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Preliminaries

Orthonormal wavelets and multiresolution analysis (MRA) (as tools in
approximation of function and spaces)

Regularity properties of the wavelets and scaling functions
(smoothness and decay)

Smooth orthonormal wavelets, with all derivatives bounded, cannot
have exponential decay

Orthonormal wavelet with subexponential decay (Dziubański,
Hernández; Pathak, Singh; Moritoh, Tomoeda and Fukuda, Kinoshita,
Yoshino, Uehara)

Gelfand-Shilov spaces are very convenient frameworks for investigation

Continuity of the wavelet transform and convergence of wavelet and
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Hernández; Pathak, Singh; Moritoh, Tomoeda and Fukuda, Kinoshita,
Yoshino, Uehara)

Gelfand-Shilov spaces are very convenient frameworks for investigation

Continuity of the wavelet transform and convergence of wavelet and
MRA expansions in Gelfand-Shilov spaces
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Gelfand-Shilov spaces

A function ϕ ∈ S(Rd) belongs to the Gelfand-Shilov space Sρ1
ρ2 (Rd) if

there exists a constant h > 0 such that

|xαϕ(β)(x)| . h−|α+β| α!ρ2β!ρ1 , x ∈ Rd , α, β ∈ Nd .

The family of norms

pρ1,ρ2

h (ϕ) = sup
x∈Rd ,α,β∈Nd

h|α+β|

α!ρ2β!ρ1
|xα∂βϕ(x)|, h > 0,

defines the canonical inductive limit topology of Sρ1
ρ2 (Rd).

The space Sρ1
ρ2 (Rd) is nontrivial if and only if ρ1 + ρ2 > 1 or

ρ1 + ρ2 = 1 and ρ1, ρ2 > 0.
I. M. Gelfand, G. E. Shilov, Generalized Functions II, III, Academic Press, 1967.
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Gelfand-Shilov spaces

The Fourier transform F is an isomorphism between Sρ1
ρ2 (Rd) and

Sρ2
ρ1 (Rd).

Also, ϕ ∈ Sρ1
ρ2 (Rd) if and only if there exists a constant h > 0 and

c > 0 such that

|ϕ(β)(x)| . h−|β|β!ρ1e−c|x |
1
ρ2 , x ∈ Rd , β ∈ Nd .

By Dρ1(Rd) is denoted the subspace of Sρ1
ρ2 (Rd) consisting of

compactly supported Gevrey ultradifferentiable functions, it is
non-trivial if and only if ρ1 > 1 and Sρ1

0 (Rd) = Dρ1(Rd) and
S0
ρ2

(Rd) = F(Dρ2(Rd)).

F. Nicola, L. Rodino, Global Pseudo-Differential Calculus on Euclidean Spaces, Pseudo-Differential Operators.

Theory and Applications 4, Birkhäuser Verlag, Basel, 2010.
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Gelfand-Shilov spaces with moment condition

If an orthonormal wavelet belongs to the Schwartz space S(Rd), then
all of its moments must vanish.

By (Sρ1
ρ2 )0(Rd) is denoted the closed subspace of Sρ1

ρ2 (Rd) given by

(Sρ1
ρ2

)0(Rd) =

{
ϕ ∈ Sρ1

ρ2
(Rd) :

∫
Rd

xαϕ(x)dx = 0, ∀α ∈ Nd

}
.

Space (Sρ1
ρ2 )0(Rd) is non-trivial if and only if ρ2 > 1.

M. Holschneider, Wavelets. An analysis tool. The Clarendon Press, Oxford University Press, New York (1995)

E. Hernández, G. Weiss, A first course on wavelets. CRC Press, Boca Raton (1996)
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The wavelet transform

If ψ ∈ Sρ1
ρ2 (Rd) then the wavelet transform of an ultradistribution

f ∈ (Sρ1
ρ2 (Rd))′ with respect to the wavelet ψ is defined by

Wψf (b, a) =

〈
f (x),

1

ad
ψ̄

(
x − b

a

)〉
=

1

ad

∫
Rd

f (x)ψ̄

(
x − b

a

)
dx ,

where (b, a) ∈ Hd+1 = Rd × R+.

