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Abstract. We introduce the special and general projectivity groups attached to a simplex F
of a thick, irreducible, spherical building of simply laced type. If the residue of F is irreducible,
we determine the permutation group of both projectivity groups of F , acting on the residue of F
and show that the special projectivity group determines the precise action of the Levi subgroup
of a parabolic subgroup on the corresponding residue. This reveals three special cases for the
exceptional types E6,E7,E8. Furthermore, we establish a general diagrammatic rule to decide
when exactly the special and general projectivity groups of F coincide.

1. Introduction1

The theory of buildings evolved during the search for analogues of exceptional simple Lie groups2

over arbitrary fields; traditionally people only worked over the fields C and R. This was of in-3

terest, since working over arbitrary fields would allow the field to be finite and with that, one4

could find new families of finite simple groups. In 1955, Chevalley managed to construct these5

analogues and the groups he found are now known as Chevalley groups. After Chevalley pub-6

lished his work, Jacques Tits developed the theory of buildings, attaching geometric structures7

to these groups (see [1, page 335-335]).8

Chevalley groups defined over arbitrary fields are known to be groups of Lie type (as in [7]).9

Groups of Lie type have BN-pairs and are hence associated to buildings (see [7, page 108,10

Proposition 8.2.1]). They can be described as groups of automorphisms of spherical buildings11

(i.e. buildings with finite Weyl groups, see [1, §6.2.6]). Chevalley groups are always simple,12

except in the cases A1(2), A1(3), B2(2), G2(2) (see [7, page 172, Theorem 11.1.2]).13

In this article we will focus on buildings of simply laced type and rank at least 3. Such buildings14

automatically admit so-called root elations (see [35]). Then we can define the Chevalley group15

attached to such a building ∆ as the group of automorphisms generated by all root elations,16

which we will denote by Aut†(∆). This agrees with what is known as the the adjoint Chevalley17

group (see [7, page 198]), and is also called the little projective group of ∆. It is always simple18

in our cases, since we assume the rank to be at least 3 (compare with [33, Main Theorem]).19

Parabolic subgroups of Chevalley groups have attracted much attention in the literature. They20

can be written as semi-direct products of a unipotent subgroup and a Levi subgroup (see [7, page21

118]). So far, a lot of research focussed on the unipotent subgroups (see for example [13, 21]).22

In this article we aim to shed some light on the Levi subgroups.23

Let Σ be an apartment of ∆ and C a chamber in Σ that we will consider to be the fundamental24

chamber. Let F be a face of C. A Levi subgroup of the parabolic subgroup GF of Aut†(∆) is a25

subgroup LF , such that GF is the semi-direct product of LF and a unipotent subgroup. This26

matches with how it has been traditionally defined in the literature (see [2, page 158, Definition27

11.22]). The parabolic subgroups opposite GF correspond bijectively to the Levi subgroups28
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of GF (see [2, page 199, Proposition 14.21]). Hence a Levi subgroup fixes a simplex and a29

unique opposite simplex pointwise, and it acts as a group of automorphisms on the residue30

(also sometimes called the star, for instance in [34]) of each of these simplices. In the present31

paper, we determine the precise action of the Levi subgroup on that residue. To the best of32

our knowledge, this was not recorded before. However, it is known how it can be obtained by33

means of characters and co-characters of the torus of the corresponding Chevalley group, using34

the theory of roots and co-roots in Chevalley groups. We explain and apply this approach in35

Section 8.1. It provides an algebraic answer to the problem of determining the precise action of36

the Levi subgroup on the corresponding residue of the building.37

However, approaching the problem in a geometric way via the theory of buildings gives rise38

to a new development of the theory of special and general projectivity groups. The connection39

with the problem of the previous paragraph is given by our Theorem A: it shows that the40

special projectivity group of F coincides with the faithful permutation group induced by the41

stabiliser Aut†(∆)F of F in Aut†(∆) on the residue Res∆(F ) of F in ∆. This connects the special42

projectivity group of a simplex F to the Levi subgroup of F . Since we determine all general43

and special groups of projectivities, this determines the precise action of the Levi subgroup of44

a parabolic subgroup on the corresponding residue geometrically.45

As mentioned above, we also develop some basic and general theory about the projectivity46

groups. In projective geometry, the groups of projectivities, or projectivity groups play an47

important role in many proofs. For instance, projectivities between lines in a projective plane48

can be used to define non-degenerate conics (Steiner’s approach) and prove properties of them.49

In [23], Knarr defined groups of projectivities and groups of even projectivities for generalised50

polygons and determined them in the finite case. This was further generalised to large infinite51

classes in [37], where the group of projectivities was called the general projectivity group and52

the group of even projectivities the special projectivity group related to a point or line. A53

generalisation of the definitions to all spherical buildings is obvious and natural questions are,54

for instance,55

• when does the general projectivity group coincide with the special projectivity group,56

and57

• can one determine the various general and special projectivity groups, particularly in58

the case where the residues are irreducible?59

In the present paper, we answer these questions for irreducible spherical buildings ∆ with a60

simply laced diagram (see Remark 8.34 for the other cases). It will turn out that the special and61

general projectivity groups of residues of rank 1 are always PGL2(K) in its natural permutation62

group action. This is Theorem D. For (irreducible) residues R of rank at least 2, in most cases63

we generically obtain the maximal linear (algebraic or projective) group, including possible64

dualities, if opposition in the Coxeter diagram of the ambient building is trivial, and the one in65

the Coxeter diagram of R is not trivial. There are only these four classes of exceptions:66

(i) If ∆ has type Dn and the type of R contains the types n − 1 and n (hence R is of type67

D`, for some ` < n), then the projectivity groups are contained in PGO2`(K). Here, K is68

the underlying field. (Hence there are no proper similitudes in the projectivity groups.)69

(ii) If ∆ has type E6 and R has type A5, then the special and general projectivity group consists70

of those members of PGL6(K) which correspond to matrices, for which the determinant is71

a third power in the field K of definition.72

(iii) If ∆ has type E7 and R has type A5 containing the type 2 (in Bourbaki labelling), then73

the special projectivity group consists of those members of PGL6(K), which correspond to74

matrices, for which the determinant is a square in the field K of definition. The general75

projectivity group extends this group with a duality; for instance a symplectic polarity,76

with corresponding matrix of square determinant.77

(iv) If ∆ has type E7 and R has type D6, then the special and general projectivity group are78

the simple group PΩ12(K), extended with a class of diagonal automorphisms.79
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This is Theorem E. A complete list in tabular form of all special and general projectivity groups80

acting on irreducible residues of buildings of type E6,E7,E8 and Dn (for n ≥ 4) is included in81

Section 8. In our arguments, the so-called polar vertices of the diagram will play a crucial role,82

and our results will entail a new combinatorial characterisation of the polar type. Theorem B83

and C below show that these polar types are basically the only ones responsible for the special84

and general projectivity groups to coincide.85

We essentially provide two proofs for Theorem E. The algebraic one, outlined in Section 8.1, and86

a geometric one in the remainder of Section 8. However, the algebraic proof will make clear that87

the case of type E8 is, in a certain way, trivial—one always gets the full linear groups—so we skip88

this case in our geometric approach (however, it could be included and the geometric arguments89

will be contained in the first author’s PhD thesis). The purpose of still providing the detailed90

geometric arguments for the other cases is the following: Firstly, we consider it interesting to91

see, where the exceptions mentioned above come from in a geometric way and how they emerge92

from the geometry of buildings. The geometry sometimes provides a different “reason” for93

a certain group to be the special projectivity group. Secondly, we also want to determine the94

general projectivity groups, which we can not obtain from the algebraic considerations. Thirdly,95

some geometric lemmata that we need, like for instance Lemma 8.22, can be useful in other96

contexts, and lastly, it already prepares for handling the cases of non-simply laced types, where97

the question for non-split buildings is not so easily solved using the algebraic approach (think98

of buildings of so-called mixed type that do not really admit a well-defined root system).99

The exceptions (i) to (iv) show that the questions stated above are not trivial and that the100

answer is rather peculiar, with exactly three special cases for the exceptional groups.101

We now get down to definitions and statements of our Main Results.102

2. Preliminaries and statement of the Main Results103

We will need some notions and notation related to spherical buildings, and of point-line ge-104

ometries related to those. Excellent references for buildings are the books [1] and [34], since105

it will be convenient to consider buildings as simplicial complexes. Standard references for the106

point-line approach to (spherical) buildings are [4] and [27].107

2.1. Spherical buildings. Let ∆ be a spherical building. We will assume, as in [34], that ∆108

is a thick numbered simplicial chamber complex, and we will usually denote the type set by109

I = {1, 2, . . . , r}, where r is the rank of ∆, and the set of chambers by C (∆). The type typ(F )110

of a simplex F is the set of types of its vertices. A panel is a simplex of size r − 1. Adjacent111

chambers are chambers intersecting in a panel. This defines in a natural way the chamber graph.112

The (gallery) distance δ(C,C ′) between two chambers C and C ′ is the distance in the chamber113

graph of the vertices corresponding to C and C ′.114

One of the defining axioms of a spherical building is that every pair of simplices is contained in an115

apartment, which is a thin simplicial chamber subcomplex isomorphic to a finite Coxeter complex116

Σ(W,S) with associated Coxeter system (W,S), where W is a Coxeter group with respect to117

the generating set S of involutions. If S = {s1, . . . , sr}, then let Pi = 〈s1, . . . , si−1, si+1, . . . , sr〉,118

i ∈ I, be the maximal parabolic subgroups. The vertices of Σ(W,S) of type i ∈ I are the right119

cosets of Pi. The chambers are the sets of cosets of maximal parabolic subgroups containing120

a given member w of W . For each pair (C,C ′) of adjacent chambers there exists exactly one121

folding, that is, a type preserving idempotent morphism of Σ(W,S) mapping C ′ to C, and such122

that each chamber in the image has two chambers in its pre-image. The image α of a folding is123

called a root. The root associated to the opposite folding, namely, the folding mapping C to C ′124

is called the opposite root, and is denoted by −α. The intersection α ∩ (−α), called a wall, is125

denoted by ∂α (and hence also by ∂(−α)), and is also referred to as the boundary of α. Every126

root contains a unique simplex that is fixed under each automorphism of Σ(W,S) preserving α127

(and not necessarily type preserving). This simplex is called the centre of the root. If Σ(W,S),128

or equivalently, ∆, is irreducible (see below), the type of such simplex is called a polar type of129
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∆. In the reducible case, the polar types of the connected components will be called polar types130

of the building.131

For each vertex v of Σ(W,S), there exists a unique other vertex v′ of Σ(W,S) with the property132

that every wall containing v also contains v′ (and then automatically every wall containing v′133

contains v); then v and v′ are called opposite vertices. Opposite simplices of Σ(W,S) are two134

simplices A,B with the property that the vertex opposite to any vertex in A is contained in135

B, and vice versa. We denote A ≡ B. Opposition defines a permutation, also denoted by ≡,136

of order at most 2 on the type set I. A subset J ⊆ I is called self-opposite, if J≡ = J . The137

permutation ≡, acting on I, induces an automorphism of the corresponding Coxeter diagram.138

Recall that the vertices of the Coxeter diagram correspond to the types, that is, the elements139

of I, and two vertices i and j are connected by an edge of weight mij − 2, where mij is the140

order of sisj in W . Throughout, we use the Bourbaki labelling of connected spherical Coxeter141

diagrams [3]. The Coxeter diagram, and by extension the chamber complex Σ(W,S) and the142

building ∆, are called simply laced, if mij ∈ {2, 3}, for all i, j ∈ {1, 2, . . . , r}, i 6= j. The building143

∆ is irreducible, if the Coxeter diagram is connected. The polar type in the simply laced and144

irreducible case is unique. It is the set of nodes to which the additional generator is joined,145

when constructing the affine diagram. Hence, it is {1, r} in case Ar, it is 2 in case of Dr, and146

2, 1, 8 for E6,E7,E8, respectively.147

Opposite simplices in ∆ are simplices that are opposite in some apartment, and then the building148

axioms guarantee that they are opposite in every apartment in which they are both contained.149

We say that a vertex v and a simplex F are joinable, if v /∈ F and F ∪{v} is a simplex; notation150

v ∼ F . (Note that we denote simplices with capital letters, such as F , since the letter S already151

has a meaning. The letter F stands for “flag”, which is a synonym of simplex in the language of152

geometries.) The simplicial complex induced on the vertices joinable to a given simplex F of a153

building ∆ forms a building called the residue of F in ∆ and is denoted by Res∆(F ). It is well154

known that the Coxeter diagram of that residue is obtained from the Coxeter diagram of the155

building by deleting the vertices with type in typ(F ). The opposition relation in Res∆(F ) will156

be denoted by ≡F (also on the types), and two simplices of Res∆(F ), opposite in Res∆(F ), will157

occasionally be called locally opposite at F . The cotype cotyp(F ) of a simplex F is I \ typ(F ),158

and the type of the residue Res∆(F ) is the cotype of F .159

Now let F and F ′ be two opposite simplices. Let C ∈ C (∆) be such that F ⊆ C. Then there160

exists a unique chamber C ′ ⊇ F ′ at minimal gallery distance from C. The chamber C ′ is called161

the projection of C from F onto F ′ and denoted projFF ′(C). That mapping is a bijection from162

the set of chambers through F to the set of chambers through F ′ and preserves adjacency in163

both directions. It follows that it defines a unique isomorphism from Res(F ) to Res(F ′), which164

we denote by projFF ′ (as it is a special case of the projection operator, see 3.19 of [34]), see also165

Theorem 3.28 of [34]. When the context makes F clear, we sometimes remove the F from the166

notation for clarity and simply write projF ′ . This projection has the following property.167

Proposition 2.1 (Proposition 3.29 of [34]). Let F and F ′ be opposite simplices of a spherical168

building ∆. Let v be a vertex of ∆ such that v ∼ F , and set i := typ(v) ∈ I. Then the type i′ of169

the vertex projFF ′(v) is the opposite in Res(F ′) of the opposite type of i in ∆, that is, i′ = (i≡)≡F ′ .170

Also, vertices v ∼ F and v′ ∼ F ′ are opposite in ∆ if, and only if, v′ ≡F ′ projFF ′(v).171

Now let ∆ be irredicible and of rank at least 2. Let α be a root of ∆. Let Uα be the group of172

automorphisms of ∆ pointwise fixing every chamber that has a panel in α \ ∂α. The elements173

of Uα are called (root) elations and Uα itself is called a root group. An element of Uα is called174

a central elation if it belongs to Uβ for each root β having the same centre as α. If Uα acts175

transitively on the the set of apartments containing α, then we say that α is Moufang. If every176

root is Moufang, then we say that ∆ is Moufang. The automorphism group of ∆ is denoted177

by Aut ∆ and, if ∆ is Moufang, then the subgroup generated by the root elations is denoted178

by Aut†∆ and called the little projective group of ∆. It is also generated by all central elations179

(in the simply laced case, all elations are central). Also, we denote by Aut◦(∆) the subgroup180
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of type-preserving automorphisms of ∆. In the literature, this is also sometimes denoted as181

Spe(∆). Finally, each irreducible spherical building ∆ of rank r ≥ 3 is Moufang.182

2.2. Groups of projectivity. Let ∆ be a spherical building and F , F ′ two simplices which183

are opposite, and which are not chambers. Then we call the isomorphism projFF ′ a perspectivity184

(between residues) and denote F ∧F ′. If F0, F1, . . . , F` is a sequence of consecutively opposite185

simplices, then the isomorphism Res(F0)→ Res(F`) given by proj
F`−1

F`
◦ · · · projF1

F2
◦projF0

F1
is called186

a projectivity (of length `). If ` is even, it is called an even projectivity, and if F0 = F`, it is187

called a self-projectivity. The set of all self-projectivities of a simplex F is a group called the188

general projectivity group of F and denoted Π(F ). Likewise, the set of all even self-projectivities189

of a simplex F is a group called the special projectivity group of F and denoted Π+(F ). Note190

that Π(F ) = Π+(F ) as soon as (typ(F ))≡ 6= typ(F ).191

Let Π(F ) be the general projectivity group of the simplex F of a spherical building ∆, with192

F not a chamber. Then, as an abstract permutation group, Π(F ) only depends on the type193

of F . Likewise, the special projectivity group Π+(F ) only depends on the type of F . We194

have the natural inclusion Π+(F ) E Π(F ) and [Π(F ) : Π+(F )] ≤ 2. We denote the number195

[Π(F ) : Π+(F )] by n(J), where the type of F is J . We trivially have n(J) = n(J≡), because it196

is 1 if J≡ 6= J .197

In the case that ∆ has rank 2, that is, ∆ is the building of a generalised polygon, F is necessarily198

a single vertex and can be thought of as either a point (type 1) or a line (type 2) of the199

generalised polygon. Knarr [23] shows that, if ∆ is Moufang, then for every point or line x of200

