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ABSTRACT

The incidence matrix of a design is a (0,1)-matrix with rows representing
blocks, columns representing points, and a one indicating incidence. The Smith
normal form generalizes the idea of p-rank. We determine the Smith normal form of
the incidence matrices of classical designs, those arising from the incidence of points
and some other dimensional subspace of a finite geometry. The techniques involve
the use of p-adic character sums and some representation theory.

We also obtain partial results in determining the Smith normal form for the
incidence between sets of subspaces, neither one of which is the set of points. The
p-part remains largely unknown in this case.

In the case of the designs associated with two families of difference sets with
classical parameters, the p-ranks are the same when the parameters are the same.
We show these difference sets are inequivalent by showing a difference in the Smith

normal forms of the designs.
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Chapter 1

INTRODUCTION

The most important result of this dissertation is to determine the Smith
normal forms of certain classical designs arising from finite Desarguesian geometries.
While we got results for both affine and projective goemetries, the more fundamental
case would appear to be the projective case.

In Chapter 8 we also determine explicit formulas for part of the Smith normal
forms of two families of symmetric designs which arise from difference sets. As
the formulas differ, we conclude that the difference sets are inequivalent, and the
corresponding designs are nonisomorphic, even though they have the same p-ranks
when the parameters are the same. We begin by describing the projective geometry
problem.

Let F, be the finite field of order ¢, where ¢ = p’, p is a prime, and ¢ is a
positive integer, and let V' be an (n+1)-dimensional vector space over F,. We denote
by PG(V) (or PG(n, q) if we do not want to emphasize the underlying vector space)
the n-dimensional projective geometry of V. The elements of PG(V') are subspaces
of V', and two subspaces are considered to be incident if one is contained in the other.
We call one-dimensional subspaces of V' points of PG(V'), and we call n-dimensional
subspaces of V' hyperplanes of PG(V'). More generally, we regard r-dimensional
subspaces of V' as projective (r — 1)-dimensional subspaces of PG(V'). We will refer
to r-dimensional subspaces of V' as r-subspaces and denote the set of these spaces

in V' as L,. The set of projective points is then £;. We will consider the incidence



relation between £, and £;. Specifically, let A be a (0,1)-matrix with rows indexed
by elements Y of £, and columns indexed by elements Z of £;, and with the (Y, Z)
entry equal to 1 if and only if Z C Y. We are interested in finding the Smith normal
form of A. (See Section 2.2 for the definition of Smith normal form.)

The incidence matrix A has been studied at least since the 1960s. Several
authors have considered the more general incidence matrices A, s of r-subspaces vs.
s-subspaces. Of course, A, is the transpose of A, ;, so the problems of finding
the Smith normal forms of the two matrices are equivalent. Also the matrix A, ; is
the same as the matrix A, 1, ,+1-s. One defines the dual of a vector subspace to
be the subspace of those elements of V' which are orthogonal to every point of the
original subspace, using the ordinary dot product on a specified coordinatization
of V. Incidence then is merely reversed when each subspace is replaced by its
dual. Thus, when we consider the more general case A,;, we may assume that
l<s<r<nands+r<n-+1.

The known results for the general case A, are the ranks of A, ; over fields
K of characteristics not equal to p. When K = Q, Kantor in [24] showed that the
matrix A, has full rank under certain natural conditions on r and s, and when
char(K) = ¢, where ¢ does not divide ¢, the rank of A, over K was given by
Frumkin and Yakir [17]. The most interesting case is when char(K) = p. In this
case, with 1 < s < r < n, the problem of finding the rank of A, s is open, except
in the very few cases in which n and ¢ each are small enough to facilitate direct
computation (cf. [18]). However, Hamada [19] gave a complete solution to the
problem of finding the p-rank of A (known as Hamada’s formula). In this work we
completely determine the Smith normal form of A = A, ; as an integral matrix.

There are at least two reasons for us to study this problem. First, the Smith
normal form may be useful to distinguish between nonisomorphic designs and be-

tween inequivalent difference sets (see Chapter 8). If we take the elements of £,



as points and take the elements of £, as blocks, then we obtain what is called a
2-design [4] with “classical parameters”. It is known that there exist many 2-designs
with classical parameters [8]. A standard way to distinguish nonisomorphic designs
with the same parameters is by comparing the p-ranks of their incidence matrices.
Unfortunately, nonisomorphic designs sometimes have the same p-rank. In such a
situation, one can try to prove nonisomorphism of designs (and the inequivalence
of the associated difference sets) by comparing the Smith normal forms of the in-
cidence matrices [12]. Therefore it is of interest to find Smith normal forms of
incidence matrices of designs.

The second reason is a connection with a problem solved by Wilson [42]. Let
) be an n-set. We say that an r-subset of € is incident with an s-subset of € if one
is contained in the other. Wilson found a diagonal form of the incidence matrix of
r-subsets versus s-subsets of 2. The case of r-subsets versus s-subsets in an (n+1)-
set can be viewed as the ¢ = 1 analog of the r-subspace versus s-subspace problem
in PG(n,q).

Now we summarize previous work related to the problem of finding the Smith
form of the incidence between £, and £,. Hamada [19] determined the p-rank of
the incidence between projective points and r-subspaces of PG(n, ¢q) for any values
of p, t, r, and n. Hamada’s formula in [19] is based on results in Smith’s dissertation
[38]. (Smith normal form is named for a much older Smith.) Lander [28] found the
Smith form for the incidence between points and lines in PG(2, ¢). Black and List
[9] determined the invariant factors of the incidence between points and hyperplanes
in the case where ¢ = p (that is, t = 1). More recently, Hamada’s formula follows
directly from the dimension of a certain submodule determined by Bardoe and Sin
in [7]. Sin used the submodule structure to determine the Smith normal form of the
incidence between points and arbitrary r-spaces when ¢ = p [37], and to determine

the Smith normal form of the incidence between points and hyperplanes for general



q [36]. Liebler used a different approach to determine the Smith normal form of
the incidence between points and hyperplanes [30]. Finally, Liebler and Sin had
conjectured the formulas for the invariant factors of the incidence between points
and arbitrary r-subspaces for general ¢, and could prove their formulas in the cases
where ¢ = p, p?, or p? [30]. We use a combination of techniques from number theory
and representation theory to confirm this conjecture.

Much of the time we will argue in terms of the incidence map. If E is any
ring, we let EXi denote the free E-module of rank |£;|. We will use the same symbols

to denote elements of £; and basis vectors of E%i. We define the incidence map
My - Zﬁl - ZLT

by letting n;,(Z) = ZYGET’ZCy Y for every Z € £,. Then we extend 7, linearly
to Z*'. The matrix of M, With respect to the basis £ of Z*' and the basis £, of
Z* is exactly the matrix A defined above. We will use the same 7, to denote the
linear map from R*' to R*" defined in the same way as above. R is a certain p-adic
local ring with maximal ideal p and residue field IF,.

This work is organized as follows. Chapter 2 is all preliminary material. In
Chapter 3 we explain the problem we are solving. Not until the last section of that
chapter do we state the main theorem. We include (in Section 3.2) an elementary
proof of a well-known fact: all but one of the invariant factors of A are powers of p.
Then in Section 3.3 we introduce the monomial basis M of ]Fqcl and its Teichmiiller
lifting to a basis Mp of R“1. These bases are the key to finding the Smith normal
form of A. It is with respect to the Mz of R** and a certain basis of R*" that the
matrix of 7, , is in Smith normal form.

In Section 3.4 we summarize the results of Bardoe and Sin [7]. They com-
pletely determined the submodules of Fgl which are invariant under the action of
the general linear group acting as permutation group on the subspaces £, of V.

These submodules have certain subsets of M as bases. Then at last, we actually
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state our Theorem A, the determination of the Smith normal form of the incidence
matrix A.

In Chapter 4 we treat the point-to-hyperplane incidence map 7, ,. For each
monomial basis element f € Mg we use Jacobi sums and Stickelberger’s relation to
compute 71 ,(f) explicitly-in terms of polynomials in the dual coordinates for the
elements of £,,. The invariants of 7, , can be read from these images.

Chapter 5 is dedicated to proving Theorem A. We are able to get lower
bounds on the invariants by direct calculation. We express the image 7 ,.(f) for
each f € Mg as character sums. That is, each coordinate of the image vector with
respect to the basis £, is such a character sum. Theorem 2.5.6 (Wan’s Theorem)
gives p-adic estimates for these sums. We know that these estimates must divide
the invariants of 7, .. It remains to prove that these estimates are sharp in our case.

The monomial basis Mp of R*! reduces (mod p) to the basis M of F5'. We
will call a basis of Mg an SNF basis if the matrix of 7, is in Smith normal form
with respect to that basis and some basis of R*". We want to show that Mp is an
SNF basis. In Section 5.2 we use the submodule structure of Iﬁ‘gl to prove that an
SNF basis can be chosen so that at least its reduction (mod p) is M. We can also
group these basis elements into certain types, according to which submodules their
images in M generate, and we show that basis elements of the same type correspond
to the same p-adic invariant.

In Section 5.3 we examine the action of the general linear group G on R*!.
We use the notions of Jacobi sums and the character group. For most elements of
Mp (unless ¢ = 2) we can construct an element g € RG, the group ring of R and
G, with the following property. Given an arbitrary function f € R, the image g f
is the desired monomial with the same coefficient it has in f. In particular, we can

replace most of our basis elements with the corresponding elements of Mp.



We complete the proof of Theorem A in Section 5.4. Again we use Stickel-
berger’s theorem applied to Jacobi sums. We construct an element of RG which acts
on a given element of Mg of one type to give an element of My of a certain other
type times a factor of p. Doing so we put an upper bound on the p-adic invariant
corresponding to the first element of Mg. For the convenience of the reader, we then
provide in Section 5.5 a modified proof of the main result of [7], the F,G-submodule
structure of Fqﬁl. We avoid most of the language of representation theory.

In Chapter 6 we obtain the Smith normal form for the incidence map in the
affine geometry case (Theorem B). We separate the projective geometry into its
affine part and the hyperplane at infinity. Those monomials which are zero on the
hyperplane at infinity are the ones which contribute to the invariants of this matrix.

Frumkin and Yakir ([17]) computed the rank of 7, over any field not of
characteristic p. In Chapter 7 we extend the work of Frumkin and Yakir to obtain
the f-adic Smith normal form for any prime ¢ # p. Thus we know everything about
the Smith normal form of A, s except the powers of p, even when strict inequality,
1 < s <r < n, holds. In this chapter we also obtain an eigenvalue result with some
relevance to the p-powers.

In Chapter 8 we compute the multiplicities of the second (3-adic) invariant
for two other families of difference sets with classical parameters (HKM and Lin),
showing that the difference sets are inequivalent. The multiplicity of the first invari-
ant gives the 3-rank. In this case the 3-ranks are the same when the two difference
sets from different families have the same parameters, but the multiplicities of the
second invariant are different. This work was actually done before, and motivated
our interest in, the calculation of the Smith normal forms of designs form projective
geometry. We determined that the multiplicities of the second invariant are two
different fourth degree polynomials (or possibly near polynomials) in m, where the

size of the group is (3™ — 1)/2. What we actually proved is that the multiplicity of



the second invariant (except for very small values of m) is either equal to a certain
polynomial, or for some values of m the multiplicity might be less by exactly m.
The proof that the Lin sets are difference sets is due to Arasu and Dillon [2]. In-
terestingly, from what we have seen of their technique, they may be able to resolve

the ambiguity, and possibly compute the rest of the invariants.



Chapter 2

PRELIMINARIES

The main theme of this work was determining the Smith normal form of the

incidence matrices of some designs. We begin by explaining the basic concepts.

2.1 Designs
Designs were introduced in the 1930s as designs for statistically balanced
experiments. They were soon found to be interesting objects in their own right,

with applications to finite geometry, coding theory, and other fields.

Definition 2.1.1. Let P be a set of v elements, called points, and let B be a
collection (possibly a multiset) of b subsets of P, each of size k, called blocks. We
call D = (P, B) a 2-design, or 2-(v,k,\) design, if there is an integer A\ = Ay such
that every pair of points in P is contained in exactly X blocks of B.

In general, for t < k, D is a t-design, or t-(v,k, \) design, if there is an
integer A = Ny such that every t-subset of P is contained in exactly A blocks of B.

Theorem 2.1.2. If D is a t-design for some positive integer t, then D is also a
(t — 1)-design. In particular, if D is a 2-design, then each point occurs in exactly
r = Ay blocks. We call r the replication number of D. Every system of k-subsets is

trivially a 0-design with Ao = b.

Proof: See for instance [10, p. 259].



In this work we will be concerned specifically with 2-designs. The parameters
of the 2-design, (v, k, A, b, ), are not all independent. Counting the number of pairs
(p, B) of one point and one block, with p € B, yields

bk = vr.

Second, we can count the number of triples (p1,p2, B), p1 # p2, {p1,p2} C B, of a
block and two of its points, in either of two ways. The number of ordered distinct
pairs in each block is k(k—1), so we get bk(k—1). Also, the total number of ordered

pairs of distinct points is v(v — 1) and each is in A blocks, so we get
bk(k—1)=v(v—1)A

which reduces to

r(k—1)=(v—1)A\

The classical examples of 2-designs arise from projective and affine geometries
over finite fields. Let PG(m, q) be the m-dimensional projective geometry over the
finite field F,, where ¢ is a prime power. That is, PG(m, ¢) is the set of subspaces of
an (m + 1)-dimensional vector space over F,, with inclusion the incidence relation.
Similarly let AG(m, ¢) be the m-dimensional affine geometry over F,. This geometry
includes all cosets of subspaces of an m-dimensional vector space over [F,. Let [’Hq

denote the number of -dimensional subspaces of an m-dimensional vector space over

F,. We have

i

R

J=1

("7 1)

(¢ = 1)
(We call these numbers generalized binomial or Gaussian coefficients and note that
if we treat ¢ as a continuous variable and let ¢ — 1, the limits are the ordinary
binomial coefficients.)

The following are the classical examples of 2-designs.



Example 2.1.3. The points of PG(m,q) and the (d — 1)-dimensional subspaces of

PG(m,q) (d-dimensional vector subspaces) form a 2-design with parameters

m+1 qm+1_1
V= = —
1 g qg—1

-1 ==
1q qg—1
m—1 m m—+1
)\—[d_Q]q,r—{d_ll,andb—{ ) }

We can obtain these parameters from the following general principle: given

an i-dimensional vector subspace U of an m-dimensional vector space W over [,

the number of j-dimensional vector subspaces of W containing U is [Tj]
q

Example 2.1.4. The points of AG(m,q) and the d-flats of AG(m,q) form a 2-

design with parameters

—1
v:qm,k:qd,)\:{rg 1} ,r:[Tg] ,andb:qm_d[iﬂ )
—1], q q

By d-flats of AG(m, q) we mean all cosets of d-dimensional vector subspaces of the

m-dimensional vector space over F,.

We obtain the parameter r by noting that the d-flats through the origin are
precisely the d-dimensional vector subspaces. Similarly, A in this case is the num-
ber of d-dimensional vector subspaces containing the 1-dimensional vector subspace
determined by the origin and one other point.

A design is nontrivial if not every (but at least one) k-subset of P occurs as
a block. Nontrivial designs are sometimes called B.I.B.D.’s, or balanced incomplete
block designs.

Fisher’s theorem states that the number of blocks b in a 2-design is greater
than or equal to the number of points v. If v = b then we call D a symmetric design.

Symmetric designs have the special property that their duals are also designs, and

10



the dual designs have the same parameters. That is, we can view B as the point set,
P as the block set, and reverse the relation of containment. A symmetric design in
which each pair of points is contained in A blocks also has the property that each
pair of blocks intersects in A points. Thus a nontrivial symmetric design cannot

have repeated blocks.

Definition 2.1.5. Two designs, D1 = (P1,B1) and Dy = (P, By), are said to be
isomorphic if there exist a bijection o : P; — Py and a bijection p: By — By such

that for all p € Py and B € By, p € B if and only if o(p) € p(B).

Clearly isomorphic designs have identical parameters.

We will often treat a design interchangeably with its incidence matrix.

Definition 2.1.6. Given a design D with set of points {p1,pa,...,pv} and set of
blocks { By, Bs, ..., By}, we call the b x v matriz A = (a;j) an incidence matrix for

D if the entry a;; = 1 if p; € B; and a;; = 0 otherwise.

If we permute the order in which we label the points, and the order in which
we label the blocks, the new incidence matrix will be that of an isomorphic design.
Algebraically, two designs D; and Dy are isomorphic if there are a b x b permutation
matrix S and a v X v permutation matrix 7" such that the corresponding incidence

matrices satisfy

SAT = A,.

It may happen that SA;T = A;. In that case we call the transformation (S,7)
an automorphism of the design. The set of all automorphisms of a design forms
a group, the full automorphism group of the design. An automorphism group of a
design is a subgroup of the full automorphism group.

Let I, denote the k x k identity matrix, let J;»; denote the 7 x j matrix

whose entries all equal 1, and let E' denote the diagonal matrix with diagonal entries

11



r1,T9,...,T,, Where r; is the replication number of point p;. Then the definition of

a 2-design with incidence matrix A can be stated in matrix form as

ATA = E— My + Moxo (2.1)
Adyo = kdpxo. (2.2)

Some authors state in the definition of a 2-design that the replication number is
constant. We now prove this fact, which is Theorem 2.1.2 in the case t = 2.
Proof: For simplicity let J = J,x, and let [ = I,,. Right multiply each side of
(2.1) by J and use (2.2) to get

ATAT = (E—=X+)J)J

ATkJyw = EJ— M +v)J

kEJ = EJ—M +uv\J
(k—1)EJ = (v—1)AJ

which shows that (k — 1)r; = (v — 1)\ for each ¢, that is, r = (v — 1)\/(k — 1) and
E=rl [

2.2 Smith normal form

We will be interested in the Smith normal form of incidence matrices.

Definition 2.2.1. Let R be a principal ideal domain (P.1.D.) and let A = (a;;) be
an n X m matriz with entries from R and let the rank of A be r. We will call a
matriz S = (s;;) the Smith normal form of A if it satisfies these properties:

(1) sij =0 ifi # j. The nondiagonal entries of S are 0.

(2) sii| Siv1i+1 if 1 < i <r. Each diagonal entry divides its successor, up
to the rank of A.

(3) sii =07ifi>r.

(4) S = PAQ, where P and Q are invertible matrices over R.

12



By performing elementary row and column operations, it is always possible
to transform A into the Smith normal form. The diagonal entries of S are unique
up to multiplication by units of the ring R, and are called the invariants of A or
the elementary divisors of A. (For proofs, see [31].)

The following lemma is not difficult to prove, (See [25] for references.)

Lemma 2.2.2. Let C' = AB be the product of matrices over a principal ideal ring.
For a matriz M, let d;(M) denote the i*" invariant of M. Also define D;(M) =
di(M)---di(M) for 1 <i <rank(M). Then

di(A) | di(C) and di(B) | di(C), 1< i < rank(C).

Furthermore

(Di(A)Di(B)) | Di(C).

Klemm proved some basic results about the invariants of incidence matrices of
2-designs. In fact, he considers a slightly more general class of incidence structure,
which he calls a partial block design (Semiblockplan). He still assumes that the

number of blocks through any one point is
r=n+X n>0r>0

and that the number of blocks through any pair of points is A. He omits the assump-

tion that every block has the same number of points. Then we have ([25, Theorem

Al):

Theorem 2.2.3. Let A be the incidence matrixz for a partial block design with v

points and b blocks and let n, X\, and the invariants di,...,d, be as above. Let

13



be the greatest common divisor of n and . Let p be any prime number dividing n.

Then

(a) dl = 17
(dy---d;)?* | oni1 for2<i<wv-—1,

(dy-+-d,)? | (n+ Mv)n~t

(b) d; | n for2<i<wv-—1,
d, | rn/é.
(¢) p|d; for (b+1)/2 <i<w.