Let s > ρ1 ≥ 0 and t > ρ2 > 0. If ψ ∈ Sρ1
ρ2 (Rd) and B is a bounded

set in (Sst (Rd))′, then for each k > 0,

|Wψf (b, a)| . ek
(
a

1
t−ρ2 +( 1

a
)

1
s−ρ1 +|b|

1
t

)
, (b, a) ∈ Hd+1,

uniformly for f ∈ B.
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Continuity of the wavelet transform in Gelfand-Shilov
spaces

A smooth function Φ belongs to Sst,τ1,τ2
(Hd+1) if for every α ∈ N

there exists a constant h > 0 such that

∣∣∣∂αa ∂βb Φ(b, a)
∣∣∣ . h|β| β!s eh(a1/τ1 +a−1/τ2 +|b|1/t), (b, a) ∈ Hd+1, β ∈ Nd .

Let ρ1 ≥ 0, ρ2 > 1, σ = ρ1 + ρ2 − 1 > 0 and let s > σ, t > σ + 1.
Then the wavelet mapping

W : (Sρ1
ρ2

)0(Rd)× (Ss−σt−σ )0(Rd)→ Sst,t−ρ2,s−ρ1
(Hd+1),

given by W : (ψ,ϕ) 7→ Wψϕ is continuous.
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Orthonormal wavelet

A function ψ ∈ L2(R) is called an orthonormal wavelet if
{ψm,n : m ∈ Z, n ∈ Z} is an orthonormal basis of L2(R), where

ψm,n(x) = 2
m
2 ψ(2mx − n), m, n ∈ Z, x ∈ R.

If additionally ψ ∈ L1(R), then
∫
R ψ(x)dx = 0.

GF2020, Ghent 2020 8 / 18



Orthonormal wavelet

A function ψ ∈ L2(R) is called an orthonormal wavelet if
{ψm,n : m ∈ Z, n ∈ Z} is an orthonormal basis of L2(R), where

ψm,n(x) = 2
m
2 ψ(2mx − n), m, n ∈ Z, x ∈ R.

If additionally ψ ∈ L1(R), then
∫
R ψ(x)dx = 0.

GF2020, Ghent 2020 8 / 18



Multiresolution analysis

A multiresolution analysis (MRA) is an increasing sequence {Vm}m∈Z
of closed subspaces of L2(Rd) such that:

(i)
⋂

m∈Z Vm = {0} and
⋃

m∈Z Vm is dense in L2(Rd);

(ii) f (x) ∈ Vm ⇔ f (2x) ∈ Vm+1, m ∈ Z;

(iii) f (x) ∈ V0 ⇔ f (x − n) ∈ V0, n ∈ Zd ;

(iv) there exists a scaling function φ ∈ L2(Rd) such that {φ(x − n)}n∈Zd is an
orthonormal basis of V0.

MRA is a classical way to construct orthonormal wavelets. Moreover,
any orthonormal wavelet from S(R) is an MRA wavelet.

E. Hernández, G. Weiss, A first course on wavelets. CRC Press, Boca Raton (1996)
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(ρ1, ρ2)-regular orthonormal wavelet

Let ρ1 ≥ 0 and ρ2 > 1. An MRA is called (ρ1, ρ2)-regular if it
possesses a scaling function φ ∈ Sρ1

ρ2 (Rd).
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Example

Let ρ2 > 1 and a < π/3. Take ϕ ∈ Dρ2(R) such that
supp ϕ ⊆ [−a, a],

∫∞
−∞ ϕ(ξ) dξ = π/2 and ϕ2(ξ) = (1/2)ϕ(ξ/2). The

bell type function is defined by

b(ξ) = sin
(∫ ξ−π

−∞
ϕ(t)dt

)
cos
(∫ ξ−2π

−∞
ϕ2(t)dt

)
,

when ξ > 0 and extended evenly to (−∞, 0].

Then, b ∈ Dρ2(R) and

supp b ⊆ [−8π/3,−2π/3] ∪ [2π/3, 8π/3].

P.G. Lemarié, Y. Meyer, Ondelettes et bases hilbertiennes, Rev. Mat. Iberoamericana 2 (1986), 1–18.

