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Fourier transform in the Colombeau setting

Definition

Let u = [u:] € G°(Q) be a CGF and K € Q. Then
Jic u(x) dx := [fj ue (x) dx] € R. Similarly, for Jq u if u'is compactly

supported.
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Fourier transform in the Colombeau setting

Definition

Let u = [u:] € G°(Q) be a CGF and K € Q. Then
Jic u(x) dx := [fj ue (x) dx] € R. Similarly, for Jq u if u'is compactly
supported.

On the other hand, to define the Fourier transform, we have to integrate
tempered CGF on the entire R". This is accomplished by multiplying the
generalized function by a so-called damping measure.

@ This notion of Fourier transform shares several properties with the
classical one, but it lacks e.g. the Fourier inversion theorem, which
holds only at the level of equality in the sense of generalized tempered
distributions.

@ We can say, the use of the multiplicative damping measure introduces
a perturbation of infinitesimal frequencies that inhibit several results.
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Hyperfinite Fourier transform (HFT)

Definition

Let k € “R be a positive infinite number and let K := [—k, k]” C *R" be a
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transform of the GSF f € "GC*°(K,C") as follows:
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Convolution on “R”

We define the k-convolution on *R” by

Definition

Assume that f, g € "GC*® (’J]INQ”) with

Vx € [—o0, —k]" U [k,00]" : f(x) =g(x)=0. Then Vx, y € R,
K :=[-k,k]" C’R", dr e "Rsg: k >dp™",

k k
(F # £) () :=/f(y)g(x—y) dyz/dyl.../w)g(x—y) D
“k

oRen "k

For this type convolution we have the usual commutative, associative and
distributive properties. Moreover, for f € *GC* (”R,”R) such that

Vx € “R3r € "Ruo3c € "RVy € BE,(x)Vj € N: |df (y)| < c we have

f xd = f, where § is the Dirac delta distribution.
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Elementary properties of the HFT 2
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The inverse HFT and the inversion theorem

Definition

0o mn z —1 1\" ix-w
Let £ €GC (K,"R"), we define F, 2 (£) (x) = (&) fic f (w) ¥ dw
for all w € “R. This operation is called inverse hyperfinite Fourier

transform.
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@ Hyperfinite Fourler inversion:
n o
FFA = =F [FH (0] = (&) Je Fe () () € dw.

v
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Examples of HFT

@ If 6(x) =d(x1) 0 (x2)...0(xn) is n-dimensional Dirac delta N
distribution with x = (x1,x2,...,x,) € "R" and k > dp~?,Va € 'R
then Fi (0) (w) = 1 if Yw finite and Fx (9) (w) = 0 if |w| > k.
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Examples of HFT
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Examples of HFT
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X2 ~ ~
Q Let f(x) = e e rGgc> ('”R"), x € “R". Then

|w]?

Fi(F)(w)=(27)2 e 2.

Q If f(x) = el (with x € ’R) then
( )(w) 1—ela—iw)k e—(atiw)k _1

a—iw atiw
Q If f(x) = € where |x| < k and k = —log (dp) then
Fk (f) (w) _ ek(l—iw) _ o—k(1—iw) dp(lw 1)_ dp(l iw)
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Let T € 8'(Q) and u be a Colombeau mollier. Then the map

T es Q) [T+ (b ou)(-)] erge® (G, C)

where b > dp~?, a € p@>o is a linear embedding that commutes with
partial derivatives and Vf € S (R"), Fi (Lg (f)) = ud (F (7))

Our next problem is to associate the Fourier transform of a tempered
distribution and its HFT. Our conjecture is

Conjecture: Let Q C R” be an open set and T € S’ (Q). Then if (3 (T) is
an embedding of T we have that

Fi (5 (T)1) (@) = (15 (T)) (w) Vo € Qe 1 = Fi (5).
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Examples of HFT applied in ODE

@ n-th order homogeneous generalized ODE N
a,,y(”) R aly(l) +ay =0,y € ’GC*(K,"R), ap € "R*, n € N>q,
y(k)=y(—k) =0,k e’R
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Examples of HFT applied in ODE

@ n-th order homogeneous generalized ODE
anyM + .. ary® + agy =0,y € ng“(K,”I@), an € 'R* ne N>1,
y(k)=y(—k) =0,k e’R

@ n-th order non-homogeneous generalized ODE
any™ + . ayW 4 a0y = h(t),y,he ”QCOO(K,”]T%), an € 'R*,ne
N>1, y(k) =y (—k) =0,k € 'R

© Generalized ODE —u” + u = f (x),u, f € "GC®([—k, k] ,"R), u (k) =
u(—k) =0,k e’R.