Note that frequently b+ 1 > 2v. For the symmetric case we have this result ([25,
Theorem B]):

Theorem 2.2.4. Let A be the incidence matriz for a symmetric 2-design, so that
v=">0andk =r. Let p be any prime dividing n and not dividing \, and let x,, denote

the p-part of x. Then
(@) dy---dy = kn®=D/2,

(b) d, = kn/s.

(¢) (didyso—i)p=mn, for3<i<v—1.
2.3 Cyclic difference sets

We first define difference set.

Definition 2.3.1. A subset D of a group (G,+) is a difference set if every non-
identity element of G can be represented in exactly A distinct ways as a difference

dy — dy of members of the set D.

If a difference set D has size k in a group of size v, we call D a (v, k, \)-

difference set. The relation to designs is immediate. We can take the elements of G
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to be the point set, and take the block set to be {g+D | g € G}, where g+ D denotes
{g+d|de D}. The result is a (v, k, \)-design D, which we call the development
of D.

We can also take a (v, k, \)-symmetric design and ask whether there is a
corresponding difference set. The answer is yes, if the design admits a regular group
action—that is—if there is a group of order v acting transitively on the points, such
that the image of any block is another block.

The reader should be aware that group operation is often written as multipli-
cation, in which case ‘differences’ would be written as dyds,~t. In this work we shall
be interested in certain cyclic difference sets, that is, difference sets in the additive
group Z,.

We now give the Singer construction of the family of difference sets whose
development is the same design as Example 2.1.3 with d = m (points are projective
points and blocks are projective hyperplanes). Let ¢ = p* be a prime power, and
let m > 2 be an integer. Then we will view Fym, the field with ¢™ elements, as the

vector space V' over the field IF,. The trace from Fym to F,

Trqm/q cFom — ]Fq

q

m—1

r = a2t

is a linear functional on V. Therefore, if a # 0 € Fym and ¢ € F,, the elements
x € Fym which satisfy
Trgmjq(az) = c
form an affine hyperplane in V', and if ¢ = 0, they form a subspace of codimension
1.
Now let v be a generator of F}., the cyclic multiplicative group of Fym.
Then the map # : z +— ~x is a vector space automorphism on V', and also an

automorphism on the projective geometry PG(m —1,¢q) = F;. /F;. The cyclic group
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generated by [ in Aut( PG(m—1, q)) permutes all the points of PG(m —1, ¢) in one
cycle, the Singer cycle. It must also permute all the hyperplanes of PG(m — 1, q)
in a Singer cycle. The reason is that two linear functionals on V' have the same
set of zeros if and only if one is a multiple of the other (over F,). Since for e €
Fy, Trgm/q(cx) — e Trgm jg(da) = Trymq ((c—de)x) is not an identically zero function
of x unless ¢ = de, the equations

qg" —1

Trgm/q(v'2) =0, 0<i <

give q;__l distinct hyperplanes.

1
Since we have a symmetric design with a regular automorphism group, any
block determines a difference set. In particular, let p be the natural epimorphism

p: Fiw — Frn /Fr. The set
{p(x) |z € Fgm, Trgmq(x) = 0}

is the Singer difference set in the cyclic group F}. /IF;.

2.4 p-adic numbers

Every field of characteristic 0 contains the rational numbers. We find that the
rational numbers are not complete with respect to a norm, that is, not all Cauchy
sequences of rational numbers converge to a rational number. Usually we take the
Archimedean norm, which is the absolute value of a rational. Then if we complete
the rational numbers by including the limits of all sequences which are Cauchy with
respect to this norm, we get the real numbers. If we adjoin i = v/—1, and complete
Q(4) with respect to the Archimedean norm, we get all the complex numbers.

The Archimedean norm is not the only choice of a norm. We define a norm
in this sense to be any map || || from the field to the nonnegative real numbers

satisfying
1. ||z|]| = 0 if and only if z = 0.
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2. @ -yl = llzll -yl
3. [lz +yll <l + lyll-

It turns out that the only other norm possible is based on p-adic valuation. That
is, given a prime p, and integers a and b # 0, the p-adic valuation v,(a/b) of the
fraction a/b is the number of times p divides @ minus the number of times p divides

b. The valuation of 0 is infinite, and we define the norm to be
[} = p~).

With this norm we get ||z + y|| < max{||z|,|ly||}. We can write any rational
number, as well the the limit of any sequence that is Cauchy under this norm, as

the convergent series
z=p"ag+ap+ap®+---), a#0, 0<a;<p, i=0,1,2,....

We call this field the p-adic numbers Q, and say it is a local field, localized at
p. Further, we call those numbers with nonnegative valuation Z,, the ring of p-adic
integers, a local ring. In general, we can define a local ring as any integral domain
with a unique maximal ideal, and we can define a local field as the field of fractions
of a local ring. The unique maximal ideal of Z, is the set of integers with positive
valuation, p = pZ,, and we have Z,/pZ, = F,,.

Now let ¢ = p, and extend Q,, by adjoining the roots of ¢ = x. We designate
by &,-1 a primitive (¢ — 1)™ root of unity and we designate the set of all roots of
z? = z by T,. It is a consequence of Hensel’s lemma that K = Q,({,—1) is an
extension of degree t over ,, and it is the unique unramified extension of degree ¢
(see [26], pp. 67-68). The ring of integers is R = Z,[{,-1], B = pR is the unique
maximal ideal and R/pR = F,. In fact, we can write any element of the field K in

the form
T :pyp(x)(a0+a1p+a2p2+ )a Qo #Oa a; € Tq7 Z.:Oa]-727"'
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and we see that each element of F, is the reduction of an element of 7.

2.5 Character sums
The results of this work depend on the use of character sums over finite fields.
In this section we will assume that G is an abelian group. We first define a character

of a finite abelian group.

Definition 2.5.1. Let G be a group with v elements. A character of the group G is
a mapping X of the elements of G to the v roots of unity of some field F satisfying

X(9192) = x(g1)x(g2)
for any elements g, and go of G.

If the group operation is written additively, we instead have

X (91 + g2) = x(91)x(g2)-

It is useful to define the product of two characters on G by

xix2(9) = x1(g)x2(9)-

With this definition the characters form a group G* which is isomorphic to G.
If R is a ring and G is a group, then the group ring RG consists of elements

of the form

Zagg, a, € R, Vg € G.

geG

The summation is formal and has nothing to do with the group operation, which
we will write multiplicatively. We define the ring product by specifying for a,b € R
and g, h € G that

(ag)(bh) = (ab)(gh)
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and extending the operation linearly to any group ring elements. Of course, we also
take ag + bg = (a+b)g. For any character y mapping G into an extension of R, we

also define

XD agg) = agx(9).

geG geG

We can use characters to determine whether a subset of an abelian group
is a difference set. Let D C G be a subset of the abelian group G with identity
element 1. We also let D and GG denote the elements of the group ring ZG which
are the formal sums of their elements, and we let D) denote the formal sum of the
inverses of the elements of D. If D is a (v, k, \)-difference set, from the definition of

a difference set we immediately get
DEYD = (k= N lg + \G. (2.3)

Now let x be any nontrivial character. We apply x to both sides of (2.3). Since
X(G) =0, we get
X H(D)X(D) =k — A (2.4)

for any nontrivial character. By the inversion formula (5.6), we can also conclude
that if (2.4) holds for every nontrivial character, and the size of D is k, then (2.3)
holds and D is a (v, k, A)-difference set.

If our characters are the complex characters, we can go a little further, since
X '(g) is then the complex conjugate of x(g) and x (D) is the complex conjugate of
X(D). The criterion (2.4) is then that a proper nonempty subset of G is a difference
set if and only if the magnitude of x(D) is the same for every nontrivial complex

character y.

2.5.1 Characters of a finite field
Let ¢ = p' be a power of a prime and let F, be the field with ¢ elements.
We will be interested in characters of the additive group of the finite field (Fy, +),
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which map the elements of the field to the p*™® roots of unity of some other field. We
will also be interested in characters of the multiplicative group of nonzero elements
(F7,-), which map the elements of the field to the (¢ — 1)-roots of unity of some
other field.

We also extend the definition of a multiplicative character x by setting x(0) =
0. The only exception will be the trivial multiplicative character, which sends every
element, including 0, to 1. We also have a character that sends 0 to 0 and every
nonzero element to 1. We will call this character the (multiplicative) principal
character. With this definition we have a total of ¢ multiplicative characters. The
nontrivial characters form a group which is isomorphic to the multiplicative group
of the field (F},-). The principal character acts as the identity.

In the additive character group, we will use principal character and trivial

character interchangeably.

2.5.2 (Gauss sums

We define the Gauss sum.

Definition 2.5.2 (Gauss sum). Let ¢ be an additive character of F, and let x be

a multiplicative character of F,. Then we define the Gauss sum G(¢, x) by

G, x) = Y w(@)x(x).

z€lFy

We list some properties of Gauss sums.
1. If ¢ and x are both trivial, then G(¢, x) = q.
2. If 4 is trivial and y is principal, then G(¢, x) = ¢ — 1.
3. If 4 is trivial and y is neither trivial nor principal, then G(, x) = 0.

4. If 1) is nontrivial and x is trivial, then G(1, x) = 0.
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5. If ¢ is nontrivial and x is principal, then G(¢, x) = —1.

6. If ¢ is nontrivial and a € F, we define ¢, via ¢,(z) = t¥(azx). With this
definition 1, is an additive character, vy is the principal character, ¥,¢, =

Yarp, and all additive characters are obtained in this way. Since for a # 0,

G(tha, x) = x(a™ "G (¥, x),

we can write all the Gauss sums in terms of our favorite additive character .

We now consider the absolute trace function

Tr: F, — F, via

t—1

Tr(z) = xz+aP+---+2F

Let &, be a p'* root of unity in some field. Trace is an additive function, so

is an additive character of F,. Now we define

g(x) = G, x).

2.5.3 Jacobi sums

We will also need to use Jacobi sums of multiplicative characters of a finite

field.

Definition 2.5.3. Let x1 and x2 be multiplicative characters of the finite field IF,
with the convention that x;(0) = 0 if x; is nontrivial. Then the Jacobi sum is defined

as

J(X1: X2) ZXl z)xa2(1 — ).

z€lf,

We list some properties of the Jacobi sum.
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L J(x1,x2) = J(x2: x1)-

2. If x; and x5 are both trivial, then J(x1, x2) = ¢.

3. If x; is trivial and x5 is principal, then J(x1,x2) = ¢ — 1.

4. If x; and yo are both principal, then J(x1,x2) = q — 2.

5. If x; is trivial and x5 is neither trivial nor principal, then J(x1, x2) = 0.

6. If x; is principal and x» is neither trivial nor principal, then J(x1, x2) = —1.
7. If neither x; nor x» is principal but y1 x2 is principal, then J(x1, x2) = —x(—1).

8. If none of x1, x2, and x1Y2 is trivial or principal, then

90x)g(xe)

00, xa) = g(x1x2)

We include a proof of the last fact.
Proof: Letting z =z + y we get

gglxe) = > xa@E @3 xa(y)er®

z€lFy yel,

= > ) xal@)xe(z — )t

z€F, z€F,

= ZXl(Z))@(Z)é}?Y(Z) Z x1(z/2)x2(1 — 2/2)

2#0 z€lFy
= 9(X1X2)J(X17 X2)

2.5.4 The Stickelberger congruence
Using the Stickelberger congruence we know the p-adic valuation of Gauss

sums and Jacobi sums in both the local case and the global case. Again let g = p.
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Definition 2.5.4. Let R = Z,[¢,_1] be as before with maximal ideal p. Let R/p =T,
be the field with q elements. We define the Teichmiiller character T to be the map
from F, to the (¢ — 1)™ roots of unity of R such that T(x) (mod p) = z for each

x € F,. Each multiplicative character of F, can be expressed as a power of T'.

If we let &,_; denote a primitive complex (¢ — 1)th root of unity and let
p denote a maximal ideal of Z[{,_;] dividing p, then we can similarly define the
(global) Teichmiiller character which maps elements of F, to powers of {,_; in the

complex numbers. We refer the reader to [41, p. 95] for details.

Theorem 2.5.5. Let k be either the field of rational numbers or of p-adic numbers,
let £,-1 be a primitive (¢ — 1)™ root of unity in some extension of k, let &, be a
primitive p™ root of unity in some extension of k, and let K = k(€,-1,€,). Let R be
the ring of integers of K, and let ‘is‘ be a mazimal ideal of R lying over p. Let r be

an integer with 0 <r < g — 1= p! — 1 and with p-adic expansion
r=rg+rip+e+ropt
with 0 < r; < p—1. Define

8(7’):7’0+T1+“‘+Tt71

y(r) =rolry! - rpy!
Then we have the congruence
_ (& — 1) Tys(r)+1
g(T™") = ——=—"— (modP*"™).
(r)

The proof of this theorem in the global case can be found in [29, p. 7]. We
will give a proof of the theorem in the local case by using the so-called splitting of an
additive character of a finite field. This proof is due to Dwork [15]. First, we briefly
explain the splitting of an additive character of Fy. Let ¢ : Fy — {1,£,,&2,..., 7'}
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be the additive character defined by ¥(x) = 5;“ (x), for all z € F,. Dwork (cf.
[15], [26, p. 117]) constructed a p-adic power series 0(X) = > 2, 5iX" € Q,[[X]]
satisfying the following properties:

(1. wB) zi/(p-1),
@) w(B)=ilp-1), f0<i<p,
(3)- ﬁizu,if0§i<p.

7!

Thus, 0(x) converges p-adically for those z with p-adic norm satisfying ||z||, < pplTl.
In particular, 6 is defined at the Teichmiiller lifts of the nonzero finite field elements,
whose p-adic norms are equal to 1. The importance of the function 6 is that it splits

1 as follows:
U(E) = 0(2)0(a?) - 0" ),
where x is the Teichmiiller representative of T € IF,. We can now give the proof of

the Stickelberger congruence in the local case.

Proof: For 7 € Fy, let z be its Teichmiiller lifting. We have

9T = Y a"P(@)

TGF;
= Z x7"0(x)0(2P) - - - g(ajp“l)
zeTy,x#0
- Z /Bioﬁil t ﬁz 1 Z x(i0+Pi1+"~+pt*1it71—7~)
t—
(i020,i120;...,1—120) z€Tq,x#0

= (¢—1) > B+ Birs

S iept=r (mod ¢—1)

Note that we are summing over all ¢-tuples (ig, 41, ...,4_1) of nonnegative integers

such that >>)_§ i’ =7 (mod g — 1). For these t-tuples we have

i > re = s(r).



By Property (1) above satisfied by the 3;, we have

t—1 .
Y s(r)
Vp(ﬁioﬁzj U BTt—l) 2 pZ_Ol p— 1 :

v

Therefore

s(r)

p—1

Now note that Zz;:‘) ig = s(r) if and only if (ig, 41, ...,4—1) = (ro,71,...,7—1). That

w(g(T™") =

is, there is a unique term in the summation above for ¢(7~") which has the lowest

p-adic valuation ) Hence
p—1

Vp(9(T™")) = vp(BroBry -+ Bro_n),

which, by Property (2) above, is equal to %. Thus far, we obtained the p-adic
valuation of the Gauss sum ¢(7'~"). To prove the Stickelberger congruence, we

simply use Property (3) above. By the preceding discussion, we have

g(T_T) = _ﬁToﬁﬁ o 'BTtA (mOd q}S(T)—H)’

which, by Property (3) above, is equal to —%. This completes the proof. [

2.5.5 Wan’s theorem

To pin down the Smith normal form of the designs given in Example 2.1.3,
we had to show that the invariants are divisible by at least certain powers of p, and
then show that those divisibilities are sharp. The first problem was the easier one.
The key was a theorem of Daqing Wan which we now state and prove.

Again let ¢ = p', let K = Q,(&,—1) be the unique unramified extension of
degree t over Q,, let R = Z,[¢,-1] be the ring of integers in K, and let p be the
unique maximal ideal in R. Define Z to be z (mod p) for x € R. Let T}, be the set of
roots of 9 = z in R and let T" be the Teichmdiller character of Fy, so that T'(Z) = «

for x € T,. Then T is a p-adic multiplicative character of I, of order (¢ — 1) and all
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multiplicative characters of F, are powers of T". Following the convention of Ax [6],
let TV be the character that maps all elements of F, to 1 (which we have called the
trivial multiplicative character), and let 79! (which we have called the principal
multiplicative character) map 0 to 0 and all other elements to 1.

For 0 <i <nlet Fi(zy,...,2,) be polynomials of degree d; over F, and let
Xi=T" (0<b<q-1)

be multiplicative characters. We want the p-adic valuation v,(S,(x, F')) of the mul-

tiplicative character sum

S (B () X (Falx).

x€elFy

For an integer & > 0 we define o (k) to be the sum of the digits in the expansion of
k as a base ¢ number and o(k) as the sum of the digits in the expansion of k as a

base p number. Wan’s Theorem ([40], Theorem 3.1) is the following:

Theorem 2.5.6 (Wan). Let d = max; d; and q = p*. Then the p-adic valuation of

tzy — ooq<pb)d]

Here we state a slightly stronger version of the theorem, which follows im-

Sq(x, F) is at least

mediately from the proof in [40]:

Theorem 2.5.7.

v, (S,(x, F)) > ti max {07 F“ ~ Z?do Uq(pfbi)di—‘ }

=0

We will use this theorem only in the case where each Fj is a linear homoge-

neous function. For the convenience of the reader we specialize the proof given in

[40].
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Theorem 2.5.8. For each i, 0 <i <n, let F;(X) = %1 + - - + 7@, be a linear

Junctional on Fy. Then

t—1 n
_ 1
vp(Se(x, F1)) = Zmax{(),r T -1 Zaq(pebi)}-
=0 =0

Proof: We will write

Fi(x) =y 21+ + Y p
to represent the lifted functions from 7 to R with v;; = T'(7;;). Using the congru-
ence

T(z) =27 (mod ¢")

for all z € R we get

S6F) = S (Fo@)™ - (Fu@)™ (mod ¢"). (2.5)

x€Ty"

Expanding (2.5) we get

S‘I(X7F) =
n bz r n r ) r )
H <k‘ ' k; ><HH%Jk})(H Z x>%)  (mod ¢")
i=0 N g = =1 2T,

(2.6)
We use the formula of Legendre, v,(k!) = (k—o(k))/(p—1) and get that the p-adic

valuation of the multinomial coefficient part of (2.6) is

1 n T 1 n T
— D (g —o(b) - > (ki —a(kiy))) = 3 ( o(kij) — U(bi)) . (2.7)
p i=0 j=1 p =0 N j=1
For the Teichmiiller set T;, we have
0, if (¢ — 1) does not divide k,

Yoot =<y if k=0, (2.8)

€Ty
qg—1, if (¢—1)|k and k& > 0.
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Therefore, in (2.6) we only need to consider those terms for which

i ki; =0 (modgq—1) (2.9)

for all j =1,2,...,7. Since k = o,(k) (mod g — 1), we also have
Zaq ;) =0 (modg—1). (2.10)

Given k;; such that 37, kij = big" for 0 < i <n and (2.9) is satisfied, assume that

s coordinates of the vector

=0 =0 =0

are not identically 0. Then the same is true for the corresponding entries of the

vector
(Zaq i1 Zaq i2) Zaq W). (2.11)

Summing up the entries of the vector in (2.11) we get

s(g—1) Zb <Z(Zaq i) ) (2.12)

We note that for a non-negative integer ¢, (2.10) still holds with o,(k;;) replaced
by 0,(p'kij). Also D" 0,(p'ki;) is not identically O for the same s subscripts of j.

