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Important contributors to the topic, e.g.:

W. Bauer, F. A. Berezin, L. A. Coburn, N. Lerner

The talk is based on the following:

o J. Toft Images of function and distribution spaces under the
Bargmann transform, J. Pseudo-Differ. Oper. Appl. 8 (2017),
83-1309.

o N. Teofanov, J. Toft Pseudo-differential calculus in a Bargmann
setting, Ann. Acad. Sci. Fenn. Math. 45 (2020), 227-257.

@ N. Teofanov, J. Toft, P. Wahlberg Some features on analytic
pseudo-differential calculus (Ongoing project)

N
N. Teofanov P. Wahlberg

J. Toft Analytic Wdo Ghent, September 2020

3/19



Fseudo-arrrerential operators and sometning about mode;.lalgglson

Pseudo-Differential Operators  (WDO)
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Fseudo-arrrerential operators and sometning about mogl;.lalgglson

Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).
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Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).

Normal representation: A =0, i.e. a(x,D) = Opgy(a)

Weyl quantization: A=

N[=

-, e OpW(a)=Op%,,(a).
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Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).
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Fseudo-arrrerential operators and sometning about mosdpl.lalgglson

Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ ﬂa<x—A<x—y>, £V OF(y) dyde, e .7(RY).

Normal: a(x, D) = Op,(a) Weyl: Op"(a) = Op%,,(a)

Partial differential equations:

a(x,§) = Z a,(x)€* < a(x,D)= Z aq(x)D<, D; = 1d

i 0x;
o] <N la]<N J

Natural assumption: a is smooth and e.g.

0207 a(x, €)| < wlx, &)(1 + [¢)) 7.
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pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).
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Time-frequency analysis: x ="time" and £ ="frequency”. Then
a(x, D)  describes a non-stationary filter with filter constant  a(x, ).

J. Toft Analytic Wdo Ghent, September 2020 4 /19



Fseudo-arrrerential operators and sometning about mogl;.lalgglson

Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).

Normal: a(x, D) = Op,(a) Weyl: Op"(a) = Op%,,(a)

Time-frequency analysis: x ="time" and £ ="frequency”. Then

a(x, D)  describes a non-stationary filter with filter constant  a(x, ).
Natural assumption: LP-estimates on local Fourier transforms on a(x,§).

(Local Fourier transforms = Short-time Fourier transforms, Wigner
distributions, coherent state transforms etc.)
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Fseudo-arrrerential operators and sometning about mogl;.lalgglson

Pseudo-Differential Operators  (WDO)

Let Ae R¥*? (a matrix) be fixed, a € .7/(R??). Then the
pseudo-differential operator  Opy(a) is defined as

Opa(@)f(x) = (2m)~ U3<X_A<X_y>, £V OF(y) dyde, e .7(RY).

Normal: a(x, D) = Op,(a) Weyl: Op"(a) = Op%,,(a)

Time-frequency analysis: x ="time" and £ ="frequency”. Then

a(x, D)  describes a non-stationary filter with filter constant  a(x, ).
Natural assumption: LP-estimates on local Fourier transforms on a(x,§).

(Local Fourier transforms = Short-time Fourier transforms, Wigner
distributions, coherent state transforms etc.)

This leads to Modulation Spaces.
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Fseudo-arrrerential operators and sometning about mog[;.lalgglson

Modulation spaces (Feichtinger)

The Fourier transform and Short-time Fourier transform:

f(&) = (2w>*%ff(y>e*"<y*’5> dy,  Vef(x,6) = (2r) ¢ J F(y)Bly —x)e " dy.

H. Feichtinger K. Grochenig
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Modulation spaces (Feichtinger)

The Fourier transform and Short-time Fourier transform:

f(&) = (2w>*%ff(y>e*"<y'5> dy,  Vaf(x,€) = (2m) "% J F(y)Bly —x)e " dy.

Let p,qe (0,00] and 0 < w e LP_(R?9) be such that 1/w € LE_(R%).

lo loc

e f in the modulation space M(’:)‘;(Rd), iff

([ ([1vartcnute ol o)™ ae) ™ < o

I

H. Feichtinger K. Grochenig
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Fseudo-arrrerential operators and sometning about mogl;.lalgglson

Some properties  (Feichtinger, Grochenig, .. .)

