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Abstract

This article studies the small weight codewords of the functional code Crepm (X),
with X a non-singular Hermitian variety of PG (N, ¢%). The main result of this article
is that the small weight codewords correspond to the intersections of X with the
singular Hermitian varieties of PG(NV, ¢?) consisting of ¢ + 1 hyperplanes through a
common (N — 2)-dimensional space II, forming a Baer subline in the quotient space
of II. The number of codewords having these small weights is also calculated. In this
way, similar results are obtained to the functional codes C2(Q), Q a non-singular
quadric [?], and C2(X), X a non-singular Hermitian variety [?].

Dedicated to the memory of Andrds Gdcs (1969-2009)

1 Introduction

Consider a non-singular Hermitian variety X of PG(N,¢?) [?, Chapter 23]. Let W; €
PG(N,q¢?) be the set of points with homogeneous coordinates (Xo,..., Xy) such that
X; = 0for j < iand X; # 0. The family {W;}o<;<ny is a partition of PG(N,¢?).
Let F be the F,-vector space of the zero polynomial and all homogeneous polynomials
(Xo,..., XN)A(X], ..., X}) of degree g+1 in N+1 variables, with A = (a;;),0 <1i,j < N,
ag; = aji, ai; € Fee, defining Hermitian varieties of PG(N, ¢?).

In this article, a Hermitian form will always denote a non-zero polynomial belonging
to F.

The functional codes Cyerm(X) that are investigated in this article are inspired by the
article of Lachaud [?] on linear codes defined on algebraic varieties. We denote by Fy, the
set of the homogeneous polynomials of degree h over the finite field F, in the variables
Xo, ..., Xn. In general, for a fixed algebraic variety X in PG(N,q) with n = #X(F,),
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denote the point set of X by X = {P,..., P, }, where the coordinates of the points P; are
normalized with respect to the leftmost non-zero coordinate. Define the map

c:Fp =Tl felf) = (f(P),.... f(P),

where

F(Q) = f(Xoy oo Xn)/XLE, with Q= (X,..., X,) € Wi

The map c is also linear over [F,. The functional code

Cu(X) ={(f(P1),-, F(B))IIS € Fi}

is the image of the linear map c. Thus, it is a linear subspace of ; and therefore a linear
code. We now construct a functional code over F, defined by Hermitian forms.
The functional code Chepm(X) is the linear code

Crerm(X) = {(f(P), ..., [(P))IIf € F},

defined over [F;. We stress that because of the normalization of the points @), the value
f(Q) always belongs to the subfield F, of [F .

This linear code Cem(X) has length n = |X| and dimension k = N2 4+ 2N over F,,.
This dimension is determined in the following way. First of all, since ¢ is a linear map,
from the Dimension Theorem in Linear Algebra we have

dim Cyepm (X) = dim F — dim ker c.

Secondly, a Hermitian variety in PG(V, ¢?) is defined by an equation

N N
E E ai; XX} =0, where  af; = a;;.

There are ((N 4+ 1) — (N +1))/2 = (N? + N)/2 elements a;;, with ¢ < j. They belong
to Fp2, so they define an (N? + N)-dimensional vector space over F,. The elements
oo, - - -, ann belong to IFy, so they contribute additionally /N + 1 to this dimension. So F,
the vector space over F, defined by all the Hermitian forms on PG(X, ¢?), has dimension
equal to N24-2N +1. It is a known fact that two distinct Hermitian varieties cannot have
equations which are a scalar multiple of each other. So, since we take the intersection of
all Hermitian varieties with X (i.e. dimkerc = 1), the dimension of Cepm(X) is N2 +2N.

We stress that we investigate the properties of the code Clyerm(X), on the basis of its
linearity properties over F,.

The third fundamental parameter of this linear code Cyepp, (X) is its minimum distance
pnin.-

We determine the 4 smallest weights of Cyep, (X) via geometrical arguments (Tables 4
and 6). The small weight codewords of Cepm (X) correspond to the Hermitian varieties X’
of PG(N, ¢?) having the largest intersections with X since they have the largest numbers
of zeros.



In this article, a Baer subline always denotes a projective subline defined over F,.

The arguments presented in this article prove that these small weight codewords cor-
respond to Hermitian varieties X’ which are the union of ¢ + 1 hyperplanes of PG(N, ¢?)
through a common (N — 2)-dimensional space 11, defining a Baer subline in the quotient
geometry of II. There are 7 different possibilities for the intersection of such Hermitian
varieties with a non-singular Hermitian variety X, but some of them imply the same in-
tersection size. We determine in this way the 4 smallest weights of the functional code
Clerm(X) (Tables 4 and 6).

We also determine the exact number of codewords having the 4 smallest weights. This
leads to the following main result of this paper.

Theorem 1.1 Let X be a non-degenerate Hermitian variety in PG(N,q*). The code
Clerm(X) is an [n, k, dpmin)q-code where,

(@ + (DY) (" + (=1)™*)

- k=N?+2N
n q2 1 ) + ’
P @NL — N2 9gN-1 if N s even

min PN 2N=2 N N1 if N s odd,

The second and the third weights are wy = dpin + ¢~ ' and ws = dppin + 2¢V " for N
even, respectively wy = dpin + ¢~ — ¢V and w3 = dpin + ¢~ for N odd. The fourth
weight is wy = din + ¢ (g + 1), both for N even and for N odd.

The number of codewords of these weights are given in Table 4 for N even, respectively in

Table 6 for N odd.

