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Abstract

A subrecursive rewriting framework for the classical Kirby and Paris
hydra battle is introduced. The termination of a natural rewrite sys-
tem Ry for the Hydra battle is shown by using ordinals and additionally
by proving an upper bound on the derivation lengths in terms of a fast
growing function of ordinal index €¢. It is shown that the Rpg-derivation
lengths cannot be bounded by a fast growing function of ordinal index
less that o, hence the termination of Ry cannot be proved in first or-
der Peano arithmetic. This yields that any natural pointwise termination
ordering for the hydra battle rewrite system Ry must have order type
equal to the Howard Bachmann ordinal, as conjectured by E.A. Cichon.
Rewrite systems for various levels of the extended Grzegorczyk hierarchy
(up to ordinal level gg) are introduced and their derivation lengths are
classified with appropriate functions from the fast growing hierarchy.

1 A subrecursive rewriting framework for the
hydra battle

We begin with recalling the definition of the classical Kirby and Paris hydra
battle [cf.[12]]. Since the geometrical formulation of this battle is well known
we will not repeat it here. Instead we will directly deal with the underlying set
of involved ordinal notations for the ordinals less than €. The (commutative)
natural sum of ordinals is denoted by #. See, for example, [14, 18] for a defini-
tion. Due to the Cantor normal form theorem every ordinal less than £ can be

*This work has been supported by HCM-grant 293F0740051507126. The author would
like to thank P. Lescanne and E.A. Cichon for their hospitality during his stay at Nancy as
a member of the EURECA group. He also would like to thank S. Feferman for his hospitality
while visiting Stanford University from 6/2/95 - 3/3/95 and S.S. Wainer for his hospitality
while visiting Leeds University from 19/3/95-25/3/95. The results of this paper have been
presented 1995 at talks in Nancy, Stanford, Leeds, Oberwolfach and La Bresse.



represented in terms of 0, w and # (modulo permutative congruence in a unique
way). A hydra « is an ordinal expression built up in terms of 0,w and #. A
step in the battle is described according to the following rules.

Rule 1. Assume that the hydra a has the form 'y[[wﬁ#“’o]L ie. wi#’ appears
as a subexpression in «. If Hercules chops off the indicated head w® of a then
the hydra « chooses a natural number = and transforms itself into the hydra
o = v[wP - z]. In this case the number of heads of o’ will usually be larger
than the number of heads of a.

Rule 2. Assume that the hydra o has the form S#w°. If Hercules chops off the
indicated head w® of o then the the hydra o transforms itself into the hydra 3.

Using the fact that there does not exist a strictly descending chain of ordinals
less than gg it is easily seen that independently of Hercules’ strategy the hydra
« transforms itself into 0, i.e. a hydra without any head and Hercules always
wins the battle (cf. [12]).

Now we consider a special type of the Hydra battle, its miniaturization. At
the beginning the hydra a chooses a natural number x. In the first step of the
battle the hydra can only reproduce  many copies of expression of the form w?
if rule 1 applies. In the second step the hydra can only reproduce x + 1 many
copies of expression of the form w? if rule 1 applies. So, in step k, the growth
rate on reproductions is bounded by the parameter x 4+ k — 1. The hydra battle
then yields a sequence of ordered pairs (o : x), (a(z) : 2+ 1), ..., (a(z)(x +
1)...(x+k):z+k+1), where a(x)(z + 1)...(x + k) is the hydra after k + 1
steps in the battle.

How many steps k& does Hercules need for winning the battle, i.e. how does
the least k so that a(z)(x +1)...(x + k) = 0 depend on « and z? It is well
known that an appropriate bound on k& can be computed in terms of the Hardy
hierarchy.

For a < g and = < w we define a[z] as follows.

1. 0[z] := 0.

2. (B+1)[x] =4

3. Hfa=w 4wt > o > ... > a,, then afz] = w4+ g,

4 fa=wr+ - 4+w*™ >a; > ... > a, and o, is a limit ordinal, then
alr] = w™ + - 4 plen)le],

The Hardy hierarchy (Hg)a<e, of number-theoretic functions is defined as fol-
lows [cf.[16]].

1. Hy(z) := .
2. Hy(z) := Hyppy (o +1).

Then as it is well known the number k of steps which Hercules does need using
even the worst strategy for winning the restricted battle against the hydra «,



which has chosen x at the beginning, is bounded in terms of H,(x) and this
bound turns out to be essentially optimal. Since (Hy,)q<c, exhausts the provably
total functions of Peano arithmetic, the I13-assertion that for each hydra o and
each starting value x there exists a k, so that Hercules wins in k steps, is not
provable in Peano arithmetic (cf. [12]).

