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Introduction

The Weyl asymptotic formula relates the spectral asymptotics of a
VDO with properties of its symbol.

J. Vindas Weyl asymptotic formulas



Introduction

The Weyl asymptotic formula relates the spectral asymptotics of a
VDO with properties of its symbol.

Let a(x,D) = Z Ca.5X” D be a positive (globally) elliptic
la|+|Bl<m
Shubin PDO.

Its spectrum consists of a sequence of eigenvalues
Ao <A1 <A <--- <\ <L, whose counting function

N = > 1

A<A

behaves according the Weyl law:
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Introduction

The Weyl asymptotic formula relates the spectral asymptotics of a
VDO with properties of its symbol.

Let a(x,D) = Z Ca.5X” D be a positive (globally) elliptic

lal+|B|<m
Shubin PDO.

Its spectrum consists of a sequence of eigenvalues
Ao <A1 <A <--- <\ <L, whose counting function

N = > 1
A<

behaves according the Weyl law:

Weyl asymptotic formula

1
N)\Ni// axdé, A\ — oo.
( ) (27T)d a(x,&)<A

Goal: Spectral asymptotics for infinite order WDQOs.
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Symbol classes

Let M, and A, be weight sequences such that

@ M, satisfies (M.1), (M.2), and (M.3).
@ A, satisfies (M.1), (M.2), (M.3)’, and (M.4).
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Symbol classes

Let M, and A, be weight sequences such that
@ M, satisfies (M.1), (M.2), and (M.3).
@ A, satisfies (M.1), (M.2), (M.3)’, and (M.4).
@ A, C M.
@ Let0 < p < 1suchthat A, ¢ Mj.
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Symbol classes

Let M, and A, be weight sequences such that

@ M, satisfies (M.1), (M.2), and (M.3).

@ A, satisfies (M.1), (M.2), (M.3)’, and (M.4).
@ A, C M.

@ Let0 < p < 1suchthat A, ¢ Mj.

Associated function: M(t) = supIn. t € [0, 00).

tP
FY
peN My
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Symbol classes

Let M, and A, be weight sequences such that

@ M, satisfies (M.1), (M.2), and (M.3).

@ A, satisfies (M.1), (M.2), (M.3)’, and (M.4).
@ A, C M.

@ Let0 < p < 1suchthat A, ¢ Mj.

Associated function: M(t) = supIn. t € [0, 00).

tP
FY
peN My

Define I*>°(R29; h, m) as the space of all a € C>(R?9) such that
Ap,p

Do plal g=M(m|w))
sup sup |07W) (w)7le

< Q.
acN2d ywcR2d hla‘A|a\
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Symbol classes and infinite order WDOs

Symbol Classes Fj\"?p‘(RZ" )

P (R29) = lim lim e (R h,m)
» m—>oo h—>0
and
riveho®29) = fim lim My (R, h, m)
hﬁoo mHO
[ (R?9) common notation for + = (Mp), {Mp}.
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Symbol classes and infinite order WDOs

Symbol Classes Fj\"?p‘(RZ" )

P (R29) = lim lim e (R h,m)
» m—>oo h—>0
and
riveho®29) = fim lim My (R, h, m)
hﬁoo mHO
[ (R?9) common notation for + = (Mp), {Mp}.

Letae ;> (R29).
@ lts T-quantization Op_(a) : S*(RY) — S*(RY) is continuous.
@ We write a” = Opy »(a) for its Weyl quantization.
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Symbol classes and infinite order WDOs

Symbol Classes Fj\"?p‘(RZ" )

P (R29) = lim lim e (R h,m)
» m—>oo h—>0
and
riveho®29) = fim lim My (R, h, m)
hﬁoo mHO
[ (R?9) common notation for + = (Mp), {Mp}.

Leta e ;™ (R?9).
e lts 7-quantization Op_(a) : S*(RY) — S*(RY) is continuous.
@ We write a” = Opy »(a) for its Weyl quantization.
@ There is a natural notion of I' ’ -hypoell|pt|C|ty
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Spectral asymptotics

o Consider a real-valued hypoelliptic a € I';> (R??) with
a(w) — oo as |w| — oc.