In this way, this article contributes to the study of small weight codewords in functional
codes. In [?, 7], Edoukou investigated the functional codes arising from the intersections
of quadrics with the non-singular Hermitian variety in PG(3,¢*) and PG(4, ¢*), and the
functional codes arising from the intersections of quadrics with the non-singular quadrics
and the quadratic cone in PG(3, ¢). In [?], Hallez and Storme continued this study on the
functional codes arising from the intersections of quadrics with the non-singular Hermitian
variety in PG(N, ¢%), N < O(q¢?).

In a first article, the authors extended the results of Edoukou to the functional
codes arising from non-singular quadrics in PG(N, ¢) [?]. Since Hermitian varieties, like
quadrics, are sets of self-polar points in PG(XV, ¢?), it is natural to study their functional
codes.

To conclude this introduction, the notation (Il , I ,) will always denote the space
generated by the two subspaces Il, and Il, of PG(N, ¢). Similarly, the notation (Il;, Q)
denotes the smallest subspace of PG(N,q) containing the subspace II; and the quadric

Q.



2 Hermitian varieties in PG(N, ¢°)

For the fundamental properties of Hermitian varieties, we refer to [?, Chapter 23]. We
repeat the properties of importance for the arguments in this article.

The non-singular Hermitian variety X in PG(N, ¢?) has standard equation

X+ X =0
A non-singular Hermitian variety in PG(XV, ¢®) contains (qN+1+(71)];2)£q1N+(71)N+1) points,
and the largest dimensional spaces contained in a non-singular Hermitian variety of
PG(N, ¢?) have dimension |¥1], where |z denotes the largest integer smaller than
or equal to z.

We denote by T, a d-dimensional subspace of PG(N, ¢?). All the Hermitian varieties of
PG(N, ¢?), including the non-singular Hermitian varieties, can be described as a Hermitian
variety having a d-dimensional vertex Il of singular points, d > —1, and having a non-
singular base H(N —d — 1,¢?) in an (N — d — 1)-dimensional space IIy_4_; skew to II,.
In this article, the notation TI;H(N — d — 1,¢?) will always denote a Hermitian variety
with vertex II; and base the non-singular Hermitian variety H(N — d — 1, ¢?).

The largest dimensional subspaces contained in a Hermitian variety are called the
generators of this Hermitian variety.

Since the sizes of (non-)singular Hermitian varieties of PG(N, ¢*) are frequently used,
they are explicitly listed.

In PG(N, ¢%), a Hermitian variety having an (N — d — 1)-dimensional vertex Iy _4 4
and a non-singular Hermitian variety H(d, ¢*) in PG(d, ¢?) as base has the following size:

deven: ¢*N7l 4 N7 o g PN g PNTAT2 g PN P 4

Note that the size of the (non-)singular Hermitian variety having a non-singular Her-
mitian variety of odd dimension as base is always larger than the size of a (non-)singular
Hermitian variety having a non-singular Hermitian variety of even dimension as base.

The Hermitian varieties having the largest size are the union of ¢ + 1 distinct hyper-
planes of PG(N, ¢%) and have size ¢*N 71 +¢*N 2 4+ N =14 ¢?N 0 4. ..+ ¢* + 1. The second
largest Hermitian varieties in PG(N, ¢?), N > 3, are the Hermitian varieties having an
(N — 4)-dimensional vertex and a non-singular 3-dimensional Hermitian variety as base.
These Hermitian varieties have size ¢V~ 4+ ¢V =3 + ¢2V=4 + N6 1 ... + ¢> + 1. The
third largest Hermitian variety in PG(N, ¢*), N > 5, has an (N — 6)-dimensional vertex
and a non-singular 5-dimensional Hermitian variety as base. These Hermitian varieties
have size ¢V '+ PN P+ PV I+ AV AN S o 2+ L

As mentioned in the introduction, the smallest weight codewords of the code Clyerm (X)
correspond to the largest intersections of X with other Hermitian varieties X’ of PG(N, ¢?).
Let V' be the intersection of the Hermitian variety X with the Hermitian variety X’. The
Hermitian pencil defined by X and X’ is the set of all the Hermitian varieties with equation
AX+puX!, (A, 1) € F2\{(0,0)}. Two distinct Hermitian varieties X and X’ define a unique



pencil of Hermitian varieties. The points of V' = X N X’ belong to all the ¢ + 1 Hermitian
varieties in this pencil, while any point of PG(N,¢?) not in V belongs to exactly one of
the Hermitian varieties in this pencil.

The fact that the Hermitian pencil AX + pX’ of two Hermitian varieties X and X' is
only defined for coefficients (A, ) € IFZ, was one of the reasons why in the introduction,
the code germ(X) was defined over F, instead of over Fpe.

Let V = XN X'. The sum of the numbers of points in the ¢ + 1 Hermitian varieties of
the pencil defined by X and X' is |[PG(N, ¢%)| + ¢|V| points, since the points of V' lie in all
the Hermitian varieties of the pencil and the other points of PG(N, ¢?) lie in exactly one
such Hermitian variety. So there is a Hermitian variety in the pencil containing at least
(IPG(N,¢®)| + q|V])/(q + 1) points. Hence, a large intersection V implies that there is a
large Hermitian variety in the pencil of Hermitian varieties defined by X and X'.