For defining a rewrite system for the miniaturization of the Hydra battle
we are going to mimic the definition of the Hardy functions. The appropriate
framework for doing so is not immediately transparent. For example, if one
uses a standard first order rewrite system [cf.[9]] then the formal term which
corresponds to the involved ordinal operation on ordinals less than g has also
to be considered as a possible number-theoretic argument of the term which
represents the Hardy function. The resulting rewrite system [cf. the example
in [9]] will then have a not absolutely transparent semantics.

The new idea in our approach is the introduction of typed (or higher order)
expressions which are not considered as (first order) terms (of type zero) but
which are used for defining terms. The rewriting itself applies only to terms.
Once this decision is made the approach becomes transparent and it has its
intended semantics. This approach is related to the notion of higher order
rewriting which is investigated in [19, 20]. We now come to the formal develop-
ment of the rewrite system for the hydra battle.

Let X be a countable infinite set of variables. Let 0 be a nullary and S be a
unary function symbol. Let H and w be symbols.

Definition 1.1 Inductive definition of a set Ey of expressions and a set Ty
of terms.

1. Ifv € X thenx € Ty.

0eTy.

Ift € Ty then St € Ty.

Ifte Ty and o € Ey then H,(t) € Th.

Ift e Ty then W’ -t € Ey.

S Tt e

Ifty,....t, €Ty andifaq,...,a, € Eg then w*-t1+- - -4w-t, € By.

Definition 1.2 Inductive definition of a set C' of contexts.
Let % be a symbol.

1. If o, B € Egg then x,a+*x,a+x+ B, x+ [ € C.

2. IfveC, ty,....t, € Ty and if aq, ..., € Eg, then WY - tg +w™ -1 +
.. ~+wo‘"'tn c 07 wot “to+- - i ~ti_1+uﬂ~ti+wai+1 'ti+1 B t, € C
and w* -tog+ -+ W™ b, +w - t, € C.



If v € C and 8 € Ep then v[0] denotes the result of replacing (the only
occurrence of) * in v by §; then v[8] € Eg. In the sequel v ranges over
contexts (and also over ordinal contexts which are defined similarly by replacing
+ throughout #).

Definition 1.3 We define a set Ry of rewrite rules as follows.

1. Hwa1.0+...+wan.0(2) — Z.

2. Hry[[wa+wo'50-Sa:]] (Z) - H,Y[[WQJWO.SO_QHFMQ_Z]] (SZ)

3. H’y[[w°~Sx]](Z) - ’y[[w0~3:]|(Sz)'

If o : X — Ty is a substitution then to denotes the result of replacing every
occurrence of a variable = in t by o(x); then to € Ty

Definition 1.4 Definition of the rewrite relation —p,, .
Let — R, be the least binary relation on Ty so that.

1. Ifo: X =Ty and ifl - r € Ry then lo — g, 10.
2. If s =g, t then Ho(8) =g, Ha(t).
8. If s =Ry t then Hypyo.s) (1) = Ry Hyfwo.q (7).

Definition 1.5 Definition of a numeral n for n < w.
Let0:=0 and m+ 1 := Sm.

Definition 1.6 Definition of ® : g — Epy.
1. ®(0) :=0.
2. ®(W* -my 4w my) = w®@) my 4+ 4 w®en)  my.

Proposition 1.1 For every a < gy and n € w there exists a reduction
Hga)(n) =Ry - =Ry SH«(m)( of length H,(n) —n.

Proof. The hydra «a has to be in Cantor normal form with respect to 0,w and +.
It has to mimic the definition of the fundamental sequences for the ordinals less
than 9. Hercules has always to chop off the rightmost head. Then the battle
corresponds the computations of the least k so that a[n][n+1]...[n + k] = 0.
This k is equal to H,(n) —n by well known results. [cf., for example, [4] for a
proof.] ad

R is therefore a natural formulation of a rewrite system for the hydra battle and
the Hardy functions. Different strategies for Hercules correspond to a different
number of steps which Hercules does need for a win. These differences are



reflected in different numerals computed by the rewrite system Ry which is not
confluent.

For defining a system which computes uniquely determined normal forms one
has to restrict the rewrite rules with respect to the following formal analogue of
fundamental sequences.

Definition 1.7 Definition of afx] for o € Ey and x € X.

L Ifa=08+w-S0+wh 0+ + w0, then afz] is defined and
afr] = +uw’-0+wh 04+ w0,

2‘ ]fa:wal t1++w04m .Sy_i_wanﬁ»l 0+_A’_wo(n .O, and Zfam —
B+ w80 +wh 04 -+ w0, then afz] is defined and alx] :=
WOty 4O ,y+wﬂ+w0~0+wﬁl-0+---+wﬁl O g L @¥m+1 .04 ().

