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The lecture is dedicated to Academician Stevan Pilipovi¢
on the occasion of his 70th birthday.



e 1989 prof. Pilipovi¢ gave lectures on Analysis II.
That was the most exciting course of my graduate studies.




e 1989 prof. Pilipovi¢ gave lectures on Analysis II.
That was the most exciting course of my graduate studies.

e 1990’s during my postgraduate studies I had a privilege to witness his
amazing passion for scientific research.!

'as M. Kunzinger observed, in a wide range of fields.



e 1989 prof. Pilipovi¢ gave lectures on Analysis II.
That was the most exciting course of my graduate studies.

e 1990’s during my postgraduate studies I had a privilege to witness his
amazing passion for scientific research.!

e 2000’s the first steps of my scientific career under the influence of
prof./Academician Pilipovié, in parallel to my first serious international
cooperation(s).

'as M. Kunzinger observed, in a wide range of fields.



e 1989 prof. Pilipovi¢ gave lectures on Analysis II.
That was the most exciting course of my graduate studies.

e 1990’s during my postgraduate studies I had a privilege to witness his
amazing passion for scientific research.!

e 2000’s the first steps of my scientific career under the influence of
prof./Academician Pilipovié, in parallel to my first serious international
cooperation(s).

e since 2010’s the new and equally exciting phase of our cooperation.

'as M. Kunzinger observed, in a wide range of fields.



part I
some results from

@ A. Abdeljawad, S. Coriasco, N. Teofanov,
Bilinear Pseudo-differential Operators with GevreyHormander Symbols,
Mediterr. J. Math. 17 (August 2020), 120.
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continuous operator on S(R?), defined by the formula

Op,(@)f (x) = / / a(x — 1(x — ), O ()T dyde, x € RY,

and the definition extends uniquely to a € S’(R%9).
Then Op,(a) is continuous from S(RY) to S’'(R?).

e The above formula establishes the connection between the symbol a and
the operator Op,.2

e By choosing = 0 and r = 1/2 we get the Kohn-Nirenberg and the Weyl
correspondence respectively.

What about the symbol?

2We refer to yesterday’s lecture of J. Toft for Op (@), where A is a matrix.
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¢ In signal analysis (as explained in e.g. T. Strohmer’s paper (ACHA,
2006)) symbols with ”no reference to derivatives” appear more
naturally.

e We consider some symbol-global type symbols, closely related to
Gelfand-Shilov type spaces.

e More precisely, we consider a € C>°(R%++4) which obey conditions
of the form

0207 ..., 0gka(x, &1, ..., &)

Kk
S h|a+,31+~"+ﬁk\a!0 H /BJ'S] ’ W(X, 517 o 7€k)a
=1
w € Pp(RbFdit-+d) o e N 3 € RY, s5;,0,h > 0,j=1,...,k
o acIpy™ (R++dk) if the above condition holds for some h > 0.

3The so called Sjéstrand class is an important example.
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o Ifwe Pg (Rd°+d1+"'+d’<), then there exists an “equivalent” weight
wo € ?E(Rdo-‘rdl-i--..—i-dk) N COO(RdO"‘dl""""‘rdk).
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e In particular, our results can be considered as a bilinear extension of

@ M. Cappiello, J. Toft, Pseudo-differential operators in a Gelfand-Shilov
setting, Math. Nachr. 290 (2017), 738-755.

@ A. Abdeljawad, M. Cappiello, J. Toft, Pseudo-differential calculus in an
anisotropic Gelfand-Shilov setting, Integr. Equ. Oper. Theory (2019), 91:
26.

@ A. Abdeljawad, J. Toft, Anisotropic Gevrey-Hormander pseudo-differential
operators on modulation spaces, in P. Boggiatto et al.(Eds), Advances in
Microlocal and Time-Frequency Analysis, Birkhduser, Basel (2020), 1-20.
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However, due to the global nature of Gervey—Hormander symbol classes,
we apply a different technique to prove the continuity properties of
considered operators when acting on modulation spaces.
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e Recall,ifk € N, o = (09,...,0%) > 0,8 = (s0,...,5) > 0, and
d=dy+ - +dy Then F € S (RY) if

9

k 1 1
o *”(Ixo\50+-~-+lxk|sk)
|0°F(xo, ..., x)| < Al Haj"e
for every a = (a, . . ., o) € N9, and for some &, r > 0.