If there is a Hermitian variety in the pencil of Hermitian varieties defined by X and X',
equal to the union of ¢ + 1 hyperplanes, then the desired conclusion is obtained that the
largest intersections of X arise from the intersections of X with the Hermitian varieties
which are the union of ¢+ 1 hyperplanes. So assume that all the g+ 1 Hermitian varieties
in the pencil of Hermitian varieties defined by X and X’ are irreducible (i.e. there is not a
Hermitian variety in this pencil which is the union of ¢+ 1 hyperplanes); this will lead to a
contradiction, if |V| is large enough. As already mentioned above, the largest irreducible
Hermitian varieties in PG(XV, ¢?) are cones with vertex PG(N —4, ¢*) and base H(3, ¢*), a
non-singular Hermitian variety in PG(3, ¢?), and the second largest irreducible Hermitian
varieties are cones with vertex PG(N — 6, ¢?) and base H(5, ¢%), a non-singular Hermitian
variety in PG(5, ¢?). These observations will be used many times.

Remark 2.1 Consider a fized line T of H(3,¢*). Then the ¢ + q lines of H(3, ¢*) inter-
secting T in one point form a minimal cover of H(3,q?). This cover is the smallest cover
of H(3,¢*) [?].

There are exactly (1+ q)(¢> + 1) such covers since this is the total number of lines of
H(3,4¢%) [?, Table 23.1].

Theorem 2.2 In PG(N,q¢?%), with N > 6, if
V] > 22 4 92N =4 4 2N=5 4 2N=6 4 902N=T | 90 2N=9 | 4903 4

then in the pencil of Hermitian varieties defined by X and X', there is a Hermitian variety
consisting of the union of ¢ + 1 hyperplanes.

Proof. Suppose that there is no Hermitian variety in the pencil of Hermitian varieties
defined by X and X’ equal to the union of ¢ + 1 hyperplanes.

Since V| > ¢V 72 + V1 + 22N 6 + V8 + ... + @2 + 1, the following inequality
(IPG(N,¢*)| + q|V])/(q + 1) > |TIxy_cH(5,¢?)| is valid; so there is a singular Hermitian
variety IIy_4H(3,¢?) in the pencil of Hermitian varieties defined by X and X’. With the
lines of the cover of H(3,¢?) of Remark ??, together with IIy_4, ¢* + ¢ different (N — 2)-
spaces IIy_5 are formed. We wish to have that at least one of these (N — 2)-dimensional
spaces Ily_o intersects X in ¢ + 1 (N — 3)-spaces. All points of V' appear in at least



qgﬁq'
If % > |[Iy_¢H(3,¢?)|, then IIy_» N X is the union of ¢ + 1 (N — 3)-spaces. When
V] > @V 2422V 4 2V 4 2V 0 4 22N 7T 422NV 4+ .. + 243 + ¢, then this is valid.
SoTy_,NX =2 oy,

This means that X must have generators of dimension N — 3.

one of these Ily_o, so for at least one of these spaces, necessarily [IIy_o NV| >

Hermitian variety | dimension generator | property fullfilled
X=H(2N', ¢*) N —1 N' <2
X=H(2N' +1,q°) N’ N' <2

Table 1: Non-discussed cases.

Except for the small cases for N/, see Table 1, a contradiction is obtained, so there
is a Hermitian variety consisting of the union of hyperplanes in the pencil of Hermitian
varieties defined by X and X'. O

The following results of Kestenband now are stated to compare the preceding bound on
|V'| with the intersection size of two Hermitian varieties X and X’ in PG(N, ¢?), where the
pencil of Hermitian varieties defined by X and X’ does not contain a singular Hermitian
variety which is the union of ¢ + 1 hyperplanes.

Theorem 2.3 (1) ([?, Lemma 2|) There ezists a pencil of ¢ + 1 non-singular Hermitian
varieties in PG(N = 2n, ¢*) intersecting in

(" = D + 1)
¢ —1

:q4n—2+q4n—4_{_‘__+q2+1_q2n—1

poInts.
(2) ([?, Lemma 3]) There ezists a pencil of ¢ + 1 non-singular Hermitian varieties in
PG(N = 2n — 1,¢?) intersecting in
(" = D+ 1)
¢ —1

:q4n—4_‘_q4n—6_|_'_‘_‘_q2n+2+q2n+2q2n—2+q2n—4+_”_{_qQ_I_l

points.

3 Hermitian variety in PG(5, ¢°)

This section now discusses the case that X is the Hermitian variety H(5,¢?) in 5 dimen-
sions. Let V be the intersection of X with another Hermitian variety X' in PG(5, ¢?).

If V] > ¢® +¢°+2¢* + ¢* + 1, then (|PG(5,¢*)|+¢|V])/(¢+1) > |H(5,¢?)|, so there is
a cone Iy _4H(3,¢*) = LH(3,¢?*) in the pencil of Hermitian varieties defined by X and X/,
if it is assumed that no Hermitian variety in the pencil of Hermitian varieties defined by
X and X’ is the union of ¢ + 1 hyperplanes. Form solids Hg), . ,H§q3+q) with L and the
lines of a cover of H(3, ¢%), as defined in Remark 2.1. If |[V| > ¢® +2¢°% + ¢° + ¢* + 2¢® + ¢,
then there is a solid through L intersecting X in ¢ + 1 planes. Now there are 3 different
cases that need to be discussed:



1. LCV,
2. [LNV|=q+1,
3. ILNV|=1.

Lemma 3.1 For X = H(5,¢%), if V]| > ¢ +2¢° + ¢ +¢* +2¢> + q and L C V, then
there 1s a Hermitian variety consisting of the union of ¢ + 1 hyperplanes in the pencil of
Hermitian varieties defined by X and X'.