S Ifa=w* - t1+- +w¥ - Sy4+ w1 -0+ ---+w* -0 and if oy =
B+wk . S0+wh 04+ w0 and if By has the form wo' -1y 4+ - +
WO - Sry 4 -+ WOk -y and if o [x] ds defined, then afx] == w®t -ty +
c bWy WOl pema 0 w0

Using this formal analogue of fundamental sequences one easily defines a rewrite
system for the Hardy functions which computes unique normal forms consisting
of numerals which correspond to the values of the Hardy functions.

Proposition 1.1 shows that the Rp-derivation lengths — this notion will be de-
fined precisely in section 3 — can not be bounded in terms of a function H,, for
some fixed a < g9. Hence the termination of Ry can not be shown in Peano
arithmetic. But perhaps Ry is not terminating at all. For excluding this pos-
sibility we give in the next section a straightforward termination proof of Ry
using ordinals.

Remark: It is possible to include the usual notion of first order rewriting [cf.[9]]
within our approach. Instead of using S as the only non-constant standard func-
tion symbol one can generalize rule 3. in the definition of T for including usual
first order terms in Tg.

2 A “pointwise” termination ordering for Ry

This section is devoted for a termination proof of Ry using a standard ordinal
notation system for the Howard Bachmann ordinal. Familiarity with the theory
of the unary ordinal function ¥ or the binary ordinal function 6 is here assumed.
The theory of ¥ is developed in detail, for example, in [15]. The theory of 8 is
developed, for example, in [18]. Readers who are not familiar with the involved
ordinal-theoretic notions can skip this section at first reading. In section 3 an
alternative termination proof for Ry — which only involves ordinals less than or
equal to g — will be given.



Definition 2.1 For closed t € Ty and closed a € Eg we define it € Q0 and
Vo € eqi1 as follows:

1. 90 :=0.

2. (St) == Pt + 1.

3. Y(Ha(t)) = 0(Q- Vo + t).

4. U0 t) =t

5oW(W™ by 4w - ty) = QYO (L4 gty HQYO (14 t,).

Lemma 2.1 If s,t € Ty are closed and if s — g, t, then s > it.

Proof. Let ( < Q,a < eq41 and v be an ordinal context so that v[0] < eq41.
E<n < Qyields 9(Q-A[Q - €] + ) < I Q- ~[Q% -] +¢) and I(Q-a+ &) <
9(2-a+n). Hence 1 is a monotone interpretation and we are left in showing that
the rewrite rules are reducing under . We have 9(Q-y[Q*T- (€ +1))] +¢) >
Q- A[QF - E4#Q% - O] + ), HQ-A[€+ 1] +¢) > I(Q - v[€] + ¢ + 1) and
HQ-a+€) > ¢ O

Corollary 2.1 Ry is terminating.

So using the theory of ordinal notations we can easily prove the termination of
Rpy. Tt is not so obvious to use a strict segment of ordinals below the Howard
Bachmann ordinal for a termination proof. [Although in the next section we
will show that one can in fact use the well-foundedness of £; for a more involved
termination proof of Rp.] A (slight variant of a) problem posed by E.A. Cichon
in LNCS 488 is as follows: Must any (pointwise) termination ordering for the
hydra battle have order type equal to the Howard Bachmann ordinal? We have
already seen that the Howard Bachmann ordinal is a convenient termination
ordering for Ry. In the next section we are going to show that we have used
the Howard Bachmann ordinal in a pointwise way. This means that one can
use the pointwise collapsing operation (which corresponds to functions from the
slow growing hierarchy) to collapse the involved ordinals less than the Howard
Bachmann ordinal down to natural numbers for obtaining a majorant for the
Rp-derivation lengths in terms of the pointwise collapsing hierarchy up to level
equal to the Howard Bachmann ordinal. The latter hierarchy matches — by
definition — up with the fast growing hierarchy of level up to &g.

If a strict segment of the Howard Bachmann ordinal would yield a “point-
wise” termination ordering for Ry, then by the results of the next section the
Ry derivation lengths would be bounded in terms of a pointwise collapsing
function of level less than the Howard Bachmann ordinal. This would imply
that the Ry-derivation lengths would be bounded in terms of a Hardy function
H,, for some o < g9. But as we have seen in Proposition 1.1 this is not the case.
In this sense the answer to the modification of Cichon’s question is affirmative.



More generally it can be shown that the termination of higher order rewrite
systems for the hydra battle(s) H of Buchholz [cf.[2]] can be shown by pointwise
termination orderings of order type equal to the proof-theoretic ordinal of I D,,
if only n labels are involved resp. of order type equal to the proof-theoretic or-
dinal of I D~ if w labels are involved. A classification of the derivation lengths
using the appropriate fast growing functions is also possible. Since these inves-
tigations turn out to be technically involved [cf. [23]] we have not included this
material here.