Thus we have
sa—1) = ogp'hy) < (Z ou('hy) — aq<p%i>> .
i=0 i=0 N j=1

Noting that the right-hand side is non-negative since Z;Zl kij = biq", we sum over

? to get
Somax {0sta = ) - Y on00)} < 3 3 (S oth) - o0,
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using the fact that
t—1
qg—1
S o) = Lo (h).
=0 P

Comparing with (2.7) we get that each term of (2.6) (with k;; satisfying (2.9)) has

p-adic valuation at least

t—1 n t—1 n
1 1
t(r—s)+ g maX{O,s——1 E Uq(pﬁbi)} > g max{(),r——l g Uq(pgbi)}.
q—1“ q— 17
1=0 =0 1=0 i=0

This completes the proof. n

2.6 Representations of finite groups
2.6.1 Modules

We begin with the definition of a module.

Definition 2.6.1. Let R be a ring and let M be an abelian group (with group
operation written additively). We say that M is a (left) R-module if there is a map
from R x M to M (written as juxtaposition) which satisfies the following for every
r,s € R and for every X|Y € M:

1. r(X+Y)=rX+rY,
2. (r+s)X =rX+sY,
3. (rs)X =r(sX),

4. 1pX =X

5. 0rX = 0.

If N s a subgroup of M, we will say that N is an R-submodule of M if for
every r € R and for every X € N, rX € N.
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If there exists a set of generators { X1, Xa, ..., Xy} such that M is the direct
sum RX; ® RXy & --- & RXy, with RX; = R for each i, then we say that M is a
free module of (finite) rank k.

If the only submodules of a module M are M itself and 0, we say that M is

a simple module.

Since a module is abelian as an additive group, every submodule is auto-
matically a normal subgroup of every module which contains it. Additionally, the
property of being a submodule is an invariance property. Under these conditions,
the Jordan-Holder theorem tells us that the composition factors of a module are

well defined (see [22, pp. 130-133]).

Theorem 2.6.2 (Jordan-Hdélder). Suppose
A:0=Ap<---<A, =M

and

B:0=By<---<B,=M

are two series of R-submodules of M, such that each factor A 1/A; for 0 <i < a
and each factor By 1/B; for 0 < i < b is a simple R-module. Then a = b, and the
two lists of factor modules are rearrangements of each other up to isomorphism as

R-modules.

The modules we use can be thought of initially as free modules over a field
(vector spaces), or free modules over the integer ring of a field. A generator set,
which we will call the natural basis, will be a set of vectors indexed by geometric
subspaces. For instance, in Example 2.1.3, we denote the set of projective points by
L1 and the set of projective (r — 1)-spaces by L,. We have the corresponding free
modules Fqﬁl, Fgr, R*1, and R*.

Now let the general linear group G = GL(n + 1,F,) have its natural per-

mutation action on £; and on £,. We extend this action linearly to an action of
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the group ring F,G on the free modules, which we continue to call Fqﬁl and FqﬁT as
F,G-modules. We similarly extend the action of G linearly to get the RG-modules
R*1 and R .

2.6.2 Representations
Definition 2.6.3. An F-representation of a finite group G is a homomorphism

from G to the general linear group GL(v, F') for some positive integer v.

Since every group permutes its own elements by multiplication, every fi-
nite group has the regular representation of these |G| x |G| permutation matrices.
It is also true that for a field F', every FG-module M can be viewed as an F-
representation of G in GL(v, F) with v now being the dimension of M as an F-vector
space. In particular, every submodule is also a representation. Thus representation
theory and submodule structure are closely intertwined. In Section 3.4 will will give

the complete module structure of Iﬁ‘gl, which was determined by Bardoe and Sin in

[7]-
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Chapter 3

THE STATEMENT OF THEOREM A

3.1 The incidence map

We have defined A = (a;;) to be the incidence matrix with columns indexed
by points of PG(n, ¢) and rows indexed by (r — 1)-dimensional projective subspaces
of PG(n, q) (referred to as r-subspaces), and with a; ; = 1 if the 5™ point is contained
in the ith r-subspace. We can view A as a linear map from the module Z*! to the

module Z% as follows:

Definition 3.1.1. Let V be an (n + 1)-dimensional vector space over F, as before,
and let L, and L4 be the sets of r-dimensional and s-dimensional vector subspaces
of V', respectively. If Z € L, andY € L, we will say that Z is incident with Y,
and write Z ~Y , if either Z CY orY C Z. We define the map

Mrs - ZFr — 7 s (3.1)

by letting

ns(Z)= Y, Y

YeLs,Z~Y
for every Z € L,, and then extending 0, linearly to Z* . In particular, if we write
U € Z*' as a column vector indexed by points, then AU is the column vector indexed

by r-subspaces representing m . (U).

Note that we are using the same symbols, Y and Z, both to denote subspaces

of V', and to denote basis vectors of the respective modules.
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Also, if s </ <rors>{>r, wehave the composition maps:

r—sS
Ner ©Nse = [f :| Ns,r (32)
— S
q
r—=S
Nes ©MNre = ¢ Nr.s-

The reason is that 7, maps Y € L, to all those elements of £, which are incident
with Y. Those elements of £, which are incident with both Y and Z contribute 1 to

the coefficient of Z in np, o ns,(Y). If Y ~ Z, the total number of such elements of

14
of ,Cg.

Ly is [sz]q, while if Y and Z are not incident, there are no intermediate elements

In Section 3.5 we will state the Smith normal form of A.

3.2 The p’-part of the Smith normal form of PG(n, q)

In this section we give the part of the Smith normal form of PG(n, ¢) which
is coprime to p. Let ¢ = p’, and let V' be an (n + 1)-dimensional space over F,. As
before we use A to denote the |£,| x |£1] matrix of the linear map n, . : Z** — Z*
with respect to the standard bases of Z*' and Z*". It is known that all invariant
factors of A (as a matrix over Z) are p-powers except the last one, which is also
divisible by (¢" — 1)/(¢ — 1). In [37], a proof was given using the structure of the
permutation module for GL(n+ 1, ¢) acting on £; over fields of characteristic prime

to p. We give an elementary proof of the result.

Theorem 3.2.1. Let A be the matriz of the map n, with respect to the standard
bases of ZX and Z*, and let v = |Ly|. The invariant factors of A are all p-powers

except for the v*™® invariant, which is a p-power times (¢" — 1)/(q — 1).

Proof: It will be more convenient to work with the map n,; : Z* — Z*', which
we define to be the linear map sending each element of £, to the formal sum of all

the 1-spaces incident with it. Then the matrix of 7, ; with respect to the standard
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bases of Z*" and Z*' is AT. Let AT = PD(, where P and () are two unimodular
matrices of order |£;| and |£,| respectively, and D is the Smith normal form of AT
with diagonal entries dy,ds, ..., d,. Let y; be the i column of P, 1 < i < v. Then
{y; 1 < i <wv}and {dsy; : 1 <i < v} are bases of the free Z-modules Z** and
Im(7,.1) respectively.

We define the augmentation map
€:ZF -7

to be the function sending each element in £; to 1. Clearly € maps Z*' onto Z and

L =1
€ o ny1 maps Z~" onto q_—lZ. As a consequence,

q—lz’
qg—1

e(yi)d; €

foralli=1,2,...,v.
First we show that qq:—_ll indeed divides d,. Let £ be a prime. If /7| qq:—_ll but

¢t d, then (% does not divide any of the invariants d;. Note that ¢7 | %, which in
turn divides €(y;)d; for all i, so ¢ must be a common divisor of €(y;), i = 1,2,...,v.
This contradicts with the fact that € is a surjective map from Z*! to Z.

Next we show that if the index [Ker(e€) : Ker(e) NIm(n,1)] is a p-power, then
the theorem holds. (Note that [Ker(e) : Ker(e) NIm(n,1)] is a p-power if and only if
for any x € Ker(e) there is a positive integer o such that p*z € Im(n,;).) Assume
to the contrary that there exists some prime ¢ # p such that ¢ |d; for some i < v or

(- ‘1’":11 | d,.

q

Suppose that ¢|d; for some i < v. Since € is surjective there exists a basis
vector y, such that €1 e(y).
If ¢ # k, then
x = €(yr) Yi — €(Yi) Yr
is a nonzero vector in Ker(e). Since £ 1 e(yx) and ¢ | d;, p“€e(yx) can not be a multiple

of d; for any «, hence p*z ¢ Im(n, ) for any «, a contradiction.
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If + = k < v, then instead we consider the nonzero vector

v = e(Yr) Yo — €(Yo) Un

in Ker(e). Since £ 1 €(yx) and £|d; | d,, p“e(yx) can not be a multiple of d, for any

a, hence p*z ¢ Im(n,1) for any «, again a contradiction.

Now suppose that £- q{;:f | d,. Note that ({;_—_11 | €(y;)d; for each i, but for some

k that
¢ —1
—1

1 e(yr)dr,

since € o 7,1 is a surjective map from Z*" to qqr_—_llZ. So 0 1 €(yx)di. We similarly get
a contradiction by considering the nonzero vector €(yx) v, — €(y,) yx in Ker(e).

To finish the proof of the theorem, we are reduced to showing that
(Kere +1Immn,.1)/Imn,,

is a p-group. We show that if x € Kere then ¢" 'z € Im7,;. Now Ker € is spanned
by vectors of the form u — w, where u and w are vectors representing individual
elements in £, so it is enough to show that qr_l(u —w) isin Imn, ;. Let U be some
(r + 1)-subspace of V' which contains both u and w. We define 7; , to be the linear
map which maps a projective point to the formal sum of the r-subspaces which both
contain the point and are contained in U and define j; to be the formal sum of all
the projective points inside U. Then 7, restricted to r-subspaces inside U and 7
are simply the hyperplane-to-point and point-to-hyperplane maps for the space U.

By standard formula from design theory we have

qrfl _ 1

~ _r—1
M (e(2) =4 2 + q—lJU

for every z € L1. Hence by setting z = u and z = w respectively, and subtracting

the resulting equations, we get

Mt (T (u— w)) = ¢ (u — w)
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which is the desired result. O
Note: A shorter proof of this theorem can be found in [11].

In view of Theorem 3.2.1, in order to get the Smith normal form of A, we
just need to view A as a matrix with entries from Z,, the ring of p-adic integers,
and get its Smith normal form over Z,. This will be the approach we take. To state

Theorem A, we need to explain the monomial basis developed in [7].
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3.3 Monomial bases

As we have seen, most of the invariant factors of A are p-powers. It will be
helpful to view the entries of A as coming from some p-adic local ring. Let ¢ = p'
and let K = Q,(&,—1) be the unique unramified extension of degree ¢ over Q,, the
field of p-adic numbers, where &, ; is a primitive (¢ — 1)™ root of unity in K. Let
R = 7Z,[§,-1] be the ring of integers in K and let p be the unique maximal ideal in
R. Then R is a principal ideal domain, and the reduction of R (modyp) will be F,,.
Define z to be x (modyp) for x € R. Let T, be the set of roots of 7 = z in R (a
Teichmiiller set) and let 7" be the Teichmiiller character of F,, so that T7'(Z) = x for
x € T,. We will use T to lift a basis of F5* to a basis of R“*.

In (3.1), we defined the map n;, from Z*' to Z*". Now we use the same
N1 to denote the map from R to R sending a 1-space to the formal sum of all
r-spaces incident with it. The matrix A is then the matrix of 1, with respect to
the (standard) basis £; of R*' and the (standard) basis £, of RS, Crucial to our
approach of finding the Smith form of A is what we call a monomial basis for R*.
We introduce this basis below.

We start with the monomial basis of F 51. This basis was discussed in detail

in [7]. Let V =F;*". Then V has a standard basis vg, vy, . .., v,, Where

i+1
We regard ]Ffz/ as the space of functions from V' to F,. Any function f € IF}I/ can
be given as a polynomial function of n + 1 variables corresponding to the n + 1

coordinate positions: write the vector x € V as

n
X = (20,21, ..., Tn) = E T;iVi;
=0

then f = f(xg,21,...,2,). The function z; is, for example, the linear functional

that projects a vector in V onto its i'" coordinate in the standard basis.
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As a function on V', 2! = x;, for each i = 0,1,...,n, so we obtain all the

functions via the ¢"*! monomial functions

n
b;
[1+
=0

Since the characteristic function of {0} in V is [/ (1 — 2% "), we obtain a basis for

Ogbi<q,i:0,1,...,n}. (3.3)

Fy % by excluding g7 2?7 2971 from the set in (3.3).
The functions on V' \ {0} which descend to L£; are exactly those which are
invariant under scalar multiplication by F;. Therefore we obtain a basis M of Fgl

as follows.

=0 %

(b07b17"'7bn) 7£ (q_laq_17’q_1)}

0 (mod g — 1),

This basis M will be called the monomial basis of Fqﬁl, and its elements are called
basis monomials.
Now we lift the function z; : V' — F, to a function T'(z;) : V' — R, where T

is the Teichmiiller character of F,. For (ag,as,...,a,) € V, we have
T(z;)(ag,ai,...,a,) =T(a;) € R.

For each basis monomial ]I 2%, we define T(]]/_, «7) similarly. We have the

i %

following lemma.

Lemma 3.3.1. The elements in the set

n

=0 )

(b07b1>"'7bn) 7£ (q_laq_17>q_1)}

form a basis of the free R-module R*".
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Proof: To simplify notation, we use M to denote the free R-module R*', set
v = |£4], and enumerate the elements of Mg as fi, fo,..., f,. Since the images of
the elements of My in the quotient M /pM are exactly the elements in M, which
form a basis of F&* 2 M /pM (as vector spaces over F,) , by Nakayama’s lemma [5],
the elements in My generate N and since their number equals rank M, they form

a basis. O

The basis My will be called the monomial basis of R, and its elements are

called basis monomials.
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3.4 The module structure of Fqﬁl

In this section we state the main results of [7]. We give a modified version of
the proof in Section 5.5.

Let H denote the set of t-tuples & = (sg, $1,...,5,1) of integers satisfying
(for 0 < j <t —1) the following:

(1) 1<s;<n,

(2) 0<psym—s; < (p—1)(n+1),

(3.4)

with the subscripts read (mod t¢). The set H was introduced in [19], and used in [7]
to describe the module structure of F5* under the natural action of GL(n + 1,¢).

For a nonconstant basis monomial
flzo, 1, ..., x) = 2"+,
in M, we expand the exponents
bi=aig+paii+-+p a1 0<a;<p-1

and let
/\j = ao’j —f- ce + CLnJ'. (35)
Because the total degree ) "  b; is divisible by ¢ — 1, there is a uniquely defined

t-tuple (so, ..., s:—1) € H [7] such that

)‘j = PSj+1 — Sj-

Explicitly
1 n 7j—1 » t—1 »
si= =7 2 (2P e+ 3_p i) (3.6)
i=0 (=0 (=j

One way of interpreting the numbers s; is that the total degree of 17 is si—i(q—1),
when the exponent of each coordinate z; is reduced to be no more than ¢ — 1 by the

substitution z{ = z;. We will say that f is of type & = (s¢, s1,...,5:-1). Also we say
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that the corresponding basis monomial T'(f) € Mgy is of type £. (Note that in [7] &
is called a tuple in 'H and the term type is used for certain other ¢-tuples in bijection
with H. However, since we will not use the latter there is no risk of confusion.)
Let d; be the coefficient of 27 in the expansion of (27—} *)"*!. Explicitly,
LS (n+1\/n+1—7p
= ;H)J( j )( n )
Lemma 3.4.1. Let d; and \; be as defined above. The number of basis monomials

in both M and Mg of type £ = (S0, S1,--.,S1-1) is Hz;}) dy, -

Proof: From (3.5) each J\; is the sum of n + 1 integers which can be anywhere
from 0 to p — 1. The number of such choices is the same as the coefficient of 2%
in (Zi;é z*)"+1 Counting the choices for each \; as j runs from 0 to ¢ — 1 we get
[T,=g d»,- O

We can now state the complete submodule structure of F5* ([7, Theorem A]).

Theorem 3.4.2. Let Fé:l be the F,G-module as above. Every F,G-submodule W of
IFqu consists of the subspace of functions from Ly to F, which is spanned by certain
basis monomials. If one basis monomial of a certain type (So, s1,...,St—1) is in W,
then every basis monomial of type (s(, s}, ...,s,_1) is also in W if 1 < s, <'s; for
each i €0,...,t—1. In particular, ]Fqﬁl 15 the direct sum of the span of the all-one
function (of type (0, ...,0)) and the span of all the other monomial functions. Either
the constant functions are in W, or all the functions in W can be expressed in terms

of nonconstant monomials only.
The following corollary is [7, Theorem B].

Corollary 3.4.3. Let f(xq,...,x,) be a polynomial function in Fffl and let Hy C
HU{(0,...,0)} be the set of the tuples (so, . .., si—1) of the basis monomials appearing
with nonzero coefficients in the expression for f. Then the submodule generated by

f s the smallest submodule containing all those basis monomials.
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Proof: Every submodule is spanned by the basis monomials which it contains. [J

3.5 The Smith normal form of PG(n,q)

We can now state the main theorem.

Theorem 3.5.1 (Theorem A). Let Ly be the set of projective points and let L,
be the set of projective (r — 1)-spaces in PG(n, q), and let d; and H be as above. For
each t-tuple & = (so, S1,...,8-1) € H let
Ai = PSit1 = Si

and let

t—1

de =[] d..

i=0

Then the p-adic invariant factors of the incidence matriz A between L1 and L, are

p*, 0 < a < (r — 1)t, with multiplicity

My = Z de +6(0, )

E€Ha
where
i—1
Ho = {(507517 o Stm1) €M ZmaX{O’T —sit = a}’ (3.7)
i=0
and
1, ifa=0,
0(0, ) = (3.8)

0, otherwise.

Remark 3.5.2. The theorem was conjectured by Liebler and Sin [30].

Remark 3.5.3. The multiplicity of 1 among the p-adic invariant factors, mg, is

exactly the p-rank of A. From Theorem 3.5.1, we have

mo = 1 + Z d(so,sl,...,st71)'

(50,815---,5t—1)EH,8; >7Vi
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We mention that dis,,... s,_,) = d(nt1-so,...n+1-s,_,) Jor €ach (S0y---,8-1) €EH,d; =0
if i <0, do,.0 = dint1,..n+1) = 1 (but we are not counting the monomial of type
(n+1,....,n+1)), and d¢ = 0 for all other cases that & € H. So the above p-rank

formula is the same as the formula of Hamada [19)].

Remark 3.5.4. We also mention that the largest o of the exponents of the p-adic
invariant factors of A is (r — 1)t. It arises in the case where £ = (1,1,...,1). From
Theorem 3.5.1, we find that the multiplicity of p"—V* is

n—l—p—l)t

M1 = d(l,l,..‘,l) = ( n

which is one less than the p-rank of n1 .

We indicate how we proceed to prove Theorem 3.5.1. In order to get the
Smith normal form of A over R, we will find two invertible matrices P and Q!

with entries in R, such that

A=PDQ™,

where D is a |£,| x |£;| diagonal matrix with p powers on its diagonal. The matrices

@ and P will come from basis changes in R*' and R*" respectively.

Let {e1,e,...,6,}, where v = |L£;], be the standard basis of R*!, and let
Mg = {f1, fa,..., f,} be the monomial basis of R*! constructed in Lemma 3.3.1.
For 1 <j<w,let f; =37 qijei, ¢;; € R, and let @ = (g;;). Then

M (fi) = Z Gijm.r(€)-
i=1

Therefore the columns of A(Q) are the vectors 1y, (f;), written with respect to the

standard basis of R*". For 1 < j < v, let p% be the largest power of p dividing
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every coordinate of 7 ,.(f;). Then we factorize AQ as PD, where

P00 0
0 p= 0
0
Qy—1 0
D= P ,
0 0 p
0 0
0 0
and P is an |£,| x |£,| matrix whose first v columns are ﬁm’r(fj), j=12,...,0.