Proof. Assume that no Hermitian variety in the pencil of Hermitian varieties defined by
X and X' is the union of ¢+ 1 hyperplanes. Since (|[PG(5,¢?)|+4q|V|)/(g+1) > [H(5,4¢%)],
there is a singular Hermitian variety LH(3, ¢?) in the pencil of Hermitian varieties defined
by X and X'.

By Remark 7?7, H(3,¢?) can be covered by ¢* + ¢ lines. Considering the ¢ + ¢ solids
defined by L and the lines of this cover of H(3,¢?), LH(3, ¢?) is covered by ¢* + ¢ solids.
Since [V|/(¢® + q) > [H(3,¢?)|, there is a solid TI{" through L intersecting V in ¢ + 1
planes. Now L lies in one of these planes, since L C V.

Every point of V lies in at least one of these ¢+ ¢ solids through L, defining the cover
of LH(3,¢%).

In H(5,¢?), a line L is contained in ¢ + 1 planes completely lying in H(5, ¢*). Now we
want to have a bound on |V| so that we are sure that the line L lies in more than ¢ + 1
planes contained in H(5, ¢?). Because then a contradiction is obtained to our assumption
that no Hermitian variety in the pencil of Hermitian varieties defined by X and X’ is the
union of ¢ 4+ 1 hyperplanes.

To find at least g + 2 planes of V' through L, an inductive argument needs to be used
stating that if L lies in x planes of V', then it lies in x 4+ 1 planes of V. To simplify the
calculations, we describe how the existence of ¢ + 1 planes of V' through L implies the
existence of ¢ + 2 planes of V through L, in case |V| is large enough.

Assume that it is known that g+ 1 of the solids of the cover of size ¢* + ¢ of LH(3, ¢?)
intersect V' in the union of ¢+1 planes, where these ¢+1 solids have distinct planes through
L in common with V. We want to have another solid which fullfils this condition, so that
the desired contradiction is obtained.

The desired contradiction is obtained when

VI-(g+1D((a+1)¢" +¢*+1)
¢ —1
For the ¢+1 solids through L intersecting V' in ¢g+1 planes, each contain (g+1)g*+¢*+1

points of V. Subtract this number from |V|. There remain ¢* — 1 solids for the cover of
LH(3,¢%). So there is a solid containing at least

L]+ > [H(3,¢%)]. (1)

VI-(g+1D((¢+1)¢" +¢*+ 1)

o > [H(3,¢2)

L] +




points of V. Since the only Hermitian variety in PG(3, ¢?) containing more than [H(3, ¢?)|
points consists of the union of ¢ + 1 planes, the desired (¢ + 2)-th plane of V' through L
has been found.

The only problem that remains is that this (¢ + 2)-th plane must be different from
all the previous ¢ + 1 planes of V' through L. This goal is achieved in the following way.
The cover of H(3,¢?) that is defined in Remark ?? consists of all the lines of H(3,¢?)
intersecting a given line T of H(3, ¢*); this line T not included. For finding the (g + 2)-th
plane of V' through L, select for the line T', which defines the cover of H(3,4?), a line T
skew to the ¢ + 1 points of H(3,¢?) defining the ¢ + 1 planes of V through L. This is
possible since these ¢+ 1 points lie in total on at most (¢+1)? lines of H(3, ¢*). So there is
certainly a line T' of H(3, ¢*) skew to these ¢+ 1 points. Then we use the cover of H(3, ¢%)
of size ¢® + ¢ defined by this line T. The particular property of the corresponding cover
of LH(3,¢?) is that the ¢ + 1 planes of V through L, already determined, lie in exactly
one of those solids, so when we perform the division in the left hand side of (??), the
(¢+ 2)-th solid through L intersecting V' in ¢+ 1 planes cannot contain one of the already
determined ¢ + 1 planes of V' through L.

This gives at least ¢ + 2 planes of H(5,¢?) through L; which is impossible. So there
is a Hermitian variety consisting of ¢ + 1 hyperplanes in the pencil of Hermitian varieties
defined by X and X’. The condition in (??) is equivalent to

V> +2¢++¢* +¢F +q+1.

The most severe condition on |V| arises from the fact that |V|/(¢® + q) > |H(3,¢%)|;
which implies |V| > ¢® + 2¢° + ¢° + ¢* + 2¢* + q. =

Lemma 3.2 For X = H(5,¢%), if |V| > ¢® +4¢° + ¢® — 3¢* + 4¢®> + 3¢* + ¢ — 1 and
|ILNV|=q+ 1, then there is a Hermitian variety consisting of ¢ + 1 hyperplanes in the
pencil of Hermitian varieties defined by X and X'.

Proof. Assume that no Hermitian variety in this pencil is the union of ¢+ 1 hyperplanes.
Then, since the lower bound on |V| of the beginning of this section is valid, there is a
cone LH(3,4%) in the pencil of Hermitian varieties defined by X and X’. Assume that
LNV ={Ry,...,R;41}. Let the polar space of the secant line L with respect to X =
H(5,¢?) be the 3-dimensional space intersecting H(5,¢?) in the non-singular Hermitian
variety H(3, ¢*) .

Suppose that we are sure that x+ 1 lines of a cover of size ¢*+¢q on H(3, ¢%), as defined
in Remark ??, define solids through L intersecting H(5, ¢*) in a union of ¢+ 1 planes. We
are sure of this when

VI-2((g+1Dg" +¢*+1)

+1+
4 ¢e+qg—x

> [H(3,¢%)]. (2)

This is equivalent to |[V| > ¢® +2¢° + @+ @ -+ 2(¢* — @ +q+1).
Consider all covers of size ¢> + ¢q on H(3, ¢*) defined by Remark ??. There are exactly
(1+ q)(¢® + 1) such covers. Then we get at least (1 + ¢)(¢®> + 1)(z + 1) lines of H(3, ¢?)



defining solids of LH(3, ¢*) through L intersecting V' in ¢ + 1 planes. But every such line
could be counted up to ¢ + ¢ times. Nevertheless, we get at least

1+ )@+ 1D)(z+1)
?+q

> q(z+1)

distinct lines of H(3,¢?) defining solids of LH(3,¢?) through L intersecting V in ¢ + 1
planes.