Let M7 =MES,  MPT=MEd  when  w(x,&) = (0NE)*, () = (L+[x])2.

22 _ g2 22 _ 42
o Miy =Ls and Mgy = H;

o [Fflmpr = flmpr  when w(—x,£) = w(& x).

° M(’Z‘; independent of ¢  (Usually)
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Fseudo-arrrerential operators and sometning about mosdpl.lalgglson

Some properties  (Feichtinger, Grochenig, .. .)

Let M7 =MES,  MPT=MEd  when  w(x,&) = (0NE)*, () = (L+[x])2.
o M2 =12 and M7 =H?
o [Fflmpr = flmpr  when w(—x,£) = w(& x).

° M(’l’f)’ independent of ¢  (Usually)

oif 1<pqg<o, then (MY =MTT  (1/p+1/p =1)

o if p1<p2qi<gq then Mf:)sql c ijsc”
@ Convenient discretization properties with Gabor frames

@ Convenient embeddings between modulation spaces, Lebesgue spaces
and Besov spaces
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Fseudo-airrerential operators and sometning about modulation
spaces
1 N

—
N—=

N[=
~—

p=4q . S "
0 q q q
0 1. 7 when g > 1
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Fseudo-arrrerential operators and sometning about mode;.lalgglson

— T

pP=q
Banaxh spaces whtén p,g > 1
(33)
1 1 1
) =
P=q St =1
0 d 94
’ when g > 1
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Fseudo-arrrerential operators and sometning about mogrg.lalgglson

1. Quasi-Banach but
P NOT Banach spaces when p < 1
1

Quasi-Banach but

(%7%) NOT Banach spaces
when g <1
1 1 1
=q a -+ = =1,
0 P a g dq
0 1.7 when g > 1
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Fseudo-arrrerential operators and sometning about mogrg.lalgglson

1 AN
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1
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Fseudo-arrrerential operators and sometning about mog[;.lalgglson

1 AN
p p=q
1
P.q
Bd51 c .
MP9 — BP Inclusions betweeen
= Po
c FL9 Besov and modulation
spaces p,q > 0
p.q
LP = By, =
B(')J‘q c MPa (3,1 mpPac Bg,q s = % — mln(1 1- f) 0
Bd52 c LP 52—7177max(11773) 0
F19 <
p.q ,
By < MPA 1 11
X —q - S+ =1,
0 c Bd52 P=q q q q
0 ’ when.g>1
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Test functions, distributions and expansions
Pilipovi¢ spaces
Hermite function h, with respect to a € N9 is given by
ha(x) = 74 (1)l (2ol q1) =2 63 X (gae—IxP).
Formal Hermite function expansions:

f(x) = Y. cla)ha(x), xeR?, c(a)eC. (*)

aeNd

J. Toft Analytic Wdo Ghent, September 2020 8 /19



Test functions, distributions and expansions
oo o g
Pilipovi¢ spaces

Hermite function h, with respect to o € N9 is given by
ho(x) = 7= (—1)lol (2lelq1) =2 @2 X (go e,
Formal Hermite function expansions:

f(x) = Y. cla)ha(x), xeR?, c(a)eC. (*)

aeNd

Definition
Let s,0 > 0.

@ The Pilipovi¢ space of Roumieu / Beurling type, Hs(RY) / Ho s(R),

1
consists of all f in (*) such that |c(a)| < e "1%* holds for some / every
r>0.

v
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Test functions, distributions and expansions
oo o g
Pilipovi¢ spaces

Hermite function h, with respect to o € N9 is given by
ho(x) = 7= (—1)lol (2lelq1) =2 @2 X (go e,
Formal Hermite function expansions:

f(x) = Y. cla)ha(x), xeR?, c(a)eC. (*)

aeNd

Definition
Let s,0 > 0.

@ The Pilipovi¢ space of Roumieu / Beurling type, Hs(RY) / Ho s(R),

1
consists of all f in (*) such that |c(a)| < e "1%* holds for some / every
r>0.