The matrix D will be the Smith normal form of A if the determinant of P is a unit of
R. First we find a lower bound on the numbers «;, the minimum p-adic valuations
of the coordinates of 71,.(f;). Let f; be a typical basis monomial T(zlz - - - 2bn)

in Mg, and let Y € £,. Then the Y-coordinate of 1, ,(f;) is

() = D> fi(2)
ZCY,ZeLy

1
- LY e ),
x€F2 1\ {(0,0,...,0)} ,x€Y
where in the last summation, x = (z¢, z1,...,2,) € F ZLH. Therefore the coordinates
of m1-(f;) are all multiplicative character sums. Thanks to a theorem of Wan [40],

one can indeed obtain lower bounds on the p-adic valuations of these multiplicative

character sums. We discuss Wan’s theorem and its application in Chapter 5.
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Chapter 4

THE HYPERPLANE CASE

4.1 An explicit formula

Sin proved Theorem A in the case r = n, that is for hyperplanes, using
representation theory ([36]). Liebler [30] also had a proof for the same case using
Gauss sums. Even though we prove Theorem A in the general case in Chapter 5, we
give here a new proof of the theorem in the case » = n. In the process we derive an
explicit formula for 7, ,(f) for any basis monomial f in Mpg. The formula involves
p-adic Gauss sums. The Smith form for 7, , follows from Stickelberger’s theorem
(see [21]). Let T° be a multiplicative p-adic character of F,, tr the absolute trace
from F, to F,, and &, a p-adic primitive p™ root of unity. The p-adic Gauss sum is

defined to be
g(T% =Y TP(x)&"™.

€l

We also need the Jacobi sums for more than two multiplicative characters (see [21,

p. 98-100]).

Jo(X0s- -3 Xn) = Z Xo(@o) -+ * Xn(Tn)
X € ]Fqn—O—l
xo+ - +x,=0
J(XO"";XH) = Z XO(xO>Xn(xn)
x € ]Fqn—‘rl

To+ - F+a,=1
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We state explicitly the image of any monomial function.

Proposition 4.1.1. Let f(x) = T(zo% - - - 2,°") be a basis monomial in Mp. The
coordinate of m ,(f) indexed by the hyperplane voxo + -+ Y Tp = 0 s

n

1 1 1
o gy o1 ()

= =0 =0
where

([ G(T)T ()" if 0<b<g—1

i = ¢ (1=T()" g if b;=0 (4.2)
| (1=T()" Dg—1 if bi=q—1
( 0 if 0<b<qg-—1

0; = q if b;=0 (4.3)
L ¢—1 if bi=q—1

b = 1 of b;=0 (4.4)

0 if b;#0

Proof: Let Y denote the hyperplane in £,, defined by the equation v-x = 0, where
Y= (Y0, V), X = (T0, %1, ..., 7,) € BT and v - x = 4970 + -+ + Va2, The
Y-coordinate of n; ,,(f) is

ANV = —— S T T () T (). (45)
XEFanrl

x # (0,...,0)
v-x=0

We will compute ny,(f)(Y) explicitly by considering three cases.
Case 1: Some exponent by in f is strictly between 0 and ¢ — 1. In this case (4.1)

reduces to % [T, ¢: because 6, = ¢, = 0.

46



First we consider the case where all the exponents b; are strictly between 0

and ¢ — 1. If all the v;’s are nonzero, then

(I %bl)

7717n(f)(Y) - T Z Tbo (’70$0) o 'Tbn (7nxn)
v-x=0
1 n b;
_ " dlizo2?) <qH_i10 Vi )JO(TbO, T (4.6)

from the definition of the Jacobi sum, while if v; = 0 for some ¢, (4.5) is 0 because
D ieF, T (z;) = Z%E]F; T%(2;)0 and (4.6) is also 0 because [[I_,7” = 0. Hence
(4.6) is valid in both cases.

Since (g — 1) | (bo + -+ + by) and > b; # 0, by our convention, 7% - - - T
is the multiplicative character of F, sending 0 to 0, and every nonzero element of [F,
to 1. Note that none of the individual characters T is trivial. We have (see [21, p.

98-100] for details)

(T T, T = T (=1)(q = DI T, T,
g(TbO)g(Tbl) < g(Tb”_l) = J(Tbo’ TbI’ o ,Tbn—1)g(Tb0+b1+---+bn—1)

Y

g(T*)g(T™") = qT*(-1).

Combining the above identities with the fact that 7% ... T% -1 = T~bn we have
T-1 T_l_ b;
ma(f)Y) = —(qn_—lﬂ i )JO(TbO, T
T-YTT" b;
(Hz:() ’YZ )g(Tbo) . g(Tbn)
q
1 n
- = H ;.
g
Now suppose that all but one b; are strictly between 0 and ¢ — 1. Without

loss of generality, assume that b =0org—1,and 0 < b; <qg—1fori=1,2,...,n.
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If bp = 0 and vy = 0, then

ma NV =0 = 3 T T ),

xcF,”
Z?:1 Yix; =0

which, by our computations above, is equal to

1 = 1 - " 1
Q';E@:a((l—T(%) 1)Q>E¢i:5g¢i-

If by = 0 and 7y # 0, then we can solve for zy and the values of z,...,z,

are unrestricted. We have

Mon(f) :—HZT” z;) =0,

1=1 z;€F,

since T% is nontrivial for i = 1,2,...,n. Hence in this case we also have

malNY) = (1= 700 g) [T

If by = ¢ — 1 and 5 = 0, then we sum over nonzero values of x.

Mn(f) q_lﬂ@— <1— (%)‘”q—lﬂ_[qbz

If bp = g — 1 and 7o # 0, note that 77" '(0) = 0. We sum over values of

Tiy. ..y Ty With yi21 + - + y2, # 0.
14 1 1 -
a0 == TTo= (=760 g —1) [T o
i=1 i=1
We have established (4.1) in this case. The rest of Case 1 follows by induction.

Case 2: All the exponents are either ¢ — 1 or 0, but (b, b1, ...,b,) # (0,0,...,0).

We consider two subcases.
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Case 2a: Suppose for some ¢ that b; = 0 and ~; # 0. Say by = 0 but vy # 0. Then

the values of x4, ..., x, are unrestricted since we can solve for zy and
1 .
malf)Y) = — 11> @)
q =1 xiG]Fq
Note that »°, p T97(z;) = ¢ — 1 while 37z T°(2;) = ¢. We have

Mma(f)(Y) = (g—1)""1¢"*,

where s = {b;|b; = ¢—1,i=1,...,n}. That is, 9, ,(f)(Y) = ﬁ [T, 0, with 6;
defined by (4.3).

Case2b: Next suppose v; = 0 whenever b; = 0. Now the sum n;,,(f)(Y) depends
on how many ~;’s are nonzero. Let d be the number of ~;’s that are not zero (say,
v # 0, for i =0,1,...,d—1), let s be the number of the exponents that are g — 1,
and n 4+ 1 — s be the number of the exponents that are 0 (say, the last n +1 — s
exponents are all 0). We have d < s and v; =0 foralli=s,s+1,...,n.

Define N, be the number of solutions of
o+ -t+wg1=0
with (zo,...2q-1) € (F;)?. We get the recursion
Ng=(¢q—1)%" =Ny, Ny=1, N, =0.

Therefore
—1)¢ —1D%g—1
N, _ =D+~ —1)
q
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Now we compute 11 ,(f)(Y). we have

1 _ _ _
ma(HY) = quwrl ° Z T 1(%) VA 1(%—1)
q Yozo+-+vVd—12d—1=0
1
= " -7 > T (o) -+~ T (wa)
q Yoxo+-+Yd—1Tq—1=0
1 _ _
— q_lNd(q_l)s dqn+1 s
— 1 ﬁe + 1(_1)d(q . 1)s—dqn+1—s'
al¢—1) 1t q

Note that here %(—1)d(q — 1)s7dgnti=s = %H?:o ¢i, so that (4.1) is established in

this subcase.

Case 3: All the exponents are 0.

Since there must be v; # 0 for some ¢ we have ¢; = 0 and (4.1) reduces to

%. From (4.5), we see that in this case
q"—1
n Y)= )
malN) ==
agreeing with (4.1). O

Corollary 4.1.2. Theorem 3.5.1 holds in the hyperplane case (i.e., r =n).

Proof: Let {ej,es,...,€,}, where v = |£;], be the standard basis of R, and let
Mg = {fi, fo,..., f,} be the monomial basis of R*! constructed in Lemma 3.3.1.
For 1 < /¢ <w,let fo=>""_, qir€i, i € R, and let Q = (g;r). Then

M (fe) = Z Gienr(€:)-
i=1

Therefore the columns of AQ) are the vectors 7y ,(f¢), written with respect to the

standard basis of R%".
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Let fo = T(aXab ---2%) be a basis monomial in My and let p®¢ be the
largest power of p dividing every coordinate of 7, ,(f;). We also specify that f; =
T(zx?---22) (i.e., the constant basis monomial in Mpz). We will show that a; = 0
and for 1 </ <wv, ap = Zi;g(n — s;j), where (sq, s1,...,5-1) is the type of fi.

Let B be the prime ideal of R[] lying over p. Stickelberger’s theorem states
that the number of times that B divides g(T~°) is o(b), where 0 < b < ¢ — 1 and
o(b) is the sum of the digits in the p-adic expansion of b. Since (p) = PP~ we have
vep(q) = (p — D)t

In each case of (4.2), we have

vp(¢i) = (p — 1)t — o (by)

except when b; = 0 and 7; # 0 (in which case, ¢; = 0). Thus in Case 1 of the proof

of Proposition 4.1.1 the p-adic valuation of any nonzero coordinate of 0y ,(f¢) is

1 n 1 n 1 t—1 t—1
p =0 p 1=0 p j=0 7=0

recalling that ); is the j™ column sum of the p-adic digits of b; (see (3.5)) and
Aj = ps;jy1 — s;. So in this case, the largest power of p dividing every coordinate of
ma(fe) is Y52p(n — ).

In Case 2a of the proof of Proposition 4.1.1, we have ny,(f)(Y) = (¢ —
1)*~1¢"*, which has p-adic valuation t(n — s). In Case 2b of the proof of Propo-
sition 4.1.1, m1,(f¢)(Y) is a sum of two terms, each with p-adic valuation t(n — s).
So the sum will have p-adic valuation at least t(n — s). In summary, in Case 2 of
the proof of Proposition 4.1.1, every coordinate of 1y ,(f;) has p-adic valuation at
least ¢(n — s), and since we can always find a hyperplane Y, v;x; = 0 such that
for some 0 < i < n, v; # 0 while b; = 0, we see that the largest power of p dividing
every coordinate of 1y ,(f¢) is t(n — s).

In Case 3 of the proof of Proposition 4.1.1, the basis monomial under con-

g -1

sideration is f; = T'(z---22). Every coordinate of ny,(f1) i L=, which is not
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divisible by p; hence, 1 is the largest power of p dividing every coordinate of 7y ,(f1),
and a; = 0.

Now we factorize the matrix AQ) as PD, where

0 0 0
0 p» 0
D=1{0 )
prt 0
0 0 po
and P is an |£,| X |£,] = v X v matrix with the v columns being pTlémm(fg),
¢=1,2,...,v. It remains to show that P is invertible as a matrix with entries from

R. We use the well-known formula for the determinant of a symmetric design. (See
Theorem 2.2.4 (a).) Thus if A is the incidence matrix for a symmetric 2-design with

block size k and order n =r — A =k — A, then

det(A) = knv~/2,

1

In our case k = (¢" — 1)/(¢— 1) and n = ¢" !, so

"—1
det(A) = q .q(n—l)(v—l)/Q.

Hence

vp(det(A)) =t(n —1)(v—1)/2.

From our discussion above, we have

t—1
Z Qp = Z d(507517---75t—1) (Z(n - Sj)) :
l

(50,81 ..... Stfl)E'H Jj=0

Now using the fact that for every (sg, s1,...,s:-1) € H, we have

d(so,sh...,st_l) = d(n+1fso,n+lfs1,...,n+lfst_1)7
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and 2(80751’_“,&71)671 A(so,s1,501) = v — 1, we find that
Zaz =t(n—1)(v—1)/2 = v,(det(A)).
¢
Since det(A) = pXedet(P)det(Q™'), and >, ay = v,(det(A)), we see that det(P)

is a unit in R; hence, P is invertible. This completes the proof. O

Note that we could also argue that P is invertible by writing the columns
of P as polynomials in the dual coordinates 7;. Changing to the dual-coordinate
monomial basis, we get column vectors which can clearly be seen to be independent

(mod p), using the formulas derived in this chapter.
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Chapter 5

THE PROOF OF THEOREM A

In this chapter we prove Theorem A by showing that the lower bounds for the
invariants which we can get from Wan’s theorem are also the upper bounds. In the

last section we also provide a proof of the result of Bardoe and Sin, Theorem 3.4.2.

5.1 Lower bounds on the invariants

To get lower bounds on the p-powers dividing the invariants of 7, , we apply
Wan’s theorem. Let f = T(zbz} - 2P") € Mpg be a basis monomial. Using
Theorem 2.5.8, we get the lower bound on the p-adic valuation of the coordinates of
m.-(f). Note that the coordinates of 1 ,(f) are indexed by the r-spaces in £,. An 7-
subspace Y of V' = F7™! can be defined by a system of (n+41—r) independent linear
homogeneous equations. Putting the n + 1 — r equations in reduced row echelon
form, we have r independent coordinates which run through F,. The remaining
n + 1 — r coordinates are linear functions of those r coordinates. Without loss of

generality, we label the free coordinates (xg, ..., z,_1) = x and express the defining

equations of Y as x; = Fj(x) for (r <i <n). The Y-coordinate of n;,.(f) is:

ma () =-— > T (xo) -+ T (2py) T (Fr(x)) - - T (Fo (%))
x€F,"\{(0,0,...,0)}

(5.1)
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Lemma 5.1.1. Let f(xo,...,7,) = T(z" -+ 1,") be a nonconstant basis mono-
mial in Mpg. Then every coordinate of the image vector my . (f) is divisible by p*
with

t—1

a = Z max{0,7 — s;}, (5.2)

i=0
where (Sg, S1,...,5-1) s the type of f as defined in (3.6).
Proof: Let Y be an arbitrary r-space in £,. By the above discussion, we assume
that Y is defined by x; = Fi(x), i =r,r +1,...,n and x = (z9,21,...,7,1) € F.
The Y-coordinate of 7y ,.(f) is then given by (5.1), and by Theorem 2.5.8, we have

() 2 Y max{0.r = 5 3,0}
=0 =0

Recalling that the type of f is denoted by (s, $1, ..., ;1) and noting that s, , =
q_% S o 0q(p'h;) (reading s, as sg) for all £ =0,1,...,¢— 1, we have

V) = S ma{0,r — 5.}

This completes the proof. O]

Let @ be the basis change matrix between the standard basis and the mono-
mial basis Mz = {f1, f2, ..., fo} of R®1 (asused in Section 3.5). Using Lemma 5.1.1,

we see that one can factorize AQ) as PD, where

p*t 0 0 0
0 p= 0
0
Qy—1 0
D= P ,
0 0 po
0 . 0
0 . 0
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p® corresponds to the basis monomial f; € Mg with type (sq, $1,...,5,1), and
t—1
;= Zmax{(), r—s;}.
=0

The matrix P is an |£,| X |£,| matrix whose first v columns are ﬁm’,ﬂ(fi), i =
1,2,...,v. Westill need to show that D (with the diagonal entries suitably arranged)

is indeed the Smith normal form of A.

26



5.2 p-filtrations and Smith normal form bases

Let R = Z,[§,—1] with maximal ideal p = pR and residue field F,, and let
My - R — R be the map defined before. In this section we prove that there

exists a basis B of R*!, whose reduction modulo p is the monomial basis of Fqﬁ

1. such
that the matrix of 1, with respect to B and some basis of R is the Smith normal
form of 7;,. We begin with some general results on injective homomorphisms of
free R-modules.

For any free R-module M we set M = M/pM and for any R-submodule L
of M, let L = (L+pM)/pM be the image in M.

Let ¢ : M — N be an injective homomorphism of free R-modules of finite
rank, with rank M = m > 1.

Let

N ={z € N|3j>0,pr cIma¢}

Then N is the smallest R-module direct summand of N containing Im ¢, (sometimes
called its purification) and is also of rank m. The invariant factors of ¢ stay the
same if we change the codomain to N’, which will often allow us to reduce to the
case rank N = m.
Define
M;={meM | ¢(m)ep'N}, i=0,1,..

Then we have a filtration

M=MyDMD---

of M and the filtration

=
I
=
U
B
U

of M.
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Since ¢ is injective, and N’/Im ¢ has finite exponent, it follows that there

exists a smallest index ¢ such that M, = 0. So we have a finite filtration
M=M,2M,2---2M,={0}.
The inclusions need not be strict, although the last one is, by minimality of /.

Proposition 5.2.1. For 0 < i < ¢ —1, p' is an invariant factor of ¢ with multi-

Proof: The theory of modules over PIDs says there are bases of M and N’ such
that ¢ is represented by an m x m diagonal matrix whose entries are the invariant
factors of ¢. From this matrix we see that the multiplicity of p’ is dim(M;/M;,1).

O

Suppose we start with a basis B,_; of M,_; and extend it to a basis of M,_

by adding a set By_, of vectors and so on until we have a basis

B=B,UB,U...UB;_;

of M. At each stage we also select a set B; C M; of preimages of B; and expand the
sets in the same way. The resulting set B = Uf:é[)’i is a basis of M, by Nakayama’s
lemma.

We show that this basis can be used to compute the Smith normal form of
¢, that is, that there is a basis C of N such that the matrix of ¢ with respect to B
and C is the Smith normal form.

For e in B;, we have p’ || é(e); so y = #gﬁ(e) is an element of N'. The
elements y thus obtained from all elements of B are linearly independent elements
of N/, since ¢ is injective. Moreover, the index of Im ¢ in the R-submodule of N’
generated by these elements y is equal to the index of Im ¢ in N’ by the proposition.

Therefore, these elements y form a basis of N'. The matrix of ¢ with respect to B
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and any basis of N obtained by extending this basis will then be in Smith normal
form.

For convenience, we introduce a special name for bases such as B above.

Definition 5.2.2. We will call a basis B of M an SNF basis of M for ¢ if B =
Uf;é[)’i, where for each i we have B; C M; and B; maps bijectively to a basis of

Mi/MiH under the composite map M; — M; — Mi/Mi_‘_l .

We now apply the above general theory to our situation. We will look at the
case where M = R“') N = R and ¢ = n,. Let G = GL(n + 1,q). Then G acts
on £; and £,, and the map 7, is an injective homomorphism of RG-modules; so
the M; are RG-modules and the M, are F,G-modules.

We will use the following special properties of the F,G-module Fqﬁl.

Proposition 5.2.3. 1. Two basis monomials of the same type generate the same

F,G-submodule of Fqﬁl .

2. EveryF,G-submodule ole‘g1 has a basis consisting of all of the basis monomials

in the submodule.

Proof: Part (1) is immediate from Corollary 3.4.3. (See [7, Theorem B]. The field
in [7] is taken to be an algebraically closed field k, not I, but it follows from [7,
Theorem A] that in fact all the kG-submodules of k*! are simply scalar extensions
of F,G-submodules of F5*, so for example [7, Theorems A, B] hold also over F,.) Let
S be an F,G-submodule of Ffl and let f € S. By Corollary 3.4.3, S must contain
all the basis monomials needed to express f. Therefore, S is the linear span over [F,

of all the basis monomials it contains. O

Corollary 5.2.4. R*' has an SNF basis for n,, whose image in Fqﬁl is the monomial

basis.

29



Proof: By Proposition 5.2.3(2) we can choose B; in the construction above to be

the set of monomials in M; which are not in MHL O

Whenever we have a basis B of Rt whose reduction modulo p is the monomial
basis, the type of an element of B will always mean the type of its image in the

monomial basis.

Corollary 5.2.5. Let B be an SNF basis of R*' for n,, whose image in Fgl 18
the monomial basis. Then the invariants corresponding to two elements of B of the

same type are equal.

