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We consider any classical Grassmannian geometry Γ; that is, any projective or polar 
Grassmann space. Suppose every line in Γ contains s + 1 points. Then we classify all sets 
of points in Γ of cardinality s + 1, with the property, that no object of opposite type in 
the corresponding building, is opposite every point of the set. It turns out that such sets 
are either lines, or hyperbolic lines in symplectic residues, or ovoids in large symplectic 
subquadrangles of rank 2 residues in characteristic 2. This is a far-reaching extension of a 
famous and fundamental result of Bose & Burton from the 1960s. We describe a new way 
to classify geometric lines in finite classical geometries and how our results correspond to 
blocking sets.

© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI 
training, and similar technologies.

1. Introduction

A notion of great interest in finite geometry are blocking sets. They have applications in the theory of communication 
systems, coding theory and cryptography (see [14]). Originally, blocking sets were defined for projective planes as a set of 
points in the plane that every line intersects. More generally, a blocking set can be defined as a set of points in a projective 
space that every hyperplane intersects. In this context, instead of talking about the cardinality of a blocking set, we will talk 
about its size, but we will mean the same. The fundamental starting point to investigate the structure of blocking sets for 
projective planes is a result of Bose & Burton [2] that states, in modern terminology, that for a projective plane Γ, in which 
every line has exactly c points, any blocking set of size at most c in Γ has size exactly c and is a line. In this article, we 
want to generalise the notion of a blocking set to all finite classical geometries Γ and classify those that contain the same 
number of points as a line in Γ. We will use the fact that every such geometry corresponds to a spherical building and we 
will talk more about that shorty. Using buildings, the result of Bose & Burton can be rephrased as follows: For a projective 
plane Γ, in which every line has exactly c points, any set of at most c points that does not admit a common opposite, 
contains exactly c points and is a line. We will now state the main result of this article.
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Main Result A. For a finite classical geometry Γ, in which every line has exactly c points, any set of at most c points that does 
not admit a common opposite, contains exactly c points and is either a line, a hyperbolic line in a symplectic residue, or an ovoid in a 
proper ideal symplectic subquadrangle in characteristic 2 of a residue.

Knowing the goal, we will now proceed to shed some light on the most relevant concepts that we will use. First, we 
will specify what we mean by finite classical geometries. In its simplest form, a (point-line) geometry consists of a set of points 
and a set of subsets of this point set, called the set of lines. The ``prototypes'' of point-line geometries are projective planes, 
which can be defined axiomatically as point-lines geometries that satisfy three axioms, namely,

(i) every pair of distinct points is contained in a unique line,
(ii) every pair of distinct lines has a unique point in common,

(iii) and there exist four points of which no three are contained in a common line.

More generally, we define a projective space as a point line geometry, where

(i) the points are the 1-dimensional subspaces (we will say n-spaces for n-dimensional subspaces in the following) of a 
vector space V of dimension n at least 3,

(ii) and the lines are the 1-spaces contained in a given 2-space.

This point-line geometry is denoted by PG(V ) and said to have dimension dim V − 1. For n = 3, we obtain examples of 
projective planes as defined above.

The automorphism group of PG(V ) is the group of permutations of the point set, which map each line bijectively to some 
other line and is denoted by PΓL(V ). It can be obtained from the group ΓL(V ) of bijective semi-linear transformations of V
by factoring out the centre. Therefore, a projective space is a suitable object for studying the groups PΓL(V ), PGL(V ) and 
PSL(V ) (which are subgroups of PΓL(V )).

These groups are so-called classical groups, and one might wonder, whether other classes of classical groups also admit 
a ``nice'' point-line geometry on which they act as automorphism groups. This gave rise to the notion of a polar space by 
work of Veldkamp [20] and Tits [18] (we will define polar spaces in Definition 2.1). Subsequently, Buekenhout & Shult [7] 
found a simple axiom system that characterised polar spaces as point-line geometries (the axioms of Veldkamp and Tits 
assume the existence of projective spaces as substructures). It turns out that projective and polar spaces are the natural 
point-line geometries of what is nowadays called the classical groups of Lie type. The axiom system of Tits is deduced from 
his more general notion of a spherical building, which he introduced to also capture the exceptional groups of Lie type. The 
exact definition of a spherical building is of no importance to us (we refer to [1,18]); it suffices, for this article, to know 
that it is a numbered simplicial complex (i.e. the vertices have types), and that there is a standard procedure to construct a 
point-line geometry from the set of vertices of any given type. This way, the spherical buildings that give rise to projective 
and polar spaces, also define other point-line geometries.

If j is the type of the vertices that are chosen as points, then one refers to such a geometry as the j-Grassmannian of 
the associated projective or polar space (for details see for example [19]). Usually one assigns the type j to the vertices that 
correspond to the projective subspaces of the polar or projective space that are isomorphic to PG(V ), with dim V = j. The 
1-Grassmannians are simply the projective and polar spaces themselves. We will refer to these j-Grassmannian geometries 
as the classical geometries in the following. A classical geometry is called finite, if every line has a finite number of points. 
For projective and polar spaces this already implies that every line has the same number of points.

A special feature in the theory of spherical buildings is the notion of opposition. When translated to projective and polar 
spaces, we get the following.

• Two subspaces of a projective space are opposite if, and only if, they are complementary (that is, they are disjoint and 
together they generate the whole projective space).

• Two projective subspaces inside a polar space are opposite if, and only if, no point of their union is collinear to all points 
of that union.

This opposition relation induces an opposition relation on the types of the vertices of the corresponding spherical building. 
In a projective space PG(V ) with dim V = n, subspaces of type j are opposite subspaces of type n − j. In polar spaces, the 
opposition relation on the types is the identity (or almost the identity.2) Hence, in particular, we can speak of subspaces (or 
objects) of opposite type.

The central question of [15] is, whether (perhaps partial) knowledge of this opposition relation determines the lines of 
any classical geometry. This leads the authors of [15] to the notion of a geometric line, which is a set of points in a classical 
geometry, such that each object of opposite type is not opposite

2 Certain polar spaces admit a so-called oriflamme geometry and then the opposition relation is slightly different. For details we refer to Section 3.3.

2 



S. Busch and H. Van Maldeghem Discrete Mathematics 349 (2026) 114711 

-- either all points,
-- or exactly one point

of the set. Such sets are classified in [15] for all classical geometries. In the particular case of a projective plane Γ, lines are 
opposite points and here, a geometric line is a set of points, such that each line either (a) contains that set, or (b) has a 
unique point with it in common.

Suppose Γ is a finite projective plane. Then each line has a constant number of points, say c. Condition (a) implies that 
a geometric line has at most c points, and (a) and (b) together imply that each line intersects a geometric line in at least 
one point, or, in other words, no line is opposite all points of the geometric line. The latter condition is, again, the defining 
property of blocking sets in projective planes. It turns out that in projective planes (and also in projective spaces) lines and 
geometric lines are just equivalent.

In the finite case, the definition of a blocking set of a projective plane (and also of any projective space) with the size 
of a line is ostensibly weaker than the definition of a geometric line. If we define, for an arbitrary finite classical geometry, 
a blocking set as a set of points admitting no global opposite, then, again, the definition of a blocking set with the size of 
a line in a classical geometry is much weaker than that of a geometric line. However, in this article, we show that in the 
odd characteristic case these notions are the same �- in characteristic 2 there are exceptions. This is the content of a second 
main result.

Main Result B. In a finite classical geometry Γ with c points on each line, and with c even, a set of at most c points is a geometric 
line if, and only if, no object of the opposite type of a point is opposite each point of the set.

The condition on c can be lifted if Γ is neither the n-Grassmannian of the polar space of rank n ≥ 2 associated to an 
elliptic quadric, nor the (n − 1)-Grassmannian of a small Hermitian polar space of rank n ≥ 2 (see Definitions 2.6).

We can also motivate our main results slightly differently as follows. It is known that, in a polar space with s + 1 points 
per line, any set of s points admits an opposite point (this is Exercise 2.13 in [19]). That means there exists a point, which 
is non-collinear to any given set of at most s points. This is not true for s + 1, as lines are counterexamples. In this minimal 
case, it is natural to ask for a classification of all counterexamples. This can be phrased as a Segre-like or extremal problem 
as follows: If a set T of points does not admit a common opposite, then |T | is at least s + 1; what happens, if equality 
occurs?

Yet another motivation, which in fact initiated this work, was a problem arising in [8]. In order to decompose an arbitrary 
sequence of perspectivities into a sequence of perspectivities of a certain prescribed type, we had to find a point opposite 
four arbitrary given points of a certain Lie incidence geometry. This is easy, if the ground field has size at least 4, but over 
the field F3, this problem gave rise to exactly the question sketched in the previous paragraph with s = 3. The solution 
for s = 3 is not much simpler than the general case, and so we proceeded to answer this question in full generality for all 
possible classical geometries. In a subsequent paper [9], we treat some exceptional geometries. The reason to not include the 
exceptional geometries in the present paper is that these geometries require different methods, the framework of parapolar 
spaces and much deeper understanding about Lie incidence geometries.

Lastly, we would like to mention some work of Cohen & Cooperstein [13]. Let Γ be a point-line geometry. A line L of 
Γ is called a full line of PG(V ), if the points of L coincide exactly with all points of some (unique) line of PG(V ). A full 
projective embedding of Γ is a representation of Γ as a set of points of PG(V ), for some vector space V , such that the lines 
of Γ are full lines of PG(V ). In [13], Cohen & Cooperstein describe all full embeddings of classical geometries Γ in PG(V ), 
which contain sets of points that form a line in PG(V ), but that do not form a line in Γ. The results of [15] show that these 
sets of points are precisely the geometric lines.

