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We discuss two classes of locally convex spaces that possess
extremal domains X, Y and codomains Z for which convolution

x: XxY—=Z7

is well behaved in a certain sense:
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We discuss two classes of locally convex spaces that possess
extremal domains X, Y and codomains Z for which convolution

x: XxY—=Z7

is well behaved in a certain sense:

@ Weighted Banach spaces of continuous functions and Radon
measures on a locally compact group

Co(w) = Co(G; w), M(w) = M(G; w).
@ C-closed distribution spaces on Euclidean space
F C D' such that F** = F, D' = D'(RY)

endowed with a weighted L!-type topology.
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The following presents a particular aspect of

[ T.K., R.H., Convolution operators on weighted spaces of
continuous functions and supremal convolution,
Ann. Math. Pura Appl. (2019)

[d T. K. R.H., Weyl integrals on weighted spaces,
FCAA (2019)
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The following presents a particular aspect of

[ T.K., R.H., Convolution operators on weighted spaces of
continuous functions and supremal convolution,
Ann. Math. Pura Appl. (2019)

[d T. K. R.H., Weyl integrals on weighted spaces,
FCAA (2019)

Notations:

G = a fixed locally compact group
UT =UT(G) = {G — Ry upper semicontinuous}

R, = [0, c] with the convention 0- 0o =0
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Weighted Banach Spaces

Let w e UT.
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Weighted Banach Spaces

Let w € UT. Let Co(w) denote the closure in (R®, [/ oo,w) Of

Co(w) ={f € C; f(x)w(x) — 0 for x — oo}

where |||, ., := supxeg|f(x)[w(x).
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Weighted Banach Spaces

Let w € UT. Let Co(w) denote the closure in (R®, [/ oo,w) Of

Co(w) ={f € C; f(x)w(x) — 0 for x — oo}

where [[f]| , = sup,cg|f(x)|lw(x). Define C5'(w) as the quotient

Cév( )—Co {fECo ) f- WZO}.
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Weighted Banach Spaces

Let w € UT. Let Co(w) denote the closure in (R®, [/ oo,w) Of
Co(w) ={f € C; f(x)w(x) — 0 for x — oo}

where [[f]| , = sup,cg|f(x)|lw(x). Define C5'(w) as the quotient

Co'(w) :=Co(w)/{f € Co(w); f-w =0}.

Define M(1/w) as the space

M(1/w) 1= {11 € Mooy Il < 00} (=C5(w)')

endowed with the norm ||,u||171/W = [(1/w(x))d|p|(x).

T. Kleiner, R. Hilfer Convolution on Weighted Spaces



Convolution and Supremal Convolution

Theorem (cf. Edwards 1965, Gaudry 1967, T.K. and R. H. 2019)

Let w, v, u € UT. The following are equivalent:

x: M(1/w) x M(1/v) — M(1/u) bounded with C < 1. (1)
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Convolution and Supremal Convolution

Theorem (cf. Edwards 1965, Gaudry 1967, T.K. and R. H. 2019)
Let w,v,u € UT. The following are equivalent:
x: M(1/w) x M(1/v) — M(1/u) bounded with C < 1. (1)
x: M(1/w) x Cy’'(u) — Cgy’(v) bounded with C <1. (2)

way < u. (3)

Definition (cf. Moreau 1969)

Multiplicative supremal convolution is defined point-wise as

(wuv)(z):= sup w(x)v(y) forze G, w,v:G—R,.
Xy=z
x,ye€G

T. Kleiner, R. Hilfer Convolution on Weighted Spaces



Convolution and Supremal Convolution

Theorem (cf. Edwards 1965, Gaudry 1967, T.K. and R. H. 2019)
Let w,v,u € UT. The following are equivalent:
x: M(1/w) x M(1/v) — M(1/u) bounded with C < 1. (1)
x: M(1/w) x Cy’'(u) — Cgy’(v) bounded with C <1. (2)

way < u. (3)

Definition (cf. Moreau 1969)

Multiplicative supremal convolution is defined point-wise as

(wuv)(z):= sup w(x)v(y) forze G, w,v:G— Ry.
Xy=z
x,ye€G

Note: For w = v = u Equation (3) means 1/w is submultiplicative.
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Quantales and Residual Division