Proof: Let e, f € B be two such basis elements, with images € and f. Then

e€M; <= e€M; (def. ofSNF basis)
< feM; (Proposition 5.2.3(1))
<= feM,; (def. of SNF basis).
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5.3 Jacobi sums and the action of the general linear group on R
In this section we will prove a refinement of Corollary 5.2.4 (see Lemma 5.3.6
for details). In order to prove this refinement, we need to use Jacobi sums and the
action of the general linear group on R*.
Again let T be the Teichmiiller character of IF, defined in Section 2.5.4, where
q = p'. We know that T is a p-adic multiplicative character of IF, of order (¢—1) and
all multiplicative characters of IF, are powers of 7. Again we adopt the convention
that 7° is the character that maps all elements of F, to 1, while 79~ maps 0 to 0
and all other elements to 1. Recall that given two multiplicative characters on Fy,
T and T?', the Jacobi sum is
J(TP, T%) = Y~ T (ao)T" (1 — ap). (5.3)
zo€F,
From the above definition and our convention on 7° and 797!, we see that if by Z 0

(mod g — 1), then
J(T™ T =0, and J(T®, T97!) = —1.

Also we have J(T™',T) = 1. The Jacobi sum J(T%,T%) lies in R = Z,[¢,-1].
Naturally we want to know its p-adic valuation. Using Stickelberger’s theorem on
Gauss sums (Section 2.5.4 and see [15, 39] for further reference) and the relation
between Gauss and Jacobi sums (Section 2.5.3),

g(x1)g(x2)

T0,x) = g(x1x2)

we have the following relation.

Theorem 5.3.1. Let by and by be integers such that b; 20 (mod g —1), i = 0,1,
and by + by Z 0 (mod q — 1). For any integer b, we use o(b) to denote the sum of
digits in the expansion of the least nonnegative residue of b modulo ¢ — 1 as a base

p number. Then

O'(bo) + O'(bl) — O'(bo + bl)

(T, 7)) = o
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In other words, the number of times that p divides J(T~% T~ is equal to the

number of carries in the addition by + by (mod ¢ —1).

We will now construct an element of RG with certain special properties. For
this purpose, we will first describe the action of G on R*'. In this section, we think
of elements of £, in homogeneous coordinates as row vectors and elements of G as
matrices acting by right multiplication. Then R*' is the left RG-module given in

the following way. For each function f € R*!, the function gf is given by

9N)(2) = F(Zg),  Z¢€ L.

Let f; = T(xboab - - - 2b) € Mpg be an arbitrary basis monomial. Let & = &, ;
be a primitive (¢ — 1)* root of unity in the Teichmiiller set 7, C R, and let ¢ be
its reduction modulo p. We define g, € G to be the element which replaces xy by

xo + 21 and leaves all other z; unchanged. Then
Let g = ZZ;?) ¢'g, € RG. The following lemma gives us gf;.

Lemma 5.3.2. Let f; and g be as given. Then

(

0, if by = 0

af = T(af§ 2y g - alr), if by =q—1
U =T - )T ), i b =1

n

—J(T71, TP T (xboal tiabz . gbn) otherwise.

\

Proof: First note that
J(r-t 1% = 0,
Jr ) = -1,

so the cases by = 0 and by = ¢ — 1 are really covered by the general case. Therefore

we will only consider two cases.
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Case 1. by # 1. First assume that zy and z; are both nonzero. We have

q—2
afi = > o
/=0

q—2

— T(xgl .. 1’2") ZT_l(EZ)TbO(QZO + gexl) (5.4)
=0

— Tl ZFT Tbo(1—<—%>>T<—1>T<x8019:1)

= _J(T TbO)T( bo—1 blH:UbQ'--xZ"). (5.5)

If 1 = 0 we verify directly that (5.4) and (5.5) are both zero, so the formula is still
valid. If 2o = 0, since by # 1, we see that (5.5) is 0; and (5.4) is also 0, since a

nontrivial (multiplicative) character summed over F, is zero. Therefore the formula

still holds.

Case 2. by = 1. In this case
gfi =T(ayag - --ay) Yy T(E wo + 21).

If £y = 0, then gf; = (¢ — V)T (a2 2% .- ab). If 29 # 0 but z; = 0, then clearly
we have gf; = 0. If xg # 0 and x; # 0, then using the same calculations as in the

case by # 1, we have
gfi = —J(T T)T (el - ale) = ~T(ahaly - aly).
In summary, the formula for gf; in this case is
(a1~ T(ag ™) — )Tl - al).

This completes the proof. n
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Corollary 5.3.3. Let f; = T(aboab - ab) € Mg be a basis monomial, and let

g9(j) = Zz;g £74gy,-5 be the j™ Frobenius analog of g in Lemma 5.3.2 above. Then

(

9 fi = T 2 P k), if by =q— 1
(a1 =T(x§™") = )T (@ " i - ale), if by = pf

n

_pi bo—p’ , b1+p’ .
—J(T=7 , TP (x> " a3 4P b2 abn) | otherwise.

\

Proof: Let p denote the Frobenius automorphism of R, which maps an element

of the Teichmiiller set T} to its p™ power, and let y = (yo,...,Yn) = (yc’g7 . ,a:fl])

We can write fi(x) = f* ' (y) = T(y2"" -+ 42"}, We observe that Gep-i T€places

Yo by yo + E%1. Therefore we can apply the previous lemma to get

)
0, if by =0
Tyl 2y by by if by =q—1

(q(1 =T (e ") = )Ty " Flys? o oybor ™), if by = pf

— (T TP )T (e ™) otherwise.

n

g (y) =

\

Substituting x back in and noting that J(x?,¢¥*) = J(x, 1) we get the result. [

For each basis monomial in Mg with at least one exponent strictly between
0 and ¢ — 1, we want to construct an element of RG which acts as the identity on
that basis monomial and annihilates all other members of Mg. To begin we define

a finite abelian group

(M, %) = {xg0 ot a7 xbe (mod a=1) | N7 s divisible by ¢ — 13,
i=0
where the operation x is the (natural) componentwise multiplication. The group

(/\7, ) has order (¢ — 1)". Next we define a map from Mg to (/\7, %).

T: Mg M

T(:L‘go .. 'xl;L") NN Xgo (mod ¢—1) Xgn (mod ¢—1)
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If i € M has i < n of its exponents divisible by ¢ — 1, then m has 2' preimages
in Mpg. If all exponents are divisible by (¢ — 1) then there are (2" — 1) preimages
since we have excluded T'(zf ™" ---29~1) from Mp.

The following formulas are well known (see [8, p. 314]).

Lemma 5.3.4. (Inversion formulas) Let H be a finite abelian group of exponent
e, R a ring containing ﬁ and a primitive e™ root of unity, and H' the group of
characters from H to R. Let A=}, yayh € RH and B =} . byx € RH'.
Then

1 1

w= XEEH/X(A)X_ (h) (5.6)
1 1

by = EEH:B(}I)X (h) (5.7)

In what follows we will apply Lemma 5.3.4 to the group (Mv ,*). We construct
an element of RG that kills each basis monomial except those which are preimages
of 7(f;) € M. Then we construct elements of RG that kill each element of the
preimage set except the one we choose.

Let S = {M | A € F;} be the subgroup of scalar matrices in G. The
diagonal matrices of G form a maximal abelian subgroup or torus, and their images
in PGL(n + 1,¢q) = G/S form a torus in that group. Let 7 C G be a complete
set of coset representatives in G of this torus of PGL(n + 1,q) = G/S. There is a
1-to-1 correspondence between elements of 7 and characters of the group (M L %),

For m = 7(m) € Jq, g € T we define x, via gm = x,(m)m. Hence if

dy 0

then



We want to find B such that

B(7(f)) = D byxs(r(fi)) =1

geT

B(r(f;)) = 0, if 7(fi) # 7(f))-

Using (5.7) in Lemma 5.3.4 to solve for b, we get
B=_ S
= m ZXQ (7(fi))xg
geT
and the corresponding element of RG is

1
(g—1)"

> X, (T (£)g-

geT

This element is in RG because p does not divide the order of M , and it annihilates
all basis monomials in My except those in the preimage of 7(f;).
In the language of representation theory, we would say that two monomials

afford the same character if and only if their exponents are all congruent (mod g—1).

Lemma 5.3.5. Let My = {fi, fa,..., f,} be the monomial basis of R**. For each
fi = T(xboahr - abr) € Mg with some b; strictly between 0 and g — 1, there is an

element h; € RG with the following property. If

f=afitcafet+-+cufy

is any element in R“' then
hif =cifi.

Proof: We will construct the required h; in two steps. Let H denote the subgroup
of diagonal matrices of G. Then each basis monomial in Mpg spans a rank one
RH-submodule of R*', which is the direct sum of all such submodules. Two basis
monomials f; = T(zlz} -+ - 2b) and f; = T(acgaxlfl > xZ") afford the same character

of H if and only if b; = b} (mod ¢ — 1) for 0 < i < n.
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Since the order of H is not divisible by p, for each character x of H, the group
ring RH contains an idempotent element projecting onto the y-isotypic component
of R*1, the span of all the basis monomials affording y. In other words, we can start
with the group ring element constructed above from the inversion formula.

If none of the exponents the of f; is divisible by ¢ — 1, then no other basis
monomials afford the same character as f; and we can take h; to be the above
idempotent. Now suppose that some exponents of f; are divisible by ¢ — 1. We
proceed successively for each exponent of f; which is either 0 or ¢ — 1. Without loss
of generality, assume that f; has by = ¢—1. We construct an element h € RG which
annihilates every basis monomial in Mg for which by = 0 and acts as the identity
on f;. (If f; instead has by = 0, then the element we want is 1 — h.)

Without loss of generality, we will take b; = alvt_lptfl + -+ ay to be an
exponent lying strictly between 0 and ¢ — 1 with a; ; < p — 1 for some j. Then we
take the element h; = g(j) € RG from Lemma 5.3.3 that shifts p/ from by to b;. We
get

hofy = Tl 7 P ol
If e is any other basis monomial of the form e = T'(zd'2% --.), then we similarly

have

me =T a0

and if zy has exponent 0 in e then from Corollary 5.3.3, we have
hle =0.

Next we set hy = ¢'(j) € RG to be the analog of g(j) but with the roles of z and
71 interchanged. Noting that here b; + p’ # p/ (we assumed that 0 < b; < ¢ — 1),
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we get

halafi = —J(T7, T,
hohie = —J(T77 T"*”)e, if the exponent of g in e is ¢ — 1
haohie = 0 otherwise.

Since there is no carry in the sum p’ + by, the Jacobi sum J(T7, T *7") is a unit

in R (cf. Lemma 5.3.1). Hence the element h of RG we want is —————hyh,.
J(T—» , Tb1+P7)

We can repeat the above process for each exponent of f; which is divisible by

q — 1. The product of all the elements we have constructed is the element h; € RG

which kills every basis monomial in Mg except f;. n

We now prove the main result in this section.

Lemma 5.3.6. Assume q > 2. There exists an SNF basis of R** for ny,, whose
reduction modulo p is M, and which contains all the basis monomials of Mg having

at least one exponent lying strictly between O and ¢ — 1.

Proof: By Corollary 5.2.4, there exists an SNF basis B = U?;})Bj of R* for ny,
such that the reduction of B modulo p is M. Let f € B, and let the reduction of f
modulo p be

F=abah . abe M,
with some b; satisfying 0 < b; < ¢ — 1. Let Mg = {f1, fo,..., fo} with fi =

T(zleal - - - 2bn), where v = |£,|. We write

f=ah+cfot+ -+cfs, ¢ €R.

Since f = fi, we see that &7 = 1. Hence ¢; is a unit in R. Since there is an exponent
b; lying strictly between 0 and ¢ — 1, by Lemma 5.3.5, we can find h; € RG such
that h1f = ¢ f1. In the notation of Definition 5.2.2 with M = R*', we see that if
f € B;, then f; € M, since M, is an RG-submodule , so that B' = (B\ {f}) U{f1}
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is again an SNF basis of Rt for ;. We can repeat this process for every element
in B whose reduction modulo p has one exponent strictly lying between 0 and ¢ — 1.

At the end, we obtain the required SNF basis of R for 7 . n

We will use M, to denote the special SNF basis of R for 1, produced by
Lemma 5.3.6. Again the type of f € M, is defined to be that of f € M.

Lemma 5.3.7. The invariants of m , corresponding to two elements of M’y of types

(S0,---,8-1) and (s1,82,...,S-1,80), respectively, are equal.

Proof: We may assume ¢ > 2 since there is nothing to prove otherwise. For any
type £ € 'H, we can always find a basis monomial f € My of type £ and with at least
one exponent lying strictly between 0 and ¢—1. Hence f € M’,. By Corollary 5.2.5,
the invariants of 7, corresponding to two elements in M, of the same type are
equal. Therefore we may assume that the two elements of M/, in the statement of
the lemma are actually in Mp.

The Frobenius field automorphism

p: F, — T,

x; — ot

applied to the coordinates of V' is an automorphism of the projective geometry. It
maps points to points, subspaces to subspaces, and preserves incidence . The image
of a point Z = (xg,...,x,) is Z° = (2b,...,2P) and for an r-subspace Y, Y* is

the r-subspace containing the images of all the points incident with Y. Given a

bn

o) we have

monomial function f; = T(z% -- -z

F =T )
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Clearly if f; is of type (so,...,s:—1) then f’ is of type (si—1,So0,...,Si—2)
because \; becomes Aj1q in (3.5). It is also clear that
fi(27) = f1(2Z)
so that
M (f)(Y?) = e (f)(Y).

As Y runs through R so does Y?. Thus, the coordinates of 1, .(f;) are the same as
the coordinates of 1y ,.(f;”) but permuted by p, so that the invariants corresponding

to f; and f” are equal. ]
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5.4 The proof of Theorem A

Our aim in this section to prove Theorem 3.5.1 (Theorem A). We will achieve
this by proving the more detailed result Theorem 5.4.2 below. Our proof depends on
Lemma 5.1.1, which gives lower bounds on the p-adic valuations of the coordinates
of m(f), where f € Mg, and the results in Section 5.2 and Section 5.3.

We first prove a lemma.

Lemma 5.4.1. Let f be a nonconstant basis monomial in Mpg. Then p does not
divide m . (f) if and only if f has type (so,51,...,8-1), with s; > 1 for all0 < j <
t— 1.

Proof: Let f be the image modulo p of f. Then p does not divide 7,.(f) if and
only if the image of f under the induced map Ty qu’l — Fqﬁr is nonzero. Suppose
that s; < r for some j. By Lemma 5.1.1, p|n,(f). That is, only those basis
monomials f of type (sg,$1,...,8.1), where s; > r for all 0 < j < t — 1, could
possibly have nonzero image under 7, .. On the other hand, by Hamada’s formula,
rank of 7, ,. is equal to one plus the number of f’s with this property. Therefore,
the images of all such basis monomials must be linearly independent, in particular,
nonzero. Hence p {n,(f), if and only if f has type (so, s1,...,8:—1), where s; > r
for all 0 < 7 <t — 1. This completes the proof. O

Theorem 5.4.2. Let f| € My be of type (so, ..., 8t-1) and let p be the invariant

of fi with respect to ny,. Then
t—1
Bi = Zmax{(),r — Si}
i=0

Proof: We shall assume that ¢ > 2. When ¢ = 1 a similar and easier argument
works, but we omit the details to keep the notation simple and the argument clear,

since this case is already known [37]. (However if t = 1 and ¢ = 2, arguments based
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on Jacobi sums do not work. It is still possible, though, to construct elements of
RG to get an SNF basis in a favorable form.) Let a; = Z;;E max{0,r — s;}. Let
fi € MY, and let f; € Mp be the basis monomial which has the same reduction
modulo p as f/, namely f; := T(f!). We use the notation of Definition 5.2.2 with
M = R* and ¢ = n;,. By Lemma 5.1.1, we have f; € M,,. Since the image of
fi=flin Mg /Mg, is not zero, it follows that a; < ;.

Suppose by way of contradiction that £, > «4 for some k. Let f, =
T(zlealh - xbn) be of type (so,81,...,51). Assume that we have picked k so

that if a; < oy, then a; = 3;. By Lemma 5.3.7 we can assume for convenience that

s = min{sg,...,S—1}. We have
Ao =ps1—so<n(p—1)
with equality only if s =s; =--- =51 =n and
A =psy — 51 > 1.

We note that the case sy = sy = --- = 5,1 = n will not occur by our
assumption that 0 > . The reason is as follows. If fi has type (so, $1,...,8-1) =
(n,n,...,n), by Lemma 5.4.1, we see that p { n1,.(fx). Since f, = fi, we have
p 1 m.(fi). But the invariant corresponding to f; is p’*, and we assumed that
Br > oy, =0, s0 p|m..(f;), a contradiction.

By Lemma 5.2.5, basis vectors in M’ of the same type correspond to the
same invariant, so in the sum A\ = Z?:o a;p we can assume that apg = 0, and we
can also assume that a;9 < p — 1 since the case s = s; = -+ = 5,1 = n has
been excluded. In the sum \; = Z?:o a;1, we can assume that ap; > 1. By these

assumptions, we see that 0 < p < by < ¢ — 1. Hence from our definition of M/, we

have

fi = fr:
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Since the exponent by in f;, is not equal to 1, applying the group ring element

h € RG in Lemma 5.3.2, we get

hfy = hfy = —J(T7L, TP (abo gt iale .o gbe), (5.8)

n

Set T(a:SO_lxI{lH.rgz ooabn) = f, € Mp. The type of fyis (0,81 + 1,82,...,8 1)
because we have increased Ao by p and decreased \; by 1. Also note that by — 1 is
still strictly between 0 and ¢ — 1, so f, = f; € M. As for the coefficient of f; in
(5.8), Lemma 5.3.1 tells us that p divides J(T~1, T%) exactly once because when 1
is added to ¢ — 1 — by there is exactly one carry: from the ones place to the p place

of the sum. Since p®|n;,.(f) and 7, is an RG-module homomorphism, we have

pﬁk | Ul,r(hf];)'

Since p || J(T1,T™), we get
P g (7).

where the type of f] is (s, 81 + 1, 2,...,81). Since we assumed that aj was the

smallest such that a; < B, we must conclude that

—1 —1
Zmax{o,r — s} = Z max{0,r — s;} + max{0,r — (s; + 1)}.
=0 j=0,j#1

That is, s; > r. Since s; is assumed to be the smallest among s;,0 < 7 <t —1, we
see that

sj>r, 0<j<t—1, and hence ay, = 0.

By Lemma 5.4.1, p n1,-(fx), so p{ ni-(fi) since f; = fr. However we have assumed
that Br > ap = 0, that is, p|n,(f,), which is a contradiction. The theorem is

proved. 0

The theorem shows that the bound in Theorem 2.5.8 is exact.
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Corollary 5.4.3. The monomial basis Mg is an SNF basis of R*' for the map

and the invariant of a monomial of type (so, ..., S—1) is equal to

t—1
Z max{0,r — s;}.
i=0

Remark 5.4.4. We have seen that, for each r, the RGL(n + 1, ¢) homomorphism
i, defines a filtration {M;} of F5* by F,GL(n + 1, ¢)-modules. In the case r = n,
it follows from Theorem 5.4.2 and [7, Theorems A, B| that this filtration is equal to
the radical filtration, the most rapid descending filtration with semisimple factors.
Equivalently, M; = J"(Iﬁ‘qﬁl), where J is the Jacobson radical of the group algebra
F,GL(n +1,q).
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5.5 Proof of the Bardoe/Sin module structure result
In this section we give a proof of Theorem 3.4.2. First, we need to supplement
Lemma 5.3.5 with the following lemma to cover those monomials in which every

exponent is divisible by ¢ — 1, which were excluded from Lemma 5.3.5.

Lemma 5.5.1. Let f; = T(abal - ab") € Mg be a basis monomial with every

exponent either 0 or ¢ — 1, let by =0, and let fF = T(xzfl)fi. For any

f=afi+cafs+-+cufy

in R*'. There is an element g; € RG, which depends on f, such that
g.f =clfi + Lf*)
1—q"

Proof: Without loss of generality we can take by = ¢ — 1 and k =1 (i.e., by = 0).