@ The Pilipovi¢ space H,_(RY) / Ho, (R?) consists of all f in (*) such that
lc(a)] < rlelal=25 holds for some / every r > 0.

v
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Test functions, distributions and expansions

Pilipovi¢ spaces
Let
f(x) = Y. cla)ha(x), xeR’ c(a)eC. *)

Let s,0 > 0.
1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e "1*1* for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.
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Test functions, distributions and expansions
Pilipovi¢ spaces
Let

f(x) = Z c(a)ha(x), xeR? c(a)eC. (*)

Let s,0 > 0.
1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

We also let

Ho(RY) = All finite Hermite series expansions in (*),

Ho(RY) = All formal Hermite series expansions in (*).
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Test functions, distributions and expansions
Pilipovi¢ spaces
Let

f(x) = Z c(a)ha(x), xeR? c(a)eC. (*)

Let s,0 > 0.

1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

By letting R, = R U {b,} with convention

1 1
s <by <bg, < =, when s<3, 01<02

2’
it follows
Dense Dense Dense
HO —> H0751 —> HSI —> HO,SQ? S]_, 52 € Rb, S]_ < 52.
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Test functions, distributions and expansions
Pilipovi¢ spaces
Let

f(x) = Z c(a)ha(x), xeR? c(a)eC. (*)

Let s,0 > 0.

1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

For Gelfand-Shilov spaces Ss and X, Pilipovi¢ proved 1986:

1
He =Ss = {F; |(|x]> = D)VF| = < AN for some h> 0}, s> 3,
1
Hos=Xs = {F;[(|x|> = A)NF|rx < AVNI? for every h >0}, s>
But... Xy = {0} # {f; |[(|x]* — A)NF||po < VNI for every h>0} = Ho,1/2-
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Test functions, distributions and expansions
Pilipovi¢ spaces
Let
f(x) = Y] c(@ha(x), xR’ c(a)eC. (*)
Let s,0 > 0.
1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

Recent extension:

Let 0 < seR. Then:
He = {F; [(|x]* = A)VF|» < hNNI** for some h >0},

and

Hos = { F; [(|x]* = D)VF| o < hNVNI? for every h>0}.
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Test functions, distributions and expansions
oo o g
Pilipovi¢ spaces

Let
f(x) = Z c(a)ha(x), xeR? c(a)eC. (*)

Let s,0 > 0.

1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

We let HL(R?) / Hp ((RY) be the set of all £ in (*) such that

1
lc(a)| < e*rle%  se Ry, and |c(a)| < rl®lal® 25, s = b,, for every /
some r > 0.
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Test functions, distributions and expansions
oo o g
Pilipovi¢ spaces

Let
f(x) = Z c(a)ha(x), xeR? c(a)eC. (*)

Let s,0 > 0.
1
@ Hs(R?) / Hos(RY) = all fin (*) s.t. |c(a)| S e %1% for some / every r > 0.

@ H, (RY) / Hos, (RY) = all fin (*) st. |c(a)| S rl*lql =25 for some / every
r>0.

We let HL(R?) / Hp ((RY) be the set of all £ in (*) such that

1
lc(a)| < e*rle%  se Ry, and |c(a)| < rl®lal® 25, s = b,, for every /
some r > 0.

Then H. for s > 0 and 7—[675 for s > 0 are the duals of Hs and Ho s under

(- ez
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Images under the Bargmann transform

Bargmann transform, basic definitions

e The Bargmann transform (1961):
1

(Vaf)e) = 79 | exp (= 52+ 1y + 2V ) ) ) dy.

d
Here z = (z1,...,2z4) € C?, (z,w) = Z zjwj, (z,w) ={z,w).
Jj=1
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Images under the Bargmann transform

Bargmann transform, basic definitions

e The Bargmann transform (1961

):
(Byf)(z) = n=9/ Ld exp ( . %

(z.2)+ yP) + 2%z, p)) Fly) dy.
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Images under the Bargmann transform