Definition (cf. Quantales and their Applications, Rosenthal 1990)

A Quantale is a triple (Q, <, e) such that
(Q, <) is a complete order, (Qq1)
(Q, ) is a semigroup, (Q2)
sup(Aeb) = (supA)eb foral ACQ,beQ, (Q3a)
sup(ae B) = ae(sup B) forallac Q, BC Q. (Qap)
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Quantales and Residual Division

Definition (cf. Quantales and their Applications, Rosenthal 1990)

A Quantale is a triple (Q, <, e) such that

(Q, <) is a complete order, (Q1)
(Q, ) is a semigroup, (Q2)
sup(Aeb) = (supA)eb foral ACQ,beQ, (Q3a)
sup(ae B) = ae(sup B) forallac Q, BC Q. (Qap)

Proposition + Definition (cf. Rosenthal)
Quantales (Q, <, e) have right (left) residual divisions ¢ (e):

c¢b:=max{ac Q; aeb<c} for b,c € Q, (Qsa)
aec:=max{be Q; aeb<c} for a,c € Q. (Qap)
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Extremal Domains for Convolution

Proposition (T.K. and R. H., FCAA 2019, Props. 5.2(c) and 5.3(a)

+ Rosenthal, Prop. 3.1.2)
The triple (U1, <, [=]) is a quantale with the composition

wlalvi=inf{uelt; wav<u}.
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Extremal Domains for Convolution

Proposition (T.K. and R. H., FCAA 2019, Props. 5.2(c) and 5.3(a)

+ Rosenthal, Prop. 3.1.2)

The triple (U1, <, [=]) is a quantale with the composition

wlalvi=inf{uelt; wav<u}.

Conclusions

Let w,u € UT. Consider the condition
*: M(1/w) x Y — M(1/u) bounded with C < 1.

The largest solution Y of type M(1/v) is given by v = w iy u.
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Extremal Domains for Convolution

Proposition (T.K. and R. H., FCAA 2019, Props. 5.2(c) and 5.3(a)

+ Rosenthal, Prop. 3.1.2)
The triple (U1, <, [=]) is a quantale with the composition

wlalvi=inf{uelt; wav<u}.

Conclusions
Let w,u € UT. Consider the condition

*: M(1/w) x Y — M(1/u) bounded with C < 1.

The largest solution Y of type M(1/v) is given by v = w & u.

Let w,v € UT. Consider the condition

x: M(1/w) x M(1/v) — Z bounded with C < 1.

The smallest solution Z of type M(1/u) is given by u = w [u] v.
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The following presents some methods used in

@ R. H., T. K., Maximal Domains for Fractional Derivatives and
Integrals, Mathematics (2020)

@ T. K., R. H., Glassy fractional relaxation and convolution modules of
distributions (submitted)
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The following presents some methods used in

@ R. H., T. K., Maximal Domains for Fractional Derivatives and
Integrals, Mathematics (2020)

@ T. K., R. H., Glassy fractional relaxation and convolution modules of
distributions (submitted)

Notations:
D = D(RY)
D' = D'(RY)

B(D) = {$® C D bounded}

T. Kleiner, R. Hilfer Convolution on Weighted Spaces



Convolution of Distributions and the C-Dual

Definition (cf. Schwartz 1954, Shiraishi 1959, etc.)

Distributions f, g € D’ are called convolvable iff
d(X+9)-(f® g) € Dn(R*) for all ¢ € D.
The convolute f * g is defined as

(frg,¢):=(p(x+7)-(feg)l) for p € D.
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Convolution of Distributions and the C-Dual

Definition (cf. Schwartz 1954, Shiraishi 1959, etc.)

Distributions f, g € D’ are called convolvable iff
d(X+9)-(f® g) € Dn(R*) for all ¢ € D.
The convolute f * g is defined as

(frg,¢):=(p(x+7)-(feg)l) for p € D.

