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We consider complex-valued C*°-functions and Roumieu ultradistributions defined
on an open subset Q of R? using the standard multi-dimensional notation in R%.

The spaces of test functions and Roumieu ultradistributions are defined by a given
weight sequence (M) = (Mp)pen, of positive numbers. Usually the following
conditions are imposed on the sequence (Mp):

(M.1) M2 < My 1Myy1,  peN;

(M.2) M, < AH"M¢Mp—q,  p, q € No, ¢ < p;
(M.27) My < AH’Mp—1,  p€eN, g<p

(M.3) gt Mp—1 Myt < AgM MY, g €N,
(M.3") o My My < oo,

where the inequality in (M.3) is assumed to be satisfied for a certain constant A > 0
and the inequalities in (M.2) and in (M.2’) for some constants A > 0 and H > 0.

In the sequel, we will assume some of the above conditions. Clearly, we can assume
and we will assume that the constant H in condition (M.2) satisfies H > 1.
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After P-P [4], denote by R the class of numerical sequences (1) = (7p)pen, (With
ro = 1) which monotonously increase to infinity. We call the sequence

(Rp) = (Rp)peny, where Ry, :=[["_, i for p € Ny (clearly Ro = 1), the product
sequence corresponding to (r,) € R.

Lemma 1 (H. Komatsu 1982)

Let (ak)keNO be a sequence of nonnegative numbers. Then

supa—k<oo for some h >0

keNy NF

if and only if

sup 2k < o for all (re) € R,
keNg Ry,

where (Ry) is the product sequence corresponding to (7).
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Roumieu Ultra ributions

For a given complex-valued function ¢ on an open set Q C R? and a compact set
K C Q denote

el == sup le(z);  llella := sup [o(z)].
zeK zEQ

For a given sequence (M,), a regular compact set K in R and h > 0 the symbol
S;J’LZP} means the L.c.s. of all C*-functions ¢ on Q s. t.

Dk’
Il i= sup 1Dl
keN

AT YA 1)
0

with the topology defined by the semi-norm || - | x,» given above. The Banach space
of all C*°-functions ¢ satisfying (1) and having supports contained in K, with the
topology of the norm || - ||x,», is denoted by Dgﬁf’}.

For a fixed sequence (M,) and an open set Q C R?, we consider the following locally
convex spaces of ultradifferentiable functions on §2:

{Mp} . {Mp} M . {Mp}
Dy "= lim Dy DMl () = lim Dy "
h—o0 KeQ

{Mp}

a (1 M. i i

5{ P}(Q) = m 1m (C/‘KJLP :
KeQ h—oo
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Roumieu Ultra ributions

On the other hand, for a given regular compact set K C 2 and given sequences
(Mp) and (rp) € R, we denote by DLME’;;, the Banach space of all C*°-functions ¢

on ) having supports contained in K such that
D
[k (rp) := sUP = < 00 ©)

with the norm || - || (r,) defined above. Then we have

. (M
lim —Dye

(rp)ER

P} piMp)
ol =DM

)

For given (M) and (r,) € R, we consider the Banach space Diﬁ’jgrp)(ﬁ) of all

C*>-functions ¢ on 2 s. t.

D
r) = SUp ————— < 00, 3
o1l ¢rp) SUD TR M (3)

with the norm || - |(-,) and denote

M. . M,
DN Q) = lim DR (9).
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Roumieu Ultradistributions

The completion of DIr}(Q) in DIYPY(Q) is denoted by BIM»}(Q).

Definition 1

The strong dual of D7} (Q), denoted by D/{M"}(Q), is called the space of
Roumieu ultradistributions.

The strong dual of B} (Q), denoted by D’gy"}(ﬁ), is called the space of
integrable Roumieu ultradistributions.
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Roumieu Ultradistributions

The completion of DIr}(Q) in DIYPY(Q) is denoted by BIM»}(Q).

Definition 1

The strong dual of D7} (Q), denoted by D/{M"}(Q), is called the space of
Roumieu ultradistributions.

The strong dual of B} (Q), denoted by D’gy"}(ﬁ), is called the space of
integrable Roumieu ultradistributions.