But then for more than g(x + 1) lines ¢ of the base H(3,¢?), it is known that the solid
(L,!) contains a plane of H(3,¢*) through Ry, ..., R,41. So Ry lies in planes contained
in the intersection V. These planes lie in Tg, (X) = (R, H(3,¢?)1), where (Ry, H(3,¢*)1)
denotes the 4-dimensional space spanned by R; and the 3-dimensional Hermitian variety
H(3,¢?)r. We prove that the cones R;H(3,¢*)r, i = 1,...,q + 1, lie completely in the
intersection V' if z is large enough.

Consider again the cone LH(3,¢?) in the pencil of Hermitian varieties defined by X
and X'. Let ¢ be a line of the base H(3,¢*) defining a solid (L, () intersecting V' in the
union of ¢ + 1 planes, which pass one by one through Ry,..., R;1;. Then these ¢ + 1
planes intersect in a line ¢ lying on H(3,¢?)r. This line ¢ is skew to L, so determines
(L, ¢) uniquely. Hence, different lines ¢ of H(3, ¢*) define different lines ¢ of H(3,¢?).

So, we find more than ¢(x + 1) lines of H(3, ¢*); completely lying in V. We can now
prove that the cones R;H(3,¢?)r, i =1,...,¢+ 1, lie completely on V.

Consider a point P of the base H(3,¢?); and assume that P does not lie on one of
these g(z + 1) lines ¢ of H(3,¢*) lying in V. Then they all intersect Tp(H(3,¢%)z) in a
point. If g(z + 1) > 2(q+ 1)¢?, there is a point of H(3,4¢*); in Tp(H(3,¢*).) on at least 3
of those lines. Denote this point by S and these three lines by ¢1, 5, /3. Then the three
planes (R;, (1), (R;, (2), (R;,{3) lie completely in V. Then Ts(H(3, ¢?)1) shares already 3
lines with the intersection V', so it intersects V' in all ¢ 4 1 lines ¢;, j = 1,...,¢ + 1, of
H(3,4?)., through S, and similarly, all g+ 1 planes (R;, ¢;), j = 1,...,q+1, lie completely
in V. But one of these lines ¢; is the line SP, so the line ;P belongs to the intersection
V. So every point of the cone R;H(3,¢%) lies in V.

The tangent cones R;H(3,¢?)r to H(5,¢?) lie in ¢ + 1 hyperplanes through the polar
space I3 of L with respect to X, and these ¢ + 1 hyperplanes define a Hermitian variety
X”. Let S be a point of IT3\ H(3, ¢*). There is a unique Hermitian variety X", containing
S, in the pencil of Hermitian varieties defined by X and X’. This Hermitian variety must
be the union of the ¢ + 1 hyperplanes (R;, H(3,¢*)r), but then we find that the pencil of
Hermitian varieties defined by X and X’ contains a Hermitian variety which is the union
of ¢ + 1 hyperplanes. The desired results have been obtained.

The only condition g(z + 1) > 2(q + 1)¢* implies that

V| >q¢®+4¢° +¢° —3¢" +4¢° +3¢* +q— 1

is required to have these results. g

Lemma 3.3 For X = H(5,¢%), if |V| > ¢ + 2¢% + 2¢° + 2¢* — ¢® + q + 2, then the case
|ILNV| =1 does not occur.



Proof. Assume that no Hermitian variety in the pencil of Hermitian varieties defined by
X and X’ is the union of ¢ + 1 hyperplanes. Then again there is a singular Hermitian
variety LH(3, ¢?) in the pencil and in this Hermitian variety the line L is skew to the solid
of H(3, ¢?).

Suppose that we are sure that x+ 1 lines of a cover of size ¢*>+ ¢ on H(3, ¢*), as defined
in Remark ??, define solids through L intersecting H(5, ¢*) in a union of ¢+ 1 planes. We
are sure of this when

— De*+ g2 + 1
1+IVI z((¢g+1)¢* +¢>+1)

R > H(3. %) (3

This is equivalent to |[V| > ¢® +2¢5 + ¢® + ¢* + ¢* + 2(¢* — ¢* + 1).

Similarly as in the preceding proof, for more than ¢(x + 1) lines £ of the base H(3, ¢*)
of the cone LH(3,q?), the solid (L, ¢) contains ¢ + 1 planes of V, so of H(5, ¢?); they all
pass through the unique intersection point R of L with H(5,¢?), so they all lie in the
tangent hyperplane Tg(X) to X in R. Hence, this solid (L, ¢), and so in particular the
line ¢, lies completely in Txr(X).

If x > ¢ + 2, then the base H(3, ¢*) of LH(3, ¢?) lies completely in Tx(X). But also L
lies in Tr(X) since L shares only one point with X. However, this implies that L and the
base H(3, ¢*) of the cone LH(3, ¢*) share a point, but this is false.

So a contradiction is obtained if x > ¢ + 2, which is valid if

V| >q®+2¢°+2¢° +2¢* —¢* +q+2

O

Corollary 3.4 Let X be a non-singular Hermitian variety in PG(5,¢?), and let V be the
intersection of X with another Hermitian variety X'.

