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Definition “R,

Definition

The ring of Robinson-Colombeau defined by the index set N x / and
ordered as (n,e) < (m, e) if and only if ¢ < e, is denoted as ’R, i.e.
3Q e NV%eVn € N: |an| < pz @ and Vg € NY0eVn € N: |a,| < pd.
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Definition

The ring of Robinson-Colombeau defined by the index set N x / and
ordered as (n,e) < (m, e) if and only if ¢ < e, is denoted as ’R, i.e.
3Q e NV%eVn € N: |an| < pz @ and Vg € NY0eVn € N: |a,| < pd.

q

Also, in next slides we write o > p* whenever 3Q, , € NV :

0. > p7.
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Definition: Hyper-power series

Definition
A hyperseries of the form pZ an(x — ¢)" with o > p* is hyper-power

series such that (a,)nen € pR[[x — c]. Here
"Rx — c] = {(an)nen | (an(x = )")nen € "Ru}.
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A hyperseries of the form ”Z an(x — ¢)" with o > p* is hyper-power

series such that (a,)nen € pR[[x — c]. Here
"Rx — c] = {(an)nen | (an(x = )")nen € "Ru}.

Theorem

If x,c are in "R also a, €’R for every n. Then (an)nen € "R]x — c], if
AN e N: |[x —c| < —Nlog dp.
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Definition: Hyper-power series

Definition
A hyperseries of the form ”Z an(x — ¢)" with o > p* is hyper-power

series such that (a,)nen € ”R[[x — c]. Here
"Rx — c] = {(an)nen | (an(x = )")nen € "Ru}.

Theorem

If x,c are in "R also a, €’R for every n. Then (an)nen € "R]x — c], if
AN e N: |[x —c| < —Nlog dp.

Ifx,ce 'R and (an)n € 'R, so if V%,¥n € N, we have ap. ~p ane,
Xe ~p Xe and ¢ ~, C.. Then if (an)nen € "R]x — ¢] so
(a_n)neN € pR[[X - C]]'
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Radius of Convergence

If 732, i anx" converges at x; then it converges for all [x| < [x;|.
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Radius of Convergence

Theorem
If732, o5 anx" converges at x; then it converges for all x| < |x|.

Corollary

Let '”Znep an(x — ¢)" be a hyper-power series, if

Ir = sup{|x — c|,”2n€,§I an(x — c¢)"converges}, then the hyper-power
series converges absolutely for 0 < |x — c| < r.
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Radius of Convergence

If”zneﬁg apx" converges at x; then it converges for all |x| < |x;|.

Corollary

Let ”Zneaﬁ an(x — ¢)" be a hyper-power series, if
Ir = sup{|x — c|,”zn€a§] an(x — c¢)"converges}, then the hyper-power
series converges absolutely for 0 < |x — c| < r.

Definition

Let 7>, & ap(x — ¢)" be a hyper-power series then the radius of
convergence R of hyper-power series /3 .~ an(x — ¢)" is defined as
R = sup{|x — c| : 73, 5 an(x — c)"converges}, if exist. If the supremum
does not exist, we can say that a hyper-power series converges at X, hence also at
all x such that [x — ¢| < |x — ¢|.

v
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X ™ £1o:
Q@ 'Y, 5 & =€ Vx € R finite.

Diksha Tiwari (Uni Wien, Vienna) GF2020



Q "> R X=X, Vx € /R finite.

(n)
0 'Y, i ox" = 6(x), Vx: Ix] < dpf

n

5/15
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Q "> o =€ Vxe /R finite.

(n)
O "Xy Tl A" = 00, x| <
@ "X, 5 X" converges to =, V[x| < 1.
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n

Q "> o =€ Vxe /R finite.

D 50, v | <

n!

@ "X, 5 X" converges to =, V[x| < 1.

For the hyper-power series "} | & an(x — ¢)", let us define A and p by
A = limsup |a,|/" for n € °N, p=1/A , if this limsup exist in sharp
topology. Then p is the radius of convergence.
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Analytic GSF

Iff(x) ="% i an(x — c)"converges under r then f € "GC*>(B;(c), 'R).
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Analytic GSF

Iff(x) ="% i an(x — c)"converges under r then f € "GC*>(B;(c), 'R).

Definition

Let o > p*, a GSF f € *GC>®(U,"R) is real analytic with respect to o and
p on a sharply open set U, if Vxo € U3(a,), € "RIr € "R : B, (x0)CU,
f(x) =" i an(x — x0)". It is denoted by f € 'GC*(U,R)
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Let o > p*, a GSF f € "GC>®(U,"R) is real analytic with respect to o and
p on a sharply open set U, if Vxo € U3(a,), € "RIr € "R : B, (x0)CU,
f(x) ="% i an(x — x0)". It is denoted by f € “GC* (U, R).

Theorem

Let f be an analytic function in B,(c), then necessarily we have
_ ()

n— n -
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Analytic GSF

Iff(x) ="% i an(x — c)"converges under r then f € "GC*>(B;(c), 'R).

Let 0 > p*, a GSF f € /JQCOO(U,”]IA@) is real anaIyEic with respect to o and
p on a sharply open set U, if Vxo € U3(a,), € "RIr € R0 : B, (x0)CU,
f(x) =", i an(x — x0)". It is denoted by f € "GC*(U, R).

V.

