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Introduction: Historical overview (Lecture 1 (1st part), August 3, 2026)

1.1. The weak and strong factorization property.

Let M be a (left) module over an algebra A. M is said to have the weak factorization
property (WFP) over A if

M = span(M · A).
M is said to have the strong factorization property (SFP) over A if

M = M · A.
We say that A has the WFP/SFP if A has this property when considered as a module
over itself. Of course, these notions are only interesting if A is non-unital.

We will be interested in factorization properties of convolution modules over function
algebras and generalizations of such results involving group representations.

1.2. The convolution algebra (L1(G), ⇤).

The first factorization result seems to go back to Salem:

Theorem 1.1 (Salem, 1945). (L1(T), ⇤) has the SFP.

By using Fourier series, Theorem 1.1 is equivalent to the following division problem:
For all f 2 L1(T) there are f1, f2 2 L1(T) such that

bf(n) = bf1(n)bf2(n), 8n 2 Z,
where bf(n) are the Fourier coe�cients of f . This was actually Salem’s original statement
and what he proved. The same approach will be used in Lecture 2 when studying the
SFP for other convolution algebras over the circle and, more generally, compact groups.

Rudin showed an analogue of Theorem 1.1 on the real line:

Theorem 1.2 (Rudin, 1957). (L1(R), ⇤) has the SFP.

Following Salem, Rudin used the Fourier transform to prove his result.

Cohen generalized Rudin’s result to general locally compact groups. Before we state his
result, we review some basic facts about topological groups. A topological group is a
group G endowed with a topology such that the group actions

G⇥G ! G, (g, h) ! g · h, G ! G, g 7! g�1,
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are continuous. A (locally) compact group is a topological group whose underlying
topology is (locally) compact.

It is a general fact that every locally compact group G admits a Radon measure µ that
is left-invariant, meaning that for all g 2 E and U ✓ E open

µ(gU) = µ(U).

Moreover, such a measure is unique up to multiplication by a positive constant. Once
a normalization has been fixed, we call µ the (left) Haar measure on G and simply
denote it by dg.

All integrals over G are taken with respect to the Haar measure. In particular, we can
define the Lebesgue spaces Lp(G), 1  p < 1, in the usual way. In terms of integrals,
the left-invariance of the Haar measure means that for all f 2 L1(G) and g 2 G

Z

G

f(gh)dh =

Z

G

f(h)dh.

Example 1.3. (1) G = (Rn,+). The Haar measure is equal to the Lebesgue measure.
(2) G = (Tn,+). The Haar measure is equal to the Lebesgue measure.
(3) G = (R+, ·). The Haar measure is equal to dx/x, with dx the Lebesgue measure.

The (left) convolution of f1, f2 2 L1(G) is defined as

f1 ⇤ f2(g) =
Z

G

f1(h)f2(h
�1g)dh

Then, f1 ⇤ f2 2 L1(G) and kf1 ⇤ f2kL1(G)  kf1kL1(G)kf2kL1(G). Thus, (L1(G), ⇤) is a
Banach algebra.

We can now state Cohen’s result.

Theorem 1.4 (Cohen, 1959). Let G be a locally compact group. (L1(G), ⇤) has the SFP.

The method via the Fourier transform breaks down for generally locally compact groups
(the Fourier transform can be defined but is not very useful for our purposes). Instead,
Cohen showed an abstract factorization result about Banach algebras. Let A be a Banach
algebra. A net (a�)�2⇤ is called a bounded (left) approximate identity if (a�)�2⇤ is
bounded, meaning that sup� ka�kA < 1, and for all a 2 A

a = lim
�

a� · a.

Cohen then showed:

Theorem 1.5 (Cohen, 1959). Every Banach algebra A that possesses a bounded approx-
imate identity has the SFP.

Since (L1(G), ⇤) has a bounded approximate identity (take e.g. (|U |�1�U)U2U , where U is
a neigbhorhood base of the identity, |U | is the Haar measure of U and �U is the indicator
function of U), Theorem 1.4 is a direct consequence of Theorem 1.5.

Hewitt generalized Theorem 1.5 to Banach modules:
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Theorem 1.6 (Hewitt, 1964). Let M be a Banach module over a Banach algebra A.
Suppose that A has a bounded approximate identity and

M = span(M · A).
Then, M has the SFP over A.

Let G be a locally compact group. Theorem 1.6 implies that Lp(G), 1  p < 1, has the
SFP over (L1(G), ⇤).

Theorem 1.6 is nowadays called the Cohen-Hewitt factorization theorem. As far as
I know, it is the only abstract factorization result.

1.3. Ehrenpreis’ problem.

We denote by D(Rn) the space of compactly supported smooth functions on Rn. It is
the test function space of the space of Schwartz distributions. Note that (D(Rn), ⇤) is an
algebra.

During his study of convolution operators, Ehrenpreis raised the following problem:

Problem 1.7 (Ehrenpreis, 1960). Does (D(Rn), ⇤) has the WFP/SFP?

The solution to Ehrenpreis’ problem is somewhat surprising and has the following history:

• Rubel, Squires, Taylor (1978): (D(Rn), ⇤) has the WFP. For n � 3, (D(Rn), ⇤)
does not have the SFP.

• Dixmier, Malliavin (1978): (D(R2), ⇤) does not have the SFP.
• Yulmukhametov (1999): (D(R), ⇤) does have the SFP.

