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Pseudo-differential operators and something about modulation
spaces

Pseudo-Differential Operators (ΨDO)

Let A P Rdˆd (a matrix) be fixed, a P S 1pR2dq. Then the
pseudo-differential operator OpApaq is defined as

OpApaqf pxq “ p2πq
´d

ĳ

apx´Apx´yq, ξqe ixx´y ,ξyf pyq dydξ, f P S pRdq.
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OpApaqf pxq “ p2πq
´d

ĳ

apx´Apx´yq, ξqe ixx´y ,ξyf pyq dydξ, f P S pRdq.

Normal representation: A “ 0, i. e. apx ,Dq “ Op0paq

Weyl quantization: A “ 1
2 ¨ I , i. e. Opw paq “ Op 1

2
¨I paq.
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|α|ďN
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α ô apx ,Dq “

ÿ
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α, Dj “
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i

B

Bxj
.

Natural assumption: a is smooth and e.g.

|Bαx B
β
ξ apx , ξq| À ωpx , ξqp1` |ξ|q´|β|.
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Time-frequency analysis: x “”time” and ξ “”frequency”. Then
apx ,Dq describes a non-stationary filter with filter constant apx , ξq.

Natural assumption: Lp-estimates on local Fourier transforms on apx , ξq.

(Local Fourier transforms = Short-time Fourier transforms, Wigner
distributions, coherent state transforms etc.)

This leads to Modulation Spaces.
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Pseudo-differential operators and something about modulation
spaces

Modulation spaces (Feichtinger)

The Fourier transform and Short-time Fourier transform:

pf pξq “ p2πq´
d
2

ż

f pyqe´ixy,ξy dy , Vφf px , ξq “ p2πq
´ d

2

ż

f pyqφpy ´ xqe´ixy,ξy dy .

Let p, q P p0,8s and 0 ă ω P L8locpR
2dq be such that 1{ω P L8locpR

2dq.

f in the modulation space Mp,q
pωqpR

dq, iff

}f }Mp,q
pωq
”

´

ż

´

ż

|Vφf px , ξqωpx , ξq|p dx
¯q{p

dξ
¯1{q

ă 8.

H. Feichtinger K. Gröchenig
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Pseudo-differential operators and something about modulation
spaces

Some properties (Feichtinger, Gröchenig, . . . )

Let Mp,q
s,t “ Mp,q

pωq, Mp,q
“ Mp,q

0,0 when ωpx , ξq “ xxytxξys , xxy “ p1` |x |2q1{2.

M2,2
s,0 “ L2

s and M2,2
0,s “ H2

s

}F f }Mp,p
pωq
— }f }Mp,p

pωq
when ωp´x , ξq “ ωpξ, xq.

Mp,q
pωq independent of φ (Usually)

if 1 ď p, q ă 8, then pMp,q
pωqq

1 “ Mp1,q1

p1{ωq (1{p ` 1{p1 “ 1)

if p1 ď p2, q1 ď q2 then Mp1,q1

pωq Ď Mp2,q2

pωq

Convenient discretization properties with Gabor frames

Convenient embeddings between modulation spaces, Lebesgue spaces
and Besov spaces
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Pseudo-differential operators and something about modulation
spaces

1

p

1

0

1

q

10

p “ q

p “ q1
1

q
`

1

q1
“ 1,

when q ě 1

p 1
2 ,

1
2 q
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p “ q

p “ q1
1

q
`

1

q1
“ 1,

when q ě 1

p 1
2 ,

1
2 q

Banach spaces when p, q ě 1
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Quasi-Banach but

NOT Banach spaces when p ă 1
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NOT Banach spaces

when q ă 1
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p “ q

p “ q1
1

q
`

1

q1
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when q ě 1

p 1
2 ,

1
2 q

Inclusions betweeen

Lebesgue and modulation

spaces p, q ě 1

Lp

Ď Mp,q Mp,q
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FLq

Ď Mp,q
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p “ q

p “ q1
1

q
`

1

q1
“ 1,

when q ě 1

p 1
2 ,

1
2 q

Lp Ď

Bp,q
0 Ď Mp,q

Ď Bp,q
ds2

Bp,q
ds1
Ď

Mp,q Ď Bp,q
0

Ď Lp

FLq Ď

Bp,q
0 Ď Mp,q

Ď Bp,q
ds2

Bp,q
ds1
Ď

Mp,q Ď Bp,q
0

Ď FLq

Inclusions betweeen

Besov and modulation

spaces p, q ą 0

s1 “
1
q ´minp 1

p , 1´
1
p q ě 0

s2 “
1
q ´maxp 1

p , 1´
1
p q ď 0
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Test functions, distributions and expansions

Pilipović spaces

Hermite function hα with respect to α P Nd is given by

hαpxq “ π´
d
4 p´1q|α|p2|α|α!q´

1
2 e

1
2
¨|x |2pBαe´|x |

2
q.