∆, the group Π+(x) coincides with the stabiliser of x in the little projective group of ∆, that is,201

the group generated by the root groups. We generalise this to arbitrary simplices in arbitrary202

Moufang spherical buildings of simply laced type. This is our first main result, Theorem A.203

The strategy of the proof is the same as for the rank 2 case. However, the proof requires204

that the unipotent radical of a parabolic subgroup in a Moufang spherical building pointwise205

stabilises the corresponding residue, and acts transitively on the simplices opposite the given206

residue. This follows from the Levi decomposition of parabolic subgroups in Chevalley groups.207

We provide a brief introduction.208

2.3. The Levi decomposition in Chevalley groups. Let ∆ be a building and F a simplex209

of type J . Suppose ∆ is of irreducible simply laced type and has rank at least 3. Then,210

by the classification in [34], ∆ is Moufang. Its little projective group Aut†(∆) is either a211

Chevalley group, or, in case ∆ corresponds to a projective space of dimension d defined over212

a non-commutative skew field L, it is PSLd+1(L) (in its natural action). The stabiliser PF of213

F is called a parabolic subgroup and, if Aut†(∆) is a Chevalley group, admits a so-called Levi214

decomposition PF = UFLF , see Section 8.5 of [7], where UF is the so-called unipotent radical of215

PF and LF is called a Levi subgroup.216

We provide an explicit description of PF , UF and LF for PSLd+1(L) in the case that we will need217

most in the present paper, namely when Res∆(F ) is irreducible. In that case one chooses the218

basis in such a way that each subspace of F of dimension i is generated by the first i+ 1 base219

points. Also, F consists of i-dimensional subspaces with 0 ≤ i ≤ d1 − 1 and d− d3 ≤ i ≤ d− 1,220

where |F | = d1 + d3. Set d2 := d + 1 − d1 − d3. Note that J = {1, . . . , d1, d − d3 + 1, . . . , d}.221

Then a generic element of PF looks like222  Td1 Md1×d2 Md1×d3
Od2×d1 Md2×d2 Md2×d3
Od3×d1 Od3×d2 Td3

 ,

where Tdi , i = 1, 3, is an arbitrary invertible upper triangular matrix over F (needless to say that223

Td1 and Td3 are independent of each other; even if d1 = d3 they are considered different), Mdi×dj224

is an arbitrary di×dj matrix, i ∈ {1, 2} and j ∈ {2, 3} (with similar remark as for the Tdi), and225

Odi×dj is the di× dj zero matrix, i ∈ {2, 3}, j ∈ {1, 2}. Also, the Dieudonné determinant of the226

whole matrix must be 1. With similar notation, and on top with Udi , i ∈ {1, 3}, an arbitrary227
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unipotent upper triangular di×di matrix, Ddi , i ∈ {1, 3} an arbitrary invertible diagonal di×di228

matrix and Id2 the d2 × d2 identity matrix, generic elements of UF and LF look like (blanks229

replace zero matrices)230 Ud1 Md1×d2 Md1×d3
Id2 Md2×d3

Ud3

 and

Dd1

Md2×d2
Dd3

 ,

respectively (with again the requirement that the Dieudonné determinant of the second matrix231

is equal to 1). One indeed checks that PF = UFLF and UF ∩ LF = {Id+1}. Also, the following232

lemma is easily checked in this case. For Chevalley groups (the case of relevance for the current233

paper), the lemma follows from the Levi decomposition of parabolic subgroups (see Section 8.5234

of [7]). We state it in its most general form, as given and proved in [24, Proposition 24.21]235

Lemma 2.2. Let ∆ be a spherical Moufang building and let F be a simplex of ∆ of type J .236

Let PF be the stabiliser of F in Aut†(∆). Then the unipotent radical UF ≤ PF acts sharply237

transitively on the set F≡ of simplices opposite F , and pointwise fixes Res∆(F ).238

We will be interested in the faithful permutation group induced by LF on Res∆(F ).239

2.4. Main results.240

Theorem A. Let F be a simplex of a Moufang spherical building ∆. Let Aut†(∆) be the241

automorphism group of ∆ generated by the root groups. Then Π+(F ) is permutation equivalent242

to the faithful permutation group induced by the stabiliser Aut†(∆)F of F in Aut†(∆) on the243

residue Res∆(F ) of F in ∆.244

Going back to the case where ∆ is a Moufang building of rank 2, the results in Chapter 8 of [37]245

show that n({1}) = n({2}) = 1, as soon as ∆ is a so-called “Pappian polygon” (for a definition246

of the latter, see Section 3.5 of [37]). In any case, we always have 1 ∈ {n({1}), n({2})} due to247

Lemma 8.4.6 of [37]. One of the goals of the present paper is to generalise this to all spherical248

buildings. This will be achieved by proving a general sufficient condition in J for n(J) being249

equal to 1. To state this, we say that the type J of a simplex is polar closed, if we can order250

the elements of a partition of J into singletons and pairs, say J1, . . . , Jk, such that, for each251

` ∈ {1, . . . , k}, the type J` is a polar type in the residue of J1 ∪ · · · ∪ J`−1. We then have:252

Theorem B. Let ∆ be a spherical building with type set I. If either J 6= J≡ or J ⊆ I is polar253

closed, then n(J) = 1.254

To see a partial converse of this statement, we restrict to the simply laced case (see also Re-255

mark 8.34).256

Theorem C. Let ∆ be an irreducible spherical building of simply laced type with type set I. If257

J ⊆ I, J≡ = J and I \ J has at least one connected component K of size at least 2, such that258

I \K is not polar closed, then n(J) = 2.259

Note that, if J is polar closed, then for each connected component K of I \J the type set I \K260

is polar closed.261

This implies the following combinatorial characterisation of the polar type in connected simply262

laced spherical diagrams. For K ⊆ I we denote by K the union of all connected components of263

K of size at least 2.264

Corollary 1. The polar type of a connected simply laced spherical diagram DI over the type265

set I is the unique smallest subset J ⊆ I with the property that opposition in D
I\J coincides266

with opposition in DI .267
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Corollary 1 does not hold in the non-simply laced case (since opposition does not determine the268

direction of the arrow in the Dynkin diagram). Indeed, for types Bn, Cn and F4, there are each269

time two single types satisfying the given condition, reflecting the fact that, in characteristic 2,270

there are really two choices.271

Finally, we consider the case left out in Theorem C above, where I \ J has only connected272

components of rank 1. We reduce the action of Π+(F ) on each panel to a case where |I \J | = 1273

and show:274

Theorem D. Let ∆ be an irreducible spherical building of simply laced type with type set I. Let275

J ⊆ I with |I \ J | = 1, and let P be a panel of type J . Then Π+(P ) is permutation equivalent276

to the natural action of PGL2(K) on the projective line PG(1,K), and equals Π(P ).277

In view of Theorem D, one could expect that the general and special projectivity groups of278

simplices, whose residue is isomorphic to Ar(K), are isomorphic to PGLr+1(K). This is indeed279

in most cases true, but not always. If it is not true, then necessarily the residue in question280

is not contained in a larger residue of type Ar+1. Our last main result determines the exact281

permutation representations of the special and general projectivity groups on the corresponding282

residues of the building.283

Theorem E. Let ∆ be an irreducible spherical building of simply laced type with type set I. Let284

I 6= J ⊆ I with I 6= I \ J connected and let F be a simplex of type J . Then Π+(F ) and Π(F )285

are286

(i) isomorphic to PGLn(L) in its natural action, if ∆ has type Ar, r ≥ 2, it is defined over287

the skew field L, and |I \ J | = n− 1;288

(ii) as in Table 1 and Table 2 for typ(∆) ∈ {Dr,Em | r ≥ 4,m = 6, 7, 8}.289

The notation used in Tables 1 and 2 is explained in Section 8, where Theorem E is proved.290

2.5. Lie incidence geometries. Some arguments — in particular those in Section 8 — will291

be more efficiently carried out in a specific point-line geometry related to the spherical building292

in question. We provide a brief introduction here. More details can be found in textbooks like293

[4] and [27].294

2.5.1. Point-line geometries, projective spaces, polar spaces and parapolar spaces. Recall that a295

point-line geometry Γ = (X,L ) consists of a set X, whose elements are called points, and a296

subset L of the full set of subsets of X, whose members are called lines (hence we disregard297

geometries with so-called repeating lines). The notion of collinear points will be used frequently.298

We denote collinearity of two points x and y with x ⊥ y, and x⊥ has the usual meaning of the299

set of points collinear to x (including x, if there exists a line containing x). A (proper) subspace300

is a (proper) subset of the point set intersecting each line in either 0,1 or all of the points of301

the line. A (proper) hyperplane is a (proper) subspace intersecting each line non-trivially. The302

point graph of Γ is the graph with vertices the points, adjacent when collinear. A subspace is303

convex, if its induced subgraph in the point graph is convex (all vertices on paths of minimal304

length between two vertices of the subspace are contained in the subspace). We will frequently305

regard a subspace as a subgeometry in the obvious way. A subspace is called singular, if every306

pair of points in it is collinear. In our cases, singular subspaces will always be projective spaces.307

Lines and planes are short for 1- and 2-dimensional projective (sub)spaces, respectively.308

The distance between points is the distance in the point graph and the diameter of the geometry309

is the diameter of the point graph.310

We usually require that Γ is thick, that is, each line contains at least three points.311

For example, the 1-spaces of any vector space V of dimension at least 3 over some skew field L,312

form the point set of a thick geometry PG(V ), a generic line of which consists of all the 1-spaces313

contained in a given 2-space. This geometry is a projective space. The hyperplanes correspond314

to the codimension 1 subspaces of V .315
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A polar space is a thick point-line geometry, such that for each point x, the set x⊥ is a hyperplane316

(which we require to be distinct from the whole point set).317

A pair of points of a point-line geometry Γ is called special, if they are not collinear and there is318

a unique point of Γ collinear to both. Then Γ is called a parapolar space, if every non-special pair319

of points at distance at most 2 is contained in a convex subspace isomorphic to a polar space.320

Such convex subspaces are called symplecta, or symps for short. A pair p, q of non-collinear321

points of a symp is called symplectic; in symbols p ⊥⊥ q.322

Given an irreducible spherical building ∆ of rank r at least 2 of type Xr over the type set I,323

let J ⊆ I and define X as the set of all simplices of ∆ of type J . The set L of lines consists324

of the sets of simplices of type J completing a given panel, whose type does not contain J , to325

a chamber. The geometry (X,L ) is usually referred to as the Lie incidence geometry of type326

Xr,J (where we replace J by its unique element, if |J | = 1). The main observation here (see327

the above references), usually referred to as Cooperstein’s theory of symplecta [11, 12], is that328

(X,L ) is either a projective space, a polar space, or a parapolar space.329

In the present paper, we will only use projective spaces over arbitrary skew fields (they are330

related to buildings of type Ar), polar spaces (that are related to buildings of type Dr), some331

specific parapolar spaces that are related to buildings of types E6 and E7 over a field K, and,332

at the end of this section, the thin exceptional long root subgroup geometries, which can be333

seen as parapolar spaces with special pairs of points and diameter 3. Polar spaces related to334

buildings of type Dr will usually be called polar spaces of type Dr, or hyperbolic polar spaces,335

since in rank r ≥ 4, they are in one-to-one correspondence to hyperbolic quadrics in projective336

spaces. Recall that a hyperbolic quadric is the projective null set of a quadratic form of maximal337

Witt index in a vector space V of even dimension. The standard form (using coordinates338

x−r, . . . , x−1, x1, . . . , xr) is given by339

x−rxr + x−r+1xr−1 + · · ·x−2x2 + x−1x1.

The automorphisms of ∆ induced by elements of PGL(V ) will be called linear. They conform340

to the elements of the corresponding (maximal) linear algebraic group. Note that hyperbolic341

quadrics contain two natural classes of maximal singular subspaces, characterised by the fact342

that members of distinct classes intersect in subspaces of odd codimension (the codimension is343

the vector dimension of a complementary subspace).344

Concerning types Er, r = 6, 7, 8, we list some basic properties of the Lie incidence geometries345

of types E6,1 and E7,7, that we will make use of, in Section 8.5.346

We end this section with the following lemma, whose proof makes use of thin exceptional long347

root subgroup geometries.348

Lemma 2.3. Let α be a root of an irreducible spherical Coxeter complex Σ(W,S). Let F be the349

centre of α. Let v be a vertex joinable to a vertex u that is joinable to F . Then v lies in α.350

Proof. For the classical types An,Bn and Dn, this is easily verified. Indeed, for type An, viewing351

Σ(W,S) as the point-line geometry of a projective space with two points per line, F is an352

incident point-hyperplane pair. Then v is either incident with the point, or with the hyperplane353

and the result follows. For types Bn and Dn, we view Σ(W,S) as a polar space with two points354

per line. There are two possibilities: either F is a point, and then v is a subspace collinear to355

F and the assertion again follows, or F is a line, and then v is either a subspace collinear to F ,356

or a subspace containing a point of F . In both cases the assertion follows.357

Now let Σ(W,S) have exceptional type. The rank 2 case is easy to check, so we may assume the358

type is Ei, i = 6, 7, 8, F4 or Hi, i = 3, 4. The latter cases are not essential for us, as they do not359

correspond to thick buildings and so we leave this to the reader. In the other cases, we use the360

representation of Σ(W,S) as thin long root subgroup geometry Γ, that is, the geometry where361

points are the long roots of the corresponding root system, and lines (edges if one considers this362

geometry as a graph) given by pairs of roots making an angle of sixty degrees, see also [4]. Such363

geometries are depicted for all exceptional types in [39]. The advantage of this description is that364
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F is a point of this geometry (for type F4 one has also to consider the same construction with365

short roots, which gives an isomorphic geometry). Also, α is induced by all points corresponding366

to roots making an angle of at most 90 degrees with the root corresponding to F , or, in other367

words, points collinear or symplectic to F . Now, every vertex of Σ(W,S) corresponds to either a368

singular subspace of Γ, to a symplecton of Γ, or a convex subspace isomorphic to a Lie incidence369

geometry containing no special pairs and having diameter 2. It is now clear that, if not both370

u and v are convex subspaces distinct from symplecta, then the assertion follows (as v is only371

incident with points collinear or symplectic to F ). The only case where both u and v are convex372

subspaces occurs for type E6, where, up to duality, u is a vertex of type 1 and v of type 6 (the373

corresponding convex subspaces are geometries of type D5,5). Since u and v are incident, they374

share a symp, and we may assume that symp is opposite F in the convex subspace u. Then one375

verifies that v contains four points collinear to F , eight points symplectic to F and four points376

special to F , This is a symmetric configuration with respect to F and its opposite point, hence377

u lies in ∂α.378

The lemma is proved. �379

2.6. A connectivity theorem. We will also need the connectivity of the subgeometry of a380

Lie incidence geometry of type E6,2, E7,1 or E7,3 induced by the points opposite two given381

points of the geometry. In an earlier version of the current paper, we proved this inside certain382

relevant parapolar spaces. The referee made us aware of a more general approach valid for all383

Lie incidence geometries defined in spherical buildings of simply laced type. We present this384

approach here. Hence, the aim of this subsection is to prove the following proposition, which385

more generally also holds for twin buildings of simply laced type, but since we did not define386

these, we do not insist.387

Proposition 2.4. Let ∆ be an irreducible spherical building of simply laced type such that each388

panel is contained in at least four chambers. Let C,C ′ be two arbitrary chambers of ∆. Then389

the subgraph ΓC,C
′

of the chamber graph Γ induced on the set of chambers opposite both C and390

C ′ is connected.391

The proof we present is rather similar to the proof of [25, Theorem 5.1], which is essentially the392

case C = C ′ of Proposition 2.4. So, we first verify the latter for rank 2 residues.393

Lemma 2.5. Let ∆ be a spherical building of type A1 × A1 or A2 such that each panel is394

contained in at least four chambers. Let C,C ′ be two arbitrary chambers of ∆. Then the395

subgraph ΓC,C
′

of the chamber graph Γ induced on the set of chambers opposite both C and C ′396

is connected.397

Proof. For C = C ′, this is straightforward, hence assume that C 6= C ′.398

For type A1 × A1, the chamber graph is a grid, and hence the said subgraph is a subgrid, which399

is always connected.400

Suppose now ∆ stems from a projective plane with at least 4 points per line. First suppose each401

line has exactly 4 points. Then one verifies easily that, if C and C ′ are adjacent, then ΓC,C
′

is402

the chamber graph of a 3× 3 grid. If C and C ′ have distance 2 in the chamber graph, then one403

verifies that ΓC,C
′

is a cycle of length 18, hence connected. Finally, if C and C ′ are opposite,404

then ΓC,C
′

consists of four 3-cliques {a−2, a−1, a0}, {a0, a1, a2}, {b−2, b−1, b0} and {b0, b1, b2}405

and edges {ci, bi} and {ci, ai}, i ∈ {−2,−1, 1, 2}.406

So, we may suppose that each line has at least five points. Let D,D′ be two chambers both407

opposite both C and C ′. We observe that, if D and D′ have distance 2, then the unique408

chamber E adjacent to both D and D′ is also opposite both C and C ′. (This is most easily seen409

considering chambers as flags of the corresponding projective plane. Indeed, then E consists of410

a point of either D and D′, and a line of either D′ or D, respectively. Hence, since C is opposite411

both D and D′, its elements are not incident and do not coincide with any of the elements of412