For given a weight sequence (M) and (r,) € R, we consider the corresponding
weight sequence (N,), given by N, := M, R, for p € Ny and define the respective
associated functions by the formulas:

D
M (p) := sup{log, J\’;T: p€No}, p>0, (4)
P
P
N(p) = N(Tp)(p) := sup{log, ]p\l—p: p €Ny}, p>0. (5)
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Roumieu Ultra ributions

For given (M) and (rp), (up) € R, we consider the Banach space

M d
S upyra =19 € CTRY): Il ), up) < 00}

where
HDktpeN(“P)(H) lloo
Ry My '

1€ ll¢p), () 2= sUP

keNg

Let (M,) satisfy conditions (M.1), (M.2’) and (M.3’). After C-K-P [1], we define the
space of ultradifferentiable functions 8§M”} by

Mpy M,

Sq = Im S e (6)

(rp) s (up) ER
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Roumieu Ultradistributions

For given (My) and (1), (up) € R, we consider the Banach space
M, d
Stmutupya = 19 € CTRY: l@llry). (up) < 00},

where New (4D
| D*p et Vo
), = sup .
el (), ) i Rl

Let (M,) satisfy conditions (M.1), (M.2’) and (M.3’). After C-K-P [1], we define the

space of ultradifferentiable functions SFEM”} by

{Mp} . My
Sd T (h—m S(Tp)v(“p)vd. (6)
(rp) s (up) ER

The strong dual S’ iM” } of the space SC{ZMP }is called the space of tempered Roumieu
ultradistributions.

The space 8(51\4,,} is a (DF'S)-space and S'(EM”} is an (F'S)-space. If (M) satisfies

condition (M.2), then both spaces are nuclear.
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Stucture Theorems

Suppose that (M) satisfies (M.1) and J is an arbitrary set of indices.

Theorem 1 (M. Valdivia 2009)

For each j in a set J, let {sq,;: o € Ng} be a family of Radon measures on an open
Q C R% If for every compact set K C  there is an (1,) € R s. t.

sup R\a|MaH3a,j
aeNg, jeg

then there is a bounded subset {S;: j € J} in D'{M#}(Q) such that

ler(x) < 00, (7)

(@, S5) = (D%0,50,5), ¢eDMQ) (8)
|a|=0
Moreover the series in (8) converges absolutely and uniformly as j varies in J and ¢
varies in any given bounded subset of DM#}(Q).

Conversely, if {S;: j € J} is a bounded set in D'{MP}(Q), then for every j € J there
is a family (so;: a € N&) of Radon measures in Q satisfying condition (7) for every
compact K C Q and some (1) € . Moreover the series (8) converges absolutely and
uniformly as j varies in J and ¢ varies in any given bounded subset of D{MP}(Q).
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Stucture Theorems

Proposition 1

Let S € D;{M”} and S, € D;{M”} for n € N. Suppose that S,, — S in D;{M”} as
n — co. Then for each bounded open set G € R? there are Radon measures
SasSna € C'(G) for n € N and o € Ng, a sequence (1,) € % and a constant B > 0
such that

o0 oo
S|G = Z Dasou Sn\G = Z Dasnav (9)
|e|=0 |a|=0
and the equalities
Isaller(x) < B(Ria/Ma)™",  llsnaller ) < B(RjajMa) ™" (10)

hold for every compact set K C G and arbitrary o € N& and n € N. Moreover,

lim |[sna — Saller(xy =0 for every a € Nj.
n—oo
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Stucture Theorems

Theorem 2 (S. Pilipovié¢ 1996)

Let (M,) satisfy (M.1) and (M.2’). Assume S € D;{Mp}. Then the Roumieu
ultradistribution S is tempered, i.e. S € S;{Mp }, if and only if S is of the following

form
S= Y D(()’Fayp) (11)
|al,|B]€Ng

with the series convergent in S;{Mp }, where the symbol (-)? means the function
defined by

d
(z)? ::H(l—l—x?)ﬂj/?', zeR? BeN§
j=1
and (Fa,8), gena 18 @ matrix of elements of L™ for which there exists a sequence
’ 0
(1) € M such that

sup  Rjayp) MaMp|Fa,p(z)| < co.
Oé,,BGNg,IIJGRd
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Stucture Theorems