Theorem
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Theorem

Let there be given s,o > 0 such that s + o > 1,w € P9 (R¥), r,1 € [0, 1],
suchthatr+¢ < 1,anda € I“(Tj)’s(RM).
Then Op, ,(a) is continuous from S (R?) x 87 (RY) to 87 (R?), and from

(S7)'(RY) x (S7)'(RY) to (87)'(RY).

Recall, w € PY

$,0,0

(R3*?) means that

1 1 1
w(xr + 32,61 + &, + 1) S wlxr, &, m)er el el ),

forevery r > Oand a € F‘(Tu’f)’x(RM ) means that

090, alx, &,m)| S ATl B - w(x, €, n).
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e Use the idea of Bény et. al. and consider the linear pseudo-differential
operator

Opo(a) (f, 8)(x) = / 216 4, (x, €7 (€) dE

where

ag(x,€) = / 27t a(x, €, m)@(n) dn.

o Show that a € (%) (R*) with ©(x, €) = w(x,&,0) € P),(R¥).
e Use the continuity property proved by Abdeljawad and Toft (2020) and
representation of Gelfand-Shilov spaces as limits of modulation spaces.

o (I“(TU’JS) (RY) can be described by the decay properties of the STFT.)
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The invariance property:
e Lets;,05,j = 1,2,3, be such that
sito;>21, 0<s3,53<s;, and 0<oy <02, 03 2)
and let r,7 € [0, 1] be such that r + ¢ < 1. Then e~ /"PeFPn:Lx) o
8(R3?) restricts to a homeomorphism on Sg'52,53 (R¥), and extends
uniquely to a homeomorphism on (Sq'52753 ) (R3?).
If, in addition, w € PY (R3%), then a € T7':>* (R3) if and only if

§1,02,03 (w)

e—i<rD§+[D7]7Dx>a c I\?"L,)SQ,S} (R3d).

e Letrj,t; € [0,1] be such that r; +#; < 1, and let a, b € (Sq'5253) (R3),
where s;,0; > 0,and s; +0; > 1,j = 1,2,3. Then
Op}”] .1 (Cl) = Opl‘z,tz (b)
= 3)

eii<r1D£+tan’Dx>a(-x7 57 77) = eii<r2D£+t2Dme>b(x7 57 77)7 X, €7 n € Rd'



Remark:
By the definition of FESJ;I %k (R%++dk) we conclude that if w(xg, xq, .. ., xx)
is chosen to be 1 1

e~ (x0| 70 4| | 7 ),

then
FSO»;Ivn:Sk (Rd0+“'+dk) _ S;T(Rd).

(w

If wy(x0, X1, . .., x) = (1 + |xo|?> + ... |x|?)~"/? instead, then

Aol (ROT ) = S(RY).

(wr
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o Letr,r €[0,1], r+ ¢ < 1, and let (by a slight abuse of notation)
(r,1) € R* denote the vector with the first d coordinates equal to r, and
the others equal to . The we consider the bilinear symbol given by

ar,;(x,y, W) = a(x + (7‘, t)(y —x),w)
= a((x1 +r(y1 — x1),%2 + t(y2 — x2), wi, w2)),
X = (xlax2)>y = (ylay2)aw = (Wl,WZ) € R2d‘
e Then the bilinear pseudo-differential operator Opu(a) is defined by
_>

(0P (@) (7)) (4
_ —2mi{y—x,w) R 4
= [[e ar (%, 3, w)fi(y1)f2(y2) dydw, x € R™, (4)

%
where f (v) = fi(y1)2(»2).
e Assume thatx; = x, = x € RY, R : (x,x) ~ x (the trace mapping), and

let (Dr,t : (X,y) = R(X,X) + <(I", t)v (y - X)>
Then (by considering the diagonal x; = x5) Opr,,(a o ®, ) is the bilinear

operator considered in part 1.
GF2020 September 04, 2020 17/24



o Let rte [07 1]7 r+t<1,and letfl 7f27g17g2 € S(l)(Rd)’f: (f]af2)
and § = (g1, g2). Then the (r, t)-bilinear Wigner transform W, (f, g) is
given by

Wei(f, 8)(x,w) = Walfi, 1) (x1,w01) ® Wi(fa, 2) (2, w2)