We will first treat the case where f; = T'(zd '29227" .- 2971). In this case we have
~1_q-1_gq-1 -
fi =T o e a2l ),

which is not a basis monomial—but we can write this f as a linear combination of
some basis monomials in Mg with coefficients +1. Explicitly,
n
fr=1e ) = T (s - ). (5:9)
=0
Note that here we are dealing with functions from £, to R, so at least one z; is

nonzero. By Corollary 5.3.3, we can find an element g; = g(0) € RG such that
gufi = T(@d w2y 227, (5.10)

No other basis monomial will have the monomial (5.10) in its image. Since the
exponent of xg is ¢ — 2, lying strictly between 0 and ¢ — 1, we can apply Lemma 5.3.5

to get an element g3 € RG such that

_9 _1 _
gag1f = ;T (xd oy o2l
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Now apply Corollary 5.3.3 to the above monomial (with the roles of zy and x;

interchanged), we get an element g, = q_%g’ (0) € RG such that
B q .
929391f = ci(fi + 1——qfi ).

Therefore the lemma is proved in this case.

From now on we assume that at least two of the exponents of f; are 0. By this
assumption, we see that f = T(xl 'z '2b2 ... 2b") is actually a basis monomial.
Let f = f; € Mg. Using the element g; = ¢(0) € RG from Corollary 5.3.3 we

have

gufi = gufy = T(x§ Paqal - ).
No other monomials will have exactly this monomial as its image, so by the previous

lemma there is g3 € RG such that
g1 f = (ci+ e T(a§  arag - ).
If vy(c;) # vp(cj), then

Ci
c; + C]'

9i = 9293491,
with go as above, will be exactly the element of RG we want. Otherwise, we need
to premultiply f by an element of RG which raises the p-adic valuation of ¢; while
leaving the valuation of ¢; unchanged.

Suppose in f; that k > 2 is the number of coordinates whose exponent is 0,

and (n+ 1 — k) is the number which are ¢ — 1. For this construction, we will relabel

the monomials and renumber the coordinates so that

o f q—1,0,.0 0 _q—1 q—1 q—1
fi=fi = T wywy 2,202, 2 )
/A g—1_49-1_0 0,.9—1,.9-1 q—1
fa = T(xo Ty Tor Tyl 1 Tyqo" " Ty )
r_ q—1,49-1_4g-1_0 0,.9-1 _q-1 q—1
f3 = T(xg o] w5 a3 L Tr1Lgyo Ty )
/- —1 q—1 _0 _qg—1 q—1
fn - T(xO Jjn—lxnzn+1 xn )



and with the renumbering we have
f=afi+ - +cf. +c:a+1 é+1‘%"'cgf1-

We consider two cases. First suppose that the coefficients

/ / /
€1,Cy ..., CH LK

all have the same p-adic valuation, but that the valuations of ¢, and ¢, are different.
Then by the above argument there exists g, € RG for which

cq
1—g¢q

gbf = Cifb + fL+1

and
(L—g)f =\ fl+- 4 f +0-f 4.

Now the valuations of ¢/_; and ¢ are different. By induction we have the required
premultiplier.

Now suppose that the coefficients ¢}, d,, ..., c. all have the same p-adic val-
uation. We apply the element g, € RG to f, which in particular shifts 1 from the
exponent of x,_; to the exponent of z, in the basis monomial f.. Then we apply

g5 € RG from the previous lemma to g4f, which kills every monomial except
q—1

q—1 q—1_4q-2 q—1
T(x(] T ol 1Ty Ly, )

Next we apply g¢ € RG which shifts 1 from the exponent of x, back to the exponent

of z,_1. Since T'(x471f/) is not in our basis, the calculation above gives

969594 f = (¢ — 1) fL — cqT (x4 ") fL.

The expression

T(af ) fe=T(§ ")

n
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is not a basis monomial, but by (5.9), it can be written as a linear combination of

basis monomials with +1 coefficients. Using (5.9), we calculate that

(1+g69594)f = (h ) fi+ (aFac)fa+ -+ (G +ac) fumy +0- fr+ -+
and we are back to the first case. This completes the proof. O

The following observation allows us to apply Lemma 5.3.5 and Lemma 5.5.1

L
to Fql.

Lemma 5.5.2. Let X € R* and let g € RG. By g (mod p) we mean the element of
F,G obtained by reducing the coefficient of each element of G' in g modulo p. Then

gX (mod p) = [g (mod p)][X (mod p)].

Proof: Clear from the definitions. m
We are now ready to prove Theorem 3.4.2 for g # 2. The theorem is still true

for ¢ = 2, but using Jacobi sums and summing over (g — 1) roots of unity does not

help when g = 2.

Proof: [Theorem 3.4.2] Since |£1] is not divisible by p, F&* is the direct sum of the

module of the constant functions and the module of functions which sum to 0 over

L1. We only need to consider functions of the second type, those with no constant

term. To prove the theorem, we need to demonstrate four claims.

1. The module that is generated by any function contains all the monomials with
nonzero coefficients in the representation of that function in the monomial

basis.

2. The module generated by any monomial contains all the other monomials of

the same type.

3. The module generated by a monomial of a given type generates at least

one monomial of any given lower type, in the sense that if (sg,...,s;1)
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and (sp,...,s;_,) are both in H, then (s{,...,s}_;) is a lower type than

(805, 8-1) if 8 < s; for each i € {0,...,t —1}.

4. The expression for the image of any monomial under the action of any group
element has coefficient zero for any basis monomial whose type is higher than
the original monomial. Thus each module described in the theorem is invariant

under the group action.

The first claim is clear from Lemma 5.3.5 and Lemma 5.5.1, since we can
start with any polynomial function and kill all the monomial terms except one, by
applying the appropriate group ring element.

The second and third claims follow from Corollary 5.3.3. We write the p-adic

expansions of the exponents of our given monomial.

t—1
bi=aio+ -+ ait-1p

The lemma allows us to subtract 1 from any nonzero digit of any exponent and add
the corresponding power of p to any other exponent. The Jacobi sum will be a unit
in R, (since the subtraction b; — p’ did not require borrowing), so its reduction mod

(p) is not zero. Thus we can partition the sums
Aj = o+ g

in any way we like, proving the second claim.

To change a monomial of type (so, ..., $;,...,s—1) to one of type (so, ..., s;—
1,...,8-1), we need to add 1 to the sum \; and subtract p from the sum \;_;. If
Aj—1 <p,orif \; =(n+1)(p—1), then (so,...,s;—1,...,5-1) & H. Otherwise we
pick b; such that a;; < p— 1, move enough units of p’~! to b; to cause a carry from
a; ;-1 to a;;, and we have the desired monomial. Then we note that if (s, ..., si_1)
and (sg, ..., s;_1) are both in M, and if s < s; for each i € {0,...,t — 1}, then the

following algorithm gets us from (sg,...,S¢-1) to (s(,...,s;_1) by way of t-tuples
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which are all in ‘H and with each step involving subtracting 1 from only one entry
of the ¢-tuple. Of all those cases where s; # s, we pick one where s; is as large as

possible. We know that
0<psjn—s; <(p—1n+1)
0<psj—s;1<(p—1)(n+1)
2<s;<n
cither s;41 = 8}, or s;41 <55
either s;_; = 8}, or 5;_1 < s;.
We conclude that
0<psjm—(s; =) <(p—1)(n+1)
0<p(s;=1)=s;m1 < (p—1(n+1)
so that (sg,...,s; —1,...,8._1) € H.

To prove the last claim, let f = xgo -~ 2P Recall that s;(q— 1) is the degree
of

with all the exponents reduced by the substitution ! = z;. Then for any g € G,

the image ¢gf has the form

(CO,OxO + -+ CO,nxn)bo e (Cn,Ol‘O + -+ Cn,nxn)bn

which is a homogeneous polynomial of degree so(q — 1) before reduction. After
reduction, all the monomials are of degree at least ¢ — 1 and at most so(q¢ — 1).

Similarly,

(@) = (cho e+ Y (g

n,n n

is homogeneous of degree s;(q — 1) before reduction. After reduction, all the mono-

mials are of degree at least ¢ — 1 and at most s;(¢ — 1). The proof is complete. [
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Chapter 6

AFFINE GEOMETRIES

6.1 The Invariant Factors of the Incidence between points and r-flats in
AG(n,q)

In this chapter, we consider the incidence between points and r-flats in the
affine geometry AG(n,q). We will view AG(n,q) as obtained from PG(n,q) by
deleting a hyperplane and all the subspaces it contains. Let H, be the hyperplane
of PG(n,q) given by the equation xy = 0. Then for any integer r, 0 < r < n, the
set of r-flats of AG(n,q) is

Fr={Y\(YNHy)|Y €L}

(The empty set is not considered as an r-flat for any r.) In particular, the set of

points of AG(n, q) is Fy. We define the incidence map
Moy : 70 — 77 (6.1)

by letting n5,.(Z) = Xy ez, zcy Y for every Z € Fy, and then extending 7g ,. linearly
to Z7°. Similarly, we define 7/, to be the map from Z”" to Z7° sending an r-flat
of AG(n,q) to the formal sum of all points incident with it. Let A; be the matrix
of nj, with respect to the standard bases of Z*° and Z7*. We have the following

counterpart of Theorem 3.2.1.

Theorem 6.1.1. The invariant factors of Ay are all powers of p.
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Proof: The proof is parallel to that of Theorem 3.2.1. We will actually work with
A, which is the matrix of 7., : Z"* — Z7° with respect to the standard bases of
Z7r and Z”7°. We define

¢ .77 -7

to be the function sending each element in 5y to 1. Clearly ¢ maps Z”° onto Z
and Im1).,, onto ¢"Z. Thus, Z7° /(Ker ¢ 4+ Imn,. ) = Z/q"Z, and we are reduced to
proving that (Kere' + Im) )/ Im, , is a p-group. The proof goes in exactly the
same way as that in Theorem 3.2.1. Note that Ker(¢') is spanned by elements in
Z7° of the form u—w, where u and w are distinct points of AG(n, q); so it is enough
to show that ¢"(u — w) € Im(, ) for any two distinct points u and w. We pick an
(r +1)-flat containing the two distinct points u and w and let 7, be the restricted
map. The number of r-flats through one point in AG(r 4+ 1,q) is (¢"*' — 1) /(¢ — 1)
while the number of r-flats through two points in AG(r+1,¢) is (¢" —1)/(¢ — 1) so

we get
-

3 . q .
%&%A@)ZQZ+q_1uf

for any point z. Therefore
Mo (7o, (u = w)) = ¢"(u—w).

This completes the proof. n

In view of the above theorem, we view A; as a matrix with entries from
R = Z,[¢,-1]. The Smith normal form of A; over R will completely determine the
Smith normal form of A; over Z. We will get the p-adic invariants of A; from the
invariants of the incidence between points and (r + 1)-spaces in PG(n, ¢) and those

of the incidence between points and (r + 1)-spaces in PG(n — 1, q).
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Let A be the matrix of the incidence map 7y ;41 : R*" — RF+1 with respect
to the standard bases of R*' and R“"+'. We want to partition A into a certain block

form. For this purpose, we define
Lo ={Ze L, |ZC Hy},

and

Ll ={Y €LY C Hp}.

So we have the partitions

Elzf()Uﬁfo,

and

Lo =F ULl

We now partition A as
Fo Lfo
A~ NN
A1 A2 }.7:7»
0 | As | }eimo,

A:

where Aj is the incidence matrix of the incidence between £{ and £, which
can be thought as the matrix of the incidence between points and (r + 1)-spaces in
PG(n —1,q).

In order to obtain the SNF of A;, we need to modify the monomial basis Mg
of Rt slightly. We replace the constant monomial in Mp by T/(zd '2%" ... 29°1)
and denote the resulting set by M%. Note that M is still a basis of RX! because
(1—al™@1 —a?")--- (1 —a?) = 0 for each point (ag,as,...,a,) of PG(n,q).
Furthermore M7 is an SNF basis of R* for M1,r+1 since Mg is an SNF basis of R4
for 7,41 and the invariant corresponding to T'(zg ‘2% ... 247} is 1. So we have

the factorization

P*D = AQ", (6.2)
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where the columns of QQ* are the basis vectors in M}, written with respect to the
standard basis of R*', P* is nonsingular over R and D is the Smith normal form of

A.
We now partition M7, as By U By, where

By = {T(a0a - alr) | by # 0, T (axgalt - abr) € My},
and
By = {T(mg‘)xlfl . :EZ”) | by = 0, T(xgoxlfl . mf{‘) e My}

We partition the matrix Q* according to the partition of M7}, as By U By and the
partition of £ as Fy U E{I . Explicitly we have

B Ba

A~
o Q1] Q2 | } 5
0 | Qs |}

where the columns of @3 are the basis vectors in {f|s, | f € Bz} written with
respect to the standard basis of RE".

Now we rewrite (6.2) according to the block forms of the matrices A and Q*.

We have

P P P b0 A, A 0, O
1 I3 I3 1 Az 1 &2
0 Dy | = (6.3)
0 P P 0 As 0 Qs
0 0
which gives us
PiDy = A1Qq,
and
PyDy = A3Qs.

Since P; and (); inherit the property that the reductions modulo p of their columns
are linearly independent, D; must be the Smith normal form of A;. By Corol-

lary 5.4.3, {f|u, | f € B2} is an SNF basis of RE" for the incidence map 71,41
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between points and (r + 1)-spaces in PG(n — 1,¢). We see that D, is the Smith
normal form of As.

For any n > 2,1 <i <n, and a > 0, let m(a,n,i) denote the multiplicity
of p* as a p-adic invariant of the incidence between points and projective (i — 1)-
dimensional subspaces in PG(n,q). (The numbers m(«a,n,i) are determined by

Theorem 3.5.1.) We have the following theorem.

Theorem 6.1.2 (Theorem B). The p-adic invariants of Ay are p*, 0 < o < rt,

with multiplicity m(c,n,r +1) —m(a,n — 1,7+ 1).

Proof: From (6.3), we see that the multiplicity of p® as an invariant of A; is equal
to the number of times p® appears in D minus the number of times p® appears in

Ds. [l
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Chapter 7

THE INCIDENCE AMONG OTHER SETS OF
SUBSPACES

In this chapter we present what we know about the incidence matrix A, g
between r-subspaces and s-subspaces of the n-dimensional vector space V' over [,
when 1 < s < r < n. In this case we do not have a 2-design, because the number
of r-subspaces which are incident with two distinct s-subspaces depends on the

dimension of the intersection of those two s-subspaces. We do still have a 1-design,

n+l—s

r—s

because each s-subspace is incident with [ }q r-subspaces and each r-subspace is

incident with [ris}q s-subspaces. Recall that the “generalized” binomial coefficient

IS V) ()

i=1 i=1

is the number of s-subspaces of an r-dimensional vector space over F,.

7.1 The cross-characteristic invariants
In [17], Frumkin and Yakir proved the following theorem giving the rank of
A, s over any field whose characteristic is not p (the cross-characteristic rank). Let

A, s be as before.

Theorem 7.1.1. Let s < r, let s+r < n+ 1, and let K be any field whose

characteristic is not p. Let

Y:{i|0§i§s, {Z:j 7&0}_
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Then with the convention [”jll}q =0,

n+1 n+1

k(A s) = — )

ronkc(4,.) = 3 [T 1]
€Y q q

Thus the rank is full if the characteristic of K is 0. As far as we know, the

following result, which gives a diagonal form for A, g, is new.

Theorem 7.1.2 (Theorem C). Let s <r, s+r <n+1, and A, be as before. Let
¢ be any prime not dividing q. Then over Zy, the (-adic integers, A, s has a diagonal

form whose entries are [’;:E]q with multiplicity [n?l}q - [?jll}q

Proof: The proof is exactly the same as the proof of Theorem 7.1.1, except at
the very end. We give some highlights of that proof. In [23], James develops the
theory of Specht submodules of the KG-module K** where K is some field. When
the characteristic of K does not divide ¢, he has some strong results.
The Specht submodule S, C K% can be viewed as follows. If r < n/2 + 1
then
Sy = MiZgker(n),

where, as before, 1, : K** — K** is the incidence map. James calls this the kernel
intersection theorem.

If K has characteristic 0, the kernels are nested. In this case, S, = ker(n,,_1).

", ], K =Fy, then

Since this map has full rank, the dimension of .S, is [ B Pl

nyr—1 does not in general have full rank, but the dimension of the Specht submodule

S, s still ["HL — ["H}q. We can obtain it from the f-adic Specht module. Let

T r—1

Sy be the f-adic Specht submodule of the Q,G-module Q;”. Then the finite-field
Specht submodule is

S, ={X (mod ¢) | X € S,NZ;"}.
The main result of James used in this proof is the submodule theorem.
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Theorem 7.1.3. If X € K* and X is not orthogonal to every vector in S, under

the ordinary inner product, then the KG-submodule generated by X contains S,.

In particular, it is easily shown in [17] that for » > i, r+i < n+ 1, we have
S; C Im(n,.;). Using this last fact, and some other properties of Specht submodules,

we get the following result.

Theorem 7.1.4. Let s <r, s+r <n+1. Let char(K) # p. Then the vector space
spanned over K by all the rows of the matrices A;,, 0 <t < s has dimension ["jl}q

and it has a basis consisting of [”J{l}q — [T;jﬂq rows from A, for eachi, 0 <1 <s.

Now we use the well-known formula for i < s <r

r—1

Ai,s o As,r = |: :| Ai,m (71)
q

s —1

which says there are [Z:ﬂ s-subspaces which contain a given i-subspace and are
q
contained by a given r-subspace, if the given i-subspace is contained in the r-
subspace, and no such s-subspaces otherwise. Then we apply Theorem 7.1.4 twice
with K = F,. First we pick |L,| linearly independent rows from the matrices A, s for
0 <1 < s as specified in Theorem 7.1.4. If we stack up those rows, we get a matrix
P, which is invertible over F,. By Nakayama’s Lemma, it is also invertible viewed
as a matrix over Z,. Then stacking up the corresponding rows of (7.1), 0 < i < s,

we get the matrix equation in Z,
PA,, = DQ’

where P is invertible in the f-adic ring, D is the diagonal form specified in Theorem
C, and @' is some |L4| x |£,| matrix. Therefore the diagonal matrix D (suitably
arranged) can be taken as a lower bound on the (-adic Smith normal form of As,.

Then we use Theorem 7.1.4 again to pick |L,| linearly independent (over Fy)

rows from the matrices A;, for 0 < i <s. We can extend this set of vectors to get
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an |L,| x |£,| matrix which is invertible over F,. Again by Nakayama’s lemma, the
Teichmiiller lifting of this matrix is invertible over Z,. Stacking up the corresponding

rows of (7.1) we get

P'As, =D'Q

where D' is the same as D with |£,| — |£s| columns of zeros added, @ is invertible
over Z;, and P’ is some |L4| X |L£| matrix. This equation shows that D can be
viewed as giving an upper bound on the f-adic Smith normal form. Together, we

find that the (-adic invariants of A, are exactly the diagonal entries of D. O]

7.2 The open question

Since we have determined the (-adic invariants for ¢ # p, the question that
remains is the p-adic part of the Smith normal form, including the p-rank. It turns
out that we can calculate the eigenvalues and eigenspaces of A, A, ;. In particular,
if r+s=n+1, that is, if A, ; is a square matrix, we can calculate the determinant
of A, ;. The p-part of this determinant will be the product of the p-adic invariants.
In this section we shall work over Q. That is, we view the incidence matrix A;, as

a matrix over Q and use 7, to denote the incidence map from Q%+ to Q*.

Theorem 7.2.1. Let0 < i < s <r andlet s+r <n+1. Let S; = Ker (n;;_1) C Q%
be the Specht submodule and let n; 4(S;) be the image of S; in Q% under the incidence

map. Then n; 4(S;) is an eigenspace of A, A, s with eigenvalue

i(r—s) {r—z} [n%—l—i—s}
q :
r—s], r—s .