@ Denote still by a% the closure of the unbounded self-adjoint
operator on L2(RY) induced by its Weyl quantization.
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Spectral asymptotics

@ Consider a real-valued hypoelliptic a € FZﬁ‘f’)(Rz") with
a(w) — oo as |w| — oc.

@ Denote still by a% the closure of the unbounded self-adjoint
operator on L2(RY) induced by its Weyl quantization.

@ As explained in the talk by Prangoski, the spectrum of a¥
is given by an unbounded sequence of eigenvalues
(multiplicities taken into account)

A<M SN <L
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Spectral asymptotics

@ Consider a real-valued hypoelliptic a € FZﬁ‘f’)(Rz") with
a(w) — oo as |w| — oc.

@ Denote still by a% the closure of the unbounded self-adjoint
operator on L2(RY) induced by its Weyl quantization.

@ As explained in the talk by Prangoski, the spectrum of a¥
is given by an unbounded sequence of eigenvalues
(multiplicities taken into account)

A<M SN <L

Problem: Spectral asymptotics
Denote the spectral counting function of the operator a* as

N =) 1 =#{jeNxy <AL

A<A

Goal: Asymptotic behavior of N under mild assumptions on a.
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The setup: Tauberian problem

Assume additionally that a satisfies a(w)/In |w| — oc.
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The setup: Tauberian problem

Assume additionally that a satisfies a(w)/In |w| — oc.

Analysis of the associated heat semigroup yields the heat
asymptotics (f — 0™1)

/OO e dN(\) = 1 / e @Wagw+0 / 7e_ta(W)/4 aw
0 ~ (2m)9 Jged red  (W)2P ‘
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The setup: Tauberian problem

Assume additionally that a satisfies a(w)/In |w| — oc.

Analysis of the associated heat semigroup yields the heat
asymptotics (f — 0™1)

/OO e dN(\) = 1 / e @Wagw+0 / 7e_ta(W)/4 aw
0 ~ (2m)9 Jged red  (W)2P ‘

The problem is now of Tauberian character: find conditions on
the symbol ato ‘unaverage’ this and translate it into
asymptotics for N()\).
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The setup: Tauberian problem

Assume additionally that a satisfies a(w)/In |w| — oc.

Analysis of the associated heat semigroup yields the heat
asymptotics (f — 0™1)

/OO e dN(\) = 1 / e "Waw+0 / e = aw
0 (2m)? Jgeo red  (W)2° ‘

The problem is now of Tauberian character: find conditions on
the symbol ato ‘unaverage’ this and translate it into
asymptotics for N()\).

We use growth comparison functions f : [0,00) — R such that
@ eventually increasing, absolutely continuous
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The setup: Tauberian problem

Assume additionally that a satisfies a(w)/In |w| — oc.

Analysis of the associated heat semigroup yields the heat
asymptotics (f — 0™1)

/OO e dN(\) = 1 / e "Waw+0 / e = aw
0 (2m)? Jgeo red  (W)2° ‘

The problem is now of Tauberian character: find conditions on
the symbol ato ‘unaverage’ this and translate it into
asymptotics for N()\).

We use growth comparison functions f : [0,00) — R such that
@ eventually increasing, absolutely continuous

Set o()\) = (f(1)24 forlarge A. J




Weyl formula: infinite order case

For operators that are of infinite order, we have:

Theorem

Leta e ;> (R?) hypoelliptic, let f satisfy

lim
y=oo f(y)

and let ® be a positive continuous function on the sphere S?9-1.
Suppose that for each ¢ € (0,1) there are positive constants
¢, C., B. > 0 such that

cf((1 —e)rd()) < a(rd) < Cf((1 4+ )rd(9)),

for allr > B. and ¢ € S?4-1.

ot
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Weyl formula: infinite order case

For operators that are of infinite order, we have:

Theorem

Leta e ;> (R?) hypoelliptic, let f satisfy

lim
y=oo f(y)

and let ® be a positive continuous function on the sphere S?9-1.
Suppose that for each ¢ € (0,1) there are positive constants
¢, C., B. > 0 such that

cf((1 —e)rd()) < a(rd) < Cf((1 4+ )rd(9)),
for allr > B. and 9 € S?@—'. Then,

im N(N) _ ™ dd
A—00 0’()\) (27T)d+1d S§Rd—1 (¢(’l9))2d '
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Concerning the eigenvalues:
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Concerning the eigenvalues:

1

N =t (e (1+01), j— o,

with

1

7=\/E<2d>2d,

dd
Jsza1 oy
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Concerning the eigenvalues:
1

N =t (e (1+01), j— o,

with

1
2d
v=Vam <2ddﬂ> )
Jsza1 oy

and, for each W < v < h,
Aj Aj
lim —~— =00 and lim —2— =0
% f(fjaa) =% f(hjzn)
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Weyl formula: finite order case

Let a € I'*(R?9) be hypoelliptic (in the I'5°-sense). Suppose that

yILmoo Y ff;%) =p€(0,00) exists.

im a(ro)

A, Gy 0 >0

exists uniformly on ¥ € S?9-1,
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Weyl formula: finite order case

Let a € I'*(R?9) be hypoelliptic (in the I'5°-sense). Suppose that

lim yry) =p€(0,00) exists.

y=o f(y)
If (r6)
_a(r
i S = o0)>
exists uniformly on 9 € S?3=1, then
im N(N) _ T ad

A—00 0'()\) (2Tl')d+1d §2d—1 (¢(19))2d/ﬁ
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Weyl formula: finite order case

Let a € I'*(R?9) be hypoelliptic (in the I'5°-sense). Suppose that

lim yry) =0 € (0,00) exists.

y=oe f(y)
! .a(rv)
rllglo f(r) =) >0
exists uniformly on ¥ € S?3=1, then
A—oo o(A)  (2m)dHNd Jea—1 (D(19))29/8
and
w a0\ #
g ((27r)‘”‘d e (c]>(m)2d/ﬂ> f(j22), j— oo. (1)
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Weyl formula

Let a satisfy the assumptions of any of the previous two
theorems. Then, in both cases

1
N(X N/ aw, X\ — oo.
N~ & Limen
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The assumption yf'(y)/f(y) — 5 € (0, oq]

The condition

L yPy)
yILmoO ) — B € (0,00]

is related to the (multiplicative) variation of f.
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The assumption yf'(y)/f(y) — 5 € (0, oq]

The condition

L yPy)
yILmoO ) — B € (0,00]

is related to the (multiplicative) variation of f.

@ If B < oo, then fis regularly varying (in the sense of Karamata)
of index g, that is,

lim =~22 = X\°  foreach A > 0.
y=oe f(y)
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The assumption yf'(y)/f(y) — 5 € (0, oq]

The condition

L yPy)
yILmOO ) — B € (0,00]

is related to the (multiplicative) variation of f.

@ If B < oo, then fis regularly varying (in the sense of Karamata)
of index g, that is,

lim =~22 = X\°  foreach A > 0.
y=oe f(y)

Examples: f(y) =y, f(y) = y®(Iny)2, f(y) = y?(Iny)*(Inlny)7,....
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The assumption yf'(y)/f(y) — 5 € (0, oq]

The condition

L yPy)
yILmOO ) — B € (0,00]

is related to the (multiplicative) variation of f.

@ If B < oo, then fis regularly varying (in the sense of Karamata)
of index g, that is,

lim =~22 = X\°  foreach A > 0.
y=oe f(y)

Examples: f(y) =y, f(y) = y®(Iny)2, f(y) = y?(Iny)*(Inlny)7,....

@ If 5 = oo, then fis rapidly varying (in the sense of de Haan),

lim M =00, foreach A > 1.
y=oe K(y)

Examples: f(y) = &’°, s> 0,
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The assumption yf'(y)/f(y) — 5 € (0, oq]

The condition

L yPy)
yILmOO ) — B € (0,00]

is related to the (multiplicative) variation of f.

@ If B < oo, then fis regularly varying (in the sense of Karamata)
of index g, that is,

lim =~22 = X\°  foreach A > 0.
y=oe f(y)

Examples: f(y) =y, f(y) = y®(Iny)2, f(y) = y?(Iny)*(Inlny)7,....