D and D′, and hence neither with the elements of E.) Hence we may assume that D and D′413
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are opposite. Let S be the set of chambers sharing their point with D and let S′ be the set of414

chambers sharing their line with D′; note that S and S′ are opposite panels. For each chamber415

B ∈ S there exists a unique chamber B′ ∈ S′ at distance 2 in the chamber graph. Let CB be416

the unique chamber adjacent to both B and B′. Then we observe (with a similar proof as our417

first observation above) that any chamber opposite both D and D′ is not opposite at most two418

members of U = {CB | B ∈ S}. In particular, C is not opposite at most two members of U ,419

and C ′ is not opposite at most two members of U . Consequently, there is at least one member420

of U opposite both C and C ′ and our first observatin now implies that there is a path from D421

to D′ inside ΓC,C
′
. �422

We can now prove Proposition 2.4. Let D and D′ be two chambers belonging to ΓC,C
′
. Let γ423

be a path in ΓC,C connecting D with D′ such that, among all such paths, the minimal distance424

d from C ′ to any member of Γ is the highest, and the number n of chambers attaining that425

minimal distance is smallest. We claim that d is the diameter of Γ, which shows that γ is inside426

ΓC,C
′
. Indeed, suppose there are elements of γ not opposite C ′ and let D1 be the first chamber427

of γ having distance d to C ′. Let D0 be the element of γ preceding D1 and D2 the one following428

D1. Then our assumptions imply that F = D0 ∩D1 ∩D2 has corank 2, and so R := Res∆(F )429

is a rank 2 building corresponding to either a generalised digon or a projective plane. Since all430

elements of γ are oposite C, the projection CR of C onto R is opposite all of D0, D1, D2. Let431

C ′R be the projection of C ′ onto R. Let ni, i = 0, 1, 2, be the distance in the chamber graph of432

R from C ′R to Di. Since projections of chambers onto panels are unique, it is straightforward433

to find paths γi, i = 1, 2, of length 2− ni (if R corresponds to a generalised digon) of 3− ni (if434

R corresponds to a projective plane) connecting Di with a chamber of R opposite C ′R. Then,435

using Lemma 2.5, we obtain a path in R connecting D0 with D2 having one chamber less at436

distance d1 from C ′R, and all other chambers have distance at least d1 +1. Replacing D0, D1, D2437

by this path, we obtain a path in ΓC,C with either higher minimal distance n, or less chambers438

at that minimal distance, a contradiction. The proposition is proved. �439

3. General observations and proof of Theorem A440

We start this section with a simple, though important observation, used in both [23] and Chapter441

8 of [37], but not explicitly stated in either. We provide a proof for completeness.442

Observation 3.1. Let ∆ be a spherical building over the type set I and let J ⊆ I be self-443

opposite. Let F be a simplex of type J . Then n(J) = 1 if, and only if, the identity in Π(F ) can444

be written as the product of an odd number of perspectivities.445

Proof. If the identity in Π(F ) can be written as the product of an odd number of perspectivities,446

then, by composing this product with any even projectivity, we see that we can write any447

putative member of Π(F ) \ Π+(F ) as a product of an even number of perspectivities, that is,448

as a member of Π+(F ), a contradiction. We conclude Π+(F ) = Π(F ) in this case.449

Conversely, if Π+(F ) = Π(F ), then consider any odd projectivity θ. Our assumption implies450

that we can write θ−1 as an even projectivity. Composing those two products of perspectivities,451

we obtain the identity written as the product of an odd number of perspectivities. �452

We can now prove Theorem A.453

Proof of Theorem A. (I) First we want to show that every even self-projectivity of Res(F ) is
induced by a product of elations that stabilises F . In fact, we are going to show that any even
projectivity

θ : Res(F )→ Res(T ),

that maps F to a simplex T , is induced by an elation. Since self-projectivities are products of454

projectivities, it then follows that every even self-projectivity is induced by a product of elations455

that stabilises F .456
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So let θ : Res(F ) → Res(T ) be an even projectivity that maps F to a simplex T . It suffices to457

prove the assertion for the case that θ is a product of two perspectivities. Then there exists a458

simplex R opposite both F and T , such that θ = projRT ◦ projFR. Since ∆ is Moufang, it follows459

with Lemma 2.2 that there exists an elation g, which maps F to T and fixes R pointwise. For460

an element f in Res(F ), fg is exactly the projection of projR(f) onto T , since elations preserve461

incidence. That means g|Res(F )
= projRT ◦ projFR.462

(II) Now let g : ∆→ ∆ be a central elation. Let c be the centre of any root corresponding to g.463

Let T be a simplex either containing c or joinable to it. Then, by Lemma 2.3, every vertex u of464

∆ joinable to T is contained in a root with centre c (consider an apartment containing {c} ∪ T465

and {u} ∪ T ). It follows that g fixes Res(T ) pointwise and moves a simplex F of the same type466

to a simplex F g. First, we claim that the restriction g|Res(F )
is an even projectivity from Res(F )467

to Res(F g).468

Since ∆ is Moufang, ∆ is thick and therefore there exists a simplex R in ∆ opposite both F469

and T . Since elations preserve incidence, the image Rg is opposite both F g and T g = T .470

Now for every f ∈ Res(F ) we have:

fg = projR
g

F g ◦ projTRg ◦ projRT ◦ projFR(f),

proving the claim. For an element h of the little projective group that stabilises F , h is a471

product of central elations and every such central elation gives rise to an even projectivity like472

above. �473

4. Projective spaces474

In this section we completely settle the case of type Ar regarding the number n(J). The proof475

will also contain a warm up for a general statement we will prove later on, see Lemma 5.2.476

The main reason for treating this case separately, is that we can provide an elementary proof477

only using projective geometry independent from building-theoretic notions (we do refer to478

Proposition 2.1, but this can easily be verified for projective spaces).479

Theorem 4.1. For buildings of type Ar with type set I and J ⊆ I, we have n(J) = 1 if, and only480

if, either J≡ 6= J , or |J | = 2k, for some k ≤ r−1
2 and J = {1, 2, . . . , k, r−k+1, r−k+2, . . . , r},481

that is, J is polar closed.482

Proof. First note that, for both the “if” and the “only if” parts, we may assume that J is483

self-opposite. First suppose n(J) = 1. Let F and F ′ be two opposite simplices of type J . Let484

j ∈ I \J be minimal with respect to the Bourbaki labelling of the diagram and let v be a vertex485

of type j incident to F . Since J is self-opposite, j ≤ r
2 . Then according to Proposition 2.1, the486

type j′ of projFF ′(v) is the opposite type in Res∆(F ′) of type r + 1 − j (which belongs to I \ J487

since I \ J is self-opposite). If n(J) = 1, we should have j = j′. This is only possible, if the488

integer interval [j, r + 1 − j] belongs to I \ J . Putting k = j − 1, we obtain the “only if” part489

of the statement.490

Now we show the “if” part. We establish the identity projectivity as a product of three per-491

spectivities. Let F be any simplex of type J . Suppose F = {Ui | i ∈ J, dimUi = i − 1}.492

Note that, since F is a simplex, Ui ≤ Uj for i ≤ j, with i, j ∈ J . Select a simplex F ′ op-493

posite F and set F ′ = {U ′i | i ∈ J, dimU ′i = i − 1}. Choosing a basis {p0, p1, . . . , pr} well,494

we may assume Ui = 〈p0, . . . , pi−1〉 and U ′i = 〈pr, pr−1, . . . , pr−i+1〉. Let, for 0 ≤ i ≤ k − 2,495

the point qi be an arbitrary point on the line 〈pi, pr−i〉 distinct from both pi and pr−i. Define496

U ′′i = 〈q0, . . . , qi−1〉, for 1 ≤ i ≤ k − 1, and U ′′i = 〈Ur−i+1, pr−i+1, . . . , pi−1〉. Then the simplex497

F ′′ = {U ′′i | i ∈ J} is easily checked to be opposite both F and F ′. Let W be an arbitrary498

subspace of dimension k containing Uk and contained in Ur−k+1. Then W is generated by499

Uk and a point p ∈ 〈pk, . . . , pr−k〉. The point p belongs to U ′r−k+1 ∩ U ′′r−k+1. Consequently500

projFF ′(W ) = 〈U ′k, p〉 =: W ′, projF
′

F ′′(W
′) = 〈U ′′k , p〉 =: W ′′ and projF

′′
F (W ′′) = W . This implies501

that projF
′′

F ◦ projF
′

F ′′ ◦ projFF ′ is the identity and, by Observation 3.1, the assertion is proved. �502
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5. Proof of Theorem B503

The following lemma is basically the gate property of buildings.504

Lemma 5.1. Let ∆ be a spherical building over the type set I and let FJ be a simplex of type505

J ⊆ I. Let K ⊆ J and let FK be the face of FJ of type K. Let F ∗J be opposite FJ and let506

F ∗K ⊆ F ∗J be opposite FK . Set F ′J := projFK
(F ∗J ). Let C ⊇ FJ be a chamber. Then507

projF ∗J (C) = projF ∗J (projF ′J (C)).

Proof. This follows from the gate property of residues. Since F ′J = projFK
(F ∗J ),508

F ′J ⊆ projFK
(projF ∗J (C)).

The latter is on every minimal gallery joining projF ∗J (C) with C and hence equals projF ′J (C).509

The assertion follows. �510

In the next lemma we use the following terminology. A triple of pairwise opposite simplices511

S1, S2, S3 is called a projective 3-cycle, if projS3
S1
◦ projS2

S3
◦ projS1

S2
= id. Note that, if the triple512

S1, S2, S3 is a projective 3-cycle, then so is the triple Si, Sj , Sk, with (i, j, k) any permutation of513

(1, 2, 3). Also, if S1, S2, S3 form a projective 3-cycle, then they all have the same self-opposite514

type, say J , and projections between two opposite simplices of type J are type-preserving.515

Lemma 5.2. Let ∆ be a spherical building over the type set I and let S1, S2, S3 be a projective516

3-cycle of type J ⊆ I. Let K ⊆ I \J be such that, for each pair of S3-opposite simplices T3, T
′
3 ∈517

Res(S3), there exists a simplex T ′′3 such that T3, T
′
3, T

′′
3 is a projective 3-cycle in Res∆(S3). Then518

n(J ∪ K) = 1. More exactly, if T1 is a simplex of type K adjacent to S1, then there exist519

simplices T ′2 ∼ S2 and T ′′3 ∼ S3 of type K such that the triple S1 ∪ T1, S2 ∪ T ′2, S3 ∪ T ′′3 is a520

projective 3-cycle.521

Proof. Let T1 be a simplex of type K adjacent to S1. We want to write the identity in Res∆(S1∪522

T1) as the product of three projections.523

Since S1, S2, S3 is a projective 3-cycle, projS1
S2
T1 = projS3

S2
T3, where T3 = projS1

S3
T1. Hence we have524

T2 = projS2
(T1) = projS2

(T3),

T3 = projS3
(T2) = projS3

(T1),

T1 = projS1
(T3) = projS1

(T2).

Let T ′2 be a simplex locally opposite T2 at S2. Then, by Proposition 2.1, the simplices T1 and T ′2525

are opposite in ∆. Set T ′3 = projS3
(T ′2). Then T ′3 is opposite T2 in ∆ (again by Proposition 2.1).526

Since T3 = projS3
(T2), this implies, again using Proposition 2.1, that T ′3 is locally opposite T3527

at S3. Our assumption permits to choose a simplex T ′′3 ∼ S3 of type K such that T3, T
′
3, T

′′
3 is528

a projective 3-cycle in Res∆(S3). Since, in particular, T ′′3 is locally opposite both T3 and T ′3 at529

S3, we have similarly as before (using Proposition 2.1) the following opposite relations:530

T1 ≡ T ′2 ≡ T ′′3 ≡ T1,

T3 ≡S3 T
′
3 ≡S3 T

′′
3 ≡S3 T3.

Let v1 be an arbitrary vertex adjacent to S1 ∪ T1. We want to see that if we project v1 first531

onto S2 ∪ T ′2, then onto S3 ∪ T ′′3 and back to S1 ∪ T1, then we get v1 again. Define:532
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v2 := projS2∪T2(v1),

v3 := projS3∪T3(v1) = projS3∪T3(v2),

v′2 := projS2∪T ′2(w2); then v′2 = projS2∪T ′2(v3),

v′3 := projS3
(v′2); then v′3 ∼ T ′3,

v′′3 := projS3∪T ′′3 (v′2)

We have that vi is adjacent to Ti for i ∈ {1, 2, 3}, that v′j is adjacent to T ′j for j ∈ {2, 3} and533

that v′′3 is adjacent to T ′′3 , since incidences are preserved under projection.534

By Lemma 5.1, the projection of v′2 from S2 ∪ T ′2 onto S3 ∪ T ′′3 is the same as the projection535

onto T ′′3 of the projection of v′2 from S2 onto S3 and this is the same as projT ′′3 (v′3) (namely v′′3).536

If we project v′3 onto T2, we get the vertex v′2. If we project further onto T2, we get the vertex537

v2. The converse shows that v3 maps to v′3 under the projection locally at S3 from T3 to T ′3.538

Now the projection of v1 onto S3 ∪ T ′′3 is obtained by first projecting onto S3 (and this is v3),539

and then projecting v3 locally at S3 onto T ′′3 . But since the triple T3, T
′
3, T

′′
3 is a projective540

3-cycle, we have locally at S3:541

projT ′′3 (v3) = projT ′′3 (projT ′3(v3)) = projT ′′3 v
′
3 = v′′3 ,

which shows that the triple S1 ∪ T1, S2 ∪ T ′2, S3 ∪ T ′′3 is a projective 3-cycle. This concludes the542

proof of the lemma. �543

In view of Lemma 5.2, and in order to prove Theorem B, it suffices to show that, for any544

irreducible building ∆, there exists a triple of simplices of polar type which is a projective545

3-cycle.546

Proposition 5.3. Let ∆ be a spherical building. Let F and F ′ be two opposite simplices of547

polar type. Then F and F ′ are contained in a projective 3-cycle.548

Proof. Let C be a chamber containing F , let Σ be an apartment containing C and F ′, let α be549

the root in Σ with centre F (and so containing C) and let C ′ = projF ′(C). Then F ′ is the centre550

of the opposite root −α of α in Σ. Let θ ∈ Uα be a non-trivial root elation and set F ′′ = F ′θ.551

Let (C0, C1, . . . , C`) be a minimal path in the chamber graph of ∆ connecting C = C0 with552

C ′ = C`. By symmetry, ` = 2k is even and C0, . . . , Ck all belong to α, whereas Ck+1, . . . , C2k553

belong to −α. The root (−α)θ has centre F ′′ and contains Cθk+1, . . . , C
θ
2k =: C ′′. Moreover,554

since θ fixes ∂α = ∂(−α) pointwise, the union (−α)∪ (−α)θ is an apartment and the chambers555

Ck+1 and Cθk+1 are adjacent. Hence F ′′ is opposite F ′ and δ(C,C ′) = δ(C,C ′′) = δ(C ′, C ′′). All556

this yields557

projF
′′

F ′ (C
′′) = C ′.