All these results confirm the general principle that under some mild condi-
tions — as suggested by Cichon in [8] — the derivation lengths of rewrite systems
are non-trivially related to the order type of the (pointwise) termination or-
dering which is used in the termination proof via the slow growing hierarchy
[cf.[22]].

3 A second termination proof for Ry and a clas-
sification of the Rp-derivation lengths

Definition 3.1 Definition of K(a) for o € Eg.

1. K(W°-t):= {t}.

2. K(w* -ty 4+ 4w - ty) :={t1,....tn UK (1) U--- U K (o).
Definition 3.2 Definition of c(a) for a € Ey.

1. c(W®-t) = 1.

2. c(w* -ty 4+ w - ty) i=n+clar) + -+ c(an).
Proposition 3.1 The cardinality of K(«) is equal to c(c).

Definition 3.3 Recursive definition of dp(t) fort € Ty.

4. dp(Hy(t)) :== 1+ max{dp(t), c(a), max{dp(s) : s € K(a)}}.
Definition 3.4 Definition of Dg : w — w.
Dpr(m) := max{n : I closed t1,...,t, € Tugti —Rry - =Ry twdp(t1) < m}.

Following [4] we define the norm for the ordinals in question. The norm function
counts the number-theoretic content of the ordinal under consideration and is
the basic ingredient for defining subrecursive hierarchies a la [4].



Definition 3.5 Definition of Na for a < gy.

1. NO:=0.

2. No:=mi+---+mp+Naj+---+Nay, ifa =w* -mp+-- - +w* -m,
where oy > ...,y and my,...,my # 0.

3. NEO = 1.

Proposition 3.2 Nvy[a] := Nv[0] + Na.

Proof. The proof is by induction on the built up of the context [x].

N(x[a]) = NO+ Na. N((B#x)[a]) = N((+#8)[e] = NB+ Na. N((B# *
#n)la]) = N(3#0#) + Now Nty -+ w0n 1) = Nt o+
we - t,) + Na, etc. O

We denote the n—th iteration of a number-theoretic function f: w — w by f™.
Definition 3.6 Definition of Fo, : w — w for a < gg.

1. Fo(n) :=2%.

2. Fol(n) = max{F; " (z): f < aN(§) < 3Netn+1},

This definition of the fast growing hierarchy is taken from [4] where it has been
shown that this definition yields a hierarchy which is equivalent to the classical
extended Grzegorczyk hierarchy.

Proposition 3.3 1. z <y = Fu(z) < Fuly)-

2. a < BN(a) < 3NPretl = F (2) < Fy(x).

3. Fopr(z) > F2ED ().
Proof. The proposition follows easily from the definition of Fj,. ]
Theorem 3.1 Dgr(m) < F.,(m).

Proof. For closed t € Ty and closed o € Epy define Z(t) € w and J (o) < &g as
follows:

1. Z(0) := 0.

2. T(St) == T(t) + 1.

I(Ha(t) = Fu.g(a)+z(1)(0).
JWO 1) =" I(¢).

oro W

T(W oty 4 Fw o ty) = wT ) (T4 T(8)# - - #wT @) (14+Z(ty,)).



Claim: s —pg, t = Z(s) > Z(t).

Proof of the claim. If m < n, then w-J(8)+m < w-J(8)+n and, by Proposition
3.2, N(w-J(B) + m) < N(w- T (B) + n), hence fw-J(ﬁ)-ﬁ-nL(O) < fw-J(ﬁ)-ﬁ-n(O)
by assertion 2 of Proposition 3.3. If m < n, then w - J(y)[w? @ -m] +1 <
w - J () [w? @ -n] +1 and, by Proposition 3.2, N(w - J(y)[w? ) -m] +1) <
N(w-T()[w? @ - n] +1), hence F o7 @ -m]+1(0) < Fo. 7(y)[w @ n]+1(0)
by assertion 2 of Proposition 3.3. This discussion shows that Z is a monotone
interpretation. So we are left in showing that the rules are reducing under 7.
We have w- J(7)[w? @ - (m+ D] +n > w- TY)[w? @ m#0I (@ n] +n
and, by Proposition 3.2,

N (- T O (m4D]+n)+1 N(w- j(fy)[[wj(aﬂl -mwT (@) -n]] 4+ n), hence
F o 7D @ 41 (mt )]0 (0) > Foo. 7(4) [wT @)+ Lo T (@) ] 40 (0) Dy assertion 2 of
Proposition 3.3.