2. Preliminaries

We will briefly recall the most important features of finite polar spaces (having given the definition of projective spaces 
in the previous section) and refer to standard textbooks such as [6,17--19] and the chapter [12] in the Handbook of Incidence 
Geometry for more background; also [10] and Chapter 2 of [5] contain a detailed introduction to the finite case.

2.1. Polar spaces

First of all, we use standard terminology and notation concerning point-line geometries: points p and q contained in a 
line L are called collinear, and we write p ⊥ q, and, if p ≠ q, L = pq (in all our geometries lines are determined by an pair 
of their points). The set of points collinear to a point p is denoted by p⊥ . For a set S of points, the set of points collinear 
to each member of S is denoted as S⊥ . A subspace D is a set of points, with the property, that each line containing two 
distinct points of D , is entirely contained in D . A subspace is singular, if each pair of its points is collinear.

Definition 2.1 (Polar space). A polar space Γ is a point-line geometry, such that

(i) Γ contains at least one line,
(ii) every line in Γ contains at least three points,
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(iii) for every point p and every line L in Γ, either exactly one, or all points of L are collinear to p,
(iv) and no point is collinear to every other point.

In the literature, polar spaces satisfying (iv) are sometimes called non-degenerate.

Definitions 2.2 (Rank, maximal singular subspaces, generalised quadrangles). If in a given polar space Γ, there do not exist three 
mutually collinear points that are not contained in a common line, we say that the rank of Γ is 2. If there exists a natural 
number r ≥ 3, such that no singular subspace is isomorphic to an r-dimensional projective space, but there exist singular 
subspaces isomorphic to an (r − 1)-dimensional projective space, then we say that the rank of Γ is r. The singular subspaces 
isomorphic to (r − 1)-dimensional projective spaces are then also called maximal singular subspaces (sometimes they are also 
referred to as generators). Every other singular subspace is contained in a maximal one and is, consequently, a projective 
space. The singular subspaces isomorphic to (r − 2)-dimensional projective spaces are called submaximal. Polar spaces of 
rank 2 are also called generalised quadrangles (see [16] for background on the finite case).

Definitions & Facts 2.3 (Order). We say that a finite polar space of rank r ≥ 2 has order (s, t), if every line carries exactly 
s + 1 points, and every submaximal subspace is contained in exactly t + 1 maximal singular subspaces. A projective space 
has order s, if every line contains exactly s + 1 points. In that case, and if it is classical, it is defined over the finite field with 
s elements. Every singular subspace of a polar space of order (s, t) is a projective space of order s.

Definition 2.4 (Ideal subquadrangle). A subquadrangle Γ′ of a generalised quadrangle Γ is a subset X of points which, endowed 
with the intersections of X with the lines of Γ containing at least two points of X , is a generalised quadrangle. If Γ has 
order (s, t) and Γ′ has order (s′, t), then we say that Γ′ is an ideal subquadrangle.

Definitions 2.5 (Grassmannian, dual polar space). For a finite polar space Γ of rank r ≥ 2 and a positive integer i, 1 ≤ i ≤ r, 
the i-Grassmannian is the geometry with point set the set of singular subspaces of dimension (i − 1), and the lines are the 
sets of such subspaces containing a given singular subspace U of dimension i − 2 (a subspace of dimension 0 being just the 
empty set) and contained in a given singular subspace W ⊇ U of dimension i (the second condition is deleted if i = r − 1). 
The r-Grassmannian geometry is usually called a dual polar space.

In the following, let V be a vector space over an arbitrary field K. If K is the finite field with q elements and has 
dimension n + 1, then we denote PG(V ) as PG(n,q). We assume that the reader is familiar with bilinear, quadratic and 
Hermitian forms.

Definitions 2.6 (Quadrics, isotropic vectors, polar spaces associated to forms). 

• The projective null set of a quadratic form will be called a quadric; it is non-degenerate, if the null set is disjoint from 
the radical of the associated symmetric bilinear form, up to the trivial zero vector.

• Let f be a symmetric, alternating bilinear or Hermitian form on V . We call a vector v an isotropic vector with respect to 
f , if f (v, v) = 0.

• By the polar space associated to f , we will mean a polar space Γ, such that

· for the isotropic vectors v with respect to f , the 1-spaces ⟨v⟩ of V , viewed as points in PG(V ), define the points of 
Γ,

· the lines of Γ correspond to the totally isotropic 2-spaces -- that is, 2-spaces ⟨v, w⟩, such that f (v, v) = f (v, w) =
f (w, w) = 0 �- assuming these exist.

A non-degenerate quadric containing lines, also defines a polar space. If the characteristic of K is not equal to 2, this 
polar space coincides with the one associated to the corresponding symmetric bilinear form. We refer to [19, Chapter 3] for 
an elementary treatment.

Definitions 2.7. 

• A symplectic (Hermitian) polar space is the polar space associated to a non-degenerate alternating (Hermitian) form, or, 
equivalently, to a symplectic (unitary) polarity of a projective space.

• A parabolic quadric is a non-degenerate quadric in a projective space of even dimension at least 4 (remember we restrict 
to the finite case here).

• An elliptic quadric is a non-degenerate quadric in a projective space of odd dimension 2n + 1 ≥ 3 (remember we restrict 
to the finite case here) not containing subspaces of dimension n.
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• A hyperbolic polar space is a polar space arising from a non-degenerate hyperbolic quadric, that is, a non-degenerate 
quadric in PG(2n − 1,q) of rank n + 1 (so, maximal singular subspaces have projective dimension n). These polar spaces 
have order (q,1), and their maximal singular subspaces fall into two natural classes. Two maximal singular subspaces 
M, M ′ belong to the same class if and only if their intersection has even codimension in both, that is, dim M − dim(M ∩
M ′) ∈ 2Z. In this case, the n-Grassmannian geometry has lines of size 2 and we replace it by two half spin geometries, 
which each take one of the natural classes of maximal singular subspaces as point sets, and a generic line is the set of 
maximal singular subspaces of the given class containing a given singular subspace of dimension n − 3 (see [19, Section 
6.4 & 9.4.3]).

In the finite case, there are projectively unique Hermitian polar spaces in PG(n,q2), for each n ≥ 3 and q any prime 
power. If n is even their order is (q2,q3), and if n is odd, then their order is (q2,q). We will refer to the latter as the small 
Hermitian polar spaces.

Definition 2.8 (Hyperbolic line). A hyperbolic line in a polar space Δ is a set of points collinear to every point collinear to two 
given non-collinear points. In other words: It is a set of points of the form ({x, y}⊥)⊥ = {x, y}⊥⊥ , where x and y are two 
non-collinear points. It is called large if it coincides with {u, v}⊥ , for u and v any two distinct points of {x, y}⊥ .

As mentioned before, a crucial notion for the present paper is that of opposition, and for polar spaces, two singular 
subspaces are opposite, if no point of either of them is collinear to all points of both of them. We note that it automatically 
follows that they have the same projective dimension (see [19, Corollary 1.4.7]).

Definition 2.9 (Regulus). In a polar space associated to a quadric, the set of lines meeting two given opposite lines is called 
a regulus.

Definition 2.10 (Ovoid, spread). An ovoid of a polar space is a set of points with the property that every line contains exactly 
one point of that set. A spread is a set of generators that partitions the point set. It is straightforward that the number of 
points of an ovoid and the number of lines of a spread of a generalised quadrangle of order (s, t) is equal to 1 + st (see 1.8.1 
of [16]).

2.2. Detailed description of the main results

We first phrase the assumptions of our main results uniformly in building theoretic terms, and only afterwards we 
specify them for projective and polar spaces. Concerning the building theoretic notions, we refer to the standard references 
[1,18] and the excellent survey [12]. We recall that we see buildings as simplicial complexes in which the maximal simplices 
are called chambers and the submaximal ones (or next-to-maximal ones) panels. A building is thick (thin, respectively), if 
every panel is contained in at least three (exactly two, respectively) chambers. We will call a panel s-thick, if it is contained 
in precisely s + 1 chambers. An apartment is a thin subcomplex containing chambers. A building is called spherical, if its 
apartments have a fine number of vertices. The automorphism group of a single apartment of a building is a Coxeter group, 
to which a Coxeter diagram can be attached, and we use the Bourbaki labelling of the types [3], and for projective and polar 
spaces, this agrees with how we defined types in the introduction (except for the hyperbolic case). For each thick building 
Δ, say of type Xn , and each type, say i ∈ {1,2, . . . ,n}, there is a unique point-line geometry, in which the points are the 
vertices of type i of Δ and the lines are the sets of vertices of type i, completing a given panel -- obtained from a chamber 
by removing the vertex of type i -- to a chamber. This geometry is called a Lie incidence geometry of type Xn,i .

Theorem A. If in an irreducible thick finite classical spherical building Δ of type Xn, for n ≥ 2, the panels of cotype {i} are s-thick, then 
every set T of s + 1 vertices of type i of Δ admits a common opposite vertex except in precisely the following six cases.