@ If 5 = oo, then fis rapidly varying (in the sense of de Haan),

lim M =00, foreach A > 1.
y=oe K(y)

Examples: f(y) = &°, s > 0, f(y) = eM¥), with M associated function
of a sequence M, — oo.
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Consider the symbol
a(w) = e™""* + b(w),
where s > 1 and b satisfies:
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Consider the symbol
a(w) = e 4 b(w),
where s > 1 and b satisfies: VA" > 0, 3C’ > 0 such that
IDb(w)| < C'H1el(al) &™) (w)=rleltD) vy e R vo € N2,
withv <sands>1/(1-p).
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Consider the symbol
a(w) = e 4 b(w),
where s > 1 and b satisfies: VA" > 0, 3C’ > 0 such that
IDb(w)| < C'H1el(al) &™) (w)=rleltD) vy e R vo € N2,
withv <sands>1/(1-p).

Ifwechoose1 <v</<sandv/I<1—-1/sandv/I<p<1-1/s,
!I

then one can show that a € Fi,’fu)’p(Rz") is hypoelliptic.
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Consider the symbol
a(w) = e 4 b(w),
where s > 1 and b satisfies: VA" > 0, 3C’ > 0 such that
IDb(w)| < C'H1el(al) &™) (w)=rleltD) vy e R vo € N2,
withv <sands>1/(1-p).

Ifwechoose1 <v</<sandv/I<1—-1/sandv/I<p<1-1/s,
!I

then one can show that a € Fi,’fu)’p(Rz") is hypoelliptic.
Moreover,

Crel""" < a(w) < C,e™!", for large |w.
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Consider the symbol
a(w) = """ 4+ b(w),
where s > 1 and b satisfies: VA" > 0, 3C’ > 0 such that
IDb(w)| < C'HIel(al)? &™) (W)=l v € R29, va € N29,
withv <sands>1/(1-p).

Ifwechoose1 <v</<sandv/I<1—-1/sandv/I<p<1-1/s,
!I

then one can show that a € Fi,’fu)’p(Rz") is hypoelliptic.
Moreover,

Cie'"* < a(w) < Ce™'"”, for large |w|.
Hence, our theorem delivers the spectral asymptotics

(|n )\)st

A — 00,
and
) = exp (21/(23)d!1/(2ds)j1/(2ds) (1+ 0(1))) . j— oo,



Examples: Power series of Shubin polynomials

Let a(w) =3, ,<m ¢, W" be real-valued elliptic Shubin
polynomial of degree m > 2 such that a(w) > 0 for |w| > 1.

Denote as &'(w) = >_|yj=m CyW" its principal part.
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Examples: Power series of Shubin polynomials

Let a(w) =3, ,<m ¢, W" be real-valued elliptic Shubin
polynomial of degree m > 2 such that a(w) > 0 for |w| > 1.

Denote as &'(w) = >_|yj=m CyW" its principal part.

We consider an entire function P: R — R

x n
PO =1+ =,
n=1 Mn
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Examples: Power series of Shubin polynomials

Let a(w) =3, ,<m ¢, W" be real-valued elliptic Shubin
polynomial of degree m > 2 such that a(w) > 0 for |w| > 1.

Denote as &'(w) = >_|yj=m CyW" its principal part.

We consider an entire function P: R — R
>
n=1 Mn

where M, is a sequence of positive numbers for which there
exists Cy > 1 such that

~

n—k Mn > Mk
0 (nm)ls = (km)!s’

vn,k € N, withn> k,

where s > 1.
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Power series of Shubin elliptic polynomials

Lets > 1/(1 — p) and M, C p!® in the (M,) case and M, < p!® in the {M,}.
@ The series P(a =1+ Z absolutely converges in

e (R2%) and the symbol P cais actually hypoelliptic.
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Power series of Shubin elliptic polynomials

Lets > 1/(1 — p) and M, C p!® in the (M,) case and M, < p!® in the {M,}.
@ The series P(a =1+ Z absolutely converges in

e (R2%) and the symbol P cais actually hypoelliptic.

e wy\n
@ The operator P(a") = Z (aA ) is an hypoelliptic infinite order
n=1 n
pseudo-differential with symbol (that can be explicitly computed) in

r* M(de)

Ap,
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Power series of Shubin elliptic polynomials

Lets > 1/(1 — p) and M, C p!® in the (M,) case and M, < p!® in the {M,}.
@ The series P(a =1+ Z absolutely converges in

e (R2%) and the symbol P cais actually hypoelliptic.