Formal Hermite function expansions:

f pxq “
ÿ

αPNd

cpαqhαpxq, x P Rd , cpαq P C. (*)

Let s, σ ą 0.

HspR
d
q / H0,spR

d
q “ all f in (*) s.t. |cpαq| À e´r |α|

1
2s for some / every r ą 0.

H5σ pR
d
q / H0,5σ pR

d
q “ all f in (*) s.t. |cpαq| À r |α|α!´

1
2σ for some / every

r ą 0.
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1
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H5σ pR
d
q / H0,5σ pR

d
q “ all f in (*) s.t. |cpαq| À r |α|α!´

1
2σ for some / every

r ą 0.

By letting R5 “ R` Y t5σu with convention

s ă 5σ1 ă 5σ2 ă
1

2
, when s ă

1

2
, σ1 ă σ2

it follows

H0
Dense
ãÑ H0,s1

Dense
ãÑ Hs1

Dense
ãÑ H0,s2 , s1, s2 P R5, s1 ă s2.
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2
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But . . .Σ1{2 “ t0u ‰ t f ; }p|x |2 ´∆qN f }L8 À hNN! for every h ą 0 u “ H0,1{2.
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1
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1
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Images under the Bargmann transform

Bargmann transform, basic definitions

The Bargmann transform (1961):

pVd f qpzq “ π´d{4
ż

Rd

exp
´

´
1

2
pxz , zy ` |y |2q ` 21{2xz , yy

¯

f pyq dy .

ApCdq is the set of all entire functions in Cd

A2pCdq is the Hilbert space of entire analytic functions such that

}F }A2 ”

´

ż

Cd

|F pzq|2 dµpzq
¯1{2

ă 8.

Here dµpzq “ π´de´|z|
2

dλpzq, where dλpzq is the Lebesgue
measure on Cd .

A2-scalar product: pF ,G qA2 “

ż

Cd

F pzqG pzq dµpzq.
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Images under the Bargmann transform

V. Bargmann 1961 - Mapping properties

He proved:

Vd is a bijective isometry from L2pRdq to A2pCdq.

Vdhα “ eαpzq ”
zα

pα!q1{2
. Hence Vd maps ON-basis thαpxqu in L2

into the ON-basis teαpzqu in A2.

Reproducing kernel:

pΠAF qpzq “

ż

Cd

epz,wqF pwq dµpwq, F admissible.

Then

pΠAF qpzq “ F pzq, F P A2, dµpzq “ π´de´|z|
2

dλpzq.
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Images under the Bargmann transform

Spaces of power series expansions

In the most general situation we consider the power series expansions

F pzq “
ÿ

αPNd

cpαqeαpzq, z P Cd , cpαq P C, eαpzq “
zα

pα!q1{2
. (*)

Smaller spaces:

A0pRdq, the set of all analytic

polynomials F pzq in (*)

For s P R5, let AspCdq (A0,spCdq) be
the set of all series expansions F pzq
in (*) such that

|cpαq| À

$

&

%

e´r |α|
1
2s , s P R`

r |α|α!´
1

2σ , s “ 5σ

for some (every) r ą 0.

Larger spaces:

A10pCdq, the set of all formal power

series F pzq in (*)

For s P R5, let A1spCdq (A10,spCdq)
the set of all series expansions F pzq
in (*) such that

|cpαq| À

$

&

%

er |α|
1
2s , s P R`

r |α|α!
1

2σ , s “ 5σ

for every (some) r ą 0.
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Images under the Bargmann transform

Bargmann transform on Hermite series expansions

Recall that Vdhα “ eα.

For any f “
ÿ

α

cpαqhα, let Vd f “
ÿ

α

cpαqeα.

By the definitions it follows that

Vd : H0,spR
dq Ñ A0,spC

dq,

Vd : HspR
dq Ñ AspC

dq,

Vd : H1spRdq Ñ A1spCdq,

Vd : H10,spRdq Ñ A10,spCdq

are bijective.
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Images under the Bargmann transform

Characterizations of certain spaces of power series

Any entire function F is equal to a power series expansion
ÿ

α

cpαqeα

such that
|cpαq| À r |α|pα!q1{2,

for every r ą 0. This implies A1
51
pCdq “ ApCdq.

From the definitions it now follows for s ě 1
2 and s0 ă

1
2 :
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Characterizations of certain spaces of power series

Any entire function F is equal to a power series expansion
ÿ

α

cpαqeα

such that
|cpαq| À r |α|pα!q1{2,

for every r ą 0. This implies A1
51
pCdq “ ApCdq.