The Paley-Wiener-Schwartz theorem asserts that the Fourier image of D(Rn) consists
precisely of the entire functions F on Cn for which there exists A > 0 such that for all
N 2 N there is C > 0

|F (z)|  C
eA| Im z|

(1 + |z|)N , 8z 2 Cn.

Hence, Ehrenpreis’ problem is equivalent to the following division problem: Can every
entire function satisfying the above bounds can be written as the product of two entire
functions satisfying the same bounds? It is this formulation of the problem that the above
authors studied. It also indicates the di↵erence between the cases n = 1 and n > 1: En-
tire functions, and in particular their zero sets, in one and several variables behave quite
di↵erently.

We denote by S(Rn) the space of all smooth functions f on Rn such that for all ↵ 2 Nn

and N 2 N there is C > 0

|f (↵)(x)|  C
1

(1 + |x|)N , 8x 2 Rn.

We call S(Rn) the space of rapidly decreasing smooth functions. It is the test function
space of the space of Schwartz tempered distributions. Note that (S(Rn), ⇤) is an algebra.

Theorem 1.8 (Miyazaki, 1960). (S(Rn), ⇤) has the SFP.
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Since the Fourier transform is an isomorphism on S(Rn), Theorem 1.8 is equivalent to
the fact that every rapidly decreasing smooth function can be written as the product of
two rapidly decreasing smooth functions. This division problem is much easier than the
one related to Ehrenpreis’ problem as it is about smooth (and not entire) functions.

1.4. The Dixmier-Malliavin weak factorization theorem.

Let E be Banach space and denote by L(E) the space of bounded linear operators on E.
We write GL(E) for the subspace of L(E) consisting of isomorphisms on E.

Let G be a locally compact group and E a Banach space. A representation ⇡ of G on
E is a group isomorphism ⇡ : G ! (GL(E), �), that is, for all g, h 2 G

⇡(gh) = ⇡(g) � ⇡(h).
Given v 2 E, we define its orbit as the function

�v : G ! E, �v(g) = ⇡(g)v.

The representation ⇡ is called strongly continuous if �v is continuous on G for all v 2 V .

We denote by Cc(G) the space of compactly supported continuous functions onG. (Cc(G), ⇤)
is an algebra. The representation ⇡ induces a natural action of Cc(G) on E:

⇧ : Cc(G) ! L(E), ⇧(f)v =

Z

G

f(g)�v(g)dg,

where the integral should be interpreted as an E-valued Bochner (or Riemann) integral.
⇧ : (Cc(G), ⇤) ! (L(E), �) is an algebra homomorhpism, meaning that for all f1, f2 2
Cc(G)

⇧(f1 ⇤ f2) = ⇧(f1) � ⇧(f2).
Hence, ⇧ endows E with a natural module structure over (Cc(G), ⇤). ⇧ is sometimes
called the integrated representation.

Example 1.9. The left-regular representation ⇡L of G on Lp(G), 1  p < 1, is given
by left-translation:

(⇡L(g)f)(h) = f(g�1h), f 2 Lp(G), g, h 2 G.

The integrated representation is nothing else but convolution: For all f1 2 Cc(G) and
f2 2 Lp(G)

⇧L(f1)f2 = f1 ⇤ f2.

We will be interested in locally compact groups with an additional structure. A (real)
Lie group is a group G endowed with a (real) smooth manifold structure such that the
group actions

G⇥G ! G, (g, h) ! g · h, G ! G, g 7! g�1,

are smooth. Every Lie group is a locally compact group and thus admits a Haar measure.
The examples in Example 1.3 are Lie groups.

Let G be a Lie group and ⇡ be a strongly continuous representation of G on a Banach
space E. The space E1 of smooth vectors of ⇡ consists of al v 2 E whose orbit �v is



SMOOTH AND ANALYTIC FACTORIZATION THEOREMS 5

a smooth E-valued function on G. It holds that ⇧(Cc(G))E1 ✓ E1. Hence, E1 is a
module over (Cc(G), ⇤). We denote by D(G) the space of compactly supported smooth
functions on G. Then, (D(G), ⇤) is an algebra. Hence, E and E1 are modules over
(D(G), ⇤) as well.

Example 1.10. Consider the (left) regular representation of Rn on Lp(Rn), 1  p < 1.
The associated space E1 of smooth vectors is equal to

DLp(Rn) = {f 2 C1(Rn) | f (↵) 2 Lp(Rn), 8↵ 2 Nn}.
These spaces were already considered by Schwartz.

We are ready to state the celebrated Dixmier-Malliavin weak factorization theorem.

Theorem 1.11 (Dixmier-Malliavin, 1978). Let G be a Lie group and ⇡ be a strongly
continuous representation of G on a Banach space E. Then, E1 has the WFP over
(D(G), ⇤), that is,

E1 = span(⇧(D(G))E1).

Dixmier and Malliavin first treated the case G = R by using infinite-order di↵erential
operators (more precisely, parametrices). Next, they reduced the general case to this
special one by a nice inductive argument involving exponential coordinates of the second
kind. These ideas will return in Lecture 3.

Remark 1.12. Let n be the dimension of G. The original proof of Dixmier and Malliavin
implies that every element in E1 can be written as the sum of 2n elements in ⇧(D(G))E1.
In 1980, Malliavin improved this result by showing that every element in E1 can be
written as the sum of two elements in ⇧(D(G))E1.
















