Proof: First, we claim that A,, A, is invertible over a field of characteristic 0.
We use Frumkin’s and Yakir’s result (see [17]) that As, has full rank over such a
field. We have |Ls| < |L,| so 1, s is surjective and 7, , is injective. Thus 7, on, s has
rank equal to |L|. Since A, A, is symmetric, it is diagonizable, and eigenspaces of

nonequal eigenvalues are mutually orthogonal. In effect, 7, , maps the eigenspaces
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of the nonzero eigenvalues of A, ;A; , onto the eigenspaces of A, A, ; with the same
eigenvalues, and 7, maps the eigenspaces of A, A, s onto the eigenspaces of A, ;A;,
having nonzero eigenvalues. We conclude that Q%" is the direct sum of the orthog-
onal subspaces 7,,.(Q%*) and Ker(n,,). In particular, Q% = Im(n;,_1;) ® S;.

Next we show that Q% is the direct sum of subspaces

Q“ = 10,5(50) @ 171,5(S1) B -+ B Ni—1,5(Ss—1) B S (7.2)

where the first ¢ + 1 terms of the sum give us Im(n; ). (We view 7y _; as mapping
a one-dimensional space to a zero-dimensional space, so that Sy = Ker(ny 1) = Q,
and 19 4(Sp) is the span of the all-one vector in Q*=.) By the transitivity property
(3.2) of incidence maps, 15 0 1 = [Z:ﬂqm,s, 1 < f < s, we have the nesting of
subspaces

Im(770,8) C Im(nl,S) C-C Im(%—l,s) C @LS-

We use induction. Assume we have the direct sum

Im(ni—l,s> = 770,3(50) P 7]1,3(51) - D 772‘_1,3(51_1).

By injectivity of n; s and transitivity we have

Nis(Q%) = mis(nim1:(Q5 ) @ S;)
= Ni—1,s(Q5 ) & 1 o(Sh)
= 10s(50) B+ Bnic1,5(Si1).
Since the base case is trivial, (7.2) is a direct sum.
Now we pick Z € Q. We will define M E(Z) to be the following subspace of
QF*¢ (which is not an invariant subspace with respect to the action of G). Let Y be
any element of £,. We require that every element f € MZ(Z), viewed as a function

from L, to the rational numbers, can be specified by a function h from the integers

to the rationals via

FY)=h ( dim(Y N Z)) (7.3)
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so that the value of f(Y) depends only on the size of the intersection of Y with
the fixed i-subspace Z inside V. Note that if i < ¢ < n + 1 — 4, then MZ(Z) is an
(i+1)-dimensional subspace of Q. It is also clear that 7, maps M, E(Z) to Mfz), and
that MK(Z) C Im(n; ). If we assume that ¢ <r <n+1—/ then n,, and n, 407, are
injective, so we can represent the restriction 7, |(Z) o Ny |(Z) to Méz) and Mﬁz) as
an invertible ((i+1) x (i+1))-matrix. If we know the first ¢ eigenvalues, then there
can be at most one more. Furthermore, since the original (|£;| x |£;|)-matrix was
symmetric, the eigenspace of this last eigenvector must be orthogonal to the other
eigenspaces (with respect to the ordinary dot product of vectors of length |L£;|).
Next, define 20 to be the set of all those (i — 1)-dimensional subspaces con-
tained in Z. For each W € 20 we can set up an i-dimensional subspace of Q** similar
to what we did for Z. What we want is to combine them into a single :-dimensional

space. Take any vector f € Mg(m) to be a vector of the form

ey Se Y v

Wew j=0
Y e L.y,
dim(YNW) =
We know that Me(m) is i-dimensional because if ¢ = ¢; = -+ = ¢;_1 = 0 but

c¢; #) then the coefficient of an element of £, whose intersection with Z has size j
is nonzero, but the coefficient of any element with smaller intersection is zero. Also
Mg(m) C M, g(Z) because the total coefficient of an element of £, can depend only on

) also have eigenvectors in M, E(QH),

its intersection size with Z. The eigenvalues of M, Z(W
because we can sum the corresponding eigenvector in M, Z(W) over each W € 20.

We claim that the one extra eigenvector that is in MK(Z) but not in Mg(w) lies
inside 1, ¢(.S;). We know that S; is orthogonal to Im(n,_1 ;). By inductive hypothesis
we have the first ¢ eigenvalues of 7,,; o 1; ¢, corresponding to Im(n;_1,). The other

eigenvector must be orthogonal to these, so it is in S;. Now assume that this last

eigenvalue is different from the others. When we map it to M, K(Z) via 1; ¢, we get an
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eigenvector of n; o 1,; with the same eigenvalue. Therefore M Z(Qn)

is also orthogonal
to 7;,(S;). Again by inductive hypothesis we have i eigenspaces inside Méw) for
My © Ne,r, SO the last eigenspace must be orthogonal to Mg(w)7 that is, in 7; ¢(S;).

Now we claim that

> M = TIm(n;).
ZeL;

In (7.3), let h be the function which maps i to 1 and all other integers to 0. The
corresponding vector is exactly the image of Z. Therefore n;(Z) € Mém. Since Z
could be any i-space, we get all of = Im(n; ).

Finally, we calculate the eigenvalues and verify that they are all different, as
claimed. Our typical eigenvector lies in MZ(Z) N0ie(S;) = MK(Z) N Ker(ng;—1. We
assume that 1 < £ <n —i.

We begin by calculating the eigenvalue for the map 711/ © 17 ey1. First we
get information about the eigenvector from the fact that it lies in Ker(n,,—1). Let
W € L;_1 be contained in Z. The coefficient of W must be zero in the image of the
eigenvector under the map 7,,_;. We calculate the coefficients of the eigenvector cor-

responding to intersection dimension with Z of ¢ and ¢ — 1. These are the only coeffi-

n+2—1
l—i+1

which contain W. Of these, ["zlz_qq contain Z and the rest, [’Zji:f]q — ["zlz_qq =

cients which contribute to W under the map 7, ;_;. There are [ ]q elements of L,

(41—i [ntl—i
q [£—i+1

those elements of £, which contain Z and let — ["Jg_l;i}q / (q”l_i [;}f;:ﬂq)

— (g7 = 1)¢"" /(g™ — 1) be the coefficient of those elements of £, inter-

}q have intersection dimension 7 — 1. We let 1 be the coeflficient of

secting Z in dimension ¢ — 1.

Let Y € L, contain Z. We calculate its coefficient after applying 1,41, ©
Nee+1, which will be the eigenvalue. This coefficient will be the sum over the three
classes of /-spaces of the coefficient in the starting vector times the multiplicity times
the corresponding entry of the matrix for 711 0 77¢+1. No element of £, whose

intersection dimension with Y is less than i — 1 contributes because no element of
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Ly4+1 contains both it and Y. We count the contribution of Y itself, from elements of
L, containing Z but intersecting Y in dimension ¢ — 1, and from those intersecting
Z in dimension ¢ — 1 and Y in dimension ¢ — 1. The matrix entries are (¢u41-¢ —

1)/(¢ — 1), 1, and 1, respectively. The multiplicities of the elements are
l—i 1 n+2—4 __ 1
1, (2 q —1) . and
q—1 q—1
qZ -1 qn+278 -1 . qéfi -1 qn+2ff -1 .
q—1 q—1 q—1 q—1
_ qﬁ -1 qﬁ—i -1 qn+2—Z -1 .
o \g¢g-1  ¢-1 q—1 '

Set <qnt]2__€_1 - 1) = 1. Summing up, we find the eigenvalue to be

1

O 0+ o (L)

qg—1 q—1

qi—e—l qZ—i—H 1 (1) <qz _ qe—i) v
qn—f—i-l —1 q— 1
g — qn+172 . qe+1 1
(¢—1)(g—1)
i(q£+17i _ 1)(qn+1fz‘—£ _ 1)

(¢—D(g—1)
_ ¢{£+1—1L{n+1;1—£L_

We get the eigenvalue for the map 7, ;on;, by induction. Setting { = r —1 in

q

the above calculation, we multiply the eigenvalue for 7,1 07,1 by the eigenvalue

for n,,—1 omy_1, to get the eigenvalue for n,_1 40 n.,—1 0 9_1, 0 Ns,—1. Using (3.2)

r—s

2
1 }q) to get the eigenvalue for 7, ; o 7, as stated. [

again, we divide by ([
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Chapter 8

TWO OTHER FAMILIES OF DIFFERENCE SETS

8.1 Introduction

Recall that for a prime power ¢ = p', the parameters for a Singer difference

set are
m _ 1 m—2_1
v=Ll - =L = =
q—1 q—1

R (8.1)
or the complementary These parameters, or the complementary parameters, v =
(@™ —=1)/(g—1), k=q™', X =q¢™2(q — 1), where m is a positive integer greater
than 2, are called classical parameters. Difference sets with classical parameters exist
in abundance when m is composite. See [43] for a survey of known constructions up
to 1999.

In the study of difference sets with classical parameters, one typically faces
the following question. After constructing a family of difference sets with classical
parameters, how can one tell whether the difference sets constructed are equivalent

to the known ones or not? The standard proof of inequivalence has been comparison

of p-ranks of the difference sets involved (see [16], [13], [1]). Recent constructions of

difference sets with classical parameters provided us with examples of (3m2_1 ,3m=L 2.
3m=2) difference sets having the same 3-ranks, the HKM difference sets and the Lin
difference sets. It remained to decide whether these difference sets are equivalent or
not. We will use the Smith normal forms of the designs associated with the HKM

and Lin difference sets to show not only that the HKM and Lin difference sets are

inequivalent, but also that the associated designs are nonisomorphic.
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We now define the HKM and Lin difference sets. Let Fm denote the finite
field with ¢™ elements, let F},. be the multiplicative group of Fym, let Trym /, denote
the trace from F,m to Fy, and let the map p : Fyn — Fyn /FZ denote the natural

epimorphism.

Definition 8.1.1. Let g = 3¢, t > 1, let m = 3k, k a positive integer, d = ¢** —¢F+1,
and set

R={x € Fyn | Trgm/(x + 2%) = 1}. (8.2)
We will call the set p(R) the HKM difference set.

Helleseth, Kumar, and Martinsen proved that p(R) is a ((¢" — 1)/(q —
1),q™ 1, ¢™2(q — 1)) difference set in F}. /%, in the case ¢ = 3, using the lan-
guage of sequences with ideal 2-level autocorrelation in [20]. See [13] for the proof

when ¢ is any 3-power ([13] also showed that R is a relative difference set).

Definition 8.1.2. Let m > 3 be an odd integer, let d = 2-3(™=1D/2 4 1 and set
R = {z € Fau | Trgm3(z + 2%) = 1}. (8.3)
We will call the set p(R) the Lin difference set.

Arasu, Dillon and Player recently proved that p(R) is a ((3™ —1)/2,3™71 2.
3m2) difference set in F%,. /F% [2], as Lin conjectured.

In the case ¢ = 3, m = 3k, k > 1, the 3-rank of the HKM difference set is
2m?*—2m (see [13, 33]). One can similarly show that the Lin difference set has 3-rank
2m? — 2m, where m > 3 is odd (see [33]). Therefore when m is an odd multiple of
3, these two difference sets have the same 3-rank. It is natural to ask whether there
are some other invariants beyond 3-rank which can be used to distinguish these two
families of difference sets. We will show that these families are indeed inequivalent
by using Smith normal forms of the incidence matrices of the symmetric designs

developed from these difference sets.
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8.2 The Smith Normal Forms of Difference Sets

Let G be a (multiplicative) abelian group of order v, and let D be a (v, k, A)
difference set in G. Recall that D = (P, B) is a (v, k, \) symmetric design with a
regular automorphism group G, where the set P of points of D is G, and where the
set B of blocks of D is {Dg | g € G}. We call this design the development of D. We
will examine the Smith normal form of the incidence matrix of D, the v by v matrix
A whose rows are indexed by the blocks B of D and whose columns are indexed by
the points g of D, where the entry Ap , in row B and column g is 1 if g € B, and 0
otherwise.

Since A is an integral matrix, we know that there exist two integral unimod-
ular matrices P and @ such that PAQ = diag(dy,ds, . ..,d,) is the Smith normal
form of A where d; are integers, and d;|d; 41, for i = 1,2, ... rank(A) — 1. Moreover
the invariant factors, d;, of A, are determined up to sign. For convenience, we define
the Smith normal form of the symmetric design D to be the Smith normal form of
its incidence matrix A. This Smith normal form is also called the Smith normal
form of the difference set D, and the invariant factors of A are called the invariant
factors of D.

Let D; and Dy be two (v, k, ) symmetric designs, and let A; and As be the
incidence matrices of Dy and D, respectively. If D; and Dy are isomorphic, that is,

there exist two permutation matrices U and V' such that
UAV = A, (8.4)

then it is clear that A; and A, should have the same Smith normal form. So
the Smith normal forms can help us decide whether two symmetric designs are
isomorphic or not.

If the design D is developed from a (v, k, \) abelian difference set, then the
following lemmas can be used to compute the number of invariant factors not divis-

ible by p“, where p is a prime not dividing v.
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We will start with the local case, then move to the global case. The following
notation will be used: p is a prime, v, is the p-adic valuation on Q, Q, is the field
of p-adic rational numbers (the completion of Q with respect to v,), Z, is the ring

of p-adic integers, ¢, is a primitive v

root of unity in the algebraic closure of Q,,
K = Q,(¢,), Ok is the ring of integers in K, and finally p is the unique maximal

ideal in Ok lying above p.

Lemma 8.2.1. Let G be an abelian group of order v, and p be a prime not dividing
v. Let D be a (v, k,\) difference set in G, and let « be a positive integer. Then
the number of invariant factors of D which are not divisible by p* is equal to the

number of characters x : G — K satisfying

X(D) # 0 (mod p®). (8.5)

Proof:  Let > ., a,9, where a; = 0 or 1, be the group ring element in Z[G]
corresponding to the subset D of G. That is, a; = 1 if g € D, 0 otherwise. We
associate with D the matrix A = (a,-1,) whose rows and columns are indexed by
the group elements g and h. This matrix A can serve as the incidence matrix of the
design (G,{Dg | g € G}) developed from D.

Let (x'(g)) be a matrix whose rows are labeled by the v characters x : G —
K and whose columns are labeled by the v group elements g, so that the entry in
row x and column g is x~!(g). This matrix is invertible in O, since ged(p,v) = 1
and %(X_l(g)) (X(g))T is the identity matrix. We may diagonalize A over O as

follows.

(X (9))Alx(9) " = v - diag(x(D)), (8.6)

where x(D) = > o agx(9)-
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Viewing A as a matrix with entries in Z, we use S = diag(dy,ds, ..., d,) to
denote the Smith normal form of A over Z. Then there exist integral unimodular

matrices P and () such that A = PS(@Q). Therefore we have

(x"(9))PSQ(x(9)) " = v - diag(x(D)). (8.7)

This equation shows that S and diag (X(D)), viewed as matrices with entries in Ok,
are equivalent over Ok . Noting that Ok is a principal ideal domain, we see that S
and diag(x(D)) have the same invariant factors up to unit multipliers. Since O is
local, and as p t v implies that K is unramified over Q,, each x(D) can be written
as the product of a power of p and a unit in Og. So if we arrange the elements
on the diagonal of diag (X(D)) in such a way that the v,(x(D)) are nondecreasing,
then diag(x(D)) can serve as a Smith normal form of A over Ok. Therefore the
two lists v,(d;) and v,(x(D)) are exactly the same. Noting that p { v, we have
vp(X(D)) = v,(x(D)): the conclusion of the lemma follows. O

We now state the global version of Lemma 8.2.1.

Lemma 8.2.2. Let G be an abelian group of order v, let p be a prime not dividing
v, and let P be a prime ideal in Z[&,] lying above p , where &, is a complex primitive
vth root of unity. Let D be a (v, k,\) difference set in G, and let « be a positive
integer. Then the number of invariant factors of D which are not divisible by p® is

equal to the number of complex characters x of G such that x(D) #Z 0 (mod B*).

Proof: Let A be the matrix defined in the proof of Lemma 8.2.1. We may use A
as the incidence matrix of the design (G, {Dyg | g € G}) developed from D. Similarly
let (X’l(g)) be a matrix whose rows are labeled by the v complex characters y and
whose columns are labeled by the v group elements g, so that the entry in row y

and column g is x7*(¢g). Then we may diagonalize A over Q(&,) as follows.

T

(x '(9)A(x(9)) =wv-diag(x(D)), (8.8)
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where x(D) = > . x(9)-

Viewing A as a matrix with entries in Z, we use S = diag(dy, ds, . ..,d,) to
denote the Smith normal form of A over Z. Then there exist integral unimodular

matrices P and () such that A = PS(Q). Therefore we have

(x"'(9))PSQ(x(9)) " = v - diag(x(D)). (8.9)

Let L = Q(&,), and let Ly be the completion of L at . Ly is an extension
field of Q,, and we may view L as embedded in Lg. Since ged(p,v) = 1, L is
unramified over Q. Hence Ly is unramified over Q,. Let Og be the valuation ring
in Lg, and let p be the unique prime ideal in Oy lying above p. Then for every
a € Lg, we have

vp(a) = (a) (8.10)

Now view all matrices in (8.9) as matrices with entries in Og. We see that
S and diag(x(D)) are equivalent over Ogp. Noting that Og is a principal ideal
domain, we see that S and diag (X(D)) have the same invariant factors up to unit
multipliers. Since Og is local and Ly is unramified over Q,, each x(D) can be
written as the product of a power of p and a unit in Og. So if we arrange the
elements on the diagonal of diag(x(D)) appropriately so that the v,(x(D)) are
nondecreasing, then diag (X(D)) can serve as a Smith normal form of A over Og.
Hence the two lists v,(d;) and v,(x(D)) are exactly the same. Note that by (8.10),
we have vgp(x(D)) = vp(x(D)), and vp(x(D)) = vp(x(D)). The conclusion of the

lemma follows. U

Remark 8.2.3. Lemma 8.2.2 generalizes a result of MacWilliams and Mann [32],
which asserts that the GF(p)-rank of A is equal to the number of complex characters
X such that x(D) #Z 0 (mod B ).
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Finally, we note that if Dis a ((¢™—1)/(¢—1),¢™*,¢™ (¢ — 1)) symmetric

design, where ¢ = p®, p is prime, and A is the incidence matrix of D, then
det(A) = ¢gm=D-1/2Hm=1) (8.11)

where v = (¢™ —1)/(¢ —1). Therefore the invariant factors of A are all powers of p.
The number of invariant factors of A which are 1 is exactly the rank of A over Z/pZ,
which is usually called the p-rank of D. In the next section, we will be interested in
not only the number of ones among the invariant factors of A, but also the number

of p’s among the invariant factors of A.

8.3 The Invariant Factors of the HKM and Lin Difference Sets

In this section we will show that the Lin difference sets and the HKM dif-
ference sets are in general inequivalent when they are comparable. Note that both
these difference sets have parameters ((¢™ —1)/(q¢ — 1),¢™ *,¢™ 2(q — 1)), q = 3¢,
so by the discussion at the end of the previous section, the invariant factors of these
difference sets are all powers of 3. Although the numbers of ones among the invari-
ant factors of these two difference sets are the same in the case e = 1 (cf. [13], [33]),
we will show that the numbers of 3’s are different.

Let ¢ =3¢ e > 1, let m = 3k and d = ¢** — ¢* + 1 (this is the HKM case);
orlet g =3 e=1 m=2n+1and d = 2-3"+ 1 (this is the Lin case). Let

p:Frm — Frn /7 be the natural epimorphism, and let
D ={p(z) | x € Fym and Trym/(z + 2%) = 1}

be the difference sets defined in Section 1. We first give explicit expressions for the
character sums x(D), where x is any complex character of ;.. /F;. This was done

in [13]; we include these computations here for the convenience of the reader.
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Let L be a complete system of coset representatives of F, in F}.., and let
Ly={z € L| Trygmq(x + 2% =0}. If 2 € L and Trymq(z + 2%) = a # 0, then we

may replace x by z/a, and

Trgm /q (g - <§>d> = Tryon /(x4 2%) Ja = 1.