From the definitions it now follows for s ě 1
2 and s0 ă

1
2 :

A0,s0pC
dq Ď As0pC

dq Ď A0,spC
dq Ď AspC

dq

Ď A1spCdq Ď A10,spCdq Ď ApCdq Ď A1s0
pCdq Ď A10,s0

pCdq

What about those spaces which are contained in ApCdq??
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Images under the Bargmann transform

Identifications with spaces of analytic functions

For s0 ă
1
2
, s ě 1

2
, xzy “ 1` |z | (Recall: s0 ă 5σ ă

1
2
):

The tiny planets (smaller than Gelfand-Shilov):

A0,s0 pAs0q “ tF P A ; |F pzq| À erplogxzyq
1

1´2s0
, for every (some) r ą 0 u,

A0,5σ pA5σ q “ tF P A ; |F pzq| À er |z|
2σ

σ`1
, for every (some) r ą 0 u,

A0, 1
2
“ tF P A ; |F pzq| À er |z|

2

, for every r ą 0 u,

The Gelfand-Shilov world:

A0,s { pAsq “ tF P A ; |F pzq| À e
|z|2

2
´r |z|

1
s
, for every (some) r ą 0 u, s ‰

1

2
,

A1s pA10,sq “ tF P A ; |F pzq| À e
|z|2

2
`r |z|

1
s
, for every (some) r ą 0 u,

Beyond Gelfand-Shilov life:

A10, 1
2
“ tF P A ; |F pzq| À er |z|

2

, for some r ą 0 u,

A15σ pA
1
0,5σ q “ tF P A ; |F pzq| À er |z|

2σ
σ´1

, for every (some) r ą 0 u, σ ą 1,

A151 “ A p“ ApCd
qq, A10,51 “

Ť

Rą0ApBRp0qq.
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let apz ,wq and K pz ,wq, z ,w P Cd , be suitable, analytic in z .

1 The analytic pseudo-differential operator OpVpaq is:

pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks:
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Examples and remarks:

We have TK “ OpVpaq when K pz ,wq “ apz ,wqepz,wq.
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1 The analytic pseudo-differential operator OpVpaq is:

pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks: If apz ,wqe´p
1
2
`rqp|z|2`|w |2q P L1pC2dq for

every r ą 0, then there is a unique a0pz ,wq such that

pz ,wq ÞÑ a0pz ,wq is entire (belongs to ApC2dq);

a0pz ,wqe
´p 1

2
`rqp|z|2`|w |2q P L1pC2dq for every r ą 0;

OpVpaq “ OpVpa0q.
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Examples and remarks:

OpVpaqF pzq “
ÿ

|α|ďN

aαpzqpB
α
z F qpzq, apz ,wq “

ÿ

|α|ďN

aαpzqw
α.
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pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks: The creation and annihilation operators,

2´
1
2 pxj ´ Bjq respective 2´

1
2 pxj ` Bjq are transfered into F ÞÑ zj ¨ F and

F ÞÑ Bj ¨ F , by the Bargmann transform.

It follows that if bpx , ξq “
ÿ

|α`β|ďN

c1pα, βqx
αξβ,

there is a unique apz ,wq “
ÿ

|α`β|ďN

c2pα, βqz
αwβ

such that OpVpaq “ Vd ˝ Oppbq ˝V´1
d .
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pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks:

If apz ,wq is analytic, then

pOpVpaqF qpzq “ apz , zqF pzq.
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1 The analytic pseudo-differential operator OpVpaq is:

pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks:

If χ is the characteristic function of a polydisc and apz ,wq “ χpwq, then
OpVpaq is bijective between suitable AspCdq spaces. Some sorts of
analytic Paley-Wiener properties Nabizadeh-Pfeuffer-T. (2018).
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Let apz ,wq and K pz ,wq, z ,w P Cd , be suitable, analytic in z .

1 The analytic pseudo-differential operator OpVpaq is:

pOpVpaqF qpzq “

ż

Cd

apz ,wqF pwqepz,wq dµpwq, F P A0pC
dq.

Examples and remarks:

Analytic pseudo-differential operator are often called Wick operators or
Berezin operators.
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

pOpVpaqF qpzq “
ş

Cd apz ,wqF pwqe
pz,wq dµpwq, pTKF qpzq “

ş

Cd Kpz ,wqF pwq dµpwq.

In what follows we let
aA1spC2dq “ tK pz ,wq ; pz ,wq ÞÑ K pz ,wq P A1spC2dq u,

and similarly for other spaces.