(1) The set T is a line in the corresponding Lie incidence geometry of type Xn,i .
(2) Δ is a generalised quadrangle of order (s, t) and T is an ovoid in a subquadrangle of order (s/t, t), or Δ is a generalised quadrangle 

of order (t, s) and T is a spread in a subquadrangle of order (t, s/t).
(3) Δ is the building corresponding to a symplectic polar space of rank at least 3 and T is a hyperbolic line in the residue of a simplex 

of type {1,2, . . . , i − 1}.
(4) Δ is the building corresponding to a parabolic quadric Γ and T is a set of generators of Γ, such that

· all members of T , viewed as subspaces of Γ, contain a common singular subspace U of codimension 2,
· in the residue of U , which is a generalised quadrangle associated to a quadric, the set T is a regulus.

(5) Δ is the building corresponding to a small Hermitian polar space of rank at least 3 in characteristic 2, i = n − 1 and T is an ovoid 
in a symplectic subquadrangle with order (t, t) of the residue of a simplex of type {1,2, . . . ,n − 2}.
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(6) Δ is the building corresponding to an elliptic quadric of rank at least 3 in characteristic 2, i = n and T is a spread in a symplectic 
subquadrangle with order (s, s) of the residue of a simplex of type {1,2, . . . ,n − 2}.

In Case (2), if s = t , then T is either a hyperbolic line in Δ, or in the dual of Δ; the latter is the generalised quadrangle 
obtained from Δ by interchanging the points and the lines.

For projective spaces, this theorem can be stated as follows, with the convention that the empty projective subspace has 
dimension −1.

Corollary 2.11. Let 0 ≤ k < n be integers, and let q be a prime power. Let T be a set of q + 1 k-dimensional subspaces of PG(n,q). If no 
(n − k − 1)-space is disjoint from each member of T , then there exist a (k − 1)-space U and a (k + 1)-space W , such that T coincides 
with the set of k-spaces containing U and contained in W .

For polar spaces we have the following formulation (excluding the rather trivial case of a grid, which corresponds to a 
reducible building of type A1 × A1).

Corollary 2.12. Let Γ be a polar space of rank r at least 2 and order (s, t), with t > 1 if r = 2. Let T be either

• a set of s + 1 singular subspaces of Γ of dimension k ≤ r − 2, or
• only if t > 1, a set of t + 1 maximal singular subspaces (and we set k = r − 1), or
• only if t = 1, a set of s + 1 maximal singular subspaces of the same natural class (and again k = r − 1).

Then there exists a singular subspace of dimension k opposite each member of T , except if

(i) k ≤ r − 2 and all members of T contain a given (k − 1)-dimensional subspace and are contained in a given (k + 1)-dimensional 
singular subspace;

(ii) k = r − 1, Γ is not hyperbolic and all members of T contain a given (r − 2)-dimensional subspace;
(iii) k ≤ r − 2, Γ is symplectic, and all members of T contain a given (k − 1)-dimensional subspace in the residue of which they form 

a hyperbolic line;
(iv) k = r − 1, Γ is either parabolic or hyperbolic, and all members of T contain a given (r − 3)-dimensional subspace in the residue 

of which they form a regulus;
(v) k = r − 2, Γ is a small Hermitian polar space over a field of characteristic 2 and all members of T contain a given (r − 3)

dimensional subspace in the residue of which they form an ovoid in a symplectic subquadrangle of order (t, t);
(vi) k = r − 1, Γ is elliptic over a field of characteristic 2 and all members of T contain a given (r − 3)-dimensional subspace in the 

residue of which they form a spread in a symplectic subquadrangle of order (s, s);
(vii) r = 2 and T is either an ovoid in a subquadrangle of order (s/t, t), or a spread in a subquadrangle of order (s, t/s).

In the last case, if s = t , then T is half of a subquadrangle of order (1, s) or (s,1), respectively. If s ≠ t , then Lemma 3.10
guarantees that (vii) produces examples.

There is a rather intriguing corollary to our main results �- that we stated as our second main result in the introduction 
— which makes a connection with the notion of a geometric line. We restrict ourselves to the case of rank at least 3.

Theorem B. If in an irreducible thick finite classical spherical building Δ of type Xn, n ≥ 3, the panels of cotype {i} are s-thick, s odd, 
then a set T of vertices of type i of Δ is a geometric line in the i-Grassmannian geometry (of type Xn,i) if, and only if, it has size s + 1
and does not admit a common opposite vertex. The condition on s can be lifted if Δ does not correspond to either a small Hermitian 
polar space if i = n − 1, or an elliptic quadric if i = n.

Interestingly, our proofs do not use the notion of a geometric line. The proof of Theorem B consists of observing that 
both notions provide almost always the same objects; both after arguing for some pages. Only in Lemma 3.8, where we treat 
the case of points in a polar space, we are able to use the notion of geometric lines to obtain our classification. The proof is 
not as direct as one could hope. However, we also provide a shorter alternative proof of the same result in the special case, 
where the polar space is related to a quadric. There, we do not use the notion of geometric lines, see Lemma 3.6.

Another corollary is the following.

Corollary 2.13. If in an irreducible thick finite classical spherical building Δ of type Xn, n ≥ 2, the panels of cotype {i} are s-thick, then 
every set T ′ of s vertices of type i of Δ admits a common opposite vertex.

Proof. We can always complete T ′ to a set T of s + 1 vertices by adding a vertex such that T is not a set as in the 
conclusion of Theorem A. □
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Remark 2.14. There is a notion of split building, which is essentially the building associated to a Chevalley group (or split 
group of Lie type, using the terminology of [11]), see Chapter 15 of [11]. Without defining this in general, we mention that, 
in the finite classical case, this concerns the projective spaces, the symplectic polar spaces (which are then said to be of type 
Cn), the parabolic polar spaces (type Bn) and the oriflamme complexes of hyperbolic polar spaces (type Dn; see Section 3.3
for a precise definition). These have not just a Coxeter diagram attached, but a Dynkin diagram, where nodes correspond to 
fundamental roots of a root system. Then the cases in the conclusions of Theorem A, where the set T is not a line in the 
Lie incidence geometry of type Xn,i , occur precisely when i represents a short root in the root system corresponding to the 
Dynkin diagram. This behaviour will sustain in the exceptional case (see [9]).

3. Proofs of the main results

First, we recall the following extension of Theorem 3.30 of [18]. For a proof, see Proposition 8.2 of [8].

Proposition 3.1. If every panel of a spherical building is contained in at least s + 1 chambers, then every set of s chambers admits an 
opposite chamber.

3.1. Projective spaces—type An

The following lemma proves Theorem A for buildings of type An , that is, for projective spaces and their Grassmannians.

Lemma 3.2. If no (n − k − 1)-space is disjoint from each member of a set T of q + 1 projective k-spaces of PG(n,q), then there exist a 
(k − 1)-space U and a (k + 1)-space W such that T coincides with the set of k-spaces containing U and contained in W .

Proof. We first do the cases n ≤ 3 and then proceed by induction on n. If k = 0, then the assertion follows directly from 
the main result of [2]. Dually, the case k = n − 1 follows. Whence the case n = 2. Now suppose n = 3 and k = 1. Suppose at 
least two members of T intersect in a point, say, L1 ∩ L2 = {p}, L1, L2 ∈ T . Since we may suppose that T is not a planar line 
pencil, there is some point x ∈ ⟨L1, L2⟩ not contained in any member of T . In the residue of x, then lines obtained from T
form a set of at most q members (since L1 and L2 define the same line), and hence, by [2] again, we find a line K through 
x disjoint from all members of T . Now suppose every pair of members of T is disjoint. Pick a point x not on any member 
of T (that is possible since there are q3 + q2 + q + 1 points and only (q + 1)2 on members of T ). Pick L1, L2 ∈ T arbitrarily. 
Then there exists a unique line K through x intersecting both L1 and L2 non-trivially. Since K \ {x} contains q points, there 
exists a member L3 ∈ T not meeting K . Therefore, in the residue of x, not all lines corresponding to the members of T go 
through a common point. With that, again, there exists a line through x not intersecting any member of T . This shows the 
case n = 3.

We proceed by induction. By duality, we may assume 2k + 1 ≤ n and we consider two different cases.

(1) Suppose each pair of members of T intersects in a (k − 1)-space. Then it is easy to see that there are again two cases.

(i) The members of T contain a common (k − 1)-space U . Then we may assume they are not all contained in a common 
(k + 1)-space. Intersecting the situation with a hyperplane H not containing U , we obtain q + 1 (k − 1)-spaces in 
PG(n − 1,q) all going through the same (k − 2)-space, but not contained in a common k-space. Applying induction 
we obtain an ((n − 1) − (k − 1) − 1)-space Z ⊆ H disjoint from each member of T .

(ii) The members of T are contained in a common (k + 1)-space W . Here, we may assume that they do not contain a 
common (k − 1)-space. Since k + 1 ≤ n − 1, we can apply induction and find a point p ∈ K not contained in any 
member of T . Let C be an (n − 2 − k)-space complementary to W . Then ⟨p, W ⟩ is an (n − 1 − k)-space disjoint 
from all members of T .

(2) Some pair {A1, A2} of members of T intersect in at most a (k − 2)-space. If either 2k + 1 ≤ n − 1, or not all pairs in T are 
disjoint, then we can find a point x outside the span ⟨A1, A2⟩ of two members A1, A2 ∈ T , with k + 2 ≤ dim⟨A1, A2⟩ ≤
n − 1, and not lying in any member of T (use a simple count). It follows that we can apply induction in the residue of 
x and obtain an (n − k − 1)-space through x disjoint from each member of T .

So we may assume that 2k + 1 = n and all members of T are pairwise disjoint. Then the proof is similar to the last 
arguments of the case (k,n) = (1,3) above. □

3.2. Opposition in polar spaces

We now interrupt the proof to review some characterisations of opposition in polar spaces. Since some of our proofs will 
be inductive, we must recognise opposite singular subspaces from locally opposite subspaces.