Bargmann transform, basic definitions

@ The Bargmann transform (1961

):
(Byf)(z) = n=9/ Ld exp ( . %

(z.2)+ yP) + 2%z, p)) Fly) dy.

o A(CY) is the set of all entire functions in C¢
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Images under the Bargmann transform

Bargmann transform, basic definitions

@ The Bargmann transform (1961

):
(Byf)(z) = n=9/ fRd exp ( . %

(@ 2)+1y?) + 2%z ) ) F(y) dy.

o A(CY) is the set of all entire functions in C¢

o A?(CY) is the Hilbert space of entire analytic functions such that

IF 2 = (Ld |F(2)|? d,u(z)>1/2 < 0.
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Images under the Bargmann transform

Bargmann transform, basic definitions

@ The Bargmann transform (1961

):
(Byf)(z) = n=9/ fRd exp ( . %

(@ 2)+1y?) + 2%z ) ) F(y) dy.

o A(CY) is the set of all entire functions in C¢

o A?(CY) is the Hilbert space of entire analytic functions such that
1/2
IFle = (|, IF@P du() " <o
cd

o Here du(z) =7 9e7 12 dX\(z), where dA(z) is the Lebesgue
measure on CY.
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Images under the Bargmann transform

Bargmann transform, basic definitions

@ The Bargmann transform (1961

):
(Byf)(z) = n=9/ fRd exp ( . %

(@ 2)+1y?) + 2%z ) ) F(y) dy.

o A(CY) is the set of all entire functions in C¢

o A?(CY) is the Hilbert space of entire analytic functions such that
1/2
IFle = (|, IF@P du() " <o
cd

o Here du(z) =7 9e7 12 dX\(z), where dA(z) is the Lebesgue
measure on CY.

o A2-scalar product: (F, G) s :J F(z)G(z)du(z).
cd
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Images under the Bargmann transform

V. Bargmann 1961 - Mapping properties

He proved:
e Uy is a bijective isometry from L?(RY) to A?(CY).
@ Vyh, = ey(2) = 2 Hence Uy maps ON-basis {hy(x)} in L2
(al)l/2

into the ON-basis {e,(z)} in AZ.
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Images under the Bargmann transform

V. Bargmann 1961 - Mapping properties
He proved:

e Uy is a bijective isometry from L?(RY) to A?(CY).

ZOL

. Hence Uy maps ON-basis {h,(x)} in L2
(a!)1/2
into the ON-basis {e,(z)} in AZ.

@ Uy hy, = ey(2) =

@ Reproducing kernel:

(NaF)(z) =f e F(w)du(w), F admissible.
Cd
Then

(MaF)(2) = F(z), FeA?, du(z) =7 %17 d\(z).
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Images under the Bargmann transform

Spaces of power series expansions

In the most general situation we consider the power series expansions

F(z) = ). cla)ea(z), z€C? c(a)eC, e(z) = (azl)al/z' ®)

aeNd
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Images under the Bargmann transform

Spaces of power series expansions

In the most general situation we consider the power series expansions

Z&

_ d _ *
F(z) = ). cla)ea(z), z€C? c(a)eC, e(z) = i (*)
aeNd
Smaller spaces: Larger spaces:
Ao(R9), the set of all analytic AL(C?), the set of all formal power
polynomials F(z) in (*) series F(z) in (*)
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Images under the Bargmann transform

Spaces of power series expansions

In the most general situation we consider the power series expansions

Z&

_ d _ *
F(z) = ). cla)ea(z), z€C? c(a)eC, e(z) = i (*)
aeNd
Smaller spaces: Larger spaces:
Ao(R9), the set of all analytic AL (C?), the set of all formal power
polynomials F(z) in (*) series F(z) in (*)

(usually denoted by C[[z1,. .., z4]])
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In the most general situation we consider the power series expansions
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Images under the Bargmann transform

Spaces of power series expansions

In the most general situation we consider the power series expansions

F(z) =
aeNd

Smaller spaces:

Ao(RY), the set of all analytic
polynomials F(z) in (*)

Y cla)ea(z), zeC? c(a)eC, ea(z) =

Z&

e )

Larger spaces:

AL (C?), the set of all formal power
series F(z) in (*)

For s € Ry, let As(C9) (Aos(C?)) be
the set of all series expansions F(z)
in (*) such that

()] <

|| %
—r|o| 2s
e b

seR,
1
rlelal=2s . s =b,

for some (every) r > 0.