Thm. (by Kernel theorems for nuclear spaces)

Let s1 P R5 and s2 P R5. The map K ÞÑ TK is bijective

from
aA0,s1pC

2dq to LpA10,s1
pCdq,A0,s1pC

dqq, and

from
aA10,s1

pC2dq to LpA0,s1pC
dq,A10,s1

pCdqq.

from
aAs2pC

2dq to LpA1s2
pCdq,As2pC

dqq, and

from
aA1s2
pC2dq to LpAs2pC

dq,A1s2
pCdqq.

Thm. Teofanov-T. (2019)

Let t P C, s1 P R5, s1 ď
1
2 , and s2 P R5, s2 ă

1
2 . Then

K pz ,wq ÞÑ K pz ,wqetpz,wq is a continuous bijection on
aA10,s1

pC2dq and on
aA1s2
pC2dq.

Thm. Teofanov-T. (2019)

Let s1 P R5, s1 ď
1
2 , and s2 P R5, s2 ă

1
2 . Then

LpA0,s1pC
dq,A10,s1

pCdqq “ tOpVpaq ; a P
aA10,s1

pC2dq u.

LpAs2pC
dq,A1s2

pCdqq “ tOpVpaq ; a P
aA1s2
pC2dq u.
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Thm. Gröchenig-Heil, T.

Suppose

1
p1
´ 1

p2
“ 1´ 1

p ´
1
q , q ď p2 ď p, ω2px,ξ`ηq

ω1px`y ,ξq À ωpx , ξ, η, yq, a P Mp,q
pωqpR

2dq.

Then Oppaq is continuous from M
p1

pω1q
pRdq to M

p2

pω2q
pRdq.

J. Toft Analytic Ψdo Ghent, September 2020 17 / 19



Analytic pseudo-differential and integral operators

Analytic Ψdo with Lebesgue conditions on their symbols

Thm. Teofanov-T. (2019)

Suppose K P
a
ApC2dq,

GK ,ωpz`w , zq P Lp,qpC2dq, GK ,ωpz ,wq “ K pz ,wq¨e´
1
2 p|z|

2
`|w |2qωp

?
2 z ,

?
2 wq,

1
p1
´ 1

p2
“ 1´ 1

p ´
1
q , q ď p2 ď p, ω2pzq

ω1pwq
À ωpz ,wq.

Then TK is continuous from A
p1

pω1q
pCdq to A

p2

pω2q
pCdq.
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a
ApC2dq,

GK ,ωpz`w , zq P Lp,qpC2dq, GK ,ωpz ,wq “ K pz ,wq¨e´
1
2 p|z|

2
`|w |2qωp

?
2 z ,

?
2 wq,

1
p1
´ 1

p2
“ 1´ 1

p ´
1
q , q ď p2 ď p, ω2pzq

ω1pwq
À ωpz ,wq.

Then TK is continuous from A
p1

pω1q
pCdq to A

p2

pω2q
pCdq.

By putting some restrictions on ω, ωj and taking the counter image of the
previous result with respect to the Bargmann transform

`

Vd : Mp
pωqpR

dq Ñ Ap
pωqpC

dq bijective
˘

one gets well-known results of continuity results of real Ψdo on modulation
spaces, like

Thm. Gröchenig-Heil, T.

Suppose

1
p1
´ 1

p2
“ 1´ 1

p ´
1
q , q ď p2 ď p, ω2px,ξ`ηq

ω1px`y ,ξq À ωpx , ξ, η, yq, a P Mp,q
pωqpR

2dq.

Then Oppaq is continuous from M
p1

pω1q
pRdq to M

p2

pω2q
pRdq.
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Recent result and ongoing investigations - the post future

1. Characterizations of global elliptic operators (N. Teofanov, T., P.
Wahlberg):

Let

bpx , ξq “
ÿ

|α`β|ďN

c1pα, βqx
αξβ , b0px , ξq “

ÿ

|α`β|“N

c1pα, βqx
αξβ

and let

apz ,wq “
ÿ

|α`β|ďN

c2pα, βqz
αwβ , a0pz ,wq “

ÿ

|α`β|“N

c2pα, βqz
αwβ

be the uniquely defined polynomials given by OpVpaq “ Vd ˝Oppbq ˝V´1
d .

Then the following conditions are equivalent:

Oppbq is elliptic ;

b0px , ξq ‰ 0 when px , ξq ‰ p0, 0q;

a0pz , zq ‰ 0 when 0 ‰ z P Cd .
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Recent result and ongoing investigations - the post future

2. Continuity of analytic ΨDO on Orlicz spaces of analytic functions (T.,
R. Üster)
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Recent result and ongoing investigations - the post future

3. Transition of symbol classes from real ΨDO to analytic ΨDO (N.
Teofanov, T., P. Wahlberg)
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Thank you for your attention.
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