This shows that {F, F ′, F ′′} is a projective 3-cycle. �558

Proof of Theorem B. If J 6= J≡, then there are no odd self-projectivities and n(J) = 1. If J is559

the polar type, then n(J) = 1 by Proposition 5.3, and if J is polar closed, then n(J) = 1 by560

Lemma 5.2. �561

6. Proof of Theorem C562

The following is a direct consequence of Observation 3.1.563

Lemma 6.1. Let J ⊆ I be such that n(J) = 1 and J = J≡. Then the opposition relation in564

I \ J coincides with the restriction to I \ J of the opposition relation in I.565
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We then prove Theorem C by verifying that, as soon as J is not polar closed and I \ J contains566

a connected component of rank at least 2, then for some connected component of I \ J , the567

opposition relation of that component does not coincide with the global opposition relation. We568

first treat the exceptional cases and then the infinite class of type Dn. The case An follows from569

Theorem 4.1.570

6.1. Type E6. Out of the 26 − 2 = 62 possible types of a non-empty non-maximal simplex,571

there are exactly 24 − 2 = 14 self-opposite ones. Out of these 14, there are precisely seven572

for which I \ J has a connected component of rank at least 2. We present the possibilities573

pictorially, colouring the vertices of types in J black. For the other seven I \ J is the union of574

isolated vertices.575

and are polar closed.576

: According to Proposition 2.1, types 3 and 5 are interchanged by a perspectivity.577

and : Opposition in D4 is trivial, whereas opposition in E6 interchanges578

types 3 and 5.579

and : Opposition in E6 interchanges the two rank 2 residues.580

6.2. Type E7. All of the 27 − 2 = 126 possible types of non-empty non-maximal simplices are581

self-opposite, as opposition is trivial here. There are 18 polar closed types of which only three582

with a residue containing a connected component of rank at least 2. These components are of583

types D4 and D6; the three cases are584

, and .

Now, the only connected subdiagrams of size at least 2 admitting trivial opposition are precisely585

the ones of types D4 and D6. The above choices for J are the only ones for which I \ J has a586

connected component of size at least 2 admitting trivial opposition. In all other cases it follows587

from Lemma 6.1 that n(J) = 2.588

6.3. Type E8. Here opposition is also trivial. There are 19 polar closed types of which only589

four with a residue containing a connected component of rank at least 2. These components590

are of types D4, D6 and E7; the four cases are591

, , and .

There is actually exactly one more type with a residue of rank 4 admitting trivial opposition:592

: Here the unique connected component K = {2, 3, 4, 5} of I \ J = {2, 3, 4, 5, 8}593

has the property that I \K = {1, 6, 7, 8} = is polar closed.594

Since all other connected subdiagrams of size at least 2 are either of type A2, . . . ,A7, D5, D7 or595

E6, we see that for all other types J such that I \ J has a connected component of size at least596

2, we have n(J) = 2.597

6.4. Type Dn, n ≥ 4. Obviously, the only connected subdiagrams of size at least 2 of a diagram598

of type Dn, n ≥ 4, where opposition agrees with the opposition in Dn are of type Dn−2k, for599

k ∈ N such that n−2k ≥ 3. So a counterexample J to the assertion has max J = n− (n−2k) =600

2k and the connected component K of size at least 2 of I \ J is unique. Clearly, I \ K,601

which consists of the vertices of types 1, 2, . . . , 2k, is polar closed (indeed, consider the ordering602

2, 1; 4, 3; . . . ; 2k, 2k − 1).603

14



7. Projectivity Groups of panels—Proof of Theorem D604

7.1. A basic lemma. The next lemma will enable us to pin down the special and general605

projectivity groups for residues which have the full linear group as respective projectivity group606

in a residue.607

Lemma 7.1. Let ∆ be a spherical building over the type set I and let FK be a simplex of type608

K ⊆ I. Let K ⊆ J ⊂ I and let FJ be a simplex of type J containing FK . Let Π+
K(FJ) be the609

special projectivity group of FJ \ FK in Res∆(FK). Then Π+
K(FJ) ≤ Π+(FJ).610

Proof. Let F ′J and F ′′J be two simplices containing FK such that F ′J \ FK is opposite both611

FJ \FK and F ′′J \FK in Res∆(FK). We have to show that the product of the two perspectivities612

in Res∆(FK) from Res∆(FJ) to Res∆(F ′J), subsequently to Res∆(F ′′J ) coincides with the product613

of two perspectivities in ∆. To that aim, let F ∗K be a simplex in ∆ opposite FK , and let F ∗J be614

the projection of F ′J onto F ∗K (hence F ∗J = proj
F ′K
F ∗K

(F ′J)).615

Let C be any chamber containing FJ . Set

C ′ = projF ′J (C),

C ′′ = projF ′′J (C ′) = projF ′′J (projF ′J (C)),

C∗ = projF ∗J (C ′).

Then, according to Lemma 5.1, we have616

C∗ = projF ∗J (C) and C ′′ = projF ′′J (C∗),

which implies that C ′′ is indeed equal to the image of C under the product of two perspectivities617

in ∆. �618

Recall that an automorphism of a spherical building ∆ of simply laced type is called linear, if it619

belongs to PGLr+1(L) in case ∆ corresponds to PGr(L), or if it belongs to the linear algebraic620

group corresponding to the building if ∆ has type Dr, r ≥ 4, or E6,E7,E8. (For a more precise621

definition using the corresponding Chevalley group, see Section 8.1.) The next result is an622

immediate consequence of Lemma 7.1.623

Corollary 7.2. Let ∆ be a spherical building over the type set I and let FK be a simplex of type624

K ⊆ I. Let K ⊆ J ⊂ I and let FJ be a simplex of type J containing FK . Let Π+
K(FJ) be the625

special projectivity group of FJ \ FK in Res∆(FK). Suppose that Π+
K(FJ) is the full linear type626

preserving automorphism group of Res∆(FJ). Then Π+(FJ) also coincides with the full linear627

type preserving automorphism group of Res∆(FJ).628

7.2. End of the proof. Now Theorem D follows from Corollary 7.2 because every vertex of the629

Coxeter diagram of a simply laced irreducible spherical building of rank at least 3 is contained630

in a residue isomorphic to the building of a projective plane over some skew field L, and in a631

projective plane the special projectivity group of a line is PGL2(L) acting naturally on PG(1,L).632

8. General and special projectivity groups of irreducible residues of rank at633

least 2634

In this section we determine the exact projectivity groups for irreducible residues. We start635

with the algebraic approach to the special projectivity groups.636
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8.1. The special projectivity groups. The arguments in this section were generously sug-637

gested to us by the referee.638

Let ∆ be an irreducible spherical Moufang building with associated Coxeter system (W,S). Let639

C be a chamber and let Σ be an apartment containing C. For each J ⊂ S let J̄ := S \ J and640

let RJ be the J-residue containing C. Furthermore, let R′J denote the unique residue of Σ that641

is opposite RJ .642

For each s let Ts denote the group of all automorphisms of ∆ stabilising Σ∪Rs̄ pointwise. The643

groups Ts, s ∈ S, obviously normalise each other and we put T := 〈Ts | s ∈ S〉 ≤ Aut◦(∆).644

For a root α in Σ, let Uα be the root group associated with α. As usual, we denote by −α the645

opposite root.646

Furthermore, let αs be the root of Σ containing C such that Rs is on the boundary of αs, and647

let Ls := 〈Uαs , U−αs〉.648

We abbreviate G† := Aut†(∆) = 〈Uα | α is a root of Σ〉 ≤ Aut◦(∆). Let H ≤ G† be the649

pointwise stabilizer of Σ in G† and let Hs := H ∩Ls for s ∈ S. Again, the Hs, s ∈ S, normalise650

each other and H = 〈Hs | s ∈ S〉.651

We now restrict to the case of Chevalley groups over fields, that is, G† is a Chevalley group over652

a field K, and we assume that the corresponding spherical building ∆ is irreducible.653

For each s ∈ S the group Ts acts regularly on Rs \Σ, which yields an isomorphism θs : K∗ → Ts654

given by λ 7→ θs(λ). These isomorphisms provide a canonical isomorphism T ∼= (K∗)|S|.655

Also, for each s ∈ S there is a canonical homomorphism hs : K∗ → T given by λ 7→ hs(λ) whose656

image is Hs.657

Note that H ≤ T . By [29, Lemma 27], the group H corresponds to the root lattice of G† and,658

if the root lattice coincides with the weight lattice of G†, then the groups T and H coincide659

(see for instance [8, §1.11]). In general, the group Ĝ = G†T is the group belonging to the660

type-preserving linear algebraic group corresponding to the building ∆ (see previous section).661

Let J ⊆ S (and we may think of J as corresponding to a connected subdiagram of the Coxeter662

diagram of ∆). Let LJ be the corresponding Levi subgroup, that is, LJ is the stabiliser in G†663

of RJ ∪ R′J . By Theorem A, Π+(RJ) is the image of LJ in Aut◦(RJ). Setting TJ := LJ ∩ T ,664

we find LJ = Aut†(RJ)TJ . So, to obtain Π+(RJ) we have to determine TJ . This boils down to665

understanding the action of hs(K∗) on RJ , for all s ∈ S \ J (for s ∈ J , this action is already666

in Aut†(RJ)). If s ∈ S \ J is not connected to J in the Coxeter diagram, then the action of667

Hs on RJ is trivial, as both Uαs and U−αs pointwise fix RJ , and Hs is inside Ls. If s ∈ S \ J668

is connected to a vertex j ∈ J (and we write s ∼ j), then j is uniquely determined. We669

claim that the action induced by Hs on RJ is the action of Tj . Indeed, since by uniqueness670

of j ∼ s, both Hs and Tj pointwise fix RJ\{j}, since Tj acts faithfully on Rj , and Hs ≤ Ls,671

it suffices to look in R{s,j}, which is a projective plane. We may choose coordinates such that672

Rj corresponds to line (∗, ∗, 0) and Rs to the line pencil with vertex the point (1, 0, 0) (thus,673

C ∩R{s,j} = {(1, 0, 0), (∗, ∗, 0)}). Then674

Hs/R{s,j} =


1

k
k−1

 | k ∈ K×
 and Tj/R{s,j} =


` 1

1

 | ` ∈ K×
 .

Restricting to the first two coordinates and putting ` = k−1, the claim follows. Hence Π+(RJ) is675

generated by Aut†(RJ) and all Tj , j ∈ J , such that there exists s ∈ S \J with s ∼ j. It remains676

to determine Aut†(RJ)Tj for these values of j ∈ J (and the groups they generate for suitable677

different j). These follow from straight forward computations in the corresponding Chevalley678

groups. Let us explain the main examples such that the reader can verify the tables.679

We first introduce some notation.680

Notation 8.1. For each a ∈ N, let681

PSLn(K, a) := {M ∈ GLn(K) | detM = ka, k ∈ K}.Scn(K)/Scn(K),
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where Scn(K) is the group of all scalar matrices over K. We get PGLn(K) by putting a = 1682

and PSLn(K) by putting a = n. Note that we can always choose a as a divisor of n since683

PSLn(K, a) = PSLn(K, g), with g = gcd(a, n).684

(1) Let RJ be the building of a projective space PG(d,K). We relabel J = {1, 2, . . . , d + 1}685

according to Bourbaki [3]. Then, with respect to the standard chamber in PG(d,K), we686

have687

Tj =

{(
kIj

Id−j+1

)
| k ∈ K×

}
,

where I` is the ` × ` identity matrix. It follows that PSLd+1(K)Tj = PSLd+1(K, j) =688

PSLd+1(K, g), with g = gcd(d+ 1, j). This has the following consequences:689

(i) If some endpoint of the subdiagram of the diagram of ∆ corresponding to RJ has a690

neighbour outside J , then Π+(RJ) is PGLd+1(K) = Ĝ.691

(ii) If j ∈ J corresponds to a Bourbaki label that is relatively prime to d + 1, and it is692

connected to a vertex outside J , then, again, we have Π+(RJ) = PGLd+1(K) = Ĝ.693

(Note (i) is a special case of this.)694

(iii) There are precisely three cases which are not applicable to either (i) or (ii). The first695

one is J = {1, 2, . . . . , n − 1} in a building of type Dn, with n even. Here, j = n − 2696

and we get PSLn(K, 2). The second one is J = {1, 3, 4, 5, 6} in E6(K). Here, the697

node 4 is joint to a vertex outside J , namely 2. The former node has in Bourbaki698

labelling for A5 label 3 and hence Π+(RJ) = PSL6(K, 3). The third situation is when699

J = {2, 4, 5, 6, 7} in E7(K). Here, the second node is joint to an outside node, leading700

to Π+(RJ) = PSL6(K, 2).701

(2) Let RJ be the building of type Dn over K. Due to the existence of a branching vertex702

of valency 3 in the Dynkin diagram, only the end vertices can be joint to vertices outside703

this diagram when viewed as a subdiagram of the Dynkin diagram of ∆. So, we are only704

interested in G†T1, G†Tn−1, G†Tn and the groups generated by any combination of those.705

Referring forward to Notation 8.8 and Notation 8.13, it follows from Lemma 8.14 that706

G†T1 = PGO◦2n(K), G†TnTn−1 = PGO
◦
2n(K) = Ĝ (but Tn = Tn−1 if n is odd), and G†Tn =707

G†Tn−1 = PΩ2r(K) if n is even. Lemma 8.14(iii) now implies G†T1Tn = PGO
◦
2n(K) = Ĝ.708

All this implies that there are exactly two cases where Π+(Rj) is not the full linear group709

Ĝ.710

(i) ∆ is the building of type Dn+1 over K and S \ {J} = {1}. Then the above implies711

Π+(RJ) = PGO◦2n(K).712

(ii) ∆ is the building of type E7 over K and J = {2, 3, 4, 5, 6, 7}. It follows from the above713

immediately that Π+(RJ) = PΩ12(K).714

(3) Let RJ be the building of type E6 over K. We are only interested in G†T1, which equals Ĝ715

by Lemma 8.19. Note that, in this case, the geometric approach obtains Π+(RJ) = Ĝ in a716

quite different way, namely using Lemma 8.18 and symplectic polarities.717

(4) Let ∆ be the building of type E8 over K. Then Ĝ = G†, as the weight lattice and root718

lattice coincide. Hence for every J ⊆ S we have Π+(RJ) is the full linear group.719

We now proceed with the geometric proof (including the determination of the general projec-720

tivity groups) and start with some general results.721

8.2. General considerations. The fix set of an automorphism ρ of a building ∆ is the set of722

simplices fixed under ρ. Two automorphisms ϕ1 and ϕ2 are called congruent if their fix sets are723

isomorphic (using a type preserving automorphism of the building). Conjugate (with respect724

to a type-preserving automorphism) automorphisms are examples of congruent automorphisms.725

Clearly, congruence is an equivalence relation and an equivalence class Π is called a geometric726

set of automorphisms. We are going to use this notion only for rather large fix sets. We will727

mention the examples that we will need in our proofs at appropriate places (see Example 8.9, 8.15728

and 8.17). Here, we provide two examples.729
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Example 8.2. Let U and U ′ be two complementary subspaces of the projective space PG(r,K)730

(that is, U and U ′ generate the whole space and are disjoint). Then the set of nontrivial731

collineations pointwise fixing U ∪ U ′, together with all their conjugates, is a geometric set of732

automorphisms of PG(r,K).733

Example 8.3. The set of all symplectic polarities of a given projective space is a geometric set734

of dualities. (This follows from the fact that such polarities are characterised by the property735

that each point is mapped onto a hyperplane it is contained in.)736

Lemma 8.4. Let ∆ be a spherical building over the type set I and let J ⊆ I be a self-opposite737

type. Suppose that for each quadruplet of simplices of type J , there exists a simplex of type738

J opposite all the given simplices. Let F, F ′, F ′′ be three pairwise opposite simplices of type739

J and denote by θ0 the projectivity F ∧F ′ ∧F ′′ ∧F . Denote with Π3(F ) the set of all self-740

projectivities of F of length 3 and suppose that Π3(F ) is geometric. Then Π(F ) = 〈Π3(F )〉 and741

Π+(F ) = 〈θ−1
0 θ | θ ∈ Π3(F )〉.742

Proof. It is clear that the said groups are subgroups of the respective projectivity groups. Now743

we claim that every self-projectivity of F of length ` is the product of ` mod 2Z members of744

Π3(F ). First note that, if F ∗ is a simplex of type J and θ : Res(F )→ Res(F ∗) is an isomorphism,745

then θΠ3(F ∗)θ−1 = Π3(F ), by the fact that Π3(F ) is geometric.746

Now let F = F0 ∧F1 ∧ · · · ∧F` = F be a self-projectivity of length `. Suppose ` ≥ 5. Let G be747

opposite all of F0, F1, F2 and F3. Denote θi : F0 ∧G∧Fi and ρi = Fi ∧G∧Fi−1 ∧Fi, i = 1, 2, 3.748

Then we have749

F0 ∧F1 ∧F2 ∧F3 = θ1ρ1θ
−1
1 · θ2ρ2θ

−1
2 · θ3ρ3θ

−1
3 · θ3.

