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We study the decay rate of the entries in the inverse of an invertible
matrix type operators A = (As,t )Λ×Λ ∈ L(`2(Λ)) such that

(∃Cp > 0) |As,t | ≤ Cpe−pd(s,t) for all s, t ∈ Λ,

where
I the index set Λ ⊆ Rd is a lattice, i.e. Λ = GZd for some

non-singular matrix G;

I the function d : Λ2 → R is a distance on Λ.

We call this decay exponential off-diagonal decay of order p.
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Recall, for non-zero g ∈ L2(Rd ) the set of time-frequency shifts
G(g,Λ) = {gs : s ∈ Λ}, with

gs = gs1,s2 = π(s1, s2)g = e2πis2xg(x − s1), s = (s1, s2) ∈ Λ = GR2d

is a Gabor frame, if there exist constants A,B > 0 such that

A‖f‖2
2 ≤

∑
s∈Λ

|〈f ,gs〉|2 ≤ B‖f‖2
2, for all f ∈ L2(Rd ).

Then there is also a dual window h ∈ L2(Rd ) such that G(h,Λ) is a
frame, and every f ∈ L2(Rd ) possesses the frame expansions

f =
∑
s∈Λ

〈f ,gs〉hs =
∑
s∈Λ

〈f ,hs〉gs.

The Gabor decomposition of an operator T is then as follows

Tf (x) =
∑
s∈Λ

∑
t∈Λ

〈Tgt ,gs〉cths, with ct = 〈f ,ht〉.

The infinite matrix (As,t )s,t∈Λ = {〈Tgt ,gs〉}s,t∈Λ is the Gabor matrix of
the operator T .
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Let T be FIO:

Tf (x) =

∫
Rd

e2πiΦ(x,η)σ(x , η)f̂ (η)dη

with non-degenerate phase function Φ satisfying

|∂αΦ(z)| ≤ cC|α|(α!)r , α ∈ N2d , |α| ≥ 2, z = (x , η) ∈ R2d ,

and amplitude σ satisfying

|∂ασ(z)| ≤ cC|α|(α!)r , α ∈ N2d , z = (x , η) ∈ R2d .

Let χ : R2d → R2d be the canonical transformation associated to Φ. In
the generic case r ≥ 1, fix a window g ∈ Sr/2

r/2(Rd ). Then for some
ε > 0

|As,t | ≤ ce−ε|s−χ(t)|1/r
.
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Let G(k ,Λ) be a Gabor frame and let T be the frame operator given
by Tf =

∑
r∈Λ〈f , kr 〉kr , f ∈ L2(Rd ). Then

Tf =
∑
s∈Λ

∑
t∈Λ

∑
r∈Λ

〈gt , kr 〉〈kr ,hs〉ctgs, with ct = 〈f ,ht〉.

The infinite matrix

(As,t )s,t∈Λ =

{∑
r∈Λ

〈gt , kr 〉〈kr ,hs〉

}
s,t∈Λ

= {〈Tgt ,hs〉}s,t∈Λ

is the Gabor matrix of the operator T .

Then Gabor frame G(k ,Λ) is polynomially or (sub-)exponentially
localized with respect to G(g,Λ) if corresponding Gabor matrix A is of
polynomial or (sub-)exponential off-diagonal decay.



m−banded matrices and Jaffard’s theorem
A matrix A = (As,t )Λ×Λ is m−banded if As,t = 0 for s, t ∈ Λ,
|s − t | > m. It is proved that for an m−banded invertible matrix
operator A ∈ L(`2(Λ)) with (A−1

s,t )Λ×Λ = A−1 ∈ L(`2(Λ)), the following
estimate holds true

|A−1
s,t | ≤ Ce

1
m (ln(1− 2√

κ+1 )|s−t|) for all s, t ∈ Λ,

where C,m and κ are a certain positive constants.
S. Demko, W. F. Moss, P. W. Smith, Decay rates for inverses of band matrices, Math. of
Comput. 43(168) (1984) 491–499.

Denote by Eγ , γ > 0, the space of matrices A = (As,t )Λ×Λ whose
entries satisfy:

(∃CA,γ ≥ 1) |As,t | ≤ CA,γe−γd(s,t) for all s, t ∈ Λ.