For s € Ry, let AL(CY) (Ap .(CY))
the set of all series expansions F(z)
in (*) such that

ECHIRS

s

el seR,
1

rlddalzs | s = b,

for every (some) r > 0.

J. Toft

Analytic Wdo

Ghent, September 2020

11/ 19



Images under the Bargmann transform

Bargmann transform on Hermite series expansions
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Images under the Bargmann transform

Bargmann transform on Hermite series expansions

Recall that U h, = e,.
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Images under the Bargmann transform

Bargmann transform on Hermite series expansions
Recall that U h, = e,.

For any f:Zc(a)hm let ‘Bdf:Zc(oz)ea.

« (7
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Images under the Bargmann transform

Bargmann transform on Hermite series expansions

Recall that U h, = e,.

For any f:Zc(a)hm let ‘l]df:Zc(oz)ea.

« (7

By the definitions it follows that
Dy : Hos(RY) — Aos(CY),
Vg : H(RY) — A(CY),
Yy : Hy(RY) — A(CY),
By Hos(RY) — Aps(CY)

are bijective.
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Images under the Bargmann transform

Characterizations of certain spaces of power series

Any entire function F is equal to a power series expansion Z c(a)ey
(0%
such that
le(@)] < r*l(@)V2,
for every r > 0. This implies A} (C7) = A(C?).
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Images under the Bargmann transform

Characterizations of certain spaces of power series

Any entire function F is equal to a power series expansion Z c(a)ey
(0%
such that
le(@)] < r*l(@)V2,
for every r > 0. This implies A} (C7) = A(C?).

From the definitions it now follows for s > % and sp < %:

Ao 5 (C%) € A (C%) < Ag5(C?) < As(CY)

S A(CY) = Ap(CY) = A(CY) = AL (CY) = Ap (€Y
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Images under the Bargmann transform

Characterizations of certain spaces of power series

Any entire function F is equal to a power series expansion Z c(a)ey
(0%
such that
le(@)] < r*l(@)V2,
for every r > 0. This implies A} (C7) = A(C?).

From the definitions it now follows for s > % and sp < %:

Ao 5 (C%) € A (C%) € Ags(C?) < As(CY)

S AL(CY) = Ay (CT) = A(CY) = AL (CY) = Ap 4, (CY)

What about those spaces which are contained in A(C9)??
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Images under the Bargmann transform

|dentifications with spaces of analytic functions

For so<3, s>3, (z2)=1+]z] (Recall: s5<by<3):

The tiny planets (smaller than Gelfand-Shilov):
1
Aosy (As) = {FeA;

F(2)| < e (loe2)) 1-2%

, for every (some) r > 0},

20
Aoy, (A,) ={FeA;|F(z)] <" for every (some) r > 0},

A1 = {FeA;|F(z) $er‘2|2, for every r > 0},

The Gelfand-Shilov world: , .
Ed] H
Aos /(A) ={FeA; |F(z)| <e2 "¥I° forevery (some) r >0}, s # %,

|z

2 1
F(z)| se?

-A; (.Af)_’s):{FGA;

Beyond Gelfand-Shilov life:
Apy ={FeA;

, for every (some) r > 0},

F(2)| < e"zlz, for some r > 0},

20
A (Aby,) = {FeA;|F(2)] < eP™" for every (some) r >0}, o > 1,
Aél =A (: A(Cd))v Aé),bl = UR>0A(BR(O))'

J. Toft Analytic Wdo Ghent, September 2020
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

J. Toft Analytic Wdo Ghent, September 2020 15 /19



Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

@ The (analytic) kernel operator Tk is:

(TkF)(z) = ch K(z,w)F(w)du(w), F e Ay(C?.
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Analytic pseudo-differential and integral operators
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:
We have Tx = Opy(a) when K(z,w) = a(z, w)e(®").
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks: If a(z, W)e_(%+r)(|z|2+‘w|2) € 11(C2) for
every r > 0, then there is a unique ap(z, w) such that
o (z,w) — ag(z,w) is entire (belongs to A(C2d));

® a(z, W)e_(%+r)(|z‘2+|w‘2) e L1(C29) for every r > 0;

@ Opy(a) = Opy(ao).