Definition 3.3 (Residues, local opposition). Let Δ be a polar space. The residue ResΔ(U ) of a singular subspace U of Δ is a 
subpolar space of Δ, such that
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• the singular subspaces of Δ of dimension 1 + dim U , which contain U , give rise to the points of ResΔ(U ),
• the lines are defined by the singular subspaces of Δ of dimension 2 + dim U , containing U in the natural way.

Two singular subspaces U , W of Δ are called locally opposite (at U ∩ W ), if no point of (U ∩ W ) \ (U ∩ W ) is collinear to all 
points of U ∪ W . This is equivalent to U and W being opposite in ResΔ(U ∩ W ). If it is clear, what the ambient polar space 
is supposed to be, we write Res(U ) instead of ResΔ(U ).

We have the following local-to-global characterisation.

Lemma 3.4. Let U , W be two singular subspaces of some polar space Δ. Let A ⊆ U be a subspace. Set B := A⊥ ∩ W . Then the singular 
subspace S, spanned by A and B, is locally opposite U at A, and locally opposite W at B if, and only if, U and W are opposite in Γ.

Proof. Suppose first that S is locally opposite U at A and locally opposite W at B . Then no point of W \ B is collinear to 
all points of U , since no such point is collinear to all points of A. No point of B ⊆ S is collinear to all points of U , since S
is locally opposite U at A. No point of U \ A is collinear to all points of B , as such a point would otherwise be collinear to 
all points of S (recalling that A and B generate S), contradicting the local opposition of S and U at A. Finally, no point of A
is collinear to all points of W , since W is locally opposite S at B . Hence U and W are opposite and the converse is proved 
similarly. □
Definition 3.5 (Projections). Let U , W be two singular subspaces of some polar space Δ. We denote the set of points W ⊥ ∩ U
by projU (W ) and call it the projection of W onto U .

We note that generators are opposite if, and only if, they are disjoint. If U and W are singular subspaces of a polar 
space with the same dimension, then they are opposite if, and only if, no point of U is collinear to all points of W (see 
Corollary 1.4.7 of [19]). We will use these without reference.

3.3. Oriflamme geometries—type Dn

The main purpose of this section is to prove Theorem A for the extremal type n for buildings of type Dn . We argue in 
the corresponding geometries, which are coined oriflamme geometries in [18]. They arise from hyperbolic polar spaces of 
rank r by forgetting the singular subspaces of dimension r − 2 and splitting up the maximal singular subspaces into two 
natural classes (with natural incidence, except that two maximal singular spaces from different classes are incident, if they 
intersect in a subspace of dimension r − 2). Note that opposition now does not necessarily act trivially on the types: since 
maximal singular subspaces are opposite if, and only if, they are disjoint, opposition acts trivially on the types if, and only 
if, r is even. If r is odd, the opposites of a maximal singular subspace of one natural class are contained in the other natural 
class.

We should first prove Theorem A for points of the oriflamme geometries. We provide a general proof for points of polar 
spaces of any type below (see Lemma 3.8). We prove this separately for oriflamme geometries nonetheless, because this 
proof does not use the notion of geometric lines and it is simpler in nature. It holds for all polar spaces associated to 
quadrics, but we will not need this.

Lemma 3.6. If every line of a hyperbolic quadric Q of rank at least 3 contains exactly s + 1 points, then there exists a point non
collinear to each point of an arbitrary set T of s + 1 (distinct) points, except if these points are contained in a single line.

Proof. Let T = {p0, . . . , ps} be a set of s + 1 distinct points of Q , and suppose first that p0 is collinear to p1. Since not all 
points p0, p1, . . . , ps are contained in one line, we find a point b ∈ p0 p1 not contained in T . Suppose now that p0 and p1
are not collinear, then, since {p0, p1}⊥⊥ = {p0, p1}, we find a point b ∈ {p0, p1}⊥ not collinear to p2.

In any case, the point b has the property that the number of lines joining b to a collinear point in T is at most s. 
Applying Proposition 3.1 we find a line L through b, such that no point of T , that is collinear to b, is collinear to all points 
of T . Consequently, every point pi of T is collinear to a unique point p′

i of L. Since p′
0 = p′

1 and |L| = s + 1, there is at least 
one point q ∈ L not collinear to any member of T . □
Lemma 3.7. If every line of a hyperbolic quadric Q with Witt index d ≥ 3 contains exactly s + 1 points, then there exists a maximal 
singular subspace opposite each member of an arbitrary set T of s + 1 (distinct) maximal singular subspaces of common type, except 
if these maximal singular subspaces contain a common singular subspace of codimension 2 in each.

Proof. For d = 3, this is Lemma 3.2, Case PG(3, s). For d = 4, triality yields the result using Lemma 3.6. So suppose d ≥ 5. 
We argue by induction on d and consider various possibilities.
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(i) All members of T contain a common point p. In this case, we apply induction in the residue ResΔ(p) at p and obtain a 
maximal singular subspace M through p intersecting every member of T in just p. Let p′ be a point of Δ opposite p
and let M ′ be the unique maximal singular subspace of Δ containing p′ and adjacent to M , that is, intersecting M in 
a subspace of dimension n − 2. Then clearly M ′ is disjoint from each member of T .

(ii) At least two members of T intersect, but they do not all share a common point. Set T = {V 0, V 1, . . . , V s}. Let p be a point 
of Δ contained in at least two members of T , say V 0, V 1, but not in all of them, say p / ∈ V 2. Let T ′ be the set 
of maximal singular subspaces through p obtained by taking those of T containing p, and taking for each member 
V i not containing p an arbitrary maximal singular subspace V ′

i containing p and intersecting V i in a subspace of 
codimension 2. If all members of T ′ intersected in a common subspace of dimension d − 3, then by replacing V ′

2
with another maximal singular subspace through p intersecting V 2 in subspace of dimension d − 3 (distinct from 
V 2 ∩ V ′

2), we obtain a new set T ′ not having that property. Hence the induction hypothesis applied to ResΔ(p) yields 
a maximal singular subspace W through p intersecting each member of T ′ exactly in p, and hence, since Ti and T ′

i
have a subspace of dimension d − 3 in common and W intersects each member of T in a subspace of even dimension 
(which cannot contain a plane), W intersects each member V i of T in exactly one point pi . Since p0 = p1, the number 
of such points is at most s and so we find a hyperplane H of W disjoint from all V i ∈ T . The unique maximal singular 
subspace U distinct from W and containing H has the opposite type of the V i and hence is disjoint from all of 
them (since it cannot intersect any of them in at least a line as this would imply that H intersects a member of T
non-trivially).

(iii) Each pair of members of T is opposite. A simple count yields a point b not contained in any member of T . Let T ′ be the 
set of maximal singular subspaces through b intersecting a given member of T in a hyperplane. Suppose two members 
V ′

0, V ′
1 of T ′ intersect in a subspace U of dimension d − 3. Then the corresponding members V 0, V 1, respectively, of T

intersect U in a subspace of dimension d − 4, and those have mutually a subspace in common of dimension at least 
d − 5 ≥ 0, a contradiction to the disjointness of V 0 and V 1. Hence induction yields a maximal singular subspace M
through b intersecting each member of T ′ in just {b}. Since all points collinear to b of the union of the members of T
are contained in the members of T ′ , and all points of M are collinear to b, we conclude that M is disjoint from each 
member of T . □

3.4. Polar spaces—types Bn, Cn and Dn

We first prove Theorem A for type 1 vertices, that is, points of the corresponding polar space. We distinguish between 
rank at least 3 and rank 2. After all, in rank 2, there are additional examples not featuring in higher rank.

Lemma 3.8. If every line of a polar space Δ of rank at least 3 contains exactly s + 1 points, then there exists a point non-collinear to 
each point of an arbitrary set T of s + 1 (distinct) points, except if these points are contained in a single line, or if they form a hyperbolic 
line in case Δ is a symplectic polar space.

Proof. Suppose no point of Δ is non-collinear to each point of T , that is, each point of Δ is collinear to some member of 
T . We prove that T is a geometric line in the sense of [15] and then the result follows from Lemmas 4.7 and 4.8 of [15].

So we have to prove that every point of Δ is collinear to exactly one or all points of T . Since we assume that each 
point is collinear to at least one point of T , it suffices to show that, if some point is collinear to at least two points of 
T , then it is collinear to all points of T . Suppose for a contradiction that some point p is collinear to at least two points 
x, y of T , and opposite the point z ∈ T . We claim that we may assume that p / ∈ T . Indeed, suppose it is. Then we may as 
well assume p = y. Let L be the line through x and y. Then there are at most s points of T contained in L, hence there 
is a point q ∈ L \ T . The number of lines through q containing a line that also contains a point of T is at most s, hence 
Exercise 2.11(iii) of [19] in ResΔ(q) yields a line K ∋ q not collinear to any point of T . Since x and y project to the same 
point on K , there is some point on K opposite each point of T , a contradiction. The claim is proved. But now exactly the 
same argument replacing q with p (and using the fact that z is not collinear to p to obtain the assertion that there are at 
most s lines through p containing a point of T ) again leads to a contradiction. Hence the lemma is proved. □
Lemma 3.9. If every line of a polar space Δ of rank 2 contains exactly s + 1 points, and every point is contained in exactly t + 1 lines, 
t > 1, then there exists a point non-collinear to each point of an arbitrary set T of s + 1 (distinct) points, except if either these points 
are contained in a single line, or they form an ovoid in a subquadrangle of order (s/t, t). In particular, if s = t, they form either a line 
or a large hyperbolic line, that is, T = T ⊥⊥ = {y, z}⊥ , for every pair of distinct points y, z of T ⊥ .