Let A : `2(Λ)→ `2(Λ) be an invertible matrix on `2(Λ). If A ∈ Eγ , then
A−1 ∈ Eγ1 for some γ1 ∈ (0, γ).

S. Jaffard, Properiétés des matrices ’bien loclisées’ prés de leur diagonale et queleques
applications, Ann. Inst. H. Poincaré Anal. Non Linéaire 7(5) (1990) 461–476.



polynomial and sub-exponential off-diagonal decay

Assume that ρ : [0,∞)→ [0,∞) is a strictly increasing concave and
normalised (ρ(0) = 0) function that satisfies limξ→∞ ρ(ξ)/ξ = 0, e.g.
ρ(ξ) = cξβ , β ∈ (0,1), ξ ≥ 0.
Let k > d and let the weight v be given by v(x) = eρ(|x|)(1 + |x |)k ,
x ∈ Zd . Then if there exists C > 0 such that

|As,t | ≤ Cv(s − t)−1, s, t ∈ Zd ,

then there is C1 > 0 such that

|A−1
s,t | ≤ C1v(s − t)−1, s, t ∈ Zd .
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Example

Consider the matrix A = I − Γ, where I is the identity matrix and the
elements of Γ = (Γs,t )Z×Z are given by Γs,t = e−1/k if s + 1 = t ,
s, t ∈ Z and Γs,t = 0 otherwise, i.e.

A = I − Γ =



. . .
...

...
...

...
. . . 1 −e−1/k 0 0 . . .
. . . 0 1 −e−1/k 0 . . .
. . . 0 0 1 −e−1/k . . .
. . . 0 0 0 1 . . .

...
...

...
...

. . .


Clearly, for every γ > 0 there exists Cγ > 0 such that

|As,t | ≤ Cγe−γ|s−t|, s, t ∈ Z;

i.e. A belongs to
⋂
γ>0 Eγ .

As ‖Γ‖ = e−1/k < 1, A−1 exists and A−1 =
∑∞

n=0 Γn.



Example
The entries in the inverse A−1 = (Bs,t )Z×Z are as follows:
Bs,t = e−(1/k)|s−t| for s ≤ t , s, t ∈ Z and Bs,t = 0 for s > t , s, t ∈ Z;

A−1 = B =



. . .
...

...
...

...
. . . 1 e−1/k e−2/k e−3/k . . .
. . . 0 1 e−1/k e−2/k . . .
. . . 0 0 1 e−1/k . . .
. . . 0 0 0 1 . . .

...
...

...
...

. . .


Hence, one obtains

|Bs,t | = e−(1/k)|s−t|, for s ≤ t , s, t ∈ Z,

so A−1 ∈ Eγ only for γ ≤ 1/k .

I The super-exponential decay can not give the spectral
invariance. Let β > 1 and |As,t | ≤ Cpe−p|s−t|β . The infinite matrix
in this example satisfies this condition but its inverse has only
exponential decay.



Classification with respect to decay rate
Consider the class of matrix type operator A satisfying the estimate

|As,t | ≤ Cω, s, t ∈ Λ.

Then for
I ω = ωp = (1 + |s − t |)−k/2, for some k > 0, the class of matrices

with polynomial off-diagonal decay is spectrally invariant;
I ω = ωse = e−k|s−t|β for some β ∈ (0,1), the class of matrices

with sub-exponential off-diagonal decay is spectrally invariant;
I ω = ωe = e−k|s−t|, (i.e. the class of matrices with exponential

off-diagonal decay), A−1 is with exponential off-diagonal decay
but of different order;

I ω = ωSe = e−k|s−t|β for some β > 1, (i.e. the class of matrices
with super-exponential off-diagonal decay), A−1 is not even with
super-exponential off-diagonal decay, in general.

Recall that spectral invariance (or Wiener type property) means that if
A is invertible in `2, then its inverse has the same off-diagonal decay
order.



I Let the index set Λ ⊆ Rd be a lattice, i.e. Λ = GZd for some
non-singular matrix G;

I endowed with a distance d : Λ2 → R which satisfies the following
assumption:

mε := sup
s∈Λ

∑
t∈Λ

e−εd(s,t) <∞, ∀ε > 0.