Furthermore we have

w-TJy)m+1]+n>w-T(y)[m] +n+1 and, by Proposition 3.2,
NI+ + 5 N (w - T (y)[m] + n + 1), hence

Fo-g()[m+1]4n(0) > Fo. 7(v)[m]+n+1(0) by assertion 2 of Proposition 3.3. We
also have F,,.04,(0) > n. This proves the claim.

Fog.apy+1(dp(t)) > Z(t) follows by a straightforward induction on dp(t). Finally
we have Fe,(dp(t)) > Fus ) +1(dp(t)). Putting things together, the theorem
follows. ]

Comment: The pointwise collapsing operation k — Cj(«) is defined for ordi-
nals « less than the Howard Bachmann ordinal as follows:

1. Ck(O) = 0.
2. Cr(w® + B) := (k +2)°%) 1+ Cw(B).
3. Ck(Q) :=w.

4. Ck(ﬁa) = fck(a)(k)~

The pointwise ordering <j for the ordinals less than the Howard Bachmann
ordinal is defined by a <j §: <= «a < GC(a) < C(83). The proof just given
yields that we have used the Howard ordinal in the termination proof given in
section 2 in a pointwise way with parameter equal to 0. More general inves-
tigations on using pointwise termination orderings for termination proofs are
carried out in [22]. In these investigations it turned out that for proving the
desired results it is very convenient to use the Buchholz, Cichon and Weiermann
1994 approach to fast growing hierarchies.

Remark. If one replaces in the definition of the rewrite system Ry the clause
H._ [ a+a0.50.54] (2) — H._ [ atu0.50 5 1 o] (Sz) by its slow growing variant

H»y[[wa+w°~50-sm]] (2) — S(H»y[[wu+w°~50-z+wa-z]](Z)) then the corresponding deriva-
tion lengths are bounded in terms of the function F3, hence by a primitive

recursive function. The simple proof of this fact is left to the reader.



4 Subrecursive rewriting theory for the extended
Grzegorczyk hierarchy

In this section we describe how the extended Grzegorczyk hierarchy can be
modeled within the framework of subrecursive rewriting theory. We define a
rewrite system Rp for the Grzegorczyk hierarchy and we introduce subsystems
for various levels of this hierarchy. We classify the resulting derivation lengths
in terms of the F' hierarchy thereby showing that termination of some rewrite
systems cannot be proved in the corresponding fragments of first order Peano
arithmetic.

For a < g we define a number-theoretic function F, as follows.
1. Fo(x) =2+ 1.
2. Foy1(x) = Fotl(x).
3. F(z) := Fy[5)() if A is a limit ordinal.

We are going to define a natural rewriting system for (Fg)a<e,- Let X be a
countable infinite set of variables. Let 0 be a nullary and S be a unary function
symbol. Let F, I and w be symbols.

Definition 4.1 Inductive definition of a set Er of expressions and a set Tr
of terms.

1. Ifx € X thenx € Tp.

0€Tr.

Ift € T then St € Tp.

IfteTp and a € Ep then F,(t) € Ty.

Ift,s € Tr and o € Ep then I(F,)(s,t) € Tp.

Ift € Tp then Wwte Erp.

XS S

Ifty,...,t, €Tp and if ay,...,o, € Ep then w* -t1+---+w* -t, € Ep.
The corresponding set of contexts is defined similarly as for Ty and Ep.
Definition 4.2 We define a set Rrp of rewriting rules as follows.

1. Fyo1.04twon.0(2) — Sz.

2. Fppuasa0-50.657 () = Fppuato® 505 4ua.)(Y)-
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4. 1(Fa)(0,y) — .
9. 1(Fo)(Sy, 2) = Fo(I(Fa)(y, 2))-
Definition 4.3 Inductive definition of the rewrite relation —g,..
1. Ifo: X = Tp and if l = r € Ry then lo —p, ro.
If s =g, t then Fo(s) =R, Fol(t).
If s =Ry t then Fyppo.g(r) =Ry Fypwoq(r).
Ifs =y t then I(Fa)(s,u) =y I(Fa)(t,u) and I(Fa)(u, 5) =y 1(Fa)(u,1).

If s =Ry t then I(Fyppe.q))(u,v) =R T(Fypwe.q)(u,v).

It is easy to see that the Rp derivation lengths cannot be bounded in terms of
a single function H,, for some a < €p. Hence the termination of Rr cannot be
proved in Peano arithmetic.

Remark. For obtaining a confluent version of Rr one has to restrict the rules
similar as in the case for Ry.

Theorem 4.1 Rp is terminating.