J. Toft Analytic Wdo Ghent, September 2020 15 /19
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Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:

Opy(a)F(2) = D) aa(2)(02F)(2), alz,w) = D] aa(z)W™.

lal<N la|<N
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks: The creation and annihilation operators,

273 (xj — Jj) respective 273 (xj + 0j) are transfered into F — z; - F and
F — 0; - F, by the Bargmann transform.
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opg(a)F)(z) :J a(z, w)F(w)e®") du(w), F e Ao(CY).

cd

Examples and remarks: The creation and annihilation operators,

273 (xj — Jj) respective 273 (xj + 0j) are transfered into F — z; - F and
F — 0; - F, by the Bargmann transform.
It follows that if b(x,§) = >, ala,B)x*¢’,
la+B|<N
there is a unique a(z,w) = Z oo, B) 20w
la+B|<N

such that Opy(a) = Vg o Op(b) 0 V.
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Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:
If a(z, w) is analytic, then
(Opy(a)F)(z) = a(z,2)F(2).
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.
@ The analytic pseudo-differential operator Opy(a) is:
(Opy(a)F)(z) = |, alz w) Fw)e® diw),  F € Ao(C).
cd
Examples and remarks:

If x is the characteristic function of a polydisc and a(z, w) = x(w), then
Opy(a) is bijective between suitable As(C9) spaces. Some sorts of
analytic Paley-Wiener properties  Nabizadeh-Pfeuffer-T. (2018).
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Analytic pseudo-differential and integral operators

Analytic pseudo-differential and integral operators

Let a(z,w) and K(z,w), z,w € CY, be suitable, analytic in z.

@ The analytic pseudo-differential operator Opy(a) is:

(Opy(a)F)(z) = Ld a(z,w)F(w)e®") du(w), F e Ap(CY).

Examples and remarks:

Analytic pseudo-differential operator are often called Wick operators or
Berezin operators.
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §co alz, w)F(w)e®™) du(w),  (TkF)(z) = §cs K (w) du(w).
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §cs a(z, w)F(w)e™™ du(w),

(TkF)(2) = §ea K
In what follows we let

(w) du(w).

AL(C*) = {K(z,w); (z,w) — K(z,W) € AL(C?%)},
and similarly for other spaces.
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §ea alz, w)F(w)e™™) du(w),  (TkF)(2) = §cs K (w) dp(w).
In what follows we let

AL(C?) = {K(z,w); (z,w) — K(z,W) € AL(C*?)},
and similarly for other spaces.

We also let £( Vi, V») be the set of all linear continuous mappings from
the topological vector space V; to the topological vector space V5.
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §cs a(z, w)F(w)e™™ du(w),

(TkF)(2) = §ea K
In what follows we let
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §eo alz, w)F(w)e™™) du(w),  (TkF)(2) = fcs K (w) dp(w).
In what follows we let

AL(C*) = {K(z,w); (z,w) — K(z,W) € AL(C?%)},
and similarly for other spaces.

Thm.  (by Kernel theorems for nuclear spaces)

Let s; € R, and s; € R,. The map K ~— T is bijective
o from A (C%?) to L( OSI(Cd) Ao (C9), and
from A5, (C*7)  to  L(Aos(CY), A, (C)).

o from A, (C?%) to L(AL(CY),As(CY), and
AL(C%Y)  to L(A,(CY), AL(CY)).

from
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties
(Opy(a)F)(2) = §ea alz, w)F(w)e™™) du(w),  (TkF)(2) = §cs K (w) dp(w).