Proof. Suppose that no point is opposite all points of T . Suppose first, that T contains (at least) two collinear points, say 
x1, x2. Let the line L through x1 and x2 contain ℓ points of T . If ℓ = s + 1, then we are done, so assume 2 ≤ ℓ ≤ s. Let p be 
a point on L \ T . If there were some line K through p containing no point of T , then, since x1 and x2 project onto the same 
point p of K , there exists a point on K opposite each member of T , a contradiction. Hence

ℓ + t(s + 1 − ℓ) ≤ |T | = s + 1,
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implying t ≤ 1, a contradiction.
Now suppose every pair of points in T is opposite. Pick x1, x2 ∈ T arbitrarily. Let z ∈ {x1, x2}⊥ be arbitrary and note z / ∈ T . 

Then, as in the previous paragraph, every line through z contains at least (and hence exactly, by our assumption that no 
pair of points of T is collinear) one point of T . Hence s ≥ t . Set

X = T ∪ {x⊥
1 ∩ x⊥

2 | x1, x2 ∈ T }
and let ℒ be the set of intersections of X with a line intersecting X in at least two points. A moments’ thought reveals that 
X , together with the line set ℒ, is an ideal subquadrangle Γ, say with order (s′, t). Clearly, T is an ovoid in Γ. This implies 
that s′t = s, so s′ = s/t .

If, in the last case, s = t , then Γ has order (1, t), implying that X = (x⊥
1 ∩ x⊥

2 ) ∪ {x1, x2}⊥⊥ , with x1, x2 two arbitrary 
members of T . Clearly an ovoid of X containing x1, x2 is {x1, x2}⊥⊥ . □

We now show that the ovoid case in the previous lemma really leads to examples of minimal blocking sets.

Lemma 3.10. Suppose Δ is a generalised quadrangle of order (s, t) with s, t ≥ 2. Suppose Γ is a subquadrangle of order (s/t, t) and 
suppose also that Γ has an ovoid O . Then |O | = 1 + s and no point of Δ is opposite all members of O and each point of Δ not in Γ is 
collinear to a unique member of O .

Proof. By 1.8.1 of [16], we have |O | = 1 + (s/t)t = 1 + s. Clearly each point of Γ is collinear to 1 + t members of O . Let x
be a point of Δ not in Γ. By 2.2.1 of [16], x is collinear to 1 + s/t , hence at least one, points of Γ. Since Γ is ideal in Δ, we 
readily deduce that x is contained in a unique line of Δ that contains a line L of Γ and the points of Γ collinear to x are 
precisely the points of L. Since O is an ovoid of Γ, we have |O ∩ x⊥| = |O ∩ L| = 1 and the lemma is proved. □
Remark 3.11. Suppose in Lemma 3.9, Δ is Moufang, and T is not a line. Then Δ has order (q,q), or (q2,q) or (q3,q2). In 
the latter case, T is an ovoid in a subquadrangle of order (q,q2), which contradicts 1.8.3 of [16]. In case the order is (q,q), 
we note that the only Moufang quadrangles of order (q,q) with large hyperbolic lines are the symplectic quadrangles, as 
follows from Theorem 1.4 of [4]. Finally, let Δ be a Moufang quadrangle of order (q2,q). Then any subquadrangle of order 
(q,q) is a symplectic polar space (see [16, §3.5]) and, by 3.4.1(i) of [16], admits ovoids if, and only if, q is even.

For proving Theorem A for maximal singular subspaces, the parabolic quadrics (which correspond to the split buildings 
of type Bn), play an exceptional role. That is why we treat them first.

Lemma 3.12. If in a parabolic quadric Q of Witt index n, n ≥ 2, every line contains precisely s + 1 points, then every set T of s +
1 maximal singular subspaces admits an opposite maximal singular subspace, except if they form a line or hyperbolic line in the 
corresponding dual polar space Γ(Q ).

Proof. Embed Q naturally in a hyperbolic quadric Q ′ of Witt index n + 1. Each member M of T is contained in a unique 
maximal singular subspace M ′ of Q ′ of given type. The set of all such subspaces M ′ admits an opposite maximal singular 
subspace W ′ , if they do not form a line in the corresponding half spin geometry, that is, by [15], if T is not a line or a 
hyperbolic line in Γ(Q ). Then W = W ′ ∩ Q is a maximal singular subspace of Q disjoint from every member of T . □

Now we can treat the other cases. It is convenient to first collect the rank 2 case from what we already showed above.

Lemma 3.13. If every line of a polar space Δ of rank 2 contains exactly s + 1 points, and every point is contained in exactly t + 1 lines, 
t > 1, then there exists a line disjoint from each member of an arbitrary set T of t + 1 (distinct) lines, except if these lines either contain 
a common point, or form a spread in a subquadrangle of order (s, t/s).

Proof. This is just the dual of Lemma 3.9. □
We can now show the general case.

Lemma 3.14. Let Δ be a finite polar space of rank n ≥ 3 and of order (s, t), with both s and t at least 2. Suppose Δ does not correspond 
to a parabolic quadric. Then every set T = {V 0, V 1, . . . , Vt} of t + 1 maximal singular subspaces admits an opposite maximal singular 
subspace, except if they contain a common singular subspace U either of codimension 1 (that is, they form a line in the corresponding 
dual polar space Γ(Q )), or of codimension 2, t = s2 , and they form a spread in a symplectic subquadrangle of order (s, s), s even, of 
ResΔ(U ) (and then Δ corresponds to an elliptic quadric).
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Proof. We prove this by induction on the rank n of Δ, where Lemma 3.13 serves as our base, noting that a parabolic quadric 
is characterised by s = t and admitting a full embedded grid. In particular, if s = t , then the case in Lemma 3.13 of a spread 
in a subquadrangle does occur.

An easy count yields a point x not in any of the subspaces V i , i = 0,1, . . . , t . In ResΔ(x) we can now consider the 
maximal singular subspaces V ′

i := ⟨x, x⊥ ∩ V i⟩, i = 0,1, . . . , t . A maximal singular subspace through x locally opposite all of 
those at x is opposite every member of T . Hence, by induction, there are two possibilities.

(1) The intersection of all V ′
i is a subspace W of dimension n − 2.

Set Ui := V i ∩ W . If U0 = U1 = · · · = Ut , then we can apply induction in ResΔ(U0). So, without loss of generality, we 
may assume for a contradiction that U1 ≠ U2. Then we select an arbitrary point y ∈ V ′

0 \ W . The subspaces ⟨y, y⊥ ∩
V 0⟩ = V ′

0 and ⟨y, y⊥ ∩ V 1⟩ ⊇ ⟨y, U1⟩ intersect in the (n − 2)-dimensional singular subspace ⟨y, U1⟩ and hence induction 
implies that ⟨y, U2⟩ = ⟨y, U1⟩. Consequently, U1 = ⟨y, U1⟩ ∩ W = ⟨y, U2⟩ ∩ W = U2, a contradiction.

(2) The intersection of all V ′
i is a subspace W of dimension n − 3, and W is also the pairwise intersection of the V i.

Here, the same arguments as in the previous paragraph (1) do the job, except if n = 3, since in this case W = {x}. So, 
we have to do the case n = 3 separately and explicitly (in another way). In this case, Δ arises from an elliptic quadric, 
t = s2, s is even, all planes V ′

i are locally opposite each other and form a spread in a subquadrangle of order (s, s) of 
ResΔ(x). Suppose for a contradiction that the members of T are not pairwise opposite and let V 0 not be opposite V 1. 
Then an easy count yields a point x′ ⊥ V 0 ∩ V 1 not contained in any member of T . Switching the roles of x and x′
brings us back to Case (1). Hence all members of T are pairwise opposite, that is, disjoint. Let L0 be any line of V 0 and 
let {p1} = L⊥

0 ∩ V 1. If some point x′′ ∈ ⟨p1, L0⟩ does not belong to any member of T , then we can switch the roles of x
and x′′ and this brings us back to Case (1). Hence every point of ⟨p1, L0⟩ belongs to some member of T . Varying L0 in 
V 0, we obtain (s2 − 1)(s2 + s + 1) points, which then must cover all points of V 2 ∪ V 3 ∪ · · · ∪ Vt . If we view Δ as an 
elliptic quadric in PG(7, s), then T is contained in the 5-dimensional subspace Y of PG(7, s) generated by the planes 
V 0 and V 1. Since Y intersects Δ in a hyperbolic polar space of rank 3, and such a polar space does not contain three 
pairwise opposite planes, this leads to a contradiction.

The proof is complete. □
We leave it to the reader to check that the second case of the previous lemma does occur, that is, if Δ corresponds to 

an elliptic quadric, a set T of t + 1 generators containing a common singular subspace U of dimension n − 3 forms a spread 
in a symplectic subquadrangle of order (s, s), s even, of ResΔ(U ), then no generator of Δ is opposite each member of T . 
Likewise, the second case of the next lemma also really occurs.

