style prime number coding [11]. For familiar theories like ATRy,
ID; II} — (CA)p one can obtain corresponding theorems. These results will be
reported elsewhere.

Notes added in proof. 1. Using deep methods from complex analysis the

asymptotic behaviour of tﬁ has been determined in more detail by Yamashita
in [16].
2. After having seen this manuscript T. Arai proved in [1] the following refine-
ment of Theorem 1 and 9. Let aq (K, %) := K +[i| - |i[ ;_(;)-1 where H,(i)~t:=
min{k : Ho(k) > i}. Then, for a < g9, PA - VKIMVnVay,...,a, < & [ozo >
o> & Vi <n[Na; < aq(K,i)] = n < M| if and only if a = &.

4 A related unprovability result concerning fi-
nite trees

In this section we show that the methods used in the proof of Theorem 1 together
with results of Otter [14] and Loebl and Matousek [6] can easily be adapted to
prove a related unprovability result concerning the embeddability relation on the
set of finite trees. Recall that a finite rooted tree T' (with outdegree bounded by
a natural number ) is a nonvoid set of nodes such that there is one distinguished
node, root(T"), called the root of T' and the remaining nodes are partitioned into
m >0 (Il > m > 0) disjoint sets T1,...,T,,, and each of these sets is a finite
rooted tree (with outdegree bounded by ). The trees T1,...,T;, are called the
immediate subtrees of T. The cardinality of T is denoted by |T|. We say that
a finite rooted tree T is embeddable into a finite rooted tree T2, T' < T2, if
either T is embeddable into an immediate subtree of 72 or if there exist listings
(T i<m, (Tf)jgn of the (distinct) immediate subtrees of 7 and 72 and natural
numbers j; < ... < j,, < n such that Tk1 is embeddable into Tij forl1 <k <m.
Then < is transitive and S < T yields |S| < |T).
Kruskal’s famous tree theorem is as follows.



Theorem 3 (cf. [5]). For any w-sequence (T*%);<., of finite rooted trees there
exist natural numbers i and j such that i < j and T* < T7.

Using Konig’s Lemma one easily proves the following Lemma.

Lemma 6. Let f be a binary number-theoretic function. For any K there is an
N such that for all sequences (T*);<n of finite rooted trees with |T"| < f(K,1)
for 1 <1i < N there exist natural numbers i and j such that 1 <i < j < N and
T' <719,

Assume that the set of finite rooted trees is coded as usual primitive recur-
sively into the set of natural numbers. For a binary function f let B(f) be the
following statement (formula) about finite rooted trees:

VEANVT', ..., TN((Vi < N)|T| < f(K,i) = 3i,jli <j&T" <T7)).
Then Friedman’s celebrated miniaturization result is as follows.

Theorem 4 (cf. [12, 13]). Let f(K,i) := K +i. Then PA ¥ B(f). (In fact
we even have ATRg ¥ B(f).)

This result has later been sharpended considerably by Loebl and Matousek
as follows.

Theorem 5 (cf. [6]). Let f(K,i):= K +4-log(i). Then PA¥ B(f).

This result is rather sharp since Loebl and Matousek obtained the following
lower bound.

Theorem 6 (cf. [6]). Let f(K,i):= K + 3 -log(i). Then PRA - B(f).

For a real number r let f,.(K,¢) := K +r-log(i). Then the rational numbers
r for which PA ¥ B(f,) form a Dedekind cut and one might be interested in
the real number ¢ which is represented by this cut. In this section we are going
to show that ¢ = @ where oo = 2.9557652856 . . . is Otter’s tree constant (cf.
[14]). The real number « is defined as follows. Let ¢(0) := 0, t(1) := 1 and
ti+1) =143 (34, d-t(d) - (i — j +1). Then #(i) is the number of finite
trees with ¢ nodes. Let p be the convergence radius of > - t(i) - z°. Then
= %. Similarly let ¢;(¢) be the number of finite trees with ¢ nodes and with
outdegree bounded by [ and let p; be the convergence radius of Z;’io ti(i) - 2°
and o := i. Moreover let (< n) (t;(< n)) be the number of finite trees (with
outdegree bounded by [) with at most n nodes.