Hence we can replace F0 ∧F1 ∧F2 ∧F3 by the product of three members of Π3(F ) and the750

projectivity θ3 = F ∧G∧F3 of length 2. So, the claim will follow inductively, if we show it for751

` = 4, that is, in the above we have the additional perspectivity F3 ∧F0. Hence we have, with752

the same notation, and denoting additionally ρ4 = F0 ∧G∧F3 ∧F0, which belongs to Π3(F ),753

F0 ∧F1 ∧F2 ∧F3 ∧F0 = θ1ρ1θ
−1
1 · θ2ρ2θ

−1
2 · θ3ρ3θ

−1
3 · ρ4,

which is a product of four, hence an even number of, elements of Π3(F ). Now the assertions754

are clear, noting that every product θ1θ2 of members of Π3(F ) can be written as the product755

(θ0θ
−1
1 )−1 · (θ0θ2) of two automorphisms of the form θ0θ, where θ ∈ Π3(F ). �756

We will usually apply this lemma to the case where all members of Π3(F ) are type-interchanging757

involutions, and so Π+(F ) will also be the intersection of Π(F ) with the group of type preserving758

collineations. It is precisely this method that provides an alternative “reason” for the special759

projectivity groups to be what they are versus the algebraic approach explained in Section 8.1.760

In Lemma 8.4, there is the condition that we find a simplex opposite four given simplices. It761

is well-known that one can find a chamber opposite two given chambers, see Proposition 3.30762

in [34]. We can generalise this so that the condition in Lemma 8.4 becomes automatic for763

buildings with thickness at least 5; for the simply laced case this just means that the building764

is not defined over the fields F2 or F3.765

We say that a building has thickness at least t if every panel is contained in at least t cham-766

bers. The following generalises Proposition 3.30 of [34]. The proof is also a rather obvious767

generalisation.768

Proposition 8.5. If a spherical building has thickness at least t+1, then there exists a chamber769

opposite t arbitrarily given chambers. In particular, there exists a vertex opposite t arbitrarily770

given vertices of the same self-opposite type.771

Proof. We will prove the claim by induction. First consider the case that t = 2. Then the772

condition that every panel is contained in at least t+ 1 = 3 chambers is equivalent to ∆ being773

a thick building and the assertion follows with Proposition 3.30 of [34]. Now suppose t > 2.774

Suppose we know we can find a chamber opposite t − 1 given chambers. Let C1, . . . , Ct−1 be775
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t − 1 different chambers in ∆ and let Ct be another chamber in ∆. Among all the chambers776

in ∆ opposite to each Ci, i ∈ {1, . . . , t − 1}, let E be a chamber with maximal distance to Ct.777

Assume that Ct and E are not opposite. Then dist(Ct, E) 6= diam ∆. Let Σ be an apartment778

containing both Ct and E. With Proposition 2.41 of [34], it follows that there exists a face A779

of codimension 1 of E, such that E = projA(Ct).780

Since every panel is contained in t+ 1 chambers, we can find a chamber E′ having A as a face781

that is not equal to E and not equal to projA(Ci) for i ∈ {1, . . . , t− 1}.782

With Proposition 3.19.7 and Lemma 2.30.7 of [34], it follows that783 {
dist(Ci, E

′) = dist(projA(Ci), Ci) + 1 = dist(Ci, E) = diam(∆), for i ∈ {1, . . . , t− 1},
dist(Ct, E

′) = dist(Ct, E) + 1.

That means E′ is opposite to each Ci for i ∈ {1, . . . , t−1} and has a strictly greater distance to784

Ct than E. That contradicts the fact that E has maximal distance to Ct among the chambers785

opposite each Ci for i ∈ {1, . . . , t− 1}. It follows that Ct and E are opposite. �786

This proposition takes care of all situations where the field has order at least 4. Over F2, the787

projectivity groups will always be determined already by Theorem A. So there remains to deal788

with F3. In this case, we will prove in the situations we need and more generally, that, if the789

simply laced spherical building is defined over the finite field Fq, then we can find a simplex790

opposite q + 1 given simplices of certain given types (see the next paragraphs).791

8.3. Projective spaces. Here, ∆ is a projective space over a skew field L. We will show that792

the special projectivity groups of any irreducible residue of rank ` is isomorphic to PGL`+1(L).793

The general group always coincides with the special group, either because the type of the simplex794

is not self-opposite, or the type is polar closed.795

Theorem 8.6. Let ∆ be a building of type Ar, defined over the skew field L. Let F be any796

simplex such that I \ typ(F ) is connected in the Coxeter diagram (say of type A`). Then both797

Π+(F ) and Π(F ) are permutation isomorphic to PGL`+1(L).798

Proof. Applying Theorem A and Corollary 7.2, it suffices to show that the stabiliser G of a799

hyperplane H of PG(r,L) in PSLr+1(L) acts on H as PGLr(L). Let g be an arbitrary element800

of PGLr(L) acting on H. Then we can represent g with respect to an arbitrarily chosen basis801

B in H with an r × r matrix M . We have to find a member g∗ ∈ PSLr+1(L) inducing g in802

H. We can extend B to a basis B∗ of PG(r,L) by adding one point p0 /∈ H and a suitable803

unit point. Let d belong to the coset of the (multiplicative) commutator subgroup C of L×804

given by the Dieudonné determinant of M (see [19]). Then the block matrix M∗ :=

(
d−1 0
0 M

)
805

represents a member g∗ of PGLr+1(L) fixing p0, stabilising H and inducing g in H. Moreover,806

by the properties of the Dieudonné determinant, in particular those established in the proof of807

[19, Theorem 1], the determinant of M∗ is equal to the product of the coset d−1C and the coset808

detM . By the definition of d, this product is exactly C, and so g∗ ∈ PSLr+1(L). The proof is809

complete. �810

8.4. Hyperbolic polar spaces. We first prove some lemmas. When we consider residues of811

vertices of type 1, that is, the points of the corresponding polar space, we will aim to apply812

Lemma 8.4. Proposition 8.5 already tells us that we can find a point opposite 4 arbitrarily given813

points if the underlying field has order at least 4. To handle the case with the field F3, we recall814

the following slightly more general results for hyperbolic quadrics, proved in [5].815

Lemma 8.7. If every line of a hyperbolic quadric Q of rank at least 3 contains exactly s + 1816

points, then817

(i) there exists a point non-collinear to each point of an arbitrary set T of s + 1 (distinct)818

points, except if these points are contained in a single line, and819
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(ii) if Q has even Witt index 2d, then there exists a maximal singular subspace opposite each820

member of an arbitrary set T of s + 1 (distinct) maximal singular subspaces of common821

type, except if these maximal singular subspaces contain a common singular subspace of822

codimension 2 in each.823

Notation 8.8. For a hyperbolic quadric Q of Witt index r, associated to the quadratic form824

g : V → K with associated bilinear form f : V × V → K, we denote by PGO2r(K) the group825

of all elements of PGL2r(V ) preserving f and g. The unique subgroup of index 2 preserving826

each class of maximal singular subspaces will be denoted by PGO◦2r(K). Note that PGO◦6(K) is827

isomorphic to PSL4(K, 2).828

A parabolic polarity of Q is the involution fixing a given parabolic subquadric P of Witt index829

r−1 and interchanging each two maximal singular subspaces of Q containing a common maximal830

singular subspace of P . Each parabolic polarity belongs to PGO2r(K), as in V , it is given by831

V → V : v 7→ v − f(v,w)
g(w) w, for some w ∈ V with g(w) 6= 0.832

Since a parabolic subquadric of Witt index r − 1 of a given hyperbolic quadric of Witt index r833

defines a geometric hyperplane, one deduces that:834

Example 8.9. The set of parabolic polarities of a given hyperbolic quadric, is geometric.835

The following lemma is a reformulation of Theorem 1.5.1 of [9].836

Lemma 8.10. The group PGO2r(K) is generated by the parabolic polarities.837

Theorem 8.11. Let ∆ be the building (of rank r ≥ 4) associated to a hyperbolic quadric Q838

of Witt index r ≥ 4 over the field K. Let F be a simplex of ∆ such that Res∆(F ) is irre-839

ducible. Then Π(F ) and Π+(F ) are given as in Table 1. In Case (A∗), the permutation group840

PGLr(K, 2).2 denotes the extension of PGLr(K, 2) by a symplectic polarity acting on PG(r−1,K)841

(and coincides with the group generated by all symplectic polarities). A long hyphen in the table842

in the column of Π(F ) means that typ(F ) is not self-opposite and so Π(F ) is trivially isomorphic843

to Π+(F ) — it must be read as a “bysame” symbol. Grey rows correspond to projectivity groups844

that are not necessarily the full linear groups.845

Reference Res∆(F ) cotyp(F ) Π+(F ) Π(F )

(A1) A1 PGL2(K) PGL2(K)

(A3) A3 {r − 2, r − 1, r} PGO◦6(K) PGO6(K)

(A) A`, 2 ≤ ` ≤ r − 2 6= {r − 2, r − 1, r} PGL`+1(K) PGL`+1(K).2

(A∗) Ar−1, r ∈ 2Z PGLr(K, 2) PGLr(K, 2).2

(A∗∗) Ar−1, r ∈ 2Z + 1 PGLr(K) ——

(D) Dr−2`, 4 ≤ r − 2` ≤ r − 1 PGO◦2r−4`(K) PGO◦2r−4`(K)

(D′) Dr−2`+1, 4 ≤ r − 2`+ 1 ≤ r − 1 PGO◦2r−4`+2(K) PGO2r−4`+2(K)

Table 1. Projectivity groups in buildings of type Dr over K

Proof. First we notice that, if K = F2, then all groups are universal and adjoint (simple) at the846

same time, so the results follow from Theorem A. Hence we may assume |K| ≥ 3. For ease of847

notation and language, we will speak about plus-type and minus-type of the maximal singular848

subspaces of Q to distinguish the two different types (arbitrarily).849

Also, Case (A1) follows from Theorem D, whereas Case (A) follows from Lemma 7.1 and850

Theorem 8.6. We now handle the other, less straightforward, cases.851

Case (A∗) Let M1,M2,M3 be three mutual opposite maximal singular subspaces of plus-type.852

Let p1 ∈ M1 be arbitrary. The maximal singular subspace N through p1 intersecting M2 in a853
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submaximal singular subspace (that is, a singular subspace of dimension r − 2) intersects M3854

in a point p3, since N is necessarily of minus-type. Hence the maximal singular subspace of855

minus-type through p3 intersecting M1 in a submaximal singular subspace contains p1. This856

shows that the projectivity M1 ∧M2 ∧M3 ∧M1 is a duality each point of which is absolute.857

Lemma 3.2 of [30] implies that it is a symplectic polarity. By conjugation, we can obtain every858

symplectic polarity of M1 in this way. Applying Lemma 8.4 together with Lemma 8.7, Case (A∗)859

follows from Example 8.3 and the fact that the matrix corresponding to a symplectic polarity860

necessarily has square determinant (and every square can occur).861

Case (A3) By Theorem A, every self-projectivity preserves the residual form, hence Π(F ) ≤862

PGO6(K). Case (A∗) for r = 3, together with Lemma 7.1 and the fact that PGO◦6(K) is863

isomorphic to PSL4(K, 2), conclude this case.864

Case (A∗∗) By Theorem A, Π+(F ) contains PSLr(K). Hence it suffices to show that Π+(F )865

contains an element of PGLr(K) whose corresponding matrix has arbitrary determinant.866

Let M1 and M3 be two maximal singular subspaces of plus-type intersecting in a subspace U13867

of dimension r − 3. Let M2 be a maximal singular subspace opposite both M1 and M3 (then868

M2 has plus-type). Let U24 be a subspace of M2 of dimension r−3 opposite U13. Let L1 be the869

unique line of M1 collinear to U24. Let L be an arbitrary line in M1 joining a point p13 ∈ U13870

with some point p1 ∈ L1. Pick p, p′ ∈ L \ {p13, p1} and suppose p 6= p′ (this is possible as we871

assume |K| ≥ 3).872

Let M be the maximal singular subspace of plus-type containing p and intersecting M2 in a873

hyperplane. Denote W = U24 ∩M . Then W has dimension r − 4 and is collinear to L. The874

intersection of M and M3 is a point q, as both have the same type. As both p and p13 are875

collinear to q, also p′ is collinear to q. Hence p′ is collinear to 〈q,W 〉, and 〈p′, q,W 〉 is a singular876

subspace of dimension r−2. Hence there is a unique maximal singular subspace M ′ of plus-type877

containing p′, q and W . It obviously intersects M1 in p′ and M3 in q. There is a unique maximal878

singular subspace M4 containing U24 and intersecting M ′ in a hyperplane (and hence it is of879

minus-type). Now with this set-up, one verifies that the projectivity M1 ∧M2 ∧M3 ∧M4 ∧M1880

pointwise fixes both U13 and L1, and maps p to p′. Choosing a basis in U13 ∪ L1, the matrix881

of such a homology in M1 is diagonal of the form diag(k, k, `, `, . . . , `), and the arbitrariness of882

p′ implies that k and ` are also arbitrary. Set r = 2s + 1. Putting k = `−s+1, we obtain the883

determinant `−2s+2+2s−1 = `. Since ` is arbitrary, the assertion follows.884

Case (D′) First set ` = 1, that is, r − 2` + 1 = r − 1 and F is just a point of the polar space885

or hyperbolic quadric Q. Let p1, p2, p3 be three mutual opposite points. Since p⊥1 ∩ p⊥2 is a886

hyperbolic quadric of rank r− 1, we have that p⊥1 ∩ p⊥2 ∩ p⊥3 is either a parabolic subquadric, or887

a degenerate quadric. In the latter case, {p1, p2, p3}⊥⊥ is a degenerate plane conic containing888

p1, p2, p3, and hence p3 is collinear to either p1 or p2, a contradiction. Consequently p⊥1 ∩p⊥2 ∩p⊥3889

is a parabolic quadric and the projectivity p1 ∧p2 ∧p3 ∧p1 is a parabolic polarity. Clearly,890

every parabolic polarity of Res∆(p1) can be obtained this way. Then Lemma 8.4, Lemma 8.7,891

Example 8.9 and Lemma 8.10 yield Π(p1) = PGO2r−2(K) and Π+(p1) = PGO◦2r−2(K).892

Now let ` be arbitrary (but of course 4 ≤ r − 2` + 1 ≤ r − 1). Since the stabiliser of F in893

PGO2r(K) obviously preserves the residual form (in Res∆(F )), we see that Π+(F ) is a subgroup894

of PGO◦2r−4`+2(K), and hence coincides with it by Lemma 7.1 and the case ` = 1. In order to895

show Π(F) = PGO2r−4`+2(K), we only need to exhibit a parabolic polarity as a self-projectivity896

in Res∆(F ). This is done similarly as in the previous paragraph for the case ` = 1: choose three897

mutual opposite singular subspaces U1, U2, U3 of dimension 2` − 1 contained in a parabolic898

subquadric obtained from Q by intersecting Q in its ambient projective space with a subspace899

of dimension 4`. Suppose also U1 ∈ F . Then, as before, the projectivity U1 ∧U2 ∧U3 ∧U1 is a900

parabolic polarity of Res∆(F ).901

Case (D) This is completely similar to the case ` > 1 of Case (D′), noting that Π+(F ) coincides902

with Π(F ) by Theorem B. �903
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8.5. Exceptional cases. Also here, we first prove some lemmas. First we recall the following904

result from [6] in order to deal with the case of a field of order 3 for simplices of type 7 in E7.905

Lemma 8.12. If every line of a parapolar space Γ of type E7,7 contains exactly s + 1 points,906

then there exists a point at distance 3 from each point of an arbitrary set T of s+ 1 (distinct)907

points, except if these points are contained in a single line.908

Notation 8.13 (Similitudes—Groups of type Dn). For a hyperbolic quadric Q of Witt index909

r, associated to the quadratic form g : V → K with associated bilinear form f : V × V → K, we910

denote by PGO2r(K) the group of all elements of PGL2r(V ) preserving f and g up to a scalar911

multiple. It is the complete linear (algebraic) group of automorphisms of Q, seen as a building912

of type Dr. The unique subgroup of PGO2r(K) of index 2 preserving each class of maximal913

singular subspaces will be denoted by PGO
◦
2r(K). It is elementary to see that PGO2r(K) is914

obtained from PGO2r(K) by adjoining the appropriate diagonal automorphisms, that is, if we915

assume g in standard form (after introducing coordinates)916

g : K2r → K : (x−r, x−r+1, . . . , x−2, x−1, x1, x2, . . . , xr−1, xr)

7→ x−rxr + x−r+1xr−1 + · · ·x−2x2 + x−1x1,

then we adjoin the linear automorphisms of Q induced by917

ϕk : K2r → K2r : (x−r, x−r+1, . . . , x−2, x−1, x1, x2, . . . , xr−1, xr)

7→ (x−r, x−r+1, . . . , x−2, x−1, kx1, kx2, . . . , kxr−1, kxr),

for all k ∈ K× (and we may assume k is not a square as otherwise the given automorphism is918

already in PGO2r(K)). We denote the commutator subgroup of PGO◦2r(K) by PΩ2r(K). The919

latter is the simple group Dr(K) of type Dr over the field K (see [20]). The group obtained from920