Therefore we may choose L such that L = LoU Ly, where Ly = {& € L | Trgm q(x +
2%) = 1}. Tt is then easy to see that

Ly ={x € Fyn | Trymy(z +2%) = 1} and D = p(Ly).
Given any multiplicative character x of Fym, we define the sum

S = 3 xlye e, (8.12)

-
:EE]Fq

Writing x = ay, with a € F; and y € L, we have

Salv) = D x(a) D_x()¢ Tra/a(aTrgm o)

a€Fy yeL
= S Y x@+ Y xw) Y xa) &
yeLo acF; yely a€F;

If x =1, then Syg(1) = (¢ — 1) |Lo| — |L1| = ¢™ — 1 — q|L4].
r: = 1, then Sa(x) = —qx(Ly).

If x #1, and x

pe 7 1, then Sq(x) = x(L1)-g1(x1), where x; is the restriction
q
of x to F, and g;(x1) is the Gauss sum over the finite field F, with respect to x;.

In summary, if x is a nontrivial multiplicative character of Fym, then

1 .
g S ) x = 1 )
X(Ll) = Sq( )d(X) F (813)
d\X :
g1(x1) g #1.

For P a prime ideal in Z[{m_1] lying over 3, let wy be the Teichmiiller

character on Fym. Then any nontrivial character of Fy../F; takes the form wy®,
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0<a<(¢"—1)with (¢—1)|a. By (8.13), for any a, 0 < a < (¢™—1) and (¢—1)|a,

we have

wgt(D) = wyt(Ly) = —ésd(wma). (8.14)

Let B be the prime of Z[Egm-1,&s] lying above B, and let
ta(a) = vg(Sa(wyp")) (8.15)
be the P-adic valuation of Sa(wg")-

Lemma 8.3.1. With the above notation, for any nonnegative integer « < m — 2,

the number of invariant factors of D which are 3% is
{a|0<a<(¢"—1), (¢ —Dla, ta(a) = 2¢ + 2a}|.

Proof: By Lemma 8.2.2, the number of invariant factors of D which are 3% is
equal to the number of wy", 0 < a < (¢™ — 1) and (¢ — 1)la, such that P[|wy" (D).
Asidealsin Z[gm_1, &) , P = 2. Hence the number of invariant factors of D which
are 3% is equal to the number of wy", 0 < a < (¢" — 1) and (¢ — 1)|a, such that
2w (D).

To simplify notation, we will usually drop the index in wgq if there is no

confusion. By (8.14), we have w™*(D) = —5- S4(w™*). By definition, we have
Vg(Sa(w™)) = ta(a).

Also it is clear that v4(3°) = 2e. Therefore, the number of a, 0 < a < (¢™ — 1),
(¢ — 1)]a such that P2 || w=*(D) is equal to the cardinality of the set

To={al|0<a<(¢"—-1), (¢g—1)la, ty(a) =2e+ 2a}. (8.16)

We will denote this cardinality by T,, and we have shown that the number of

invariant factors of D which are 3% is equal to T,,. This completes the proof. O]
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In order to compute explicitly the number of invariant factors of D which are
3%, we need to compute t4(a) first. By the definition of Gauss sums, we have
g’y = Y WHa)g
mEFZm

Using Fourier inversion, we find that

Tr,m /3(x?) 1 _
e LS gt

Therefore

qm =2
1

Salw™) = 5 D W @& T Y gl (@)

m
q :pE]FZm b=0

qm -2
1

= Y gl

m
q b=0

As usual, for any integer x not divisible by ¢”* — 1 we use s(x) to denote the
3-adic weight (the base-3 digit sum) of x (mod ¢™ — 1). In addition, if z =0 (mod
g™ — 1), we set s(x) = 0. With this convention, using Stickelberger’s theorem on

the prime ideal decomposition of Gauss sums [21, p. 212], we find that
ta(a) > ming<p<gm_2 {s(b) + s(a — bd)}. (8.17)

Moreover, if the above minimum is attained at exactly one value of b in the range
[0,¢™ — 2], then

ta(a) = ming<p<gm_2 {s(b) + s(a — bd)}.
In general, the function t4(a) is hard to control. Hence it is difficult to compute
explicitly the cardinality of 7,, (see (8.16) for definition). In [13], we computed Tj
in the case ¢ = 3. In the following, we will assume that ¢ = 3, 7.e., e = 1, and find

explicit formulas for the cardinality T} of
Ti={a|0<a<3"—1,2|a,tqy(a) =4},
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for both d given at the beginning of this section.

When calculating the 3-ranks of the HKM and Lin difference sets in [13] in the
case ¢ = 3, that is computing the number of even a, 0 < a < 3™—1, for which ¢4(a) =
2, we first list all a, 0 < @ < 3™ — 1, such that ming<p<zm_o {s(b) +s(a—bd)} = 2; in
both the HKM and Lin cases, there are exactly two values of a, up to cyclic shift, for
which s(b) 4+ s(a — bd) = 2 at more than one value of b when m > 3. (For all other a
in the list, there is a unique b in the range [0, 3™ — 2] such that s(b) + s(a — bd) = 2:
thus t4(a) = 2.) For these two “exceptional” values of a, we had to do more detailed
analysis to decide whether t;(a) = 2 or t4(a) > 2. In the former case, we count the
a towards the 3-rank, and in the latter case we do not. The final conclusion is that
both HKM and Lin difference sets have 3-rank 2m? — 2m when m > 3 (see [13] and
[33])-

Now if we want to count the number of invariant factors which are 3 for
the HKM and Lin difference sets, we need to compute the number T of even a,
0 < a < 3™ —1, for which t4(a) = 4. Again we need to pay special attention
to those a, for which s(b) + s(a — bd) = 4 at more than one value of b (we again
call these a “exceptional”). Unfortunately, the list of such a’s already becomes
awkwardly large. Instead of analyzing each “exceptional” a individually, we argue
that, except for small m, T} is a fourth degree polynomial in m with leading term
2

§m4, or differs from it by exactly m. Then we use a computer to calculate T} for

various m to pin down the remaining coefficients of the fourth degree polynomial.

Lemma 8.3.2. With the notation above, for m > 7 in the Lin case, and for m > 9
in the HKM case, the number of even values of a for which ming<p<zm_o {s(b) +
s(a—bd)} =4 is a fourth degree polynomial in m. Furthermore, the leading term is

m*.

wro

Proof:  First we count the total number of pairs (a,b), 0 <a < 3™ -2, 0<b<
3™ — 2, for which s(b) + s(a — bd) = 4. If s(b) = 4 and s(a — bd) = 0, then a = bd
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and b has 3-adic representation as one of the following: four 1’s and the rest 0’s; two
1’s, one 2, and the rest 0’s; or two 2’s and the rest 0’s. Similarly if s(b) = 3 then b is
either three 1’s and the rest 0’s; or one 1, one 2, and the rest 0’s; while a = bd + 3
for some ¢ between 0 and m — 1. If s(b) = 2 then b has either two 1’s and the rest
0’s; or one 2 and the rest 0’s; while a — bd also has one of those forms. The cases
s(b) =1 and s(b) = 0 mirror the cases s(b) = 3 and s(b) = 4.

Since s(a — bd) = 4 — s(b), we can write a = bd + x, where s(z) = 4 — s(b).
So we may think of a as represented by the sum of 4 terms, each either a shift of
d, or a shift of 1. Here if the 3-adic representation of b or a — bd has a digit 2,
then the corresponding copy of d or of 1 is viewed as 3'd + 3'd, or 3' + 3 (i.e., a
sum of two terms). Observe that a = bd + x is necessarily even because d is odd
and s(b) 4+ s(z) = 4 implies b + z is even. Thus from the discussion in the previous
paragraph the total number of pairs (a,b) for which s(b) + s(a — bd) = 4 and a is

even is

Q(T) +2(7;>(m—2)+2(7;) —|—2<7;>m+2m2(m—1)+((7;) +m)’
2 1

= §m4 +2m® — EmQ + 3m (8.18)

In order to prove the assertion of the lemma we need to subtract from this polynomial
the number of pairs (a,b) which are redundant for any value of a, as well as the
number of those a’s included here but which can also be represented as bd + x, with
s(b) + s(z) = 2.

For convenience we will sometimes think of @ and d as written using the digits
0,1, and —1 (mostly in the HKM case). Thus, if @ has a 2 in it, replace it with —1
and carry 1 to the next higher place. Similarly, —2 gets replaced by 1 and —1 gets
carried. With this convention, it is easy to see that the possible number of nonzero
digits in a does not grow as m grows.

We now partition the above a’s into classes according to the sums of four

shifts of 1 or of d which produce them. If there is a carry (in the addition of the
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four terms which produces a) from one place to another, we group those places
together (and call these places a segment of the sum). Two values of a are in the
same class if these segments of the sum involving nonzero digits have shifted, but
the corresponding nonzero digits come from corresponding digits of shifts of d or
shifts of 1. If the nonzero digits of two addends are disjoint from each other, and
from each other’s carry digits, then they are free to shift relative to each other and
the sums would be considered in the same class. For instance, the following sums

would produce a’s in the same class:

000200010 000200010
020001000 100002000
1
1

[\]

20201010 100222010

but the following would represent two other classes:

000020001 000020001
000020001 002000100
1 1
1 1
001010002 012120101

In the first example the addends have three degrees of freedom to shift, while in the
last example there are four degrees of freedom and in the middle one there is only
one degree of freedom. Thus, in the first example, there are m = 9 choices of shift
for the first copy of d. There are only m — 3 choices for the second copy of d, m — 4
choices for the first copy of 1, and the second copy of 1 is determined by the first.
Here we ignore the possibility that other values of b might be associated with some
of these a’s. It is also clear that the pattern remains the same if we increase m by

inserting extra pairs of columns of 0’s.
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Now we continue the definition of classes where a given value of a is associated
with more than one value of b. The following sums give an example of such a

situation.

000020001 200010000
000020001 1
1 = 1
1 1
20011000 2 200110002
0001O00O0O0 2
1
= 1

1
20011000 2

Here, two values of a; and ay will be considered to be in the same class only if
the pairs (ai, by;) and (ag, by;) are in one-to-one correspondence such that the sum
ay = by;d + x1; is a shift of ag = by;d + x9; for each 1.

Each class of a has some number of degrees of freedom. The maximum is
4, in the case that the nonzero digits of the addends are totally disjoint. If two
different sums b;d + x; and byd + x5 are the same, say both equal a, the degree of
freedom of that class of a is at most 3. Otherwise, the nonzero digits of the addends
are totally disjoint; hence the positions of the 2’s in «a, in the Lin case, or of (—1)’s
in a, in the HKM case, reflect the positions of copies of d in the sum. Thus b; = bo,
contradicting our assumption that there are two different sums producing the same
a.

In general, for each degree of freedom, we can pick any shift from 0 to m —1,

except for a fixed number of possibilities that cause sectors of a to overlap. In cases
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such as

00 100 -100 1
00 100 100 -1
00 -1 00 10O0 1
1

10 100 100 1

shifts of the three copies of d have a period of m/3. Thus the size of this class
of a (ignoring other values of b) would be (m/3)(m — 3). So each class of a’s has
cardinality of a polynomial of degree equal to the number of degrees of freedom
and each a in a class has the same number of associated b’s. In order to prove the
assertion of the lemma, we subtract from (8.18) a polynomial of degree at most
three for each class of a for which the number of associated b is more than one.
We also have to subtract the number of a’s which we have counted but for which
ming<p<gm—2 {s(b)+s(a—bd)} = 2. These cases have at most two degrees of freedom,
so we subtract from (8.18) another polynomial of degree at most two.

Finally the following sums for m = 7 (in the Lin case) and m = 9 (in the
HKM case) represent the only classes of a for those m for which a sequence of carries

continues from one nonzero digit of d to the next.

0002001 =4d

0020010 = 3d

0200100 = 9 (8.19)
2001000 = 27d
0000112 = 32+3+2
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o o0 1 0 O0-1 0 0 1= d

o o 1 0o 0-1 0 0 1= d

o 1 0 0-1 0 0 1 0 = 3d

1 0 0-1 0 O 1 0 0= 9
0

(8.20)
0 0 1 0 0 1 0 0 —1 = 3%
0 1 0 0 1 0 0 -1 0 = 34
1 0 0 1 0 0-1 0 0= 34
1 = 3
1 -1 -1 -1 -1 -1 -1 -1 0

In each of these two cases we have two values of b associated with the same a, while

for all higher m, we get two different values of a for the corresponding sums. That

is, these sums are special, and would not happen if the number m of digits is large.

So for m > 7 in the Lin case, and for m > 9 in the HKM case, the number of even

a such that ming<p<gm_o {s(b) + s(a — bd)} = 4 is a fourth degree polynomial in m
4

with leading term %m : O]

We proceed to compute T} = 71| = [{a | 0 < a < 3™ — 1,2]a,ts(a) = 4}].
By (8.17), we see that
T = [AN\B| +c],

where

A = {CL ’ 0<a<3m— 1, 2[&,min0§b§3m,2{s(b) + S(CL — bd)} = 4},

B = {a]0<a<3™—1,2|a,mingcpczm_2{s(b) + s(a — bd)} = 4 and t4(a) > 4},

C = {a]|0<a<3"—1,2|a,mingcpczm_2{s(b) + s(a — bd)} = 2 and t4(a) = 4}.
By Lemma 3.2, for m > 7 in the Lin case, and for m > 9 in the HKM case,

|A| is a polynomial in m of degree 4 with leading term 2m*. We will show that

3
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|B| is a polynomial in m of degree at most 3. In order to compute |B|, we have to
distinguish those classes of @ in A for which t4(a) = 4, and those for which t4(a) > 4,
that is, decide whether

1

P g D 9w g™
b=0
or
i 3m_o
P gy D 9w g,
b=0

The distinction can be made with the help of Stickelberger’s congruence for Gauss

sums as stated in the following theorem.

Theorem 8.3.3. ([29, p. 7]) Let r be an integer with 0 <r < q—1=p™ —1 and
with p-adic expansion

r=ro4+rip+-c+ rmop"

with 0 < r; < p—1. Define
y(r) =rolr!- - rp !

Then with s(r) and w as above we have the congruence

gw™) _ -1 i
G-~ edP)

Lemma 8.3.4. For m > 7 in the Lin case, and for m > 9 in the HKM case, |B| is

a polynomial in m of degree at most 3.

Proof:  Given an integer 7, 0 < r < 3™ — 1, since P | 3, we have y(r) = 1 or
v(r) = —1 (mod PB), depending on whether the 3-adic representation of  has an even
number of twos or an odd number of twos. Given a € A, applying Stickelberger’s
congruence to those terms in the sum Yo% g(w™?)g(w?*) for which s(b) 4 s(a —

bd) = 4 we get
g(w™)g(w™™)

G =Onla—bd) (mod ).
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Summing over these b’s, noting that P||(&5 — 1), we see that a € B iff

S yla—bd)=0 (mod3).

s(b)+s(a—bd)=4

For example in (8.19), m = 7, for a = 3% + 3 + 2, we have two b’s such that
s(b) + s(a — bd) = 4. The first is b = 1111 (and a — bd = 0). The second is b = 0
(and a—bd = 112). Since y(1111)y(0)4+~(0)y(112) = 1-14+1-(—1) = 0, we conclude
that this @ is in B. Similarly, in (8.20), m =9, fora = -3 —-3*—-3%— ... — 3% we
also have two b’s such that s(b) + s(a — bd) = 4, namely, b = 112 (and a — bd = 0),
or b =111 (and a — bd = 1000). Again the sum ~(112)~(0) 4+ v(111)y(1000) is 0,
and so this a is in B.

We observe that if an a € A is in B, then the whole class to which a belongs
is in B. The reason is given as follows. By definition, within each class of a’s, the
set of b’s for which s(b) + s(a — bd) = 4 for one a have 3-adic representations which
are permutations of the 3-adic representations of the b’s corresponding to any other
a in that class, and since the 3-adic representations of the corresponding values of
a — bd are also permutations of each other, the set of values of v(b)y(a — bd) are the
same for each a in a class, therefore for two a’s in the same class, the corresponding
tq(a)’s are either both equal to 4 or both greater than 4.

Finally note that if an element a € A is in B then there are more than one b
such that s(b) + s(a —bd) = 4. By the discussion in the proof of Lemma 3.2, the size
of these classes of a is a polynomial in m of degree at most 3 when m > 7 in the Lin

case, and m > 9 in the HKM case. Hence the conclusion of the lemma follows. [

We were not able to determine C completely. However from our work in [13],
we know that when m > 3, in both the Lin and HKM cases, there is only one value

of a (and its cyclic shifts) satisfying

minogbgqm,Q {S(b) + 8(@ — bd)} =2
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but t4(a) > 2. Hence |C| = 0 or m. The a’s which are possibly in C are given below.

In the Lin case we have:

o0 --02200:++1=4d 00100 -+ 2 = 324d
00 --- 020 --- 1 = d 1 = 3%
o0 -~ 110 - 2 =a oo -- 110 -+ 2 = a
(8.21)
while in the HKM case we have:

o..-0 10+ 0-10-:--01= d

O -0 -10--0 10-- 01 = 3¢ (8.22)

o--0 000 0002 = a

Using MAPLE to compute | A\B| up to m = 27, we get the following theorem.

Theorem 8.3.5. Let ¢ = 3. The number of 3’s in the Smith normal form of the

Lin difference sets when m > 7 is

2 14
§m4 — 4m? — EmQ + 39m + §(m) - m.

The number of 3’s in the Smith normal form of the HKM difference sets when m > 9
18

2 28

“m* —4m® — ng +62m + e(m) - m.

3

The values of 5(m) and e(m) are 0 or 1.
Based on numerical evidence, we conjecture that ¢ and e above are always 1.
By direct calculations (i.e., not using Gauss sums), the Smith normal form

of the Lin difference set with m =9 is:
1144314409157227176481176424315727291440218714465611

where for example, 3'44° means the number of invariant factors of the Lin difference
set which are 3 is 1440. The Smith normal form of the HKM difference set with
m =9 is:

1144312519184227168381168324318427291251218714465611 ]
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These computations were done by Saunders using a “LinBox” package [35, 14].
Since the two “almost” polynomial functions in Theorem 3.5 are never equal,
and since the Smith normal forms of the Lin and HKM difference sets are also

different when m =9, we have the following conclusion:

Theorem 8.3.6. Let m be an odd multiple of 3. The Lin and HKM difference
sets with parameters (&2_1, 3m=1 2.3m=2) are inequivalent when m > 3, and the

associated designs are nonisomorphic when m > 3.

The investigation reported in this chapter prompts the following question:
If two cyclic difference sets with classical parameters have the same Smith normal
form, are the associated designs necessarily isomorphic?

We note that certainly there are examples of nonisomorphic symmetric de-
signs with classical parameters having the same Smith normal form. Projective
planes of order 9 provide such examples. From Theorem 2.2.4 (see also [3]), we

calculate that the Smith normal form of a projective plane of order p?, p prime, is
17’p(p4+172*2r+2)<p2)(r72)((p2 + 1)p2)1,

where the exponents indicate the multiplicities of the invariant factors and r is the
p-rank of the plane. That is, the p-rank of the plane determines the Smith normal
form of the plane. There are four projective planes of order 9. The desarguesian
one has 3-rank 37, while the other three all have 3-rank 41 (cf. [34]), so the three
non-desarguesian projective planes have the same Smith normal form, yet they are
nonisomorphic.

So far, we do not know any examples of difference sets with classical param-
eters which provide a negative answer to the question above. Difference set designs

are special; it is of interest to investigate the above problem.
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