Proof. The following proof gives a pointwise termination proof using the
Howard Bachmann ordinal. An alternative proof only involving only ordinals
less than or equal to ¢ is given in the proof of theorem 4.2. For closed t € T
and closed a € Ep we define ¢(t) < Q and ¥(a) < eq41 as follows.

1. ¢(0) :=

2. (St) :=1p(t) + 1.

3. Y(Fa(t)) = 9(Q% - ¥(a) + (1))

4 P(I(Fa)(s,t) == 0(Q% - U(a) + Q- (s) + ¥(t)).

5. W(WO - t) = (2).
6. U(w

Oty bW ty) = QYO (Lp () - - # QYO (L9 (¢).
Then s — g, t implies ©(s) > 1(t) for closed s,t € Tp. O
Definition 4.4 1. Kp(w®-t) := {t}.

2. Kp(w* -t1 4+ +w* - t,) :={t1,..., thn ;UKp(a1) U... U Kp(ap).
Definition 4.5 1. cp(w’-t) :=1.

2. cp(w* -ty + -+ w™ ) i=n+cp(ar) + ...+ cr(an).

11



Definition 4.6 Definition of dpp(t) fort € T.

1. dpp(0) == 0.

2. dpp(z) =0

3. dpp(St) = dpp(t) + L.

4. dpp(Fa(t)) =1+ max{dpp(t), cr(a), max{dpp(s) : s € Kpa}}.

In the sequel we drop the superscript F' in K, crp and dpp.
Definition 4.7 1. W° -t occurs directly in w® -t with height 0.

2. WOt occurs directly in w®' -ty +---+w* -t, with height m+1 if it occurs
directly for some i < n in a; with height m.

Definition 4.8 1. E} := {a € Ep : ht(a) < d}

2. Td:={teTr: If a occurs in t then o € EL}

3. Ef,’“’ ={ae E}i; : If WOt occurs directly in o with height d then t is a numeral}.

4. Tg’w ={seTp: If a occurs in s then a € E}i’w}.

5. E;l,’e = {a € E?e ¢ If WO - t occurs directly in o with height d then t €
{0,50,...,e}}.

6. T .= {s € Tp* : If o occurs in s then s € E%°}.

Definition 4.9 Let Rp, Rp®, Rp%® be the rewrite system Rp restricted to
d d,w d,e
T, Ty, Ty".

Definition 4.10 Definition of w, ().
1. wo(a) = a.
2. wpy1(a) == won(@),
Definition 4.11 Recursive definition of K'(«) for a < .
1. K'(W°-m) = {m}.
2. K'(w* -my+ -4+ w*™ -my) i ={my,....my} UK (an)U...UK'(cw,).
We put mazcoef f(a) := max K'().
Theorem 4.2 Let d,e < w.

1. Dg,.(m) < F.,(m).

12



2. Dppa(m) < Fo (wy+1(m).
3. DRFd"“’ (m) S fwd(‘*’) (m)
4. Dppac(m) < Fyer1)+1(m).

Proof. For closed t € Ty and closed a € EF we define Z(t) € w and J(a) < &g
as follows.

1. Z(0) := 0.

~~

2. I(S(t)) == Z(t) + 1.
3. I(Fa(t)) :== Fra)(Z(1)).

4. T(I(Fa)(5,1)) i= FoohH(Z(1)).

5. J (WO -t) :=Z(t).

6. J(w -ty 4+ Fwnt,) = wI @) (14 Z(t)) 4+ +wd @) (1+Z(t,)).
Assume k < I. Then k+1 <1+ 1, Fo(k) < Fall), Fype.ry(m) < Fyppep(m),
Fol(k) < Ftl(l), Fil(m) < FiF'(m) and FIEL o (n) > FrL (n).
Hence 7 yields a monotone interpretation for Rp.

We show that the rules are reducing under 7.
Falm) >m.

2-(n+2 n
f’y[[qul]] (n) > fv[[fﬂ]rr )(n) >F 2 (’I’L),
]__g(m+1+2) (n) > Fa (Fg-(m+2) (n).
Foyfwott-(mr1)] () > Fyfwettmgeonn] (1)
Therefore, t1 — g, -+ — g, tn implies Z(t1) > ... > Z(t,), hence n < Z(t1).
The rest of the proof consists in proving upper bounds on Z(t) in terms of
Faldp(t) for appropriate . These calculations are done in the following lem-
mata.

Proposition 4.1 a € Er = N(J(a)) < c¢(a) - mazcoef f(T (a))

Proof. By induction on c¢(«). O
Proposition 4.2 a € Ep = ht(a) < c(a).