Definition (cf. Yoshinaga and Ogata 1958)

Convolvability induces a Galois connection. For F C D’ define

cdual:  F*:={geD';VfeF:(fg)convolvable},
c-closure:  F** :=(F*)*,

c-closed: = F =F*.
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:

F%G:=(F*G)*™ for F,G C D cclosed, convolvable.
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:
F%G:=(F*G)*™ for F,G C D cclosed, convolvable.

This defines a “quantale with partially defined composition”.
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:
F%G:=(F*G)*™ for F,G C D cclosed, convolvable.

This defines a “quantale with partially defined composition”.

Observation

Let F C D’'. Convolution defines a bilinear mapping

x F* x F* — F*™ % F*.
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:
F%G:=(F*G)*™ for F,G C D cclosed, convolvable.

This defines a “quantale with partially defined composition”.

Observation

Let F C D’'. Convolution defines a bilinear mapping
x: F* x F* — F*™ % F*,

@ F* = largest domain for F (in the sense of convolvability).
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:
F%G:=(F*G)*™ for F,G C D cclosed, convolvable.

This defines a “quantale with partially defined composition”.

Observation

Let F C D’'. Convolution defines a bilinear mapping
x: F* x F* — F*™ % F*,

@ F* = largest domain for F (in the sense of convolvability).

@ F** = smallest hull for F (in the sense of c-closedness).
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Convolution on c-closed spaces

Proposition (T.K. and R.H.)

Convolution induces a composition of c-closed spaces via:
F%G:=(F*G)*™ for F,G C D cclosed, convolvable.

This defines a “quantale with partially defined composition”.

Observation

Let F C D’'. Convolution defines a bilinear mapping
x: F* x F* — F*™ % F*,

@ F* = largest domain for F (in the sense of convolvability).

@ F** = smallest hull for F (in the sense of c-closedness).

@ F** % F* = smallest codomain for F (i.t.s.0. c-closedness).
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Extending Schwartz' description of Fractional Calculus

Schwartz described fractional integrals as convolution operators
19D\ - D\, frs Yoxf
with the convolution kernels
Yo(t) = ti_l/r(oz) for a > 0,
Yo :=D" Yain forne N, a > —n,
and with (co-)domain D/, := {f € D'(R); —oo < infsupp f}.
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Extending Schwartz' description of Fractional Calculus

Schwartz described fractional integrals as convolution operators
19D\ - D\, frs Yoxf
with the convolution kernels
Yo(t) = ti_l/r(oz) for a > 0,
Yo :=D" Yain forne N, a > —n,
and with (co-)domain D/, := {f € D'(R); —oo < infsupp f}.
For a € R\ —N the c-dual of Y, is

(Yo)" = {f eD'(R); Vo€ D: /_:|¢* f(t)[t]o T < oo}.
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Extending Schwartz' description of Fractional Calculus

Schwartz described fractional integrals as convolution operators
19D\ - D\, frs Yoxf
with the convolution kernels
Yo(t) = ti_l/r(oz) for a > 0,
Yo :=D" Yain forne N, a > —n,
and with (co-)domain D/, := {f € D'(R); —oo < infsupp f}.
For a € R\ —N the c-dual of Y, is

~1
(Ya)*:{fGD'(R);VQSED:/ |¢*f|(t)|t|a_l<oo}.
The largest joint domain for 19, a € R is (cf. R.H. and T. K. 2020)
{f e D'(R); Vo € D: ¢*f(t) — O rapidly as t — —oco} .
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Outlook to “Glassy fractional relaxation...”

Consider the linear combination of Y,, kernels

n
L::Zkzllukyﬁk#o By Bn>0, pa,... pun €R.

T. Kleiner, R. Hilfer Convolution on Weighted Spaces



Outlook to “Glassy fractional relaxation...”

Consider the linear combination of Y,, kernels

n
L::Zkzllukyﬁk#o By Bn>0, pa,... pun €R.

1
loc

oyl o0 *p
(6 —1L) —ZPZOL'

From Stirling’s formula one derives L. -convergence of
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Outlook to “Glassy fractional relaxation...”

Consider the linear combination of Y,, kernels

n
L::Zkzllukyﬁk#o By Bn>0, pa,... pun €R.