Proposition 2

Let S, € S(;{Mp} for n € Ny := NU {0}. Suppose that S,, — Sp in S;{M”} as n — oo.
Then for each bounded open set G € ]Rd, there exist functions F, , € L*(G) for
n € Ny and a € N¢, constants A\, B > 0 and a sequence (7,) € 2R such that

S =Y DX Fapn)  (n€No),
|e|=0

|Fanllo € B(Ria/Ma)™" on G (a €N§, n € Ny)

and
lim [|[Fan — Faolle =0 onG  (aeN§),

where e} (z) := eMAIED for ¢ € RY.
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Convolution

Definition 3

By an R-approximate unit we mean a sequence (II,,) of ultradifferentiable functions
I, € DiM” } \which converges to 1 in Ed{M” b such that, for every sequence (7,) € R,
we have

sup T ||y = sup sup (Rg M)~ 1||Dkl'ln||oo < 00, (12)
N kend

where (R)) is the product sequence corresponding to (rp).

Definition 4

By a special R-approximate unit we mean an R-approximate unit (II,,) such that for
every compact set K C R? there exists an index ng € N such that IT,, (z) = 1 for all
n>noand x € K.

{Mp}

We denote the class of all R-approximate units on R¢ by U, and the class of all

special M-approximate units on R? by [U{M‘"},

Svetlana Mincheva-Kaminska GF 2020 Ghent



Convolution

Definition

|

We say that S,T € D’({iMp} are convolvable with respect to 1° (V) and 2° (V),
whenever

o A : {Mp}
1° the sequence ((S T, I ¢ >2d) is Cauchy for all (II,) € Uy,

for every ¢ € D{M”} and

2°  the sequence ((S T, I, @A)gd) is Cauchy for all (II,) € Uy,
My}

{ Mp}

for every ¢ € Dc{i , respectively.

One can prove that both types of convolvability with respect to (V) and (V) defined
in 1° and 2° are equivalent.

Definition 6

We define the convolution in D;{M"} of two convolvable Roumieu ultradistributions
S, T e DM by

(S*T,p)a= lim (S®T, I, ¢%)2a, @eDM ()T (13)

n—o0
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Convolution

Definition 7

We say that S, T € S;{M”} are t-convolvable with respect to 1°°(V); 2°°(V),
whenever

1°° ((S ®T, I, @Ahd) is a C. s. for all (I1,,) € Uiy”},w € S;Mp};
2°° ((S ®T, 11, g0A>2d) isa C. s. for all (Il,,) € @f’”},@ € SiMp},
respectively.

If ST € S;{Mp} are t-convolvable with respect to 1°° (Vy); 2°° (V¢), respectively,
then the t-convolution of S and 7' in S;{M" Vs defined by

1°° (S T, ) = lim (S @ T, 10, 0%)0a, o € S, (11,) € ULPY,
n—oo
2°° (SET,p)a = lm (SOT,M¢>)a, €S, () e TH™
respectively.
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Convolution

The following definition of the t-convolution of tempered Roumieu ultradistributions
is an analogue of one of the known Schwartz definitions of the convolution of
distributions:

Definition 8

ItS,Te S;{Mp} satisfy the condition:

(%) (S®T)p> € DlL{lﬂjIde}, Y E SC{ZMP},

then we say that tempered Roumieu ultradistributions S, 7" are convolvable in the
sense of (x) and the convolution S*;7T is defined by the formula

(SxeTopha = {((SO®T) o>, 1)2a, €S (14)
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Convolution

The following definition of the t-convolution of tempered Roumieu ultradistributions
is an analogue of one of the known Schwartz definitions of the convolution of
distributions:

Definition 8

ItS,Te S;{Mp} satisfy the condition:

(%) (S®T)p> € DlL{lﬂjIde}, Y E SC{ZMP},

then we say that tempered Roumieu ultradistributions S, 7" are convolvable in the
sense of (x) and the convolution S*;7T is defined by the formula

(SxeTopha = {((SO®T) o>, 1)2a, €S (14)

It can be proved that both the sequential versions of the t-convolution of two
tempered Roumieu ultradistributions S and 7" given in Definition 7 are equivalent to
Definition 8 and, moreover,

S*tT:ﬂtT:S*tT.