PΩ2r(K) by adjoining the diagonal automorphisms as above is denoted by PΩ2r(K).921

If r is even and K is not quadratically closed, then PΩ2r(K) does not coincide with PGO
◦
2r(K)922

as we will demonstrate later (see Remark 8.32).923

Let us call homology of a hyperbolic quadric Q as in Notation 8.13 any automorphism of Q924

pointwise fixing two opposite maximal singular subspaces. The automorphisms ϕk, k ∈ K×,925

above are homologies. If r is even, then there are two types of such according to which kind926

of maximal singular subspaces is fixed pointwise (if r is odd, then one always pointwise fixes927

one maximal singular subspace of each type). We now have the following result, which can be928

proved using standard arguments similarly to, but simpler than, Lemma 8.10 and Lemma 8.18.929

Lemma 8.14. Let Q be a (non-degenerate) hyperbolic quadric of Witt index r corresponding930

to the building of type Dr over the field K. Then the following hold.931

(i) The set of all homologies generates PGO
◦
2r(K).932

(ii) If r is even, then the set of homologies pointwise fixing two opposite maximal singular933

subspaces of only one given type generates PΩ2r(K).934

(iii) If r is even, then the homologies pointwise fixing two opposite maximal singular subspaces935

of only one given type, and the elements of PGO◦2r(K) together generate PGO
◦
2r(K).936

(iv) The set of all automorphisms fixing two opposite points p, q and pointwise fixing p⊥ ∩ q⊥937

generates PGO◦2r(K).938

Let U and U ′ be two opposite maximal singular subspaces of a hyperbolic quadric. Then it939

is well known that every point not contained in either U or U ′ is contained in a unique line940

joining a point of U and a point of U ′. One can use this property to deduces that if a non-trivial941

homology pointwise fixing U ∩U ′ fixes a subspace S, then either S ∩U and S ∩U ′ generate S.942

This, in turn, implies:943
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Example 8.15. The set of all non-trivial homologies of a hyperbolic quadric pointwise fixing944

two opposite maximal singular subspaces of a given type, is geometric.945

We now introduce some notation concerning the exceptional groups of type E6. There does946

not seem to be standard notation (some people use Ẽ and Ê, others SE6(K) for some of the947

following groups). The following is partly based on [28].948

Notation 8.16 (Groups of type E6). Let V be a 27-dimensional vector space over the commuta-949

tive field K, written as the direct sum of three 1-dimensional subspaces and three 8-dimensional950

subspaces, each of them identified with a split octonion algebra O over K. We thus write951

V = K⊕K⊕K⊕O⊕O⊕O. Let C : V → K be the cubic form defined as952

C(x, y, z;X,Y, Z) = −xyz + xXX + yY Y + zZZ − (XY )Z − (XY )Z.

Then we denote by GE6(K) the similitudes of C, that is, the subgroup of GL(V ) preserving C up953

to a multiplicative constant. The subgroup of GE6(K) preserving C is denoted by SE6(K) (and is954

a subgroup of SL(V )) and the quotients with the respective centres (consisting of scalar matrices)955

are PGE6(K) and PSE6(K). The latter is also denoted briefly by E6(K) and is simple. The group956

PGE6(K) is the full linear group. The group obtained by adjoining a graph automorphism is957

denoted by PGE6(K).2.958

The cubic form C above can also be written without the use of octonions, but using the unique959

generalised quadrangle GQ(2, 4) of order (2, 4), that is, polar space of rank 2 with 3 points on960

each line and 5 lines through each points. An explicit construction of GQ(2, 4) runs as follows,961

see Section 6.1 of [26]. Let P ′ be the set of all 2-subsets of the 6-set {1, 2, 3, 4, 5, 6, }, and define962

P = P ′ ∪ {1, 2, 3, 4, 5, 6} ∪ {1′, 2′, 3′, 4′, 5′, 6′}.

Denote briefly the 2-subset {i, j} by ij, for all appropriate i, j. Let L ′ be the set of partitions963

of {1, 2, 3, 4, 5, 6} into 2-subsets and define964

L = L ′ ∪
{
{i, j′, ij} | i, j ∈ {1, 2, 3, 4, 5, 6}, i 6= j

}
.

Then Γ = (P,L ) is a model of GQ(2, 4).965

The sets {1, 2, 3, 4, 5, 6} and {1′, 2′, 3′, 4′, 5′, 6′} have the property that they both do not contain966

any pair of collinear points, and that non-collinearity is a paring between the two sets. Such a967

pair of 6-sets is usually called a double six.968

The following set S of lines of GQ(2, 4) is a spread, that is, a partition of the point set P into969

lines: S =970 {
{14, 25, 36},{15, 26, 34},{16, 24, 35},{12, 2, 1′},{23, 3, 2′},{13, 1, 3′},{45, 4, 5′},{56, 5, 6′},{46, 6, 4′}

}
.

We now have the following equivalent description of the cubic form C, see Section 2 of [40]. Let971

V be the vector space of dimension 27 over K where the standard basis B is labelled using the972

elements of P, say B = {ep | p ∈P}. We denote a generic vector v ∈ V by
∑

p∈P xpep, with973

xp ∈ K. Then974

C(v) =
∑

{p,q,r}∈S

xpxqxr −
∑

{p,q,r}∈L \S

xpxqxr.

The projective null set of ∇C is a set of points denoted E6(K), and endowed with the lines975

contained in it, it is a point-line geometry isomorphic to the Lie incidence geometry of type976

E6,1 over the field K. There is a special type of graph automorphism, called symplectic polarity,977

which is an involution centralising a split group of type F4 over the same field K. All symplectic978

polarities are conjugate (see [14]), and as a consequence of the main results of [38], every graph979

automorphism having a fix set isomorphic to the fix set of a symplectic polarity, is a symplectic980

polarity. Hence:981

Example 8.17. The set of symplectic polarities of a building of type E6 is geometric.982
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With these constructions and notation at hand, we are able to prove the following generation983

results.984

Lemma 8.18. The products of an even number of symplectic polarities of the building ∆ of type985

E6 over the field K generate the Chevalley group PGE6(K). The symplectic polarities themselves986

generate PGE6(K).2.987

Proof. We first claim that diagonal automorphisms ϕ necessarily have a ninth power as deter-988

minant. Indeed, ϕ acts as989

ϕ : V → V :
∑
p∈P

xpep 7→
∑
p∈P

λpxpep,

with λp ∈ K. Then ϕ is a similitude of C only if the product λpλqλr =: λ is a constant across990

all lines {p, q, r} ∈ L . Then the determinant of ϕ is obtained by multiplying this constant over991

the spread S and hence the determinant equals λ9. The claim is proved.992

Now a symplectic polarity σ of ∆ induces a symplectic polarity in every fixed 5-space of the993

corresponding Lie incidence geometry Γ of type E6. Since all symplectic polarities are conjugate,994

every symplectic polarity of a given 5-space extends to a symplectic polarity of ∆. By the strong995

transitivity of Aut ∆, we may even assume that two given opposite 5-spaces are fixed (and then,996

since the fix building has type F4 and its polar type corresponds to the fixed 5-spaces (as is997

apparent from [14], all 5-spaces in the span of the two given ones in PG(V ) are fixed). Now, two998

opposite 5-spaces W and W ′ are given by the span of the base points corresponding to the two999

respective 6-sets of a double six. It is easily seen that the product of the symplectic polarities1000

corresponding to the symplectic forms1001

x−3y3+x−2y2+x−1y1−x1y−1x2y−2−x3y−3 and λx−3y3+x−2y2+x−1y1−x1y−1x2y−2−λx3y−3,

λ ∈ K, corresponds to the diagonal collineation of PG(5,K) with diagonal (λ, 1, 1, 1, 1, λ). Let-1002

ting these coordinates correspond naturally to the bases (e1, . . . , e6) and (e1′ , . . . , e6′) of the1003

subspaces of V corresponding to W and W ′, respectively, we first derive that the product θ of1004

the corresponding symplectic polarities of ∆ acts on 〈W,W ′〉 as1005

(x1, x2, . . . , x6, x1′ , x2′ , . . . , x6′) 7→ (λx1, x2, x3, x4, x5, λx6, λx1′ , x2′ , x3′ , x4′ , x5′ , λx6′).

Secondly, since each point 〈eij〉 is the unique point of Γ collinear to all 〈e`〉, except for 〈ei〉1006

and 〈ej〉, and to all 〈e`′〉, except for 〈ei′〉 and 〈ej′〉 (as follows from Lemma 3.5 in [18]), we see1007

that θ is a diagonal automorphism. Now one easily calculates that θ is uniquely determined1008

by its restriction to 〈W,W ′〉 and maps eij to eij if |{i, j} ∩ {1, 6}| = 1, to λeij if {i, j} ∩1009

{1, 6} = ∅, and to λ−1eij if {i, j} = {1, 6}. Correspondingly, the determinant of θ is λ9. Now1010

clearly the diagonal automorphisms generate non-trivial elements of PSE6(K). Since the latter1011

is simple, and since the subgroup of E6(K).2 generated by all symplectic polarities of ∆ is1012

normal, the group generated by arbitrary products of an even number of symplectic polarities1013

contains PSE6(K). Since it also contains all diagonal automorphisms by the above, the assertions1014

follow. �1015

Lemma 8.19. With the notation of Section 8.1, we have E6(K).T1 = PGE6(K).1016

Proof. A chamber C of a building of type E6 over K is given by a 6-tuple of pairwise incident1017

elements of the Lie incidence geometry of type E6,1 over K described above consisting of a point,1018

a line, a plane, a 5-space, a 4-space intersecting the 5-space in a 3-space, and a hyperplane of1019

the 5-space. In the above description, we can take, with obvious notation,1020

C = (〈e1〉, 〈e1, e2〉, 〈e1, e2, e3〉, 〈e1, e2, . . . , e6〉, 〈e, 1, . . . , e4, e{5,6}〉, 〈e1, . . . , e5〉).

Denote W = 〈e1, . . . , e6, e{5,6}〉. An arbitrary diagonal automorphism of W inducing an element1021

of T1, that is, acting trivially on the rank 1 residues defined by C, except for the type 1 rank 11022
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residue, is given by1023 
e1 7→ λe1,

ei 7→ ei, i = 2, 3, 4, 5, 6,

e{5,6} 7→ e{5,6}.

It is easy to check that this can be extended to a unique diagonal automorphism preserving the1024

cubic form C by defining1025 
e1′ 7→ e1′ ,

ei′ 7→ λ−1ei′ , i = 2, 3, 4, 5, 6,

e{i,j} 7→ e{i,j}, 1 /∈ {i, j} ⊆ {1, 2 . . . , 6}, i 6= j,

e{1,j} 7→ λ−1e{1,j}, j = 2, 3, 4, 5, 6.

Now one calculates that the determinant of the corresponding diagonal matrix is λ−9, and the1026

result follows similarly as in the proof of Lemma 8.18 above. �1027

Lemma 8.4 and Lemma 8.12 can be used to determine Π+(F ) and Π(F ) for simplices of type1028

7 in buildings of type E7. However, in general, the number of possibilities for triangles of1029

mutually opposite simplices is too large to be practical or useful. The following result provides1030

an alternative to Lemma 8.4. The condition that J is a self-opposite type is not essential, but1031

convenient, and we will only need it in that case.1032

Notation 8.20. For a spherical building ∆ of type Xn over I and a type set J ⊆ I, we denote1033

by ΓJ the graph with vertices the simplices of type J , adjacent when contained in adjacent1034

chambers. Adjacent vertices F, F ′ in ΓJ are denoted F ∼ F ′. An alternative definition of ΓJ is1035

that it is the point graph of the corresponding Lie incidence geometry of type Xn,J .1036

Lemma 8.21. Let ∆ be a spherical building over the type set I and let J ⊆ I be a self-opposite1037

type. Suppose that for each pair of simplices F, F ′ of type J , the subgraph Γ
{F,F ′}
J of ΓJ induced1038

on the vertices opposite both F and F ′ is connected. Suppose also that there is a simplex of1039

type J opposite any given set of three simplices of type J . Let F be a given simplex of type1040

J . Denote by Π4(F ) the set of all self-projectivities F ∧F2 ∧F3 ∧F4 ∧F of F of length 4 with1041

F ∼ F3, F2 ∼ F4. Suppose that Π4(F ) is geometric. Then Π+(F ) = 〈Π4(F )〉.1042

Proof. We first prove the following property for four simplices F1, F2, F3, F4, where typ(F1) =1043

typ(F3) = J and both F2 and F4 are opposite both F1 and F3.1044

(*) The projectivity ρ : F1 ∧F2 ∧F3 ∧F4 can be written as a product of a perspectivity F1 ∧F41045

and conjugates of members of Π4(F1).1046

Indeed, let F1 = F ′1 ∼ F ′2 ∼ · · ·F ′n = F3 be a path in Γ
{F2,F4}
J . Define ρi : F4 ∧F ′i ∧F2 ∧F ′i+1 ∧F4,1047

i ∈ {1, 2, . . . , n− 1}. Denote by ρ0 the perspectivity F1 ∧F4. Then it is elementary to see that1048

ρ = ρ0ρ1ρ2 · · · ρn−1. So, since Π4(F ) is geometric, it suffices to show that each ρi can be written1049

as the product of conjugates of members of Π4(F1). It follows from letting (F4, F
′
i , F2, F

′
i+1)1050

play the role of (F1, F2, F3, F4) in the previous argument that ρi is a product of conjugates of1051

members of Π4(F ′i+1). Hence (*) is proved.1052

Now let ρ : F ∧F2 ∧F3 ∧ · · · ∧F2`−1 ∧F2` ∧F be an arbitrary even projectivity. We prove by1053

induction on ` ∈ {1, 2, . . .} that ρ is the product of conjugates of members of Π4(F ). This1054

is trivial for ` = 1 and it is equivalent to (*) for ` = 2. So let ` ≥ 3. Select a simplex F ′21055

opposite each of F, F3 and F5 (since these all have the same type, this is still possible if J is1056

not self-opposite). Setting1057 
ρ∗1 : F ∧F2 ∧F3 ∧F ′2 ∧F,

ρ∗2 : F ′2 ∧F3 ∧F4 ∧F5 ∧F ′2,

ρ′ : F ∧F ′2 ∧F5 ∧F6 · · · ∧F2` ∧F,
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we see that, if ρ0 : F ∧F ′2, we have ρ = ρ∗1 · (ρ0ρ
∗
2ρ
−1
0 ) · ρ′, where we know by the induction1058

hypothesis that all factors are products of members of Π4(F ), using the fact that Π4(F ) is1059

geometric (and hence closed under conjugation). �1060

This method of determining Π+(F ) “explains” these groups in a way equivalent to the algebraic1061

approach of Section 8.1.1062

In order to be able to apply Lemma 8.21, we have to check the conditions in the various cases.1063

It turns out we will use Lemma 8.21 in exactly three different cases, for which we now note1064

down the condition on the corresponding graph ΓJ .1065

Lemma 8.22. Let ∆ be the spherical building over the field K, |K| > 2, of type either E6 or E7.1066

Let J = {2} if typ ∆ = E6, and J ∈ {{1}, {3}} if typ ∆ = E7. Let v and v′ be vertices of type J .1067

Then the subgraph Γv,v
′

J of ΓJ induced on the vertices opposite both v and v′ is connected.1068

Proof. Select chambers C and C ′ of ∆ containing v and v′, respectively. Let u be a vertex of1069

Γv,v
′

J . In Res∆(u), we can find a chamber opposite the projections of C and C ′ onto Res∆(u)1070

(use [34, Proposition 3.30]). That chamber is, by Proposition 2.1, opposite both C and C ′.1071

Hence we have found a chamber Cu containing u opposite both C and C ′. If u′ is another1072

vertex of Γv,v
′

J , then we can also find a chamber Cu′ containing u′ and opposite both C and C ′.1073

Now Proposition 2.4 implies that we can find a sequence of consecutively adjacent chambers,1074

all opposite both C and C ′, connecting Cu with Cu′ . the vertices of type J of two consecutive1075

such chambers are either equal, or adjacent in ΓJ . Moreover, since the chambers are opposite1076

both C and C ′, their vertices of type J are opposite both v and v′, as J is a self-opposite type.1077

The lemma is proved. �1078

Remark 8.23. It is clear that the previous lemma holds for all spherical buildings of simply1079

laced type and self-opposite subset J of the types, with the same proof. If J is not self-opposite,1080

then one has to consider the subgraph induced on the set of simplices of type J opposite two1081

given simplices of opposite type of J .1082

Before we can determine in a geometric way the various projectivity groups in the exceptional1083

buildings of simply laced type, we need some basic properties of Lie incidence geometries of types1084