1
loc

o *—1 _ o0 *p
(6 —1L) —ZPZOL'

Using properties of (D', , ) and Y, one infers well-definedness of

K = (Z::1 M yak) . (5 -3 u,yﬁ,)*_l Aes 111 € R.

From Stirling’s formula one derives L. -convergence of
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Outlook to “Glassy fractional relaxation...”

Consider the linear combination of Y,, kernels

n
L::Zkzllukyﬁk#o By Bn>0, pa,... pun €R.

1
loc

o *—1 _ o0 *p
(6 —1L) —ZPZOL'

Using properties of (D', , ) and Y, one infers well-definedness of

K = (Z::1 M yak) . (5 -3 u,yﬁ,)*_l Aes 111 € R.

From Stirling’s formula one derives L. -convergence of

Problem

@ Calculate an asymptotic expansion of the kernels K.
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Outlook to “Glassy fractional relaxation...”

Consider the linear combination of Y,, kernels

n
L::Zkzllukyﬁk#o By Bn>0, pa,... pun €R.

1
loc

o *—1 _ o0 *p
(6 —1L) —ZPZOL'

Using properties of (D', , ) and Y, one infers well-definedness of

K = (Z::1 M yak) . (5 -3 u,yﬁ,)*_l Aes 111 € R.

From Stirling’s formula one derives L. -convergence of

Problem

@ Calculate an asymptotic expansion of the kernels K.

@ Describe convolution modules on which kernels K operate.
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Adding Topologies

Let F C D’. Endow the spaces appearing in

x: F** < F* — F*™ % F* (B)

with topologies and bornologies systematically such that (B)
becomes hypocontinuous.
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Adding Topologies

Let F C D’. Endow the spaces appearing in

x: F** < F* — F*™ % F* (B)

with topologies and bornologies systematically such that (B)
becomes hypocontinuous.

Ansatz (cf. §30, Topological Vector Spaces, Kéthe 1969)

Inspired by Kdthes' “normal topology” on perfect spaces A = A\**

(o)
py: x — py(x) = Zn:1|x,,]~|y,,| y €\,

we let the elements of F* generate seminorms on F.
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An Analogue of Kothes' “Normal Topology”

Definition (function-valued seminorms)

Let ® € B(D). Define the d-modulus as

|fle := sup|¢ * ]| for f e D'
folelid
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An Analogue of Kothes' “Normal Topology”

Definition (function-valued seminorms)

Let ® € B(D). Define the d-modulus as

|fle := sup|¢ * ]| for f e D'
folelid

Definition (a topology for c-closed spaces)

Let F C D’ be c-closed. The topology T*(F) on F is generated by

pog: f=||fle - |€lsll; where ® € B(D), g € F*.
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An Analogue of Kothes' “Normal Topology”

Definition (function-valued seminorms)

Let ® € B(D). Define the d-modulus as

|f|e := sup|¢ x f| for f € D'.
folelid

Definition (a topology for c-closed spaces)

Let F C D’ be c-closed. The topology T*(F) on F is generated by

pog: f=||fle - |€lsll; where ® € B(D), g € F*.

Proposition (T. K. and R. H.)

Let F C D’ be c-closed.
© The space (F,%*(F)) is complete.
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An Analogue of Kothes' “Normal Topology”

Definition (function-valued seminorms)

Let ® € B(D). Define the d-modulus as

|f|e := sup|¢ x f| for f € D'.
folelid

Definition (a topology for c-closed spaces)

Let F C D’ be c-closed. The topology T*(F) on F is generated by

pog: f=||fle - |€lsll; where ® € B(D), g € F*.

Proposition (T. K. and R. H.)