L(AL, As) = {Tk; Ke A, }, L(Asy, AL) = {Tx; Ke A} etc... J
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties

(Opy(a)F)(2) = §ea alz, w)F(w)e™™) du(w),  (TkF)(z) = §ea K (w) du(w).
L(A,As) ={Tk; KeAy,}, L(Asy, AL) = {Tx; Ke A} etc... J

Thm. Teofanov-T. (2019)

Let teC,s1 Ry, 51 < 2, and s, € R, s, < 3. Then
K(z,w) — K(z,w)et®%) is a continuous buectlon on
Aho, (C?7)  and on AL (C*).
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties
(Opy(a)F)(2) = §ea alz, w)F(w)e™™) du(w),  (TkF)(2) = §cs K (w) dp(w).

L(AL, As) = {Tk; Ke A, }, L(Asy, AL) = {Tx; Ke A} etc... J

Thm. Teofanov-T. (2019)

Let teC,s1 Ry, 51 < 2, and s, € R, s, < 3. Then
K(z,w) — K(z,w)et®%) is a continuous buectlon on
Aho, (C?7)  and on AL (C*).

By combining this with the earlier kernel theorems:
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Analytic pseudo-differential and integral operators

Kernel theorems and related mapping properties
(Opy(a)F)(2) = §ea alz, w)F(w)e™™) du(w),  (TkF)(2) = §cs K (w) dp(w).

L(AL, As) = {Tk; Ke A, }, L(Asy, AL) = {Tx; Ke A} etc... J

Thm. Teofanov-T. (2019)

Let teC,s1 Ry, 51 < 2, and s, € R, s, < 3. Then
K(z,w) — K(z,w)et®%) is a continuous buectlon on
Aho, (C?7)  and on AL (C*).

Thm. Teofanov-T. (2019)

Let s; € Ry, 51 < % and €R,, 5 < % Then
0 £(Ao(C9), A (C) = {Opu(a); 3 )., (C2) ).
o £(As(C), AL, (CH) = {Opy(a); 3 €L, (C¥) ).
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
pe (1,0,
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@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢

that is, wo > 0 and wy, 1/wp € LE_(CY).

loc
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let B? (CY) = {F; F(z)e 21 wy(v2-2) e LP(CY)}.

(wo)
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let B? (CY) = {F; F(z)e 21 wy(v2-2) e LP(CY)}.

(wo)
@ Let A'()wo)(cd) = B("wo)(cd) N A(CY).
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let B? (CY) = {F; F(z)e 21 wy(v2-2) e LP(CY)}.

(wo)
@ Let AP (C%) =BP (CHMA(CY). Ifinstead p € [1,00]*, let
(wo) (wo)

ALY () = (ALK, (z2,w) — K(z,W) € AL, (C*) }.

(w
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Analytic pseudo-differential and integral operators

Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let B? (CY) = {F; F(z)e 21 wy(v2-2) e LP(CY)}.

(wo)
@ Let AP (C%) =BP (CHMA(CY). Ifinstead p € [1,00]*, let
(wo) (wo)

ALY () = (ALK, (z2,w) — K(z,W) € AL, (C*) }.

(w

Recently, results of the following type appeared
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Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let B? (CY) = {F; F(z)e 21 wy(v2-2) e LP(CY)}.

(wo)
o Let A? \(CY) =B, (CY)(NA(C). Ifinstead pe [1,00]* let

ALY () = (ALK, (z2,w) — K(z,W) € AL, (C*) }.

(w

Thm. Teofanov-T. (2019)

Suppose K € A(C%9),
GK,w(Z+W7Z) € Lp,q(c2d)’ GK,w(Za W) = K(Z7 W)'ei%(lz| +|W|2)w(\/§E7\f2W)a
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Analytic Wdo with Lebesgue conditions on their symbols

@ Let [P(C9) = LP(R?9) be the mixed Lebesgue space with respect to
p € [1,0]%9, wy be a weight on C¢ and let w be a weight on C?9.

o Let BY, (CY) = {F; F(z)e ¥l wy(v2-2) € LP(CY) ).
o Let A (C¥)=BP (C)MA(CY). Ifinstead p e [1,00]*, let
A?("w)(c”) ={AllK; (z,w) — K(z,W) € A, (czd)}
Thm. Teofanov-T. (2019)