If V] > ¢® +4¢5 + ¢® — 3¢* + 4¢> + 3¢> + q — 1, then this intersection V is also the
intersection of X with a Hermitian variety which is the union of ¢ + 1 four-dimensional
spaces.

The lower bound on |V| of Corollary ?7 is again compared to a result of Kestenband
to have an idea of the sharpness of the bound of the preceding corollary.

Theorem 3.5 ([?, Lemma 3]) There exists a pencil of ¢ + 1 non-singular Hermitian
varieties in PG(5, ¢?) intersecting in

(¢° =1)(¢* +1)
¢ —1

=+ +2¢" +¢ + L.

points.
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4 A divisibility condition on the weights

In this section, it is proven that the weights of the code Clyepn(X) are divisible by ¢V~ in
case X is a non-singular Hermitian variety in PG(N, ¢*). This result is a particular case
of a more general result on the divisibility of the functional codes C},(X), defined on the
non-singular Hermitian variety X of PG(N, ¢?) by the hypersurfaces of degree h [?].

To achieve this goal, the known result is first of all mentioned that a Hermitian variety
X in PG(N, ¢*) can be made to correspond to a quadric in PG(2N +1,q).

Let X : 20 1 a;; XiX! =0, ay; € Fpe, af; = ajs.

Define F2 as a quadratic extension of [, via an element e € Fp \ I, satisfying a
quadratic equation X2 — X —b=0,s0e? =e+b, e? = —e + 1, and e?™! = —b.

Then every element X; € F 2 can be described as X; = Y;+eZ;, Y;, Z; € F,. Substitute
X; = Y; + eZ; in the equation of X. By using the above description for €2, e?, 4™t and
using that Y, =Y, and that Z! = Z;, the following equation in the variables Y; and Z; is
obtained:

N
X Z(aiiY? +a;YiZ; — baiiZZ'Q) +
=0
N
> (2a+BYY; + (a = 2Bb)YiZ; + (a + B(2b + 1)) Z,Y; — (2a + B)bZi Z;) = 0,
1,7=051<g

which defines a quadric in PG(2N + 1, q).

Theorem 4.1 For a non-singular Hermitian variety X in PG(N, ¢%), the weights of the
code Crerm(X) are divisible by ¢V !,

Proof. In this proof, the theorem of Ax and Katz is used [?, Theorem 1.0].

The intersection points of the Hermitian variety X in PG(N, ¢?) with another Hermi-
tian variety X’ in PG(NV, ¢*) correspond to the intersection points of two corresponding
quadrics Q and Q" in PG(2N + 1, q), or alternatively in the vector space V(2N + 2, q).

In this vector space V(2N + 2, q), in the notation of [?, Theorem 1.0], the number of
intersection points is N(S, T, f) =0 (mod ¢*5T9)), where

Card(S) — > .cr d;
u(S, T, f) > L
sup;er(d;)
Here Card(S) = 2N + 2, since there are 2N + 2 variables Y;, Z;,i = 0,..., N, and
dy = dy = 2 since the intersection of two quadrics is investigated.

So

2N +2 -4
Consequently, in V(2N +2, ¢), the number of elements in XN X’ is 0 (mod ¢ 1), and
in PG(2N +1,¢q),
k¥t —1
XNX| =~

11



for some k € N*,
Rewriting, this is equivalent to

N-1
IXNX| = ke"™ =1
with k = k'(¢ — 1) + 1, for some k' € N.

So

XNX|=K¢" " + " 2+ P g+l
in PG(2N +1,¢q).

By changing the setting from PG(N, ¢?) to PG(2N + 1,q), the points of PG(N, ¢?)
correspond to the lines of a 1-spread of PG(2N + 1, ¢), i.e., a partitioning of the points of
PG(2N +1,q) into (¢*V2 —1)/(¢?> — 1) pairwise disjoint lines.

Consequently, since every intersection point of XNX’ in PG(N, ¢?) defines ¢+1 collinear
intersection points of one of those lines of this 1-spread of PG(2N + 1,¢), XN X'| =0
(mod g + 1) in the setting of PG(2N + 1, q).

The theorem of Ax and Katz is now applied to the Hermitian variety X itself in the
setting of PG(2N + 1,¢q). This gives u(S,T,f) > (2(N +1)—2)/2 = N. So |X| =0
(mod ¢") in V(2N + 2,q). Hence, over PG(2N + 1,q), |X| = (j¢¥ — 1)/(¢ — 1) =
FaN+ N+ gV -+ g+ 1, with j = j'(¢ — 1) + 1 for some j' € N.

Case 1. Assume that N is even. Then

KV P+ ¢V 24+ 4¢+1=0 (modq+1)
in PG(2N + 1, ¢), which implies that
KF'=1 (modgq+1).
So k' = k"(q+ 1) + 1, which implies that
XNX|=K'(qg+1)¢" " +¢" "+ "+ +qg+1

in PG(2N + 1,¢).
Similarly, in PG(2N + 1, ¢q),

|X|:j'qN+qN_1—|—"'+Q+1EO (mod ¢ + 1),

which implies that ;' = j”(q¢ + 1) for some j” € N.
Then, in PG(2N + 1, q),

XI=5"(g+1)g" +¢" "+ +g+ 1
So the weight of a codeword of Cpepm(X) in the setting of PG(2N + 1, ¢q) is

7"(g+1)¢" = K'(g+1)g" =0 (mod ¢V ).