Proof. By induction on ¢(«). O
Proposition 4.3 o € Er = J(a) < Whia)+1(1)

Proof. By induction on c¢(«). O

Lemma 4.1 s € Tr = I(s) < .7:2'(dp(s)+1)(0)-

Wdp(s)+1

13



Proof. By induction on dp(s).
If s =0, then the assertion is true.
If s = S(t), then the assertion follows easily from the induction hypothesis.

. . . . dp(s
Assume that s = F,,(t). The induction hypothesis yields Z(t), Z(u) < .ngp’:())(())
and mazcoef f(J(a)) < Fo dp(s )(O)

Wdp(s)

Whtla 2-dp(s)
Thus, N(J(a)) < c(a) - FZPO (0) < g¥@r@nIHFoiy O Hence, 7(s) =

Wdp(s)

2-dp(s 2-dp(s 2-dp(s)+1
Fr(0)(Z (1) < Fra)(FEES(0)) < Fuoprnria ) (Foab $10)) < FoP1H0).
Finally, assume that s = I(F,)(t,u). The induction hypothesis yields Z(t) <

ff;dizzsf)( ) and mazcoef f(J (o)) < ffi’?(f (0).
))+f2 dp(<)(

Thus, N(J(a) + 1) < e(a) - FZPO ) 41 < 3V ren o7 O Hence,

Wdp(s)

(s) = Fl  (@W) < Fray 1 (T(W) + 1+ T(1) < Frap (Fo"),) (0) -2+
1) < F,

2-dp(s) 2-dp(s)+1
ht(a)+1(1)(fwd:(:j(1)(0) 2+2) < fwd I() erl (0). U

Corollary 4.1 s € Tr = Z(s) < F.,(dp(s)). Hence Dg,.(m) < Fe,(m).
Proof. F.,(dp(s)) > Fu,pya1y(dp(s)) > I(s). a
Proposition 4.4 a € Ef. = J(a) < wa(l + max{dp(s) : s € K(a)}).

Proof. By induction on d. o

Lemma 4.2 s € T¢ = I(s )<]: (dp S)+1)( 0).

wq(w)

Proof. By induction on on dp(s).
If s =0 or s = S(t), then the assertion follows easily.

Assume that s = F,(t). The induction hypothesis yields Z(t) < F_ > dp S)( 0) and
mazcoe f(J (o)) < FLi(57(0).

wa(w)
2-dp(s)
rj[‘}l'us7 N(j(a)) S c(a) . fjddé:(;)(o) < 3N(wht(ﬂ)+l( ))+-7: a(w) ( ) Herlce I(S) —

2-dp(s 2-dp(s 2-dp(s)+1
Fr()(I(1) < Fray(FoilSH0)) < Foyu) (FLESL (0)) < FEESH0).
Finally, assume that s = I(F,) (¢, u). The induction hypothesis yields Z(¢), I (u) <
F2PE(0) and mazcoef f(J (@) < FLET(0).
2-dp(s)

Thus, N(J (@) + 1) < cla) - F2PE(0) + 1 < gV @m0 Hepee,

wa(w)
I(s) = Fo (T (W) < Frayer(T@)+H1+I(E) < Faaya (Foiby)(0)2+1) <
f2~dp(s)+1(0).

wa(w)

Corollary 4.2 s € T = I(s) < Fouy(w)+1(dp(s)). Hence Dg,.(m) < Fy (w)+1(m).

-(dp(s
Proof. 7, w)11(dp(s)) > Fo B (dp(s)) > Z(s). o

Lemma 4.3 s € Tg’w =7I(s) < fwd ‘Zif(ss)ﬁ_ll)) (0).
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Proof. By induction on dp(s).
If s =0 or s =.5(t) then the assertion follows easily.

Assume that s = F,(¢). The induction hypothesis yields Z(t) < Fdp(s) (0)

wa(dp(s))
and mazcoef f(J () < fiﬁzgz))(O).
Thus, N(J(a)) < C(a).]:i;?;;s()s))(o) < 3V OFFLER ©0) Hence, Z(s) —
Fore(T0) < For((Fo e O) < Foatante Pt 0) < P20y 11y (0)
Finally, assume that s = I(F,)(¢,u). The induction hypothesis yields Z(t), Z(u) <
.7:‘3;(1(2;5()5))(0) and mazcoef f(J (o)) < *7:5;1(2;5()5))(0)'
Thus, N(J(a)+1) < c(a)~fiﬁ];(;&))(0)+l < 3N(wht(">“(I)H}-«i;&(ps()s))(O). Hence,
I(s) = Foo (Z(w) < Faray (W) + 1+ I(1)) < Faayrr (Folan) (0) -2+
1) < F2EEN0). O
Corollary 4.3 s € T#Y = I(s) < Foa)dp(s)). Hence D, (m) < F,,, ) (m).
Proof. F,,w)(dp(s)) > Fu(dp(s)+1)(dp(s)) > I(s). 0
Proposition 4.5 o € E%° = J(a) < wa(e + 1).
Proof. By induction on d. ]
Lemma 4.4 s € T = I(s) < fi;l(éﬁi))ﬂ)(O).