Theorem 7 (cf. [14]). 1. There is a 8 > 0 such that lim,,_, f(”) = 4.

_3
a™n 2

2. For any l > 2 there is a B; > 0 such that lim,,_, Lﬂk = 0.

arn 2
In addition to Otter’s result we need the following technical result.

Theorem 8. limy_,o pn = p.

10



Proof. Obviously we have py; > py for M < N. Thus py = limy_o pn
exists and po, > p. Assume for a contradiction that p,, > p. Then we obtain
oo t(i) - pl, = 400, hence

N .
Zt(i) o> 1 (9)

for some N.
Otter’s paper [14], more precisely equation (11) on page 592 in that paper,
yields

0 .
D tn(E)  pga <1 (10)
=0

Thus

S tn(i) - b < 1. (11)

This yields by (9) 1< 331 0#(i) - ph = Yo tn(i) - ph < Si2g (i) - ph < 1.
Contradiction. O

Theorem 9 (cf. [2]). Let U(z) = Y. iojwiz’ and V(z) = Y ;o viz" be two
power series such that for some p > 0 lim UU—‘l = p and the radius of convergence

of U(z) is greater than p. LetU(z)-V(z) = Y ;oo w;z'. Thenlim; .o = =U(p).

Theorem 10 (RCAy). Let ¢ := @ where a is Otter’s tree constant. Let r be
a primitive recursive real number and let f, be defined by f.(K,i) := K+r-log(i).

1. If r > ¢ then PA ¥ B(f,).
2. If r < c then PRA+ B(f.).

Adapting ideas from the previous section we give a proof of Theorem 10
which is based on Otter’s result, Theorem 7 and the result of Loebl and Ma-
tousek, Theorem 5.

For a real number 7 let F,.(K) be the least N such that for all sequences
(T")1<i<n of finite rooted trees with |T%| < K + r - log(i) for 1 < i < N there
exist natural numbers ¢ and j such that 1 < i < j < N and T% < T and
let Fry = Fy. Then the proof of Theorem 5 provided in [6] shows that Fim
eventually dominates every function which is provably recursive in PA.

We now prove Theorem 10.

Proof of Theorem 10. Ad 2: By Cauchy’s formula for the product of two power
series we have Y " (¢(< n)z" = 1 377 t(i)z*. By employing Theorem 7 and
Theorem 9 we find a natural number D so large that

a’ﬂ
— - B 1.1 12
e Al (12)

t(<n)<

11



for n > D. Let K be given. Put

gK+D

M :=2

Assume that (T%)M, is a sequence of finite trees such that [T%| < K +c-log(i) for
1 <i < M and that the 7% are pairwise distinct. Then |T%| < K + ¢ -log(M) =
K + ¢ -85+D Thus by (12) we arrive at the contradiction

1 aK+c~8K+D

M ‘B-1.1< M. 13
<1—a—1(K+c-8K+D)% prll< (13)

Ad 1: Since r > c and limy, o0 i, = @ We may pick an m such that r > W.

Then we may choose a rational number r’ such that r > r’ > W.
According to assertion 2 of Theorem 7 we find a natural number E so large
that

3
2

tm(n) >al - Bm-n"2-0.9 (14)
for all n > E. Let D be so large that for ¢ > D the following inequalities hold:

[ - 1il] = E, (15a)
g lr’1il | log(am) B - 0.9 (|7 - ‘ZH)_% > olil (15b)
and
4 -log(|i]) + 7" - |i| < r - log(i). (15¢)
Now assume that K is given. We may assume that k := |£] > D and

k+m+4+D < K. Let S*,..., SV~ be a finite sequence of finite rooted trees
where N = Fyy(k) and [SY| < k+ 4 -log(i) for 1 <i < N — 1 such that there
are no indices 4, j with 1 < i < j < N —1 and S* < 87, Let < be a primitive
recursive extension of the partial ordering < on the set of finite rooted trees to
a linear ordering. (E.g. one may employ the ordering which is induced by the
correspondence between finite rooted trees and ordinals less than ey.) Let M
be the set of finite trees T such that T" has at most d nodes and the outdegree
of T does not exceed m. Let enum(*(l) be the [-th member of M]* with respect
to the linear order < . Define a sequence of finite trees as follows. Let T* be the
finite rooted tree consisting of a root and two immediate subtrees U? and V*.
The tree V' is defined as follows. If i < D let V* be the uniquely defined (linear)
tree with D — i nodes sucht that the outdegree does not exceed 1. If i > D let
V* be the tree enum, ;| (2/" —4). The tree U* consists by definition of a root