12



But one point of XNX’ in PG(NV, ¢*) corresponds to ¢+ 1 collinear intersection points
of XNX" in PG(2N + 1,¢), so in the setting of PG(N, ¢?), the weight of a codeword of
CHerm(X) 1s

j//qN _ k’”qN_l =0 (mod qN—1>‘

This shows that the weight of this codeword of Cperm (X) is a multiple of ¢ 1.
Case 2. Assume that N is odd.
This case is treated in the same way as the case N even.

5 Small weights of Cpen(X)

The Tables 2 and 6 show that the preceding results determine the 4 smallest weights
of Cherm(X). These small weight codewords correspond to the intersection of the non-
singular Hermitian variety X in PG(N, ¢*) with Hermitian varieties X’ which are the union
of ¢ + 1 hyperplanes. These latter ¢ + 1 hyperplanes have an (N — 2)-dimensional space
IIny_5 in common. The polar space of IIy_s with respect to X is a line L, which can be
tangent, secant to, or contained in X. The discussion is made depending on the position
of L with respect to the Hermitian variety X.

If L is secant to X, then IIy_5 intersects X in a non-singular Hermitian variety Hy_o
in PG(N —2,¢?). If P € LNX, then the hyperplane (P, IIy_5) intersects X in the tangent
cone PHy 5. If P € L\ X, then the hyperplane (P,IIy_5) intersects X in a non-singular
Hermitian variety Hy_; in PG(N — 1, ¢?). Since two distinct Baer sublines share 0, 1, or
2 points, consequently, ¢ + 1,0, 2 or one of the ¢ 4+ 1 hyperplanes of X’ through IIy_5 can
contain a point of L N X, respectively cases (1),(2),(3) and (4) in Table 2. In the case
that L is tangent to X, then Ily_5 intersects X in a singular Hermitian variety PHy_3 in
PG(N —2,4¢%). In this case, one or none of the ¢+ 1 hyperplanes of X" through IT_» can
contain the intersection point of L with X, respectively cases (6) and (7) in Table 2. In
the case that L is contained in X, then I1y_5 intersects X in a singular Hermitian variety
LHy_4 in PG(N — 2,¢%). In this final case, all the ¢ + 1 hyperplanes of X’ are tangent
hyperplanes to X; this is case (5) in Table 2. In Table 2, H; denotes a non-singular Her-
mitian variety in PG(7, ¢*), PHy_» denotes a singular Hermitian variety in PG(N — 1, ¢%)
with vertex a point P and base Hy_o, LHy_4 denotes a singular Hermitian variety in
PG(N — 2,¢?) with vertex the line L and base Hy_4, and PHy_3 denotes a singular
Hermitian variety in PG(N — 2, ¢?) with vertex the point P and base Hy_3.

13



Hy2NX XN X|
(1) | Hy (¢ +DIPHN_o| — qlH N
(2) | Hnos (¢ +D|Hn-1| — q[Hyof
(3) | Hy-s 2|[PHN—2| + (¢ — D[HNn-1| — q[HN-2|
(4) Hy -2 |PHyx 9| + q|Hn-1| — q|Hn-2|
(5) LHN_4 (q+1)|PHN_2| —q|LHN_4\
(6) | PHy-3 |PHy 2| + q|Hn-1| — q|PHN—3]
() | Py s (4t DFx Al alPHx )

Table 2: Different cases for IIy_o N X and the corresponding sizes for |X N X'|.

5.1 N even

For N even, Table 3 gives for the corresponding intersections of Table 2 the sizes of these
intersections. Then Table 4 gives the corresponding weights in the code Clyerm(X). Note
that (2) gives the smallest weight wy, (4) and (7) give the second smallest weight w;+¢"™ 1,
cases (3), (5), and (6) give the third smallest weight w; + 2¢™ 1, while case (1) gives the
fourth smallest weight w; + ¢ ~!(q + 1). Table 4 also gives the number of codewords
having these weights. When there are different cases leading to the same weight, in the
rightmost column of Table 4, the total number of codewords of that weight is written as
a sum of the corresponding numbers of codewords corresponding to the respective cases
of Table 2

|XﬂX’|
R AT ARy S SRSy, Lo gpn, Griy o RVRpH o Ry e RS S |
2) RACEINI o ) . SRR £ o BVEE YL o SR, . o Ry S|
(3) FRLRE IR e RN S SRS o BE SR o R |
(4) q2N PR e BT SNSRI o BNRpS, £ R o SRS ST
(5) PRI o B o SVRNURRT L o2 BVE e T, o BRI |
(6) RAE IR o SR S SR, o BNE - SR o Ry R
@ PRI o B o SRS\ o BVE) R, o SRR |

Table 3: Sizes of |X N X'| corresponding to Table 2
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Weight Number of codewords

— _ N+T 1 N*l 2N—1 1 )
(2) wy, = ¢V 1(qN — gV = 2) (@7 +1)(q 2(q)+ql)2 (¢=1)(g—2)
@ D@D (1) |

q+1
(@ 4+ 1) gV —1)gV (¢N 1 +1) (g—1)
(g+1)2
N—1 N+1+1 N—l 2N
B+EIT6) | wi—wi + 2 CG
oD@ D@ D@D
(?=1)(g+1)
@ +1) (N -1)gN " gV +1)

q+1
(T4 (¢V-1)g* " 2
(g+1)2

(4)+(7) wy = wy + ¢!

(1) wy = w +¢" (g +1)

Table 4: The four smallest weights of Cgepm(X), N even.