Proof. By induction on dp(s).
If s =0 or s = S(t), then the assertion follows easily.

Assume that s = F,(¢). The induction hypothesis yields Z(t) < F>) (0) and

wq(e+1)
2-dp(s
mazcoef f(T(a)) < fwd(ig_i)(()). .
2.dp(s
Thus, N(J () < c(a) - F220) (0) < 381D i@ Hence, 7(s) =

2-dp(s 2-dp(s 2-dp(s)+1
Fr(a)(T1) < Far(a)(Foil51)(0)) < Fosyern) (Foil) (0)) < FoEEH(0).

Finally, assume that s = I(F,)(¢,u). The induction hypothesis yields Z(t),Z(u) <
fQ'dp(s)) (0) and mazcoef f(J(a)) < ]—'QAdP(S)) (0).

wq(e+1 wa(e+1 o)
2.dp(s
Thus, N(J(a) +1) < ¢(a) ']:i;ld(igﬂ)(o) 1+ 1 < gV@re 1+ iy (0 Hence,
A 1 2-d

I(s) = Fo (T (W) < Fr(ayn(TW+HI4L(1) < Forr (Farls)) (0):2+1) <

2-dp(s)+1
fwd(eJrl) (O) O
Corollary 4.4 s € Tl’i’e = I(s) < Fuy(et1)+1(dp(s)). Hence Dg,a.ec(m) <
fwd(eJrl)Jrl (m)
Proof. F,(c1)41(dp(s)) > Fo ("5 (dp(s)) > Z(s). O

We end with the following table of results for the rewrite systems for the Grze-
gorczyk hierarchy.
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Definition 4.12 Recursive definition of Q,(«).
Let Qo(a) := a and Q11 (a) = Q)

A list of rewrite systems and their derivation lengths.
rewrite system pointwise term. ordering bound on der. lengths

Ry I(Q - e); mpo Feio € prim rec

Rp" HQ - w); supmpo Fo

Rg" I(Q%) =Ty Fot1

Rp® 9(Q°); Ipo Fpet141 € multiply rec

Rp™® Y(2¥) = s.Veblen n.; v — lpo Fow

Rp' () = big Veblen number Fotl

Rp™° J(Qale+1)) Foale+1)+1

Rp™ 9(Qa(w)) Foa(w)

Rp" D(Qa(82)) Fua@)+1

RF eqr) = HB ordinal f;o

4.7 Definition. For t € Tr we define its derivation lengths function D, (t) as
follows. Assume that FV(t) = {x1,...,2,}. Dg.(t)(m1,...,m,) is the max-
imal possible length of an — g, derivation starting from t[x; := my,...,x, =
my,].

Explanation and remarks: In the first line of the table mpo denotes the
multiset path ordering over a signature consisting of finitely many but appro-
priately many varyadic function symbols. The order types of these orderings
are bounded by ordinals less than the first primitive recursively closed ordinal.
In general derivation lengths resulting from termination proofs with such a mul-
tiset ordering are bounded by a primitive recursive function [cf., for example,
[10, 3] for a proof]. In line four Ipo denotes the lexicographic path ordering
over a signature consisting of appropriately many function symbols. In general
derivation lengths resulting from termination proofs with such a lexicographic
ordering are bounded by a multiply recursive function [cf., for example, [21, 3]
for a proof]. In line five v — Ipo denotes the lexicographic path ordering over
a signature consisting of one varyadic function symbol. The order type of this
ordering is equal to the small Veblen ordinal ¥(2). The termination of Rp*¢
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can be shown for each e € w in the fragment PA~ + (I1) — Ind of PA. The
termination of Rp%* can not be shown in the fragment PA~ + (I19) — Ind of
PA. The derivation lengths of terms in Rp" are elementary recursive in F,,,
i.e. elementary recursive in the Ackermann function. The derivation lengths of
terms in Rp' are elementary recursive in F,.. The derivation lengths of terms
in RFd are elementary recursive in F,,,. The termination of RFO resp. Rpl
cannot been shown in PA™ plus pointwise transfinite induction along initial
segments of I'y resp in PA~ plus pointwise transfinite induction along initial
segments of the big Veblen number Q¢ [cf. [1, 17]].

Acknowledgments. I would like to thank the members of the EURECA re-
search group — especially E.A. Cichon — and the participants of the Stanford
logic seminar — especially S. Feferman and G. Minc — for informative discussions
on the subject.
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