and two immediate subtrees U} and Us. U} is S* for i < D and Sl for i > D.
The tree US consists of a root and m + 1 immediate subtrees consisting exactly
of one root. Then 7% is well-defined. Indeed, by (14) and (15a) the number of
elements in M Lr:’-\il | is for i > D at least

Al T (1 i )73 - B - 0.9 > 207
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Moreover (15¢) yields '
|T"| < K + 1 -log()

for 1 <i < N —1. Indeed for i > D (15c) yields |T¢| = 1 + [V + |U?| <
T4+ i) +1+k+4-logy(Ji]) + m+2 < K +1r-logy(i). For i < D we obtain
T =1+ |V +|U|<1+D+k+1+m+2<K. We claim that

TP T9

does not hold for 1 < i < j < N — 1. Assume for a contradiction that 7% < TV
for some ,j with 1 < i < j < N — 1. First we exclude the possibility that 7
is embeddable into an immediate subtree of 77. Indeed 7% < V7 is impossible
since the outdegree of V7 does not exceed m but the outdegree of T% does. Now
assume that T% <t U7. Here we have to distinguish again some cases. The case
T < U} is impossible since |T%| > |U3|. It T* < U} then U} <U* < T" < Uj.
Hence U} = U/ by the choice of the sequence (Sz)fvl1 But then |T7| > |U7]
contradicting 7" < Uy J Therefore T° QUI yields that U’ is embedabble into an
immediate subtree of U7, U? < UJ is excluded for cardinality reasons. U? < U7
yields Ui <t U < U} hence U! = UJ but then |U?| > |U{| in contradiction to
U QUJ. Thus the case T < U7 does not occur and T? is not embeddable into
an immediate subtree of 77.

Therefore Ti < T9 yields that U i is embeddable into an immediate subtree of

. U? < V7 is impossible since the outdegree of V7 does not exceed m but the
outdegree of U? does. Therefore U* < U7 and hence necessarily V¢ < V7 also.
U' QU] is impossible since |U?| > |U3|. If U* Q UJ then Ui < U* < U? hence
Ui = U} and |U?| > |U!| in contradiction to U? < U?. Hence U? is embeddable
into an immediate subtree of UJ. We claim that U1 < Uf. Otherwise U1 <
U] = Ui QUJ. Thus U{ < UJ hence Ui = U] by the choice of ()N 1. 1If
Ui = St then U/ = S! and necessarily i < j < D. By construction in this
case |V > |VJ] in contradiction to V¥ < VI, If U} # S' then necessarily
D <i<j<N-—1. Wehave Uj = SI’l and U} = SV! hence |i| = |j|. Therefore
2l — i > 2l — j and V¥ = enumy,. ;) (271 — 4) > enumy,. (29 — j) = VI in
contradiction to V* < V7.

The argument shows that F,(K) majorizes Fy(|% |) for large K. Thus F,
is not provably recursive in PA since Fpj; eventually dominates every provably
recursive function of PA. Thus PA ¥ B(f,). O

In view of [9] we conjecture that the proof above can be adapted to show
that for r > ¢ even ACAg + (II3 — BI) ¥ B(f,.) where f.(K,i) = K + r - log(i).

Related independence results can be obtained for binary trees and Fried-
man’s extension of Kruskal’s theorem which is based on the gap condition
Moreover we obtained related refined versions of the Paris Harrington theo-
rem, the hydra battle and the Goodstein process. These results will be reported
elsewhere.

Questions: 1. Is it possible to use the methods of this paper in the context
of bounded arithmetic?

13



2. Is it possible to give a purely proof-theoretic treatment of the unprovability
results obtained in this paper?

3. Is it possible to characterize the slow growing hierarchy via a similar bound-
ing function result?
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