J. Dziubański, E. Hernández, Band-limited wavelets with subexponential decay, Canad. Math. Bull. 41 (1998),

398–403.
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Example

The associated orthonormal wavelet is

ψ̂(ξ) = e iξ/2b(ξ), ξ ∈ R,

and ψ ∈ F(Dρ2(R)) ⊆ Sρ1
ρ2 (R), for all ρ1 ≥ 0.
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Example

An associated scaling function could be defined as

|φ̂(ξ)|2 =


1 if |ξ| ≤ 2π/3,
b2(2ξ) if 2π/3 ≤ |ξ| ≤ 4π/3,
0 if |ξ| ≥ 4π/3,

and arg φ̂(ξ) = ξ. Then φ ∈ Sρ1
ρ2 (R), for any ρ1 ≥ 0.
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Wavelet expansions in Gelfand-Shilov spaces

Let ψ ∈ (Sρ1
ρ2 )0(R) be a (ρ1, ρ2)-regular orthonormal wavelet, with

scaling function φ ∈ Sρ1
ρ2 (R). Take

ψλ(x) = ψε,m,n(x) = 2md/2ψε(2mx − n), x ∈ Rd , λ ∈ Λ,

where Λ = Q × Z× Zd , Q = {0, 1}d \ (0, . . . , 0).

Then, ψλ ∈ (Sρ1
ρ2 )0(Rd) and {ψλ | λ ∈ Λ} is an orthonormal basis of

L2(Rd). The wavelet coefficients could be expressed in terms of the
wavelet transform

cψλ (ϕ) = 〈ϕ, ψ̄λ〉 = 2−
md
2 Wψϕ(n2−m, 2−m), λ ∈ Λ.
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Wavelet expansions in Gelfand-Shilov spaces

{cλ}λ∈Λ is in space of rapidly decreasing multi-sequences Ws
t,ρ1,ρ2

(Λ)
if and only if there exists k ∈ N such that the norm

‖{cλ}‖
Ws

t,ρ1,ρ2
k := sup

λ∈Λ
|cλ|ek

(
( 1

2m
)

1
t−ρ2 +(2m)

1
s−ρ1 +| n

2m
|

1
t

)
.

is finite.

Let ψ ∈ (Sρ1
ρ2 )0(R) be a (ρ1, ρ2)-regular orthonormal wavelet, where

ρ1 ≥ 0 and ρ2 > 1. Set σ = ρ1 + ρ2 − 1 and let s > σ and t > σ + 1.
Then, for every h > 0 there is k > 0 such that, for every
ϕ ∈ (Ss−σt−σ )0(Rd) with ps−σ,t−σh (ϕ) <∞,

‖{cψλ (ϕ)}‖
Ws

t,ρ1,ρ2
k . ps−σ,t−σh (ϕ).
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Wavelet expansions in Gelfand-Shilov spaces

Let ψ ∈ (Sρ1
ρ2 )0(R) be a (ρ1, ρ2)-regular orthonormal wavelet, where

ρ1 ≥ 0 and ρ2 > 1. Let s > σ and t > σ + 1, where σ = ρ1 + ρ2 − 1.
If ϕ ∈ (Ss−σt−σ )0(Rd), then

ϕ =
∑
λ∈Λ

cψλ (ϕ)ψλ converges in (Sst )0(Rd).

If f ∈ ((Sst )0(Rd))′, then its wavelet series expansion

f =
∑
λ∈Λ

cψλ (f )ψλ

converges in (the strong dual topology of) ((Ss−σt−σ )0(Rd))′.
We have the Parseval identity

〈f , ϕ〉 =
∑
λ∈Λ

cψλ (f ) c ψ̄λ (ϕ), f ∈ ((Sst )0(Rd))′, ϕ ∈ (Ss−σt−σ )0(Rd).
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S. Pilipović, D. Rakić, N. Teofanov, J. Vindas, The Wavelet Transforms in Gelfand-Shilov spaces, Collectanea

Mathematica, 67 (3) (2016), 443–4605.

S. Pilipović, D. Rakić, N. Teofanov, J. Vindas, Multiresolution expansions and wavelets in Gelfand-Shilov spaces,

RACSAM, 114:66 (2020)
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