Suppose K € A(C%9),
GK,w(Z+W7Z) € Lp,q(c2d)’ GK,w(Za W) = K(Z7 W)'ei%(lZ| +|W|2)w(\/§E7\f2W)a

1 J—
P P, E_Ea q< P> <pv w1 (w) SW(Z, W)

Then Tk is continuous from Apl (Cd) to Ap2 (Cd)
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Analytic Wdo with Lebesgue conditions on their symbols

Thm. Teofanov-T. (2019)

Suppose K € A(C?9),
Gk w(z4+w,z) € LP9(C?9),

Gr.w(z, W) = K(z,w)-e~2(FF+1WP) (22, 2 w),

1 wa(2) —
P P E_Ea q<p2<p7 S("J(Z W)

Then Tk is continuous from A (Cd) to APz (Cd)
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Analytic Wdo with Lebesgue conditions on their symbols

Thm. Teofanov-T. (2019)

Suppose K € A(C?9),
Gkw(z+w,2) € LPI(CY),  Gkoul(z,w) = K(z, w)-e 20+ (122 2 w),

— 3 asSP2<p, iy Swizw).

Then Tk is continuous from Apl (Cd) to APz (Cd)

By putting some restrictions on w, w; and taking the counter image of the
previous result with respect to the Bargmann transform

(D - <>(Rd)—>A" (CY) bijective )

one gets well-known results of continuity results of real Wdo on modulation
spaces, like
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Gr.w(z, W) = K(z,w)-e~2(FF+1WP) (22, 2 w),

1 wa(2) —
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Analytic Wdo with Lebesgue conditions on their symbols

Thm. Teofanov-T. (2019)

Suppose K € A(C?9),
Gk w(z4+w,z) € LP9(C?9),

Then Tk is continuous from A (Cd) to APz (Cd)

Thm. Grochenig-Heil, T.

Suppose

1 1 _ 1_1 2(x,€+m) P9 (R2d
pl_p271_5_57 q<P2<P7 w(x+y7§7)<w(x 5,77}/) aEM(w)(R )

Then Op(a) is continuous from Mg’ ) (RY) to Mp2  (RY).

.
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Recent result and ongoing investigations - the post future

1. Characterizations of global elliptic operators (N. Teofanov, T., P.
Wabhlberg):
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Analytic pseudo-differential and integral operators

Recent result and ongoing investigations - the post future

1. Characterizations of global elliptic operators (N. Teofanov, T., P.
Wahlberg): Let

b(X7§) = 2 C]_(Oé,ﬁ)XafB’ bO(X7§) = Z C]_(Oé,ﬁ)Xaf’B
|a+BI<N la+8|=N
and let

a(z,w) = Z o(a, B)zwP, ao(z,w) = Z o(a, B)zow”

la+B8|<N la+8]=N

be the uniquely defined polynomials given by Opy(a) = LBy 00p(b) o QJ;l.
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Analytic pseudo-differential and integral operators

Recent result and ongoing investigations - the post future

1. Characterizations of global elliptic operators (N. Teofanov, T., P.
Wahlberg): Let

b(x,§) = 2 a(a, B)x*E7, bo(x,§) = Z al(a, B)xeP
|a+BI<N la+8|=N
and let

a(z,w) = Z o(a, B)zwP, ao(z,w) = Z o(a, B)zow”

la+B]<N la+B8|=N
be the uniquely defined polynomials given by Opy(a) = LBy 00p(b) o QZ;l.
Then the following conditions are equivalent:
e Op(b) is elliptic ;
® by(x,&) #0 when (x,&) # (0,0);

@ ap(z,z) # 0 when 0 # z € C¢.
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Analytic pseudo-differential and integral operators

Recent result and ongoing investigations - the post future

2. Continuity of analytic WDO on Orlicz spaces of analytic functions (T,
R. Uster)
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Recent result and ongoing investigations - the post future
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Recent result and ongoing investigations - the post future

3. Transition of symbol classes from real WDO to analytic WDO (N.
Teofanov, T., P. Wahlberg)
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Thank you for your attention.
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