Let F C D’ be c-closed.
© The space (F,%*(F)) is complete.
@ The set D is dense in (F,T*(F)).
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Hypocontinuity

Definition (a bornology for c-closed spaces)

Let F C D’ be c-closed. The bornology B*(F) on F consists of the
subsets B C F that satisfy

sup|fly € F for all ® € B(D).
feB
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Hypocontinuity

Definition (a bornology for c-closed spaces)

Let F C D’ be c-closed. The bornology B*(F) on F consists of the
subsets B C F that satisfy

sup|fly € F for all ® € B(D).
feB

Theorem (T.K. and R.H.)
Let F, G,H C D’ be c-closed such that

(F, G) convolvable and F x G C H.
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Hypocontinuity

Definition (a bornology for c-closed spaces)

Let F C D’ be c-closed. The bornology B*(F) on F consists of the
subsets B C F that satisfy

sup|fly € F for all ® € B(D).
feB

Theorem (T.K. and R.H.)
Let F, G,H C D’ be c-closed such that

(F, G) convolvable and F x G C H.

Convolution is (B*(F),B*(G))-hypocontinuous and bilinear for

x: (F,T"(F)) x (G,T*(G)) — (H,T*(H)).
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A Relation to Convolutor Spaces

Consider the convolutor space (cf. Debrouwere and Vindas 2020)
c(D, L) :={feD'; (¢ ¢=f) € L(D,Ly)}

with the topology induced by £,(D, L},/), where

Ly i={g € Lhei Yw e W lglly,, = lg- wly < oo}
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A Relation to Convolutor Spaces

Consider the convolutor space (cf. Debrouwere and Vindas 2020)
Oc(D,Ly) ={feD; (¢ ¢xf) € L(D,Ly)}
with the topology induced by £,(D, L},/), where

Ly i={g € Lhei Yw e W lglly,, = lg- wly < oo}

Theorem (T.K. and R. H.)

Let F C D’ be c-closed. It holds (F,T*(F)) = O'c(D, L},)) with

W= {|f|,: feF* ®ecB(D)}.
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A Relation to Convolutor Spaces

Consider the convolutor space (cf. Debrouwere and Vindas 2020)
c(D, L) :={feD'; (¢ ¢=f) € L(D,Ly)}

with the topology induced by £,(D, L},/), where

Ly i={g € Lhei Yw e W lglly,, = lg- wly < oo}

Theorem (T.K. and R. H.)

Let F C D’ be c-closed. It holds (F,T*(F)) = O'c(D, L},)) with
W= {|f|,: feF* ®ecB(D)}.

The space Ls(D, LY,) induces the same topology on O'c(D, L},)).
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A Relation to Convolutor Spaces

Consider the convolutor space (cf. Debrouwere and Vindas 2020)
c(D, L) :={feD'; (¢ ¢=f) € L(D,Ly)}

with the topology induced by £,(D, L},/), where

Ly i={g € Lhei Yw e W lglly,, = lg- wly < oo}

Theorem (T.K. and R. H.)

Let F C D’ be c-closed. It holds (F,T*(F)) = O'c(D, L},)) with
W= {|f|,: feF* ®ecB(D)}.

The space Ls(D, L},/) induces the same topology on O'c(D, Ly, ).

The latter relates to topological characterizations of subsets and
filters via regularization. (cf. Props. 17, 19 in C. Bargetz et al 2017)
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Sketch of the Proof (non-trivial direction)

Theorem (cf. Malliavin and Dixmier 1978, Voigt 1984)
Let ® € B(D). There exist ¥ € B(D), 01, ...,0,s € D such that

O C Wkl +- -+ Vb
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Sketch of the Proof (non-trivial direction)

Theorem (cf. Malliavin and Dixmier 1978, Voigt 1984)
Let ® € B(D). There exist ¥ € B(D), 01, ...,0,s € D such that

O C Wkl +- -+ Vb

v
Lemma

Let ® € B(D). There exist 01, ...,0,0 € D and K C R? compact
such that

2d
Flo <> 1k x|6; * f| for all f € D'.
i=1
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Sketch of the Proof (non-trivial direction)

Theorem (cf. Malliavin and Dixmier 1978, Voigt 1984)
Let ® € B(D). There exist ¥ € B(D), 01, ...,0,s € D such that

O C Wkl +- -+ Vb

Lemma

Let ® € B(D). There exist 01, ...,0,0 € D and K C R? compact
such that

2d
Flo <> 1k x|6; * f| for all f € D'.
i=1

It holds [|1x * vy ,, = [[Vll1 1w for w,v: R? — R, measurable
and K C RY compact.
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