= /RM e—27ri<w,S> H ﬁ(xJ' + I"Sj)gj(xj — (] — I")Sj) ds, (5)

Jj=1,2

s = (s1,50) € R x RY.



o Letr,t€[0,1],r+1< 1 andletfi,f>,g1,82 € SV(RI).f = (fi. o)
and § = (g1, g2). Then the (r, t)-bilinear Wigner transform W, (f, g) is
given by

Wi (f, 8) (x,w) = Wo(fi, 81) (x1,w1) ® Wi(fa, g2) (32, w2)
= /RM e—27ri<w,S> H ﬁ(xJ' + I"Sj)gj(xj — (1 — I")Sj) dS, (5)

j=1,2

s = (s1,50) € R x RY.
e Then following formula holds (for a,, € (SV) (R*)):

(Op,.,(a)(F),8) = (ars, Wea(.1),

where (-, -) is the extension of the inner product in L(R*).
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e Letr,re[0,1,r+1<1,3 ¢ecSHRM) {0} anda e SV (R¥).
Then (r, r)-localization operator is defined to be

A;p,,rq,jt = Opr,t(a * Wr,t(d)a QB‘))

e Let there be given @1, ¢, fi, /> € S (R?). Then the tensorized
short-time Fourier transform is given by

V<P1®<P2(fl ®f2)(x7w) - /de(fl ®f2)(t)(Mw1TX1(P1 ®szTX2(P2)(t)dt7

x = (x1,%),w = (wi,w), t = (t;,12) € R*.
e The weak definition of bilinear localization operator is given by

(ATF.8) = (aVipiom (fi @ 1), Voree: (81 © 82))

f1 7f21 81,82 € S(l)(Rd)’ ac S(I)I(R4d)'
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e The following invariance property holds: Af = Af’;{’t.

’

¢ Continuity properties for bilinear localization operators when a and 7, q?
belong to certain modulation spaces can be found in e.g.

@ N. Teofanov, Bilinear localization operators on modulation spaces, J.
Funct. Spaces 2018, Art. ID 7560870, 10 pp.

e Decay and regularity properties for eigenfunctions of (linear) compact
localization operators are recently discussed in

[§ F. Bastianoni, N. Teofanov, Subexponential decay and regularity estimates
for eigenfunctions of localization operators, submitted (arXiv:2004.12947)
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e To conclude this lecture, we give just basic definitions here.
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e Let H be the tensor product H = H; ® H, of complex Hilbert spaces,
and (X, ) = (X1 X X2, 1 ® pp) be the product of measure spaces with
o —finite positive measures fi1, tp. The mapping F : X — H is called a
continuous bilinear frame of H with respect to (X, p), if

1) F is weakly-measurable, i.e., for all fet,

x=(x1,x%) = @F(X»

is a measurable function on X
2) there exist constants A, B > 0 such that

A < / |, )P dulx) < BIFIP, ¥ € . ©

The constants A and B are called continuous frame bounds. If A = B,
then F is called a tight continuous frame, if A = B = 1 a Parseval frame.
The mapping F is called the Bessel mapping if only the second
inequality in (6) holds.



o If F=F, ®F,and G = G| ® G, are Bessel mappings for H with
respect to (X, p) and m : X — C is a measurable function, then the
operator M, r g : H — H weakly defined by

(My.r.6f>8) mF1®F2,G1®G2fa g)

/X /X (x1,x2) . (F1 ® F2)()){(Gr ® Go) (x), dpu(x)  (7)

for all f ,& € H, is called continuous bilinear Bessel multiplier of F and
G with respect to the mapping m, called the symbol.
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o If F=F, ®F,and G = G| ® G, are Bessel mappings for H with
respect to (X, p) and m : X — C is a measurable function, then the
operator M, r g : H — H weakly defined by

(My.r.6f>8) mF1®F2,G1®G2fa g)

/X /X (x1,x2) . (F1 ® F2)()){(Gr ® Go) (x), dpu(x)  (7)

for all f ,& € H, is called continuous bilinear Bessel multiplier of F and

G with respect to the mapping m, called the symbol.
The following notation is to be understood in weak sense:

M, pof = / \G(x)dpu().

e We observe that the localization operators are an example of (linear)

multipliers in the above sense, cf. P. Balazs, D. Bayer, and A. Rahimi (J.

Phys A, 2012).
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Thank you

for your kind attention!