5.2 N odd

For N odd, Table 5 gives for the corresponding intersections of Table 2 the sizes of these
intersections. Then Table 6 gives the corresponding weights in the code Crerm(X). Note
that (1) gives the smallest weight wy, (3), (5), and (6) give the second smallest weight
wi+q~ —¢V 1 cases (4) and (7) give the third smallest weight w; +¢”, while case (2) gives
the fourth smallest weight w; + ¢™ (¢ + 1). Table 6 also gives the number of codewords
having these weights. When there are different cases leading to the same weight, in the
rightmost column of Table 6, the total number of codewords of that weight is written as
a sum of the corresponding numbers of codewords corresponding to the respective cases
of Table 2.

IXNX|

q2N—2+q2N—3+q2N—5+_”+qN+2+2qN+qN—3_i_qN—5+H,_i_q2+1
qQN—2+q2N—3+q2N—5+___+qN_qN—l+qN—3_i_qN—5+“,+q2+1

2N—2+q2N—3+q2N—5+.-_+qN_‘_qN—1_‘_qN—3+__.+q2+1
2N72_‘_q2N73_|_q2N75_I__.__|_qN_‘_qN73_‘_qN75_{_”_+q2_|_1
2N72_+_q2N73_|_q2N75_f_.___'_qN_}_qul_}_qN73_’__'.+q2_|_1
2N—2+q2N—3+q2N—5+”.+qN+qN—l_}_qN—3_|_'”+q2+1
2N—2+q2N—3+q2N—5+,,,+qN+qN—3+qN—5+.H+q2+1

—_

\]

w

[

AAAAA/_\/_\
D e~
| NN —

QR (R (R

Table 5: Sizes of |X N X'| corresponding to Table 2.
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Weight Number of codewords

(1) w =" (= 1) — 1) e —
NFI_ 1) (N 1 a2V
(3) + (5) + (6) wy = wy + g~ — gN! (¢ 2121(11 +1)q

(g+1)
a(@ -1 (VN +1) (VT -1)(¢V 2 41) +
(?—=1)(g+1)
M D (VD) (V- )

q+1
(@I (" +1)¢*V 2 (¢—1)

(4)+(7) wy = wy +q" o +
V(@ - (¢V+1) (VT -1)(g—1)
N—1 q2N—1(qN“f(l%&ljfﬂ)(qfl)(qﬂ)
(2) wyg =w;+¢" g+ 1) ST

Table 6: The four smallest weights of Crepm(X), N odd.

Acknowledgments

The authors would like to thank the two anonymous referees for their remarks and their
comments on the preliminary version of their paper.

References

1]

8]

F.A.B. Edoukou, Codes correcteurs d’erreurs construits a partir des variétés
algébriques, PhD Thesis, Université de la Méditerranée (Aix-Marseille IT), France,
2007.

F.A.B. Edoukou, Codes defined by forms of degree 2 on quadric surfaces, IEEE
Trans. Inform. Theory 54 (2), (2008), 860-864.

F.A.B. Edoukou, S. Ling, and C. Xing, New informations on the structure of the
functional codes defined by forms of degree h on non-degenerate Hermitian varieties
in P*(F,). arXiv: 0907.4548, under submission.

F.A.B. Edoukou, A. Hallez, F. Rodier, and L. Storme, On the small weight
codewords of the functional codes C5(Q), @ a non-singular quadric. J. Pure Ap-
plied Algebra. In Press. Online publication complete: 6-JAN-2010. DOI informa-
tion:10.1016/j.jpaa.2009.12.017.

A. Hallez and L. Storme, Functional codes arising from quadric intersections with
Hermitian varieties. Finite Fields Appl. 16 (2010), 27-35.

J.W.P. Hirschfeld, Projective Geometries over Finite Fields (Second Edition), Oxford
University Press, Oxford, 1998.

J.W.P. Hirschfeld and J.A. Thas, General Galois Geometries. Oxford Mathematical
Monographs. Oxford University Press, 1991.

N.M. Katz, On a Theorem of Ax, Amer. J. Math. 93 (1971), no. 2, 485-499.

16



[9] B.C. Kestenband, Projective geometries that are disjoint unions of caps. Canad. J.
Math. 32 (1980), no. 6, 1299-1305.

[10] B.C. Kestenband, Hermitian configurations in odd-dimensional projective geome-
tries. Canad. J. Math. 33 (1981), no. 2, 500-512.

[11] G. Lachaud, Number of points of plane sections and linear codes defined on algebraic
varieties. In Arithmetic, Geometry, and Coding Theory. (Luminy, France, 1993), Wal-
ter De Gruyter, Berlin-New York, (1996), 77-104.

[12] K. Metsch, The sets closest to ovoids in @~ (2n + 1, ¢). Finite geometry and combi-
natorics (Deinze, 1997). Bull. Belg. Math. Soc. Simon Stevin 5 (1998), 389-392.

Address of the authors:

F.A.B. Edoukou, Division of Mathematical Sciences, School of Physical and Math-
ematical Sciences, Nanyang Technological University, SPMS-04-01, 21 Nanyang Link,
Singapore 637371 (abfedoukou@ntu.edu.sg)

F. Rodier, CNRS, Institut de Mathématiques de Luminy, Luminy case 907, 13288
Marseille cedex 9, France (rodier@iml.univ-mrs.fr)

A. Hallez and L. Storme, Department of pure mathematics and computer algebra,

Ghent University, Krijgslaan 281-S22, 9000 Ghent, Belgium. (athallezQcage.ugent.be, L.
Storme: Is@cage.ugent.be, http://cage.ugent.be/~Is)

17