Lemma 3.15. Let Δ be finite polar space of rank n ≥ 3, order (s, t), and suppose Δ is not symplectic. Let T = {α0, . . . ,αs} be a set of 
s + 1 different singular subspaces of common dimension ℓ ≤ n − 2 in Δ, with ℓ ≠ n − 2 if t = 1, such that they do not form a pencil 
in a singular space of dimension ℓ + 1 (and we also assume ℓ ≥ 1) and such that, if Δ is a small Hermitian polar space and ℓ = n − 2, 
T is not an ovoid in a symplectic subquadrangle of order (t, t) in the residue of some (ℓ − 1)-dimensional subspace of Δ contained in 
each member of T . Then there exists a singular subspace opposite all of α0, . . . ,αs in Δ.

Proof. Let, for given order (s, t) and rank n, the polar space Δ and α0, . . . ,αs be a smallest (with respect to n − ℓ) coun
terexample to the lemma.

We claim that there exists a singular subspace β of dimension ℓ+1 such that projβ(αi is a point pi , for all i ∈ {0,1, . . . , s}. 
Indeed, first assume ℓ ≤ n − 3. We select arbitrarily singular subspaces βi of dimension ℓ + 1 containing αi , for all i. We 
can easily choose them in such a way that they do not have a subspace of dimension ℓ − 1 in common. The induction 
hypothesis implies that we find a singular subspace β of dimension ℓ opposite each βi , i = 0,1, . . . , s. Then β satisfies the 
claim. Now suppose ℓ = n − 2, and note that in this case we assume t > 1 (as submaximal singular subspaces do not belong 
to the oriflamme geometry). We proceed by induction on the rank n, including the case of rank 2. If n = 2, then the number 
of lines not disjoint from T is at most (s +1)(t +1). Since there are (1+ t)(1+ st) lines in total, and t > 1, the claim follows. 
Now let n ≥ 3. Clearly, we can find a point x not contained in any member of T . Applying induction in Res(x) proves the 
claim.

So, there is a unique point pi in β collinear to all points of αi . If {p0, p1, . . . , ps} is not a line, then by Lemma 3.2 we 
find a subspace α ⊆ β of dimension ℓ not containing any of the points p0, p1, . . . , ps . Then α is opposite each member of 
T and we are done.

So we may assume that {p0, p1, . . . , ps} is a line L. The set of points of βi collinear to all points of L is a subhyperplane 
Hi contained in αi (as a hyperplane of the latter).

Step I. Suppose ℓ ≤ n − 3. We claim that all points of αi \ Hi are collinear to all points of α j \ H j , for distinct i, j ∈
{0,1, . . . , s}. Indeed, we may assume (i, j) = (0,1). Let x0 ∈ α0 \ H0 and x1 ∈ α1 \ H1. Then x⊥

0 ∩ β =: K0 and x⊥
1 ∩ β =: K1

are two hyperplanes of β none of which containing L, but containing p0 and p1, respectively. It follows that N := K0 ∩ K1 is 
a subspace of dimension ℓ−1 ≥ 0 disjoint from L. The line N⊥ ∩βi intersects αi in a unique point xi as otherwise N belongs 
to the perp of a point of Hi , contradicting the facts that also L belongs to the perp, that L and N are complementary, and β
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and βi are opposite (and note that the notation xi is in conformity with the definitions of x0 and x1 above). We may hence 
view x0, x1, . . . .xs as points of ResΔ(N). If they do not constitute a line in ResΔ(N), then by Lemma 3.8 we can find a point 
opposite all of them, meaning using Lemma 3.4, we can find a subspace α of dimension ℓ containing N opposite each of 
αi , i ∈ {0,1, . . . , s}. Hence all of x0, x1, . . . , xs are collinear and the claim is proved.

The previous claim now easily implies that all members of T are contained in a common singular subspace, say M , 
which we may assume to be maximal. Since by assumption, they do not form a Grassmann line in U , Lemma 3.2 yields a 
subspace U ⊆ M of dimension n − 2 − ℓ disjoint from all αi . Let M ′ be a maximal singular subspace of Δ opposite M . Then 
U⊥ ∩ M has dimension ℓ and is opposite each member of T (use Lemma 3.4 again).

Step II. Now suppose ℓ = 1 and n = 3. Note that, if all elements of S intersect in a common point p, our assumptions 
yield a line M locally opposite every element of S in Res(p). Then on M we can choose a point q ≠ p. Let N be a line 
locally opposite M in Res(q). Then the line N is opposite each element of S .

Recall that the points p0, . . . , ps form a line L in the plane β . Let b be an arbitrary point in β \ L. The projection of b
onto αi is a point bi . We can find a line N locally opposite all lines bbi at b, except if these lines form a line or an ovoid in 
a subquadrangle of order (s/t, t) of Res(b). Then, in Δ, the line N is opposite all Li .

Hence, for all b ∈ β \ L, we may suppose that the lines bbi form a line or an ovoid in a subquadrangle of order (s/t, t)
of Res(b). In the former case, we say that b has type (L), in the latter case we say that b has type (O). We consider four 
possibilities.

(i) If every point of β \ L has type (L), then, as in Step I, all points of αi \ Hi are collinear to all points of α j \ H j , for all 
i, j ∈ {0,1, . . . , s}. This easily implies that all members of T are contained in a unique plane γ . Clearly, each member 
of T contains L⊥ ∩ γ , leading to T being a line pencil in γ , a contradiction.

(ii) If each point of β \ L has type (O), then no point of Li \ Hi is collinear to any point of L j \ H j , i ≠ j, and so, each point 
Hi is collinear to each line L j . In particular, all Hi are collinear. Since they are collinear to L, they lie in the same 
plane δ with L.

Since Li is collinear to pi, Hi and H j , and not to p j , i ≠ j, we deduce that H j ∈ ⟨pi, Hi⟩. Switching the roles of i
and j, we find Hi = ⟨pi, Hi⟩ ∩ ⟨p j, H j⟩ = H j . Hence all members of T share a common point and the first paragraph 
of Step II concludes this case.

(iii) Next, suppose that every point in β \ L, except one (say b), has type (O). Note that by Remark 3.11 s = t2 ≥ 4. We 
consider L0 and L1 and set bi = b⊥ ∩ Li , i = 0,1. Then b0 ⊥ b1. As in (ii), all other points of L0 \ H0 have to be 
collinear to H1, implying, since s ≥ 4, that H1 ⊥ L0. In particular H1 ⊥ b0 and so b0 ⊥ L1. Likewise H0 ⊥ L1 and 
b1 ⊥ L0, hence L0 ⊥ L1 contradicting the existence of points of type (O). Hence this case cannot occur.

(iv) Lastly, we consider the case that at least one point d ∈ β \ l has type (O) and at least two points b, c ∈ β \ L have 
type (L). Again s = t2 ≥ 4. Set bi = b⊥ ∩ Li , ci = c⊥ ∩ Li and di = d⊥ ∩ Li , i = 0,1, . . . , s. Suppose, without loss, that 
bc ∩ L = p0. Then b0 = c0 and b0 ⊥ Li , i = 1,2, . . . , s. So every point of bc \{p0} has type (L). This argument also implies 
that every point of β \ (bc ∪ L) has type (O). This now implies that each point of L0 \ {b0} is only collinear to the point 
Hi of Li . Hence Hi ⊥ L0 implying H0 ⊥ Hi , for all i = 1,2, . . . , s. Hence all Hi are contained in the same plane δ with 
L. Since bi ⊥ b j , but bi is not collinear to c j , we have Hi ≠ H j , i, j ∈ {1,2, . . . , s}, i ≠ j. Also, since L0 ⊥ p0, Hi , for all 
i, all Hi are contained in one line H of δ. Since H \ {p0} contains s points, we may without loss assume that H0 = H1. 
But then L0 ⊥ L1, a contradiction. Hence this case does not occur and the proof of Step II is complete.

Step III. Finally suppose ℓ = n − 2 and n ≥ 4. Let U be an (n − 4)-dimensional subspace of β disjoint from L and let 
W ⊇ U be an (n − 3)-dimensional subspace of β , also disjoint from L. If A := {⟨U , U⊥ ∩ αi⟩ | i = 0,1, . . . , s}, considered as 
a set of lines of ResΔ(U ), is neither a planar line pencil nor a set of lines through some point x forming an ovoid in a 
symplectic ideal subquadrangle of the point residual at x, then we can select an (n − 2)-dimensional subspace α∗ through 
U locally opposite each member of A. Then α∗ is opposite each member of T (using Lemma 3.4 again). Hence we may 
assume that A is either a planar line pencil (we say A is of type (PLP)), or a set of lines through some point x forming an 
ovoid in a symplectic ideal subquadrangle of the point residual at x (and we say A is of type (OSS)). In the former case, the 
set B := {⟨W , W ⊥ ∩αi⟩ | i = 0,1, . . . , s} is a line in the generalised quadrangle ResΔ(W ) (and we say that W is of type (L)); 
in the latter case B is an ovoid in a symplectic ideal subquadrangle of ResΔ(W ) (and we say W is of type (O)). It follows 
that, in the former case all subspaces of W of dimension n − 4 are of type (PLP), and in the latter case all such subspaces 
are of type (OSS). Now varying W we easily deduce that all (n − 2)-dimensional subspaces of W disjoint from L are either 
of type (L), or of type (O). Now we continue just like in Step II and arrive at contradictions.

This concludes the proof of the lemma. □
It remains to consider symplectic polar spaces. It turns out that type 2 elements, that is, lines, cannot be included in 

the general proof. We will treat them separately. However, the final proof is inductive and the result for lines in rank 3 is 
needed to prove the general case; which is then used to prove the result for lines in higher rank. This explains the rather 
peculiar conditions in the next lemma, which shall become clear in the proof of Proposition 3.18 below.