Note that mε ≥ 1, ∀ε > 0, the function ε 7→ mε, (0,∞)→ [1,∞), is
decreasing and mε →∞, as ε→ 0+.

I Let A : `2(Λ)→ `2(Λ) be matrix type operator denoted by
A = (As,t )Λ×Λ and so A ∈ L(`2(Λ)).



Theorem 1

Let A = (As,t )Λ×Λ : `2(Λ)→ `2(Λ) be an invertible matrix on `2(Λ) with
inverse (A−1

s,t )Λ×Λ = A−1 ∈ L(`2(Λ)).
Assume that A ∈ Eγ , that is, there exists Cγ ≥ 1 so that

|As,t | ≤ Cγe−γd(s,t) for all s, t ∈ Λ.

Then there exist constants γ1 ∈ (0, γ) and CA,γ1 > 0 such that

|A−1
s,t | ≤ CA,γ1e

−γ1d(s,t) for all s, t ∈ Λ.

Furthermore,

γ1 = min

δ, (γ′ − δ) ln(1/r)

ln
(

C̃C2
γr−1m2

(γ−γ′)/2

)
 , CA,γ1 =

2Cγmγ−γ1

(1− r)‖A‖2

where γ′, δ ∈ (0, γ), 0 < δ < γ′ < γ are arbitrary, r = ‖ Id−‖A‖−2AA∗‖
and C̃ = 1 + ‖A‖−2.



I Recall, for arbitrary k ∈ Z+, there is a matrix A ∈
⋂
γ>0 Eγ such

that A−1 ∈ Eγ1 only for γ1 ≤ 1/k . So, at best, one can claim that if
A ∈

⋂
γ>0 Eγ , the inverse A−1 ∈

⋃
γ>0 Eγ .

Assume that the matrix type operator A = (As,t )Λ×Λ : `2(Λ)→ `2(Λ) is
such that A ∈

⋂
p∈N Ep, i.e. A satisfies

(∀p ≥ 1)(∃Cp ≥ 1) |As,t | ≤ Cpe−pd(s,t), for all s, t ∈ Λ. (1)

Let ϕ be a strictly increasing function ϕ : [1,∞)→ [1,∞) which
satisfies the following condition:

lim sup
p→∞

Cp

epϕ(p)
= K ∈ [1,∞). (2)



I If the function ϕ is bounded, then there exists k0 ≥ 1 such that
As,t = 0 for d(s, t) > k0 (i.e., the band limited case).

I If the function ϕ is unbounded, i.e. limp→∞ ϕ(p) =∞, then

|As,t | ≤ K1ep(ϕ(p)−d(s,t)), for all s, t ∈ Λ, p ≥ 1,

with K1 = supp∈[1,∞) Cpe−pϕ(p) ≥ 1.

For the next theorem we assume ϕ : [1,∞)→ [1,∞) has the
following properties:
(a) limp→∞ ϕ(p) =∞ and ϕ(1) = 1,
(b) there exists a > 1 such that ϕ(ξp) ≤ ξa−1ϕ(p), p, ξ ∈ [1,∞).
The fact that ϕ is strictly increasing together with (a) and (b) implies
that ϕ is continuous and consequently bijective.

Example.
ϕ(p) = pα, α > 0 and ϕ(p) = ln(p + e − 1)
Products of such functions also satisfy the above conditions.



Theorem 2

Assume the matrix type operator A = (As,t )Λ×Λ : `2(Λ)→ `2(Λ) is
invertible with (A−1

s,t )Λ×Λ = A−1 being its inverse.
If A satisfies (1) and (2), with ϕ : [1,∞)→ [1,∞) a strictly increasing
function which satisfies (2), (a) and (b), then there exist CA,b > 0
such that

|A−1
s,t | ≤ CAe−bd(s,t), for all s, t ∈ Λ.

Furthermore,

b =
ln(1/r)

ln(C̃K 2
1 m2

1r−1) + 2 · 4a
and CA =

2C2m1

(1− r)‖A‖2 ,

where r = ‖ Id−‖A‖−2AA∗‖, C̃ = 1 + ‖A‖−2, K1 = sup
p∈[1,∞)

Cpe−pϕ(p).
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