E6,1 and E7,7. Most of them can be read off the diagram, and others follow from considering1085

an apartment of the building. They are called “facts” in papers like [16, 18]. For Lie incidence1086

geometries of type E6,1, good references are [14] and [32], and for Lie incidence geometries of1087

type E7,7 a good reference is [15]. In both papers, the basic facts are explained in some more1088

detail.1089

Lie incidence geometries of type E6,1. These geometries have diameter 2 and contain no1090

special pairs of points. Hence, every pair of points is contained in a symp. Symps are polar1091

spaces of type D5. The basic properties, which we shall use without notice, are summarised in1092

the following lemma.1093

Lemma 8.24. Let Γ be a Lie incidence geometry of type E6,1 over a field K. Then the following1094

properties hold.1095

(i) Two distinct symps either meet in a unique point, or share a maximal singular subspace,1096

referred to as a 4-space.1097

(ii) For a point p and a symp ξ, with p /∈ ξ, we either have p⊥∩ ξ = ∅, or p⊥∩ ξ is a maximal1098

singular subspace of ξ, referred to as a 4′-space.1099

(iii) The 4-spaces in a given symp form one natural class of maximal singular subspaces of ξ;1100

the 4′-spaces form the other.1101

In the building, 4-spaces correspond to vertices of type 5, whereas 4′-spaces correspond to1102

simplices of type {2, 6}.1103

We now mention some other facts. The first one can be read off the diagram. It is also contained1104

as Fact 4.14 in [16].1105
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Lemma 8.25. Let Γ be a Lie incidence geometry of type E6,1 over a field K. Then the following1106

hold.1107

(i) A 4-space and a 4′-space, that have a plane π in common, intersect in a 3-space. Conse-1108

quently, a 4-space and a 5-space, that share a plane, share a 3-space.1109

(ii) Two distinct non-disjoint 5-spaces intersect in either a point or a plane. Consequently, a1110

4′-space, that shares a 3-space with a 5-space, is contained in it.1111

(iii) Two disjoint 5-spaces, that are not opposite, contain respective planes contained in a1112

common 5-space. Every point of each of the two 5-spaces is collinear to some point of the1113

plane contained in the other 5-space.1114

Lemma 8.26. Let Γ be a Lie incidence geometry of type E6,1 over a field K. Let ξ be a symp1115

in Γ and let π be a plane in Γ intersecting ξ in a unique point x. Then there exists a unique1116

plane α ⊆ ξ, all points of which are collinear to all points of π.1117

Proof. Let L be a line in π not intersecting ξ. The lemma follows from Fact A.9 of [18]. �1118

Lie incidence geometries of type E7,7. These geometries have diameter 3 and contain1119

no special pairs of points. Points at distance 3 correspond to opposite vertices of type 7 in1120

the corresponding building. Hence every pair of non-opposite points is contained in a symp.1121

Symps are polar spaces of type D6. The basic properties, which we shall use without notice,1122

are summarised in the following lemma.1123

Lemma 8.27. Let Γ be a Lie incidence geometry of type E7,7 over a field K. Let x be a point1124

and ξ a symp. Then either1125

(i) x ∈ ξ, or1126

(ii) x /∈ ξ, x is collinear to each point of a unique 5′-space of ξ and symplectic to all other1127

points of ξ, or1128

(iii) x /∈ ξ, x is collinear to a unique point x′ of ξ, symplectic to all points of ξ collinear to x′,1129

and opposite each other point of ξ.1130

In Case (ii) above, the point x is said to be close to ξ, whereas in Case (iii) it is said to be far1131

from ξ.1132

Two distinct symps sharing at least a plane, share a 5-space. Again, the 5-spaces in a given1133

symp form one natural class of maximal singular subspaces, whereas the 5′-spaces form the1134

other class.1135

Lemma 8.28. Let Γ be a Lie incidence geometry of type E7,7 over a field K. Let M be a1136

maximal 5-space and let ξ and ξ′ be two distinct symps containing M . Let p ∈ ξ \ M and1137

p′ ∈ p⊥ ∩ (ξ′ \M). Then every point on the line 〈p, p′〉 is contained in a (unique) symp, which1138

contains M .1139

Proof. Since p′ ⊥ p, we have p⊥ ∩M = p′⊥ ∩M =: U is a 4-space. Then, every point q ∈ pp′ is1140

contained in the 5′-space generated by q and U , which is itself contained in a unique symp by1141

definition of 5′-space. �1142

We will also need the following two results, which follow from considering an appropriate apart-1143

ment.1144

Lemma 8.29. Let Γ be a Lie incidence geometry of type E7,7 over a field K. Let ξ and ξ′ be1145

two symps. If ξ ∩ ξ′ = L, with L a line, then a point x ∈ ξ is opposite some point x′ ∈ ξ′ if, and1146

only if, x⊥ ∩ L ∩ x′⊥ = ∅. In particular, ξ ∪ ξ′ does not contain any pair of opposite singular1147

t-spaces for t ≥ 2.1148

Lemma 8.30. Let Γ be a Lie incidence geometry of type E7,7 over a field K. Let U and U ′1149

be two opposite 3-spaces and let W ⊇ U and W ′ ⊇ U ′ be two 6-spaces, which are not opposite.1150

Then there exists a plane α in W disjoint from U , no point of which is opposite any point of1151

W ′.1152
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We are now ready to determine the various projectivity groups in the exceptional simply laced1153

cases in a geometric way.1154

Theorem 8.31. Let ∆ be a building of type E6, E7 or E8 over the field K. Let F be a simplex of1155

∆ such that Res∆(F ) is irreducible. Then Π(F ) and Π+(F ) are given as in Table 2, where the1156

last column contains a checkmark if typ(F ) is polar closed. Again, a long hyphen in the table in1157

the column of Π(F ) means that typ(F ) is not self-opposite and so Π(F ) is trivially isomorphic1158

to Π+(F ) — it must again be read as a “bysame” symbol. Grey rows correspond to projectivity1159

groups which are not necessarily full linear groups.1160

Reference typ(∆) Res∆(F ) cotyp(F ) Π+(F ) Π(F )

(A1) A1 PGL2(K) PGL2(K)

(A2)

E6 A2 {2, 4} PGL3(K) PGL3(K).2

E6 A2 6= {2, 4} PGL3(K) ——

E7,E8 A2 PGL3(K) PGL3(K).2

(A3)

E6 A3 {3, 4, 5} PGL4(K) PGL4(K) X

E6 A3 6= {3, 4, 5} PGL4(K) ——

E7,E8 A3 PGL4(K) PGL4(K).2

(A4)
E6 A4 PGL5(K) ——

E7,E8 A4 PGL5(K) PGL5(K).2

(A5)

E6 A5 PSL6(K, 3) PSL6(K, 3) X

E7 A5 {2, 4, 5, 6, 7} PSL6(K, 2) PSL6(K, 2).2

E7 A5 2 /∈ cotyp(F ) PGL6(K) PGL6(K).2

E8 A5 PGL6(K) PGL6(K).2

(A6) E7,E8 A6 PGL7(K) PGL7(K).2

(A7) E8 A7 PGL8(K) PGL8(K).2

(D4)
E6 D4 PGO

◦
8(K) PGO8(K)

E7,E8 D4 PGO
◦
8(K) PGO

◦
8(K) X

(D5)
E6 D5 PGO

◦
10(K) ——

E7,E8 D5 PGO
◦
10(K) PGO10(K)

(D6)
E7 D6 PΩ12(K) PΩ12(K) X

E8 D6 PGO
◦
12(K) PGO

◦
12(K) X

(D7) E8 D7 PGO
◦
14(K) PGO14(K)

(E6) E7,E8 E6 PGE6(K) PGE6(K).2

(E7) E8 E7 PGE7(K) PGE7(K) X

Table 2. Projectivity groups in the exceptional cases E6,E7,E8

Proof. In Section 8.1 we noted that the projectivity groups for typ(∆) = E8 are the full linear1161

groups. We see no point in reproving this geometrically, the more because the E8 case is1162

geometrically the most intricate case with the longer arguments; the interested reader can1163

consult the first author’s thesis for a detailed version of that. The general projectivity groups1164

in the E8 case can be deduced from Theorem B and Theorem C, or by analogy with the E71165

cases. The E6 and E7 cases do reveal some beautiful geometry and complementary views and1166

we provide the detailed proofs.1167
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The case (A1) was handled in Theorem D. We now handle the other cases. Note that we may1168

again assume that |K| ≥ 3 as otherwise the linear groups are unique.1169

Cases (A2) and (A3) Every subdiagram of type A2 or A3 of Er, r = 6, 7, 8, is contained in a1170

subdiagram of type A3 or A4, respectively. Then the assertions all follow from Corollary 7.21171

and Theorem 8.6.1172

Case (A4) If 2 /∈ cotyp(F ) for E6, or if cotyp(F ) 6= {1, 2, 3, 4} for E7,E8, then we can again1173

embed the diagram of Res∆(F ) in diagram of type A5 and use Corollary 7.2 and Theorem 8.6.1174

Now suppose 2 ∈ cotyp(F ) for E6 and cotyp(F ) = {1, 2, 3, 4} for E7 and E8. Then the assertion1175

follows from Corollary 7.2 and Case (A∗∗) for r = 5 of Theorem 8.11.1176

Case (A5) In the Coxeter diagram of type E7, every subdiagram of type A5 not containing the1177

node of type 2 is contained in one of type A6 and hence the assertion in this case follows from1178

Corollary 7.2.1179

Now suppose ∆ is the building of type E6 over the field K, and F is a vertex of type 2.1180

We argue in the corresponding Lie incidence geometry of type E6,1. There, F is a 5-space. Let1181

F1, F2, F3 be three 5-spaces, with both F1 and F3 opposite both F and F2, and with F adjacent1182

to F2, and F1 adjacent to F3, that is, π0 := F ∩ F2 and π1 := F1 ∩ F3 are planes. We also1183

initially assume that π0 and π1 are opposite. Consider the projectivity ρ : F ∧F1 ∧F2 ∧F3 ∧F .1184

We claim that ρ fixes each point of π0. Indeed, let p0 ∈ π0 be such a point. Then clearly, since1185

F ∩ F2 contains p0, the projectivities F ∧F1 ∧F2 and F2 ∧F3 ∧F fix p0, hence pρ0 = p0 and the1186

claim is proved. Likewise, ρ fixes each point of F collinear with a point of π1. The set of such1187

points forms a plane π′0 of F , disjoint from π0. Choosing a basis of F in π0 ∪ π′0, a matrix of ρ1188

is a diagonal matrix with diagonal elements three times 1 and three times some scalar k ∈ K.1189

We now show that k can be arbitrary. This is equivalent to showing that,1190

(*) given F1, F2 and F3 as above, given a line L0 in F containing points x0 ∈ π0 and x′0 ∈ π′0,1191

and given two points p, q ∈ L0 \ {x0, x
′
0}, we can re-choose F3 through π1 such that ρ1192

maps p to q.1193

We now prove (*). Let p1 be the projection of p onto F1 and let p2 be the projection of p1 onto1194

F2. If p and p2 were not collinear, then the symp ξ(p, p2) would contain p1 and π0, leading to1195

additional points in π0 collinear to p1 inside ξ(p, p2), contradicting the fact that F and F1 are1196

opposite and hence p1 is far from F . Hence there is some singular 4-space U containing π0, L1197

and p2. (Note that, since U intersects F in a 3-space, Lemma 8.25(ii) implies that U is really a1198

4-space and not a 4′-space.) Set ξ := ξ(x0, p1). Then ξ contains p, q, p1, p2 and the unique point1199

x1 ∈ π1 collinear to x′0. It is clear that π1 intersects ξ in only x1, as otherwise there would be a1200

point of π1 collinear to x0, contradicting the fact that π0 and π1 are opposite. So, Lemma 8.261201

yields a plane α ⊆ ξ collinear to π1. Lemma 8.25 implies that α and π1 are contained in a1202

unique 4′-space U2, which is itself contained in a unique 5-space F3. Now both q and p2 are1203

(inside ξ) collinear to all points of respective lines of α, implying that they are collinear to a1204

common point p3 ∈ F3. Now (*) follows.1205

It now also follows that the set of such projectivities ρ (as above with π0 and π1 opposite) is1206

geometric (they are the homologies with two disjoint planes as centres, see Example 8.2). Now1207

we drop the assumption of π0 being opposite π1. We claim that in this more general case, the1208

projectivity ρ, as defined above, is the product of homologies with disjoint planes as centres.1209

Indeed, set π′0 := projF1
F (π1) as above. If π′0 is disjoint from π0, then by Proposition 2.1, π0 and1210

π1 are opposite. Now we treat the other cases. Set d = dim(π0 ∩ π′0) and note that d = −1 is1211

precisely the case we already proved.1212

d = 0 Let π2 be a plane in F sharing a line with π0 but disjoint from π′0. Then it is easy1213

to check that the unique 4-space U containing the 3-space generated by π2 and π0 is1214

disjoint from projF1
F2

(π1). Hence there exists a 5-space F ′2 6= F containing π2 and opposite1215

both F1 and F3, and we have that π1 is opposite both F ∩F ′2 and F2 ∩F ′2. We can now1216
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write ρ as the product of F ∧F1 ∧F ′2 ∧F3 ∧F and the conjugate of F3 ∧F ′2 ∧F1 ∧F2 ∧F31217

by F ∧F3, reducing this case to the case d = −1, which we already proved.1218

d = 1 Let π2 be a plane in F sharing a line with π0 and exactly one point (necessarily in π0)1219

with π′0. Then, similarly as in the case d = 0, we can choose a 5-space F ′2 6= F through1220

π2 opposite both F1 and F3 and such that π1 has a unique point collinear to some point1221

of F ∩F ′2, and that point is also the unique point of π1 collinear to some point of F2∩F ′2.1222

We have hence reduced this case to two times the case d = 0, which we proved above.1223

d = 2 This case is similarly reduced to the case d = 1. We leave the (straightforward) details1224

to the reader.1225

The claim is proved. Hence, thanks to Lemma 8.22, we can apply Lemma 8.21 and obtain1226

that Π+(F ) is generated by all homologies with disjoint planes as centres. This group contains1227

PSL6(K) and then clearly corresponds to all 6 × 6 matrices with a determinant equal to some1228

non-zero 3th power. Also, Π(F ) = Π+(F ) by virtue of Theorem B.1229

Now suppose cotyp(F ) = {2, 4, 5, 6, 7} in case of E7. Here we can take for F a pair consisting1230

of a 5-space W and a symp ξ containing W in the Lie incidence geometry of type E7,7 over the1231

field K. We employ the same method as in the previous case (Case A5 in E6), noting that a1232

projectivity {W, ξ}∧{W ′, ξ′}∧{W ′′, ξ′′}, where the simplices {W, ξ} and {W ′′, ξ′′} are adjacent,1233

is trivial as soon as W = W ′′, and so we may always assume that in such a (sub)sequence1234

W 6= W ′′ and ξ = ξ′′. However, since the action of the projectivity is apparently independent1235

of the symps ξ and ξ′, we may only consider projections from 5-spaces onto 5-spaces. Hence let1236

W1,W2,W3 be three 5-spaces with bothW1 andW3 opposite bothW andW2, and Σ1 := W1∩W31237

and Σ0 := W ∩ W2 3-spaces such that the symps ξ0 and ξ1 containing W,W2, and W1,W3,1238

respectively, are also opposite. Similarly as in the previous case (type A5 inside E6), we may1239

from the beginning assume that Σ0 and Σ1 are opposite 3-spaces. Set L0 := projW1
W (Σ1). Then,1240

by Proposition 2.1 L0 and Σ0 are disjoint. Set L2 := projW1
W2

(Σ1), then likewise L2 and Σ0 are1241

disjoint. Let x0 be an arbitrary point on L0. Then inside ξ0 one sees that there is a unique1242

point x2 on L2 collinear to x0. We claim that the projectivity ρ1 : W ∧W1 ∧W2 maps x0 to x2.1243

Indeed, set W ′1 := projξ1ξ0(W1). Then, again by Proposition 2.1, W ′1 is disjoint from both W and1244

W2. Set U1 := projWW1
(x0) and U ′1 := projξ1ξ0(U1) and note that Σ1 ⊆ U1. Then U ′1 ⊆ W ′1. Since1245

x0 is at distance 2 from each point of U1, it follows by Lemma 8.27 that x0 is collinear to all1246

points of U ′1. Hence x0 is contained in the unique 5′-space V0 of ξ0 containing U ′1. Likewise, if1247

x′2 = projW1
W2

(U1), then x′2 ∈ V0. Hence x0 and x′2, which is contained in L2 as U1 contains Σ1,1248

are collinear. Consequently, x′2 = x2 and the claim is proved.1249

It now also follows that ρ3 : W2 ∧W3 ∧W maps x2 back to x0, since x0 is the unique point on L01250

collinear to x2. Consequently, the projectivity ρ : W ∧W1 ∧W2 ∧W3 ∧W fixes each point of L0.1251

It is easy to see that it also fixes every point of Σ0. Hence it is a homology corresponding to a1252

diagonal matrix with the diagonal consisting of four times a 1 and two times a scalar k ∈ K×.1253

If we can now show that every non-zero scalar k can occur, then, similarly to the case A5 in E6,1254

using Lemma 8.21 and Lemma 8.22, we are done.1255

But it follows from the arguments in the previous paragraphs that the projectivity ρ1 coincides1256

with the projectivity W ∧W ′1 ∧W2 inside ξ0. Likewise the projectivity ρ3 coincides with the1257

projectivity W2 ∧W ′3 ∧W inside ξ0, with W ′3 := projξ1ξ0(W3). Now the assertion follows with1258

exactly the same arguments as Case (A**) in the proof of Theorem 8.11.1259

This concludes Case (A5).1260

Case (A6) In a Coxeter diagram of type E7 a subdiagram of type A6 necessarily has type1261

{1, 3, 4, 5, 6, 7}. We work in the Lie incidence geometry ∆ of type E7,7, where F is a 6-space.1262

Let F = W0 and W2 be two 6-spaces in ∆ intersecting in a 3-space that we denote by U . Let1263

W1 be a 6-space opposite both W0 and W2. Then U projects to a plane α in W1. Projection1264

here means that each point of U is symplectic to each point of α. Let U ′ be a 3-space in W1 that1265

has no intersection with α, and note that U is opposite U ′. Let W3 be a 6-space that intersects1266
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W1 in U ′ and is opposite both W0 and W3; this is possible since we assume |K| ≥ 3. Set1267

ρ : W0 ∧W1 ∧W2 ∧W3 ∧W0.