Theorem
Let f be an analytic function in B,(c), then necessarily we have
_ ()

n— n -

If f € C¥(2) then 3o > p* such that it's embedding is an analytic GSF.
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Basic properties of hyper-power series

If two hyper-power series, "5~ - anx" and "y_ - bp,x"converges at xi

and x respectively, then their summation converges at min(xy, x2).
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Basic properties of hyper-power series

If two hyper-power series, "5~ - anx" and "y_ - bp,x"converges at xi

and x respectively, then their summation converges at min(xy, x2).

Theorem

Consider two hype:—power series "y an(x —x0)" and "~ ba(x — x0)"
centered at x, € "R, then their sum and difference can be obtained by term-wise

addition and subtraction.
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Multiplication and division of hyper-power series

Iff(x) =" i an(x — x0)" and g(x) ="3_ . bn(x — Xx0)" are two
hyper-power series, then f(x) - g(x) =" | .5 2i>0 aibn—i(x — x0)".
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Multiplication and division of hyper-power series

Iff(x) =", cof an(x —x0)" and g(x) =" . bn(x — x0)" are two
hyper-power series, then f(x) - g(x) =" | .5 2i>0 aibn—i(x — x0)".

Theorem

Iff(x) =", i an(x —x0)" and g(x) =" . bn(x — x0)" are two
hyper-power series such that g(x) is invertible, then
f(x) =" oo dn (x — x0)", where ¥O¢,dp. = Z%Z and

g(x
ane bie b ... bpe
dn—1e bOz—: blz—: s bnflz—:
dne = bn+1 det : .
an 0 bog 600 bn_2
dai 0 0 600 boa
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Integration and differentiation of hyper-power series

If f € °GC¥(B,(c),”R), then f can be differentiated term by term in B,(c).
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Integration and differentiation of hyper-power series

If f € °GC¥(B,(c),”R), then f can be differentiated term by term in B,(c).

If f € "GC¥(B.(c),"R), then fcan be integrated term by term in B,(c).
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Bounds of hyper-power series

A hyper-power series pzne”N an(x — )" has radius of convergence r, iff
for each 0 < R < r, there exist a constant 0 < Cr < 1, such that
C .
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Bounds of hyper-power series

A hyper-power series "} 5 an(x — )" has radius of convergence r, iff
foreach0 < R <r, there ex:st a constant 0 < Cg < 1, such that
C 5

Theorem

Let f € "GC>(U,"R) for some open interval U. The function

f €*GC¥(U,"R), iff for each a € U, there is an open set J € ‘R with
a € J C U and constants C € (0, 1)C’JH§, R € "Rsq such that the
derivatives of f satisfy |fj(x)| < C%;,Vx € J,¥j € N.

Ri>
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Principle of Permanence: Lemma

Lemma

If f and g are analytic GSF on an open interval U and if there is a point
xo in U such that f/(xo) = g/(x0),Vj € N. Then f(x) = g(x), Vx € U, if
the following conditions are satisfied
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If f and g are analytic GSF on an open interval U and if there is a point
xo in U such that f/(xo) = g/(x0),Vj € N. Then f(x) = g(x), Vx € U, if
the following conditions are satisfied
@ Both f and g always have real convergence radii: '
Vx € Udr € RoVy € (x —r,x+r):f(y) =" & ﬂj!ﬁ(y—x)f and

Vx € UdreRuoVy € (x —r,x+1r):8(y) ="2, o gjj(!x)(y — x).
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Principle of Permanence: Lemma

Lemma

If f and g are analytic GSF on an open interval U and if there is a point
xo in U such that f/(xo) = g/(x0),Vj € N. Then f(x) = g(x), Vx € U, if
the following conditions are satisfied

@ Both f and g always have real convergence radii:

Vx € Udr € RoVy € (x —r,x+r):f(y) =" & ﬂj!ﬁ(y—x)j and
VxeUdreRooVye(x—r,x+r)gly) = DV gJ(X)(y — x).

i
Q@ Vx € U, f'(x) and g'(x) are finite.
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Principle of Permanence

Corollary

If f and g are analytic GSF on an open interval U and if there is an open
set WCU such that, f(x) = g(x),Vx € W, then f(x) = g(x),Vx € U, if
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Principle of Permanence

Corollary

If f and g are analytic GSF on an open interval U and if there is an open
set WCU such that, f(x) = g(x),Vx € W, then f(x) = g(x),Vx € U, if
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Real Analytic CGF

Definition

Let Q@ C R be an open set. A generalized function u €G*(Q) is called real
analytic at xg € Q if there exist an open ball B = B,(xp,) C Q and a net
(ug) such that u|g = [u] € G°(B) and

3C € RogIN € Ry Ve Va € N7 1 sup |ul(x)| < ClolFlaleN,
xeB
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Definition
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Conjecture:

If £ is an analytic GSF defined on Q. (i.e. compactly supported points of
Q C R), then f is an analytic CGF.
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Real Analytic CGF

Let Q C R be an open set. A generalized function u €G*(Q) is called real
analytic at xg € Q if there exist an open ball B = B,(xp,) C Q and a net

(ug) such that u|g = [u] € G°(B) and

3C € RygIN € R VeVa e N7 & sup luZ(x)| < Cleltlgie=N,
xEB

Conjecture:

If f is an analytic GSF defined on Q. (i.e. compactly supported points of
Q C R), then f is an analytic CGF.

Conjecture:

If £ is an analytic CGF, then it is also an analytic GSF.
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@ Complex analytic GSF.
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@ Complex analytic GSF.
@ Uniform convergence of complex analytic GSF.
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@ Complex analytic GSF.
@ Uniform convergence of complex analytic GSF.

© Cauchy-Kowalevsky theorem using (2) and Picard-LindI6f theorem for
PDE.
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Thank you for your attention!
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