Lemma 3.16. Let Δ be a symplectic polar space of rank at least 3 and order (s, s). Suppose that every set of s+1 singular planes admits 
a common opposite plane, except if they all intersect in a line and are contained in a common 3-space of the underlying projective space. 
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Then a set T of s + 1 lines of Δ admits a common opposite in Δ if, and only if, T is not a line pencil in some plane of the underlying 
projective space.

Proof. Let T be a set of s + 1 lines of the symplectic polar space Δ of rank r naturally embedded in PG(2r − 1, s), r ≥ 3. 
Suppose T is not a line pencil in some plane of PG(2r − 1, s). We show that there exists a line of Δ opposite all members 
of T . As usual, we set T = {L0, L1, . . . , Ls}.

We include Li in a plane αi in such a way that the αi do not contain a common line (which can be easily accomplished). 
Let β be a plane opposite all αi , i ∈ {0,1, . . . , s}. Set mi := L⊥

i ∩ β . If {mi |i ∈ {0,1, . . . , s}} is not a line, then we can find a 
line L in β not containing any of the mi and hence opposite all of the Li . So the mi constitute a line M . Let b ∈ β \ M be 
arbitrary. Then bi := b⊥ ∩ Li is a unique point. Suppose the lines bbi do not form a line pencil in a plane of PG(2r − 1, s). 
Then we can find a line L through b locally opposite all of the bbi . Then L is opposite all of the Li by Lemma 3.4. Hence 
we may assume that the lines bbi form a line pencil in a plane πb of PG(2r − 1, s). Suppose now that for two choices of 
b ∈ β \ M , the points bi are contained in a common line Kb of PG(2r −1, s). Let b, c be those two points and adapt the same 
notation for c as we introduced for b. Without loss of generality, we may assume that the line bc contains the point m0. 
Then the lines Li , i ∈ {1,2, . . . , s} are contained in the plane γ of PG(2r − 1, s) spanned by Kb and Kc . The point b0 = c0 is 
also contained in γ .

Suppose first that also L0 is contained in γ . Then, since we assumed that T is not a line pencil, it is easy to see that γ
is a singular plane, and it contains a point x not on any of the Li . Then the line x⊥ ∩ γ ′ , with γ ′ a plane opposite γ in Δ
is opposite each member of T .

Suppose now that L0 is not contained in γ . Let z := L1 ∩ L2. Then z ⊥ b0 as z ⊥ {b1,b2} ⊆ Kb ∋ b0. We can select a 
singular plane βz containing zb0 and such that L0 is not collinear to βz , and βz is not in a common singular 3-space with γ
if the latter is singular.

In βz \ zb0 we can find a point y not collinear to b1. It follows that y is not collinear to any of the bi , i ∈ {1,2 . . . , s}. 
The lines joining y with the unique projection point of y on the Li do not form a line pencil in any plane as two of these 
lines coincide (namely, the line yz joins y with the point z of both L1 and L2). Hence we can find a line L through y locally 
opposite all these lines. Again, by Lemma 3.4, L is opposite each member of T .

Hence we may assume that for at most one point b ∈ β \ M , the points b0,b1, . . . ,bs are on one line (and we denote 
that point, if it exists, from now on with b∗). Note that we may also assume that L0 and L1 do not intersect. Indeed, if 
all members of T pairwise intersect, then either they are contained in a plane, and we treated that case above, or they all 
contain a common point p. In the latter case the result follows from considering the residue at p (indeed, we can then 
select a line K locally opposite each member of T ; then select a point q ∈ K \ {p} and a line L locally opposite K at q. The 
line L is opposite each member of T by Lemma 3.4).

First let s > 2. Choose points b, c ∈ β \ M with m2 ∈ bc and b∗ / ∈ {b, c}. As before, the lines L0 and L1 are contained in 
⟨πb,πc⟩, which is a 4-space U2 of PG(2r − 1, s). If we choose d ∈ β \ M with m3 ∈ bd and d ≠ b∗ , then we obtain likewise 
that L0 and L1 are contained in a 4-space U3 of PG(2r − 1, s) spanned by πb and πd . Suppose first these two 4-spaces 
coincide. Then U2 = U3 contains β . The polar space induced in U2 is degenerate, but, as we have opposite lines (L0 and 
some line in β), the radical is a point, which must coincide with the intersection of any pair of singular planes, contradicting 
m0 ≠ m1. Hence U2 ≠ U3 and these intersect in a 3-space containing L0, L1 and b. However, L0 and L1 already span U2 ∩U3, 
and by the arbitrariness of b, the 3-space ⟨L0, L1⟩ contains β , which is ridiculous as β is disjoint from L0 ∪ L1.

Now let s = 2. Similar arguments as in the previous paragraph show that W := ⟨L0, L1, L2⟩ contains β . Then again 
dim W = 3 leads to the contradiction that L0 ∩ β is non-empty and if dim W = 4, then we have a degenerate symplectic 
polar space induced in W , leading to the same contradiction as before. Hence dim W = 5. Also as before, W is a non
degenerate symplectic polar space. We coordinatise W as follows (using obvious shorthand notation). The two points on 
L0 not collinear to all points of M are labelled 100000 and 010000. Likewise those on L1 and L2 by 001000, 000100 and 
000010, 000001, respectively. We may assume that the points 100000, 001000 and 000010 are together in a plane πb , 
b ∈ β , and then b has labels 101010. Similarly we have the points 100101, 011001 and 010110 in β \ M . It follows that 
m0 = 001111, m1 = 110011 and m2 = 111100. Then the point 111111 is contained in each of the planes ⟨mi, Li⟩, i = 0,1,2, 
and hence collinear in Δ with all points of L0 ∪ L1 ∪ L2, which spans W , contradicting non-degeneracy.

The proof is complete. □
Lemma 3.17. Let Δ be a symplectic polar space of rank r ≥ 4 and order (s, s), and let i ∈ N be such that 2 ≤ i ≤ r − 2. Suppose that 
every set of s + 1 singular subspaces of dimension i + 1 admits a common opposite, except if they all intersect in an i-dimensional 
singular subspace and are contained in a common (i + 2)-space of the underlying projective space. Suppose also that Theorem A is 
true for symplectic polar spaces of rank at most r − 1. Then a set T of s + 1 i-dimensional singular subspaces of Δ admits a common 
opposite in Δ if, and only if, all members T are not contained in a common (i + 1)-dimensional subspace of the underlying projective 
space if they contain a common (i − 1)-dimensional singular subspace of Δ.

Proof. Let T be a set of s + 1 singular subspaces of dimension i of the symplectic polar space Δ of rank r naturally 
embedded in PG(2r − 1, s), r ≥ 4. Suppose all members of T are not contained in an (i + 1)-dimensional subspace of 
PG(2r − 1, s) if they share a common (i − 1)-dimensional singular subspace of Δ. We show that there exists a singular 
i-dimensional subspace of Δ opposite all members of T . We set T = {U0, U1, . . . , Us}.
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First we assume that all members of T are contained in a common (i + 1)-dimensional subspace W of PG(2r − 1, s). 
By our assumption, not all members of T share the same (i − 1)-dimensional subspace. This implies that the radical of the 
polar space induced in W has dimension strictly larger than i − 1; hence W is a singular subspace. Our assumption and 
Lemma 3.2 imply that we can find a point x ∈ W not contained in any member of T . Let W ′ be a singular subspace of 
dimension i + 1 opposite W . Then x⊥ ∩ W ′ is a singular subspace of dimension i opposite each member of T .

Henceforth we may assume that not all members of T are contained in the same subspace of PG(2r − 1, s) of dimension 
i + 1.

Include every member of T in a singular subspace of dimension i + 1 in such a way that not all of them are contained 
in a common subspace of dimension i + 2 of PG(2r − 1, s). By assumption we can find a subspace W opposite all of these 
(i + 1)-dimensional subspaces. Set {mi} = W ∩ U⊥

i . If the mi do not form a line, then Lemma 3.2 yields a singular i-space 
U ⊆ W not containing any of the mi and hence opposite all members of T . Hence we may assume that the mi form a line 
M . Set Hi = Ui ∩ M⊥ . Then Hi is a hyperplane of Ui .

Assume now that two members of T , say U0 and U1, do not share a common (i − 1)-dimensional singular subspace. 
Set D = U0 ∩ U1. Let H be a hyperplane of U0 not containing D , and hence distinct from H0. Then K := H⊥ ∩ W is a line 
through m0. Pick x ∈ K \ {m0} arbitrarily. Define U x

i := ⟨x, x⊥ ∩ Ui⟩. Suppose there exists an i-dimensional singular subspace 
U through x locally opposite all U x

i . Then, by Lemma 3.4, U is opposite each member of T . Our hypotheses imply that 
the U x

i are contained in an (i + 1)-dimensional subspace Ax of PG(2r − 1, s) and all U x
i share a common (i − 1)-space Bx . 