We claim that all points of U are fixed under ρ. Indeed, a point of W0 ∩W2 first maps to a1268

hyperplane of W1, then back to itself, then to a hyperplane of W3 and again back to itself. That1269

means U is fixed pointwise under ρ. The claim is proved.1270

The projection of U ′ onto W0 is a plane that we will denote by β. Similarly to the proof of the1271

previous claim, we find that β is stabilised by ρ. We now intend te show that it is pointwise1272

fixed. A point p of β maps to a hyperplane H of W1 that contains U ′ and intersects α in a line.1273

The projection of H onto W2 is a point that we will denote by p′. We claim that the point p is1274

collinear to p′.1275

Indeed, suppose for a contradiction that p is not collinear to p′. Then, since p and p′ are both1276

collinear to each point of U , they are contained in a unique symp ξ. Also, there is a unique1277

symp ξH containing the 5′-space H (by definition of 5′-spaces). Since p is not opposite any point1278

of H, it follows from Lemma 8.27 that p is close to ξH and hence collinear to some 5′-space1279

Vp of ξH . Similarly, p′ is collinear to some 5′-space Vp′ of ξH . If Vp ∩ Vp′ were empty, then p1280

and p′ would be opposite (as follows from considering an apartment through Vp and Vp′). If1281

Vp ∩Vp′ were 3-dimensional, then ξ and ξ′ would intersect in a 5-space, and no point of U could1282

be opposite any point of U ′ (by Lemma 8.27), a contradiction. Now suppose Vp ∩ Vp′ = K is a1283

line. Then, clearly, also ξ ∩ ξH = K. But this contradicts Lemma 8.29 and the fact that U ⊆ ξ1284

is opposite U ′ ⊆ ξH . Hence Vp = Vp′ , implying that p and p′ are contained in the same unique1285

6-space containing Vp, and so p and p′ are collinear after all. The claim is proved.1286

Now we claim that all points of β are fixed under ρ. Indeed, the point p projects to the1287

hyperplane H in W1. This hyperplane projects to p′ in W2. This already implied that p and p′1288

are collinear. Likewise, p′ and the projection p′′ onto W0 of its projection onto W3 are collinear.1289

Since p′′ ∈ β and the point p is the only point of β that p′ is collinear to (as p′⊥ ∩ W0 is1290

4-dimensional), we conclude p = p′′ and the claim is proved.1291

Let xy be a line in W0 connecting a point x ∈ U with a point y ∈ β. Let a and b be two distinct1292

points on xy not equal to either x or y. We claim that we can re-define W3 such that ρ maps a1293

to b. Let a′ and y′ be the images of a and y, respectively, under W0 ∧W1 ∧W2. Since y ⊥ y′ by1294

one of our previous claims, 〈a, b, a′〉 is a singular plane and ba′ and yy′ intersect in a point s.1295

Let W ′ be a 6-space through U and s. The projection of W ′ onto U ′ is a 6-space that is not1296

opposite W ′ and that we will denote by W3. Since W3 and W ′ are not opposite, there exists,1297

by Lemma 8.30, a plane γ3 in W3 such that no point of γ3 is opposite any point of W ′.1298

Since both y and y′ are not opposite any point of H, and hence also not opposite any point of1299

U ′, the same thing holds for s. It follows that s is not opposite any point of W3, as W ′ and γ31300

generate W3. This, in turn, implies that a′ and b are not opposite the same points of W3 which1301

means, in other words, that b is the image of a′ under W2 ∧W3 ∧W0. The claim is proved.1302

By Theorem A, Π+(W0) contains PSL7(K). By the above, it also contains all diagonal matrices1303

with diagonal (1, 1, 1, 1, k, k, k), k ∈ K× arbitrarily, and the entries k can be anywhere. This1304

readily implies that Π+(W0) contains all matrices with determinant a third power, and since 31305

and 7 are relatively prime, we conclude Π+(W0) = PGL8(K) and Π(W0) = PGL8(K).2.1306

Case (D5) We first consider the case of a Coxeter diagram of type E6. Without loss of gener-1307

ality, we may assume that F has type 6. Hence we consider F as a symp in a geometry of type1308

E6,1 over the field K.1309

Let p1 be a point in ∆ and ξ0 a symp opposite p1 in ∆. Let U be a maximal singular subspace1310

in ξ0. Then U is a 4-space. Let ξ2 be another symp through U opposite p1. Opposite a 4-space1311

are lines. Let L be a line through p1 opposite U and V := projξ0(L). Let p3 be any point on1312

L opposite both ξ0 and ξ2, so that we have a projectivity ρ : ξ0 ∧p1 ∧ ξ2 ∧p3 ∧ ξ0. We will show1313

that ρ fixes U and V pointwise.1314

31



First let x be a point in U . Then x projects to a symp ξ(x, p1), then back to x, since x ∈ ξ0∩ξ2,1315

then to a symp ξ(x, p3) and then again back to x.1316

Now let y be a point in V . The point y = y0 projects to a symp ξ(y0, p1) = ξy and then to a1317

point y2 ∈ ξ2. Suppose y0 and y2 were not collinear. The symp ξy has to contain the closure1318

of y0 and y2. Both y0 and y2 are collinear to a 3-space of U . The intersection of these 3-spaces1319

contains a plane. That means that the closure has to contain a plane of U that then had to be1320

contained in ξy. But that contradicts the fact that U and p1 are opposite, because p1 would1321

have to be collinear to elements of that plane. It follows that y0 ⊥ y2. Now, since V = projξ0(L),1322

we see that L ⊆ ξy. So y2 continues mapping to ξy and then back to y0. Hence points of V are1323

fixed.1324

Next we want to show that we can always define p3 on L in a way, such that the projectivity1325

ρ defined above maps an arbitrary point p on a line xy, with x ∈ U and y ∈ V , to another1326

arbitrary point q on xy for p /∈ U, V and q /∈ U, V . Given U, V, L and p1 as before and a line1327

xy as described above, let p be an arbitrary point on xy not in U or V . Then projecting p to1328

p1 yields a symp ξ(p, p1) that projects to a point p2 onto ξ2. Let y2 := projξ2(projp1(y)). By1329

the previous paragraph, the points x, y, y2 generate a singular plane, which contains p, q and1330

p2. Let a := p2q ∩ yy2. Suppose a were collinear to p1. Then a would be in ξ(p, p1) and ξ(p, p1)1331

would contain the plane 〈x, y, y2〉 and in particular the line xy. But that contradicts the fact1332

that ξ(p, p1) intersects ξ0 only in p. It follows that a is not collinear to p1. That means a is1333

collinear to a different point of L that we will define as p3. This point p3 is not collinear to1334

p2 as otherwise ξ(p, p1 would contain L, forcing p ∈ V , a contradiction. Since a and p2 are in1335

ξ(p3, p2), ξ(p3, p2) contains the whole line ap2 and hence the point q. With that it follows that1336

p maps to ξ(p, p1) to p2 to ξ(p3, p2) = ξ(p3, q), and finally to q.1337

Now Lemma 8.14(i) proves the assertion.1338

In a Coxeter diagram of type E7 (or E8), a subdiagram of type D5 is always contained in1339

a subdiagram of type E6, and so we can apply Corollary 7.2, the previous paragraphs, and1340

Theorem B.1341

Case (D4) Each subdiagram of type D4 in a diagram of type En, n = 6, 7, 8, is contained in1342

a subdiagram of type D5. It follows that, if F is a simplex of cotype D4 in a building ∆ of1343

type En, n = 6, 7, 8, then there is a subsimplex F ′ ⊆ F of cotype D5. By the previous case and1344

Theorem A, the stabiliser of F ′ in the little projective group Aut†(∆) of ∆ acts on Res∆(F ′) as1345

the full linear (type preserving) group of automorphisms. Hence the stabiliser of F in Aut†(∆),1346

acting on Res∆(F ) contains the stabiliser in the full linear type preserving group of Res∆(F ′)1347

of the vertex F \ F ′. This is clearly also the full linear type preserving group of Res∆(F ).1348

Now, in case of typ(∆) = E6, it follows from Theorem B that Π+(F ) has index 2 in Π(F ), and1349

so Π(F ) is the full linear group of the corresponding polar space of Res∆(F ). In case of E7 or1350

E8, Theorem B implies that Π(F ) = Π+(F ).1351

Case (D6) We treat the case of type D6 inside type E7. Let ξ be a symp of the geometry of1352

type E7,7 over the field K. We first claim that Π(ξ), which is equal to Π+(ξ) by Theorem B,1353

contains all homologies pointwise fixing two ξ-opposite maximal singular 5-spaces. Let M13 and1354

M be two such subspaces of ξ. Let ξ3 be an arbitrary symp distinct from ξ and containing M13.1355

Let ξ2 be a symp opposite both ξ and ξ3 (and note that this implies that each point of ξ2 is1356

opposite some point of ξ). There is a unique maximal singular subspace M24 contained in ξ21357

each point of which is collinear to some point of M , that is, M24 = projξξ2(M). Let L be any1358

given line in ξ joining a point p13 ∈M13 and p ∈M . Choose two points q, q′ ∈ L \ {p13, p}. Set1359

q2 = projξ2(q) and q3 = projξ3(q2).1360

If q were not collinear to q3, then the symp containing them would contain a 3-dimensional1361

subspace of M13 and q2; this would imply that q2 is close to ξ, contradicting Lemma 8.27 in1362

view of our remark in the previous paragraph that says that q2 is opposite some point of ξ.1363

Hence 〈q, q3, q
′〉 is a plane π, contained in the symp ζ containing p13 and q2. Let ξ′ be any1364
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symp containing, M24, but distinct from ξ2. Let p24 be the unique point of ξ2 collinear to p,1365

and note p24 ∈ M24, and that p24 and q2 are collinear. Hence p24 ∈ ζ. This implies that ζ ∩ ξ′1366

is either a line or a 5-space through p24. In the latter case p13, being collinear with more than1367

one point of that intersection, is close to ξ′, contradicting Lemma 8.27 and the fact that M24 is1368

opposite M13, and hence p13 is opposite points of ξ′. Hence ζ ∩ ξ′ is a line K 3 p24. If q2 were1369

not collinear to K, then ζ would contain a 3-space of M24, again a similar contradiction (since1370

ζ contains p13). The planes π and 〈q2,K〉 are easily seen to be opposite in ζ, hence there is a1371

unique point q4 ∈ 〈q2,K〉 collinear to both q3 and q′. Now let ξ4 be the symp containing M241372

and q4, whose existence follows from Lemma 8.28. Then one checks that ξ4 is opposite both ξ1373

and ξ3, and the projectivity ξ ∧ ξ2 ∧ ξ3 ∧ ξ4 ∧ ξ pointwise fixed both M13 and M , and maps q to1374

q′. This proves the claim.1375

Now, if we want to apply Lemma 8.21, then we have to show that every projectivity1376

ρ : ξ0 ∧ ξ1 ∧ ξ2 ∧ ξ3 ∧ ξ0,

with M0 := ξ0 ∩ ξ2 and M1 = ξ1 ∩ ξ3 singular 5-spaces, is the product of similar projectivities,1377

but with M0 opposite M1. So suppose M0 and M1 are not opposite. As for the case of type1378

A5 in type E6, there are 3 cases to consider, and they are again all quite similar to each other,1379

so we consider for example the case where the set of points of M0 collinear to a point of M1 is1380

a line L (the other possibilities are a 3-space and the whole space M1). Then we consider an1381

appropriate 5-space M2 in ξ0 intersecting M0 in a 3-space contained in M0, and disjoint from1382

L. Then we find a symp ξ′2 containing M2, opposite both ξ1 and ξ3, and intersecting ξ2 in a1383

5-space opposite M1. As in the case of type A5 in type E6, we can now write ρ as the product1384

of ξ0 ∧ ξ1 ∧ ξ′2 ∧ ξ3 ∧ ξ0 and the conjugate of ξ3 ∧ ξ′2 ∧ ξ1 ∧ ξ2 ∧ ξ3 by ξ0 ∧ ξ3.1385

Now we can use Lemma 8.14, Example 8.15 and, thanks to Lemma 8.22, also Lemma 8.21 to1386

conclude that Π+(F ) = PΩ12(K).1387

Case (E6) Let Γ be the parapolar space of type E7,7 over the field K. Let p1, p2, p3 be three1388

mutually opposite points of Γ. If we show that the self-projectivity ρ : p1 ∧p2 ∧p3 ∧p1 is always1389

a symplectic polarity, then Lemma 8.4 and Lemma 8.12 implies that Π(p) is generated by all the1390

symplectic polarities. By Proposition 6.8(i) of [15], ρ pointwise fixes a subbuilding of type F4.1391

More exactly, if Res∆(p1) is viewed as a parapolar space Γp1 of type E6,1 with the lines through1392

p1 as points, then ρ pointwise fixes a geometric hyperplane inducing in Γp1 a geometry of type1393

F4,4 over the field K. It follows from [14] that ρ is a symplectic polarity. Now Example 8.171394

and Lemma 8.18 show that Π+(p) is PGE6(K) and Π(p) is PGE6(K).2. �1395

This concludes the proofs of all our main results. We conclude the paper with some remarks.1396

Remark 8.32. It now follows from Theorem 8.31 that PΩ12(K) does not always coincide with1397

PGO12(K). Indeed, if it did, then the special projectivity groups in the buildings of type E7 of1398

all irreducible residues of types contained in D6 would be the full linear groups. This contradicts1399

the second grey row of Table 2 for fields containing non-square elements.1400

Remark 8.33. In the course of the proof of Theorem 8.31 we do not really need the full strength1401

of Lemmas 8.14(i) and 8.18, since we know by Theorem A that also the little projective group1402

is already contained in the group we want to generate. This knowledge would simplify the1403

proof, since we would only have to prove that the little projective group together with the said1404

homologies generate the full linear group.1405

Remark 8.34. One could ask what to expect of the case where the diagram is not simply1406

laced. For starters, the description of all spherical buildings is more complicated. Secondly,1407

Theorem D will not hold anymore in full generality. Indeed, there are polar spaces of rank n1408

where Π+(F ) is not permutation equivalent to PGL2(K), for F of cotype n, even if the set of1409

maximal singular subspaces through a submaximal singular subspace carries in a natural way1410

the structure of a projective line over K (like a symplectic polar space). However, analogues,1411

appropriately phrased, of Theorems B and C should still hold. Also, Theorem A remains1412
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through across all types. In the split case, the algebraic approach via the Chevalley groups and1413

the weight lattices also still works, if one performs a computation in the symplectic generalised1414

quadrangles analogously to the one we did in Section 8.1 in Rs,j in case it is a projective plane1415

over a field. For type F4, all special projectivity groups are the full linear groups as the weight1416

lattice coincides with the root lattice.1417
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[19] J. Dieudonné, Les déterminants sur un corps non commutatif, Bull. Soc. Math. France 71 (1943), 27–45.1456
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