According to this, we will use the common notation ST for the t-convolution of
tempered Roumieu ultradistributions S and T'.
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Proposition 3

Let X,Y C R? be arbitrary sets. The following conditions are equivalent:

(C1.) theset (X x Y)N K* is bounded in R** for every K bounded in R¢, where
K% :={(z,y) eR*: z+ye K};

(C2.) for every R > 0 the set
Wr:={(z,y): z€ X,y €Y, |z+y| <R}

is bounded in R?%;
(C3.) the following implication holds:

lm |zn|+ |yn| =00 = lm |z, + yn| = oo,
n—o0 n—o0

whenever z,, € X and y, € Y for n € N.

Definition 9

The sets X,Y C R? are called compatible if any of the three equivalent conditions
(C1), (C2), (C3) is satisfied.
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Compatibility conditio:

Analogously to the case of Beurling tempered ultradistributions, we define the
notion of M-compatibility of subsets of R%, applying the the associated function M
defined in (4).

The sets X,Y C R? are called M-compatible if

M(|z]) + M(ly]) < Mz +y|) +b, ze€X,yeY (15)

for some b > 1.
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Compatibility conditions c

Analogously to the case of Beurling tempered ultradistributions, we define the
notion of M-compatibility of subsets of R%, applying the the associated function M
defined in (4).

The sets X,Y C R? are called M-compatible if

M(|z]) + M(ly]) < Mz +y|) +b, ze€X,yeY (15)

for some b > 1.

Theorem 3

Suppose that (M,) satisfies conditions (M.1), (M.2) and (M.3’).

If S,T e D;{M" }(S;{Mp }) are (tempered) ultradistributions whose supports
Y = supp S and © = supp T are compatible (M-compatible), then the convolution
ST (S*:T') exists in D;{M"} (S;{M”}).
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Compatibility conditio:

Inverse results

That the conditions of compatibility and M-compatibility cannot be weakened in
the above existence theorem the following inverse results show:

Theorem 4

Let ,0 C R%. Assume that the convolution ST exists in D;{M” } for each pair
S, T e D;{Mp} of Roumieu ultradistributions with supports contained in ¥ and O,

respectively. Then sets ¥ and © are compatible.

Let X,0 C R%. Assume that the convolution S*;T" exists in SQ{M”} for each pair

S, T e S;{M” Y of Roumieu tempered ultradistributions with supports contained in 3
and O, respectively. Then sets ¥ and © are M-compatible.
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Compatibility conditio:

Sequential continuity of convolution

Assume that (M)) satisfies conditions (M.1), (M.2) and (M.3’).

Theorem 5

If for ultradistributions Sy, T, € D;{M”} with supp S, C X, supp T, C © where &

and © are compatible sets in R?, the convergence S, — S, T}, — T holds in D;{M”},

then S, *T,, — S*T in D;{Mp} as n — 0o.

Theorem 5’

Suppose that supports of tempered ultradistributions S, , T, € S;{Mp } satisfy the
inclusions supp S, C ¥ and supp 7,, C O, where the sets X and © are
M-compatible.

If the convergence S,, — S, T,, — T holds in S;{M”}, then S, *:T,, — S*:T in

1{ M.
Sd{ e} as n — 0o.
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Examples

Using the parametric equations of the logarithmic spiral:
z(0) = ae cos0  y(0) = ae” sin6
for a € R and b,60 > 0, we construct suitable sets ¥,0 C R2.

One may verify that the sequences (Pp)nen and (Qn)nen of points
P, := (zn,yn) € X and Q. := (z,,yn) € O satisfy condition (C3.), i.e.

lim || Pofl2 + [|@nlz =00 = lim [Py + Qull2 = oo
n—oo n—oo

Then every two Roumieu ultradistributions S, T € DIZ{MP b with supports supp S

and supp 7T contained in ¥ and ©, respectively, are convolvable.
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Logarithmic spiral

c=[4,4]

Ghent



Fibonacci spiral

Parametric equation () = ae®® with a,b > 0.

a+h
a

=2 = p= 161803
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X, c=[4,-8]

Ghent
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