e wy\n
@ The operator P(a") = Z (aA ) is an hypoelliptic infinite order
n=1 n
pseudo-differential with symbol (that can be explicitly computed) in

r* M(de)

Ap,

Assume that b FZ;E(RZ"’) satisfies: for every h > 0 there exists C > 0
(resp. there exist h, C > 0) such that

|Dyb(w)| < Ch'“‘Aa%, vw e R?? Va € N?7,
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Power series of Shubin elliptic polynomials

Lets > 1/(1 — p) and M, C p!® in the (M,) case and M, < p!® in the {M,}.
@ The series P(a =1+ Z absolutely converges in

e (R2%) and the symbol P cais actually hypoelliptic.

e wy\n
@ The operator P(a") = Z (7\7,) is an hypoelliptic infinite order
n=1 n
pseudo-differential with symbol (that can be explicitly computed) in
r* oo (R2d )

Ap,1

Assume that b FZ;E(RZ"’) satisfies: for every h > 0 there exists C > 0
(resp. there exist h, C > 0) such that

|Dyb(w)| < Ch'a‘Aa%, vw e R?? Va € N?7,

A = P(a") + b” and A, = (P o a)"” + b" are hypoelliptic. J
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Power series of elliptic operators: Spectral asymptotics

Retain the assumptions on P, a, and b. The principal part of ais &'.

Let Ny and N> be the spectral counting functions of
Ai = P(a8")+ b" and A, = (Po a)" + b".

Denote as {/\fi) }ien their sequences of eigenvalues, i = 1,2.
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Power series of elliptic operators: Spectral asymptotics

Retain the assumptions on P, a, and b. The principal part of ais &'.

Let Ny and N> be the spectral counting functions of
A = P(@")+b" and A, = (Poa)” + b".
Denote as {/\fi) }ien their sequences of eigenvalues, i = 1,2. Then,
N ~c-(PTONT  and A" = P ((j/e)# (1 + o(1)))
where

_ T ay
T (2m)9Hd Jgpa—1 (@)

c
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Power series of elliptic operators: Spectral asymptotics

Retain the assumptions on P, a, and b. The principal part of ais &'.

Theorem

Let Ny and N> be the spectral counting functions of
A = P(@")+b" and A, = (Poa)” + b".
Denote as {/\fi) }ien their sequences of eigenvalues, i = 1,2. Then,
N ~c-(PTONT  and A" = P ((j/e)# (1 + o(1)))

where
T dy

€= (2m)od Jea1 (a(9)) 5

If in addition My, is log-convex,

= : m( (i/c)26 (1+0(1
N ~ - (I ()% and A0 = e (/6% r-vot1)) )

with I\7I( Y) = SUPpex Iny ¥/ M, the associated function of the sequence M,.
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Let the symbols a, & and the parameters s, p be as before. Consider

o0

Applying the previous theorem, A; and A, are Fj;’pyp-
pseudo-differential operators.

hypoelliptic
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Let the symbols a, & and the parameters s, p be as before. Consider

o0

Applying the previous theorem, A; and A, are Fj;’pyp-
pseudo-differential operators. Notice that

e 5 exp (smeysm> < exp (M(y)) < e exp (Smeysm> ,oy>1,

hypoelliptic

whence
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Let the symbols a, & and the parameters s, p be as before. Consider

Applying the previous theorem, A; and A, are Fj;i‘;-hypoelliptic
pseudo-differential operators. Notice that

e 5 exp (Smysm> < exp (M(y)) < e exp (Smeysm> ,oy>1,

e

whence

sm
M=1(InX) ~ (eslnm/\) . A= o0

Combining these two facts with the spectral asymptotic formulas,

e*%c 205 gng () — sm (]\*
with ¢ given as before.
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Shubin-Sobolev type spaces

As an application of the developed spectral analysis:

@ We introduced a new class of infinite order Shubin-Sobolev
type spaces.

@ This scale of Shubin-Sobolev spaces leads to regularity
results for solutions to elliptic infinite order
pseudo-differential equations.

For details, see:
S. Pilipovi¢, B. Prangoski, J. Vindas, Weyl asymptotic formulae

and Sobolev spaces for infinite order pseudo-differential
operators, preprint, arXiv:1701.07907.
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