The singular subspace Bx contains a hyperplane of H and a hyperplane of x⊥ ∩ U1. As D is not contained in H , these two 
hyperplanes do not coincide, and hence they generate Bx . Now we do the same construction with y ∈ K \ {x,m−)} and 
obtain the similarly defined subspaces A y and B y . It is elementary to check that x⊥ ∩ Ui ≠ y⊥ ∩ Ui , for i ∈ {1,2, . . . , s}. 
Hence A := ⟨Ax, A y⟩ contains Ui for all i ∈ {1,2, . . . , s}. The intersection Ax ∩ A y contains H . Also, since H does not contain 
D , it does not contain the intersection x⊥ ∩ y⊥ ∩ U1 (which is a singular subspace of dimension (i − 2)). It follows that 
Ax and A y share at least a subspace of dimension i (generated by H and x⊥ ∩ y⊥ ∩ U1). Hence dim A ∈ {n + 1,n + 2}. 
Suppose dim A = n + 1. Then Ax = A y and contains the line ⟨x, y⟩, which necessarily intersects U1 for dimension reasons. 
But this contradicts the fact that W is opposite some singular (i + 1)-space containing U1. Consequently dim A = n + 2. 
We can now do the same thing with another hyperplane H ′ of U0 not containing D and distinct from H0, and obtain 
the similarly defined subspace A′ of dimension n + 2 and the line ⟨x′, y′⟩ of W , with m0 ∈ ⟨x′, y′⟩. Since both A and A′
share the subspace ⟨H, U1⟩ of dimension at least i + 1, we have dim⟨A, A′⟩ ∈ ⟨n + 2,n + 3⟩. If A = A′ , then A contains the 
plane ⟨x, x′,m0⟩, which necessarily intersects U1 in at least a point since dim A = n + 2 and dim U1 = i. This is again a 
contradiction. It follows that A0 := A ∩ A′ has dimension i + 1 and contains all of U1, U2, . . . , Us , plus H and m0. If A0 were 
singular, then m0 = m1, a contradiction. Hence A0 is not singular and all Ui , i ∈ {1,2, . . . , s}, share a common (i − 1)-space 
V 0. There is a unique i-space U∗

0 through V 0 in A0 distinct from Ui for any i ∈ {1,2, . . . , s}. The space U∗
0 contains H and 

m0.
Now we can find a singular (i + 1)-space W ∗ containing U∗

0 with the property that not all of its points are collinear to 
all points of U0. In W ∗ , we can then find a point z not collinear to all points of U1 (because U⊥

1 cuts out a hyperplane of 
W ∗). Since a point of Δ is collinear to either all points, or a hyperplane of points of W ∗ , we see that z⊥ intersects each Ui

in a hyperplane of Ui , and for i = 1,2, . . . , s, that hyperplane is necessarily V 0. Hence there exists an i-space U through z
locally opposite the two spaces ⟨z, H⟩ and ⟨z, V 0⟩ at z, and U is opposite each member of T by Lemma 3.4.

Hence we may assume that each pair in T intersects in an (i − 1)-space. Then either that (i − 1)-space is unique, say 
V ∗ , or all members of T are contained in some (i + 1)-space, say W ∗ . In the former case, our hypotheses permit to find 
an i-space U through V ∗ locally opposite each member of T , and then the projection U ′ of U onto a singular subspace 
opposite V ∗ is opposite each member of T at V ∗ . In the latter case we are back to the situation of the first paragraph of 
this proof, which we already handled.

This completes the proof of the lemma. □
We can now prove Theorem A for symplectic polar spaces.

Proposition 3.18. Let Γ be a symplectic polar space of rank r at least 2 and order (s, s). Let T be a set of s + 1 singular subspaces of 
Γ of dimension k ≤ r − 2. Then there exists a singular subspace of dimension k opposite each member of T , except if either T is a line 
of the corresponding k-Grassmannian geometry, or all members of T contain a given (k − 1)-dimensional subspace in the residue of 
which they form a hyperbolic line.

Proof. We prove this by induction on r, and for given r we use induction on r − i.
Let first r = 3. Then i = 1 and the assertion holds by Lemma 3.16, Lemma 3.14 and Lemma 3.12 (we need the latter in 

characteristic 2).
Now assume r ≥ 4. Then the assertion holds for i ≥ 2 by Lemma 3.17, and it holds for i = 1 by Lemma 3.16.
The proof is complete. □
Now Remark 3.11 yields Theorem B.

14 



S. Busch and H. Van Maldeghem Discrete Mathematics 349 (2026) 114711 

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have 
appeared to influence the work reported in this article.

References

[1] P. Abramenko, K.S. Brown, Buildings. Theory and Applications, Graduate Texts in Math., vol. 248, Springer, New York, 2008.
[2] R.C. Bose, R.C. Burton, A characterization of flat spaces in a finite geometry and the uniqueness of the Hamming and the MacDonald codes, J. Comb. 

Theory 1 (1966) 96--104.
[3] N. Bourbaki, Groupes et Algèbres de Lie, chapitres 4, 5 et 6, Actu. Sci. Ind., vol. 1337, Hermann, Paris, 1968.
[4] J. van Bon, H. Cuypers, H. Van Maldeghem, Hyperbolic lines in generalized polygons, Forum Math. 8 (1996) 343--362.
[5] A.E. Brouwer, H. Van Maldeghem, Strongly Regular Graphs, Encyclopedia of Mathematics and Its Applications, vol. 182, Cambridge University Press, 

Cambridge, 2022.
[6] F. Buekenhout, A. Cohen, Diagram Geometry Related to Classical Groups and Buildings, A Series of Modern Surveys in Mathematics, vol. 57, Springer, 

Heidelberg, 2013.
[7] F. Buekenhout, E.E. Shult, On the foundations of polar geometry, Geom. Dedic. 3 (1974) 155--170.
[8] S. Busch, J. Schillewaert, H. Van Maldeghem, General and special projectivity groups in spherical buildings of simply laced type, submitted, see https://

arxiv.org/abs/2407.09226.
[9] S. Busch, H. van Maldeghem, Lines and opposition in Lie incidence geometries of exceptional type, in preparation.

[10] P.J. Cameron, Projective and Polar Spaces, QMW Math Notes, vol. 13, University of London, Queen Mary and Westfield College, 1992.
[11] R. Carter, Simple Groups of Lie Type, Wiley Classics Library, John Wiley & Sons, New York, 1989.
[12] A.M. Cohen, Point-line spaces related to buildings, in: F. Buekenhout (Ed.), Handbook of Incidence Geometry: Buildings and Foundations, North-Holland, 

Amsterdam, 1995, pp. 647--737, Chapter 12.
[13] A.M. Cohen, B.N. Cooperstein, Lie incidence systems from projective varieties, Proc. Am. Math. Soc. 126 (1998) 2095--2102.
[14] L.D. Holder, On Blocking Sets of Conics, PhD thesis, University of Colorado at Denver, Denver, 2001.
[15] A. Kasikova, H. Van Maldeghem, Vertex opposition in spherical buildings, Des. Codes Cryptogr. 68 (2013) 285--318.
[16] S.E. Payne, J.A. Thas, Finite Generalized Quadrangles, Research Notes in Math., vol. 110, Pittman, 1984, second edition: Europ. Math. Soc. Series of 

Lectures in Mathematics, 2009.
[17] E.E. Shult, Points and Lines: Characterizing the Classical Geometries, Universitext, Springer-Verlag, Berlin Heidelberg, 2011.
[18] J. Tits, Buildings of Spherical Type and Finite BN-Pairs, Lecture Notes in Math., vol. 386, Springer-Verlag, Berlin, 1974, 2nd printing, 1986).
[19] H. Van Maldeghem, Polar Spaces, Münster Lectures in Mathematics, vol. 3, Europ. Math. Soc. Press, 2024.
[20] F.D. Veldkamp, Polar geometry, I–V, Indag. Math. 21 (1959) 512--551, Indag. Math. 22 (1960) 207--212.

15 

http://refhub.elsevier.com/S0012-365X(25)00319-X/bib8BA629BD2FC4F1A0C87275381BBCAC4Cs1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibE146861D110601F58790113978E3A3A6s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibE146861D110601F58790113978E3A3A6s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib1ED551A550742BE327DB3DB67F083D2Es1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib4AEA1049724E826AF111B8625FD35E93s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibF2E95D2DB5F619DF9293BBA3CF6431F4s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibF2E95D2DB5F619DF9293BBA3CF6431F4s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib7F2AC6BFF927E71B306777C746FDD249s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib7F2AC6BFF927E71B306777C746FDD249s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib28631276480F2F0131668F676A9AEB0As1
https://arxiv.org/abs/2407.09226
https://arxiv.org/abs/2407.09226
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib5C0E60B4392EA96D05A83F0146E487A9s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibED8C2074FEE3A6ABA96C4D4AA9C992D8s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib51DFB87A3D37483F6967F1606AFA5038s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib51DFB87A3D37483F6967F1606AFA5038s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibABBC175ED7004CA542CC05E10F3C6045s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibEC0F3C59C891981699884BBFC9986970s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibD4221B110BCEF7D5CC28F643A8459968s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibA01227E58D3BBAADF809A6D151CC9537s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibA01227E58D3BBAADF809A6D151CC9537s1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib9378C228F62C85A52CCC46C7BDA85FBBs1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib67BBF60757FC81A262B5A3CA8955335Fs1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bibCC954F3E6FFBCA975AC5CDB79A0E923As1
http://refhub.elsevier.com/S0012-365X(25)00319-X/bib6E8AA8C123F369852444980DD216A67Fs1

	A characterisation of lines in finite Lie incidence geometries of classical type
	1 Introduction
	2 Preliminaries
	2.1 Polar spaces
	2.2 Detailed description of the main results

	3 Proofs of the main results
	3.1 Projective spaces---type An
	3.2 Opposition in polar spaces
	3.3 Oriflamme geometries---type Dn
	3.4 Polar spaces---types Bn, Cn and Dn

	Declaration of competing interest
	References