@ Generalized Airy equation
U’ — xu=0,f €’GC®([—k, k] ,’R), u(k) = u(—k) =0, k € ’R.
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General procedure to apply the HFT in the study of DE

@ We can start from a Imear differential problem and assume that it has
a solution u € "GC™(Qc,"R).
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General procedure to apply the HFT in the study of DE

@ We can start from a IiNnearNdifFerentiaI problem and assume that it has
a solution u € "GC*(Q,’R).
@ We can hence take any infinite number k € ’R and consider
K:={xeQ||x| <k}, K/2:={xe€Q]|x] <k/2} C’R", and
u € "GC*("R",”’R) compactly supported in K/2 and such that
tlg = u. Since t(x) = 0 for all
xe{xeR"|Vk e K: |x— k| >0}, we have
Fi(0ju)(w) = iwjF(t)(w). As usual, this allows to transform the
differential problem into a simpler problem.
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General procedure to apply the HFT in the study of DE

@ We can start from a IiNnearNdifFerentiaI problem and assume that it has
a solution u € "GC*(Q,’R).

@ We can hence take any infinite number k € ’R and consider
K:={xeQ||x| <k}, K/2:={xe€Q]|x] <k/2} C’R", and
u € "GC*("R",”’R) compactly supported in K/2 and such that
tlg = u. Since t(x) = 0 for all
xe{xeR"|Vk e K: |x— k| >0}, we have
Fi(0ju)(w) = iwjF(t)(w). As usual, this allows to transform the
differential problem into a simpler problem.

© We finally apply the inversion theorem, at w € Q., so that we can
recover the initial CGF wu.
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Examples of HFT applied in PDE

© Generalized wave equation
&u(x,t) __ 2 8%u(x,t) iy ny P00 oo :
=c =557, ¢6,x €'R, t € "Rxyo,u € "GC™([—k, k] x "R) with the

Ot2
assflmptions u(k,t)=u(—k,t)=0 and ux (k, t) = ux (—k, t) =0 and initial
conditions u (x,0) = f (x), u: (x,0) = X € ”]R f g € "GC>=([—k, k] x *R).
x+ct

u(x,t):%[f(x—i—ct)—i—f(x—ct]—i—kf -4 (3
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Examples of HFT applied in PDE

© Generalized wave equation
&u(x,t) __ 2 8%u(x,t) iy ny P00 oo :
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conditions u (x,0) = f (x), u: (x,0) = X € ”]R f g € "GC>=([—k, k] x *R).

x+ct

u(x,t) = 2[f(x—i—ct“)—i—f(x—c:t]—i—sz -4 (3
© Generalized heat equation
2 ~ ~ ~
a 22t = Tubel) 3 x € 'R, t € "Rio, u € "GC([—k, k] x "R) with the
analogous assumptions u (k,t) = u(—k, t) =0 and uy (k, t) = ux (—k,t) = 0 and
initial condition u(x,0) = f( ), x € 'R, f € "GC([—k, k] x "R).
u(x,t) = f F (w) _““’“’deF—]-'k()( ,0).
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Examples of HFT applied in PDE

© Generalized wave equation
Bzu(x,t) 2 Ozu(x,t) iy ny p [ oo :
7 = 55,0, X €'R, t € "Ryo,u € "GC™([—k, k] x "R) with the

B
assflmptions u(k,t)=u(—k,t)=0 and ux (k, t) = ux (—k, t) = 0 and initial
conditions u (x,0) = f (x), ut (x,0) = g (x),x € ”]R f g € "GC>=([—k, k] x *R).

x+ct

u(x,t) = 2[f(x—l—ct)—i—f(x—ct]—I—ZCf -4 (3
© Generalized heat equation
g 224t _ HQ;EZ*I),a,x € 'R, t € "R, u € "GC™([—k, k] x ’R) with the
analogous assumptions u (k, t) = u(—k,t) =0 and u, (k,t) = u.(—k,t) =0 and
initial condition u(x,0) = f( ), x € 'R, f € "GC([—k, k] x "R).
u(x,t) = f F(w) _a‘“t“"xdwF—]‘—k( ) (w, 0).

© Generalized Laplace's equation
% Ozg(y);’”,x € 'R,y € "R, u € “GC™([—k, k] x “R) with the assumptions
u(x,k)=0,Vre ”IE>0 : k > dp~" and the initial condition
u(x, 0) = f(x) x € "R, f € "GC®([—k, k] X ’R).
u(x,y)= 27Tf F (w)e Ve dw, F := Fi (u) (w,0).
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Work in progress

In the future we would also like to consider proving the following results:

© Parseval’s relation using hyperfinite series.
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In the future we would also like to consider proving the following results:

© Parseval’s relation using hyperfinite series.

@ Plancherel’s identity.

© Determine the space of n dimensional rapidly decreasing GSFs and
define a Fourier transform in it using ffooo and without dependence

on k € "R.
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Work in progress

In the future we would also like to consider proving the following results:

© Parseval’s relation using hyperfinite series.

@ Plancherel’s identity.

© Determine the space of n dimensional rapidly decreasing GSFs and
define a Fourier transform in it using ffooo and without dependence
on k € *R.

© Paley-Wiener theorem using hyperfinite series.
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