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AUTOMORPHISMS AND OPPOSITION
IN SPHERICAL BUILDINGS OF EXCEPTIONAL TYPE,
IIT. METASYMPLECTIC SPACES
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ABSTRACT. We classify all domestic collineations, that is, collineations mapping no chamber to
an opposite one, of all spherical buildings of type F4. Besides obvious cases like central elations
and products of two perpendicular such elations, we find collineations that pointwise fix certain
subspaces, also of type F4, but over a smaller algebra, or even non-thick as a building. We also
find examples that pointwise fix Moufang quadrangles, and these inclusions are new: Moufang
quadrangles of absolute type Ds are contained in buildings of type F4 of absolute type Eg, and
exceptional Moufang quadrangles of type Eg are found inside buildings of relative type Fs and
absolute type E7 (the so-called quaternion metasymplectic spaces). Together with the already
established Moufang quadrangles of mixed type inside mixed buildings of type Fs, our results
imply that domestic collineations give rise to inclusions of the three different types of Moufang
quadrangles inside metasymplectic spaces: Moufang quadrangles of classical, exceptional and
mixed type.
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1. INTRODUCTION

This paper fits into a series of papers classifying so-called domestic automorphisms of spherical
buildings. Before we sketch the situation, let us recall some motivation. A domestic automorphism
of a spherical building is an automorphism that does not map any chamber onto an opposite
chamber—hence this is very specific to spherical buildings. As soon as there are no rank 2 residues
defined over the smallest field Fo, every domestic automorphism comes with an opposition diagram,
which encodes the types of simplices that are mapped onto an opposite. These diagrams are
classified in [16] and the result is—very roughly— that ignoring the arrows these diagrams coincide
with the Tits indices [30] for which the Galois group is an involution (the exceptions occur in rank
2 and for type Fg; in the latter case, however, we can appeal to the mized Galois descent introduced
in [14]). Tits indices generalise to fiz diagrams—encoding the types of simplices that are fixed by
the automorphism. The initial crucial observation is that the fix diagram and opposition diagram
of each domestic duality of any spherical buildings of the second half of the second row of the
Freudenthal-Tits Magic Square coincide with the Tits indices of the corresponding cells in the
relative Magic Square and those of the cells lying symmetric with respect to the main diagonal.
This led to the conjecture that the nonsplit Magic Square encodes all domestic automorphisms of
the buildings of exceptional type in the split Magic Square that do not fix a chamber, see [35].
This conjecture did not turn out to be be correct, but only a slight adaptation is necessary, see
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FIGURE 1. The Tits indices 2D5(3?2) and 2E¢13,62,.

[15, 20]. In any case, domestic automorphisms seem to be related to automorphisms fixing a large
substructure, in particular linearisations of Galois descent, called linear descent in [35]. This linear
descent provides ways to see certain buildings inside others as a larger fix point structure than is
the case in the corresponding Galois descent. For example, the quaternion buildings of type F4
(with Tits index EJ ;), which are (Galois) forms of Ey, arise as fixed point structures of groups of
domestic automorphisms in buildings of type Eg.

The situation in buildings of type F4 is particularly interesting. Not in the least because it is the
unique type of exceptional buildings of rank at least 3 admitting non-split examples. But on the
level of Tits indices and fix diagrams: On the one hand, there are not many Tits indices; on the
other hand, there are fix diagrams that are not Tits indices, and they correspond to the mixed
Galois descent introduced and explained in [14], giving rise to the exceptional Moufang quadrangles
of type F4. In the same paper [14], the linearization of this mixed Galois descent is presented, and
the full fix group is determined in [23]. We will show that an automorphism of a mixed building
of type F4, fixing no chamber, is domestic if, and only if, it belongs to such a linear descent group.
We also pin down the domestic collineations that do fix a chamber. The situation in non-mixed
buildings of type F; is also very intriguing. Besides an explicit list of unipotent and torus elen)lents,
(2
5,2

we obtain two new classes of linear descent groups. One is related to the Tits index 2D ’ (see

Fig. 1), which we disclose in the buildings of type F4 having Tits index 2E§74 and the other is related
to the Tits index 2Ef1-,?2/ (an exceptional Moufang quadrangle of type Eg, see Fig. 1 again), which we
find in buildings of type F4 having Tits index E%4. Both correspond to the opposition diagrams
F4.2. Note that it was generally believed among experts that Moufang quadrangles arising like this
in metasymplectic spaces were a characteristic 2 phenomenon, see Remark 2.2 of [26]. The new
examples in the present paper refute this conjecture.

We mention in passing an interesting consequence of our construction: Since the exceptional Mo-
ufang quadrangles of type Eg appear now in quaternionic metasymplectic spaces, their automor-
phism group can be written with quaternionic 27 x 27 matrices, see [8] and [36].

More exactly, with the notation and conventions of Section 2, we will show the classification of the
Main Result below, where we use the following terminology. By [31, Theorem 10.2], thick buildings
of type F4 are classified by the pairs (K, A), where K is a field and A a quadratic alternative division
algebra over K, and we denote the corresponding building by F4(K, A). Recall from Theorem 20.3
in [33] that A is either

Class (K) equal to K and char (K) # 2,

Class (L) a separable quadratic extension of K,

Class (H) a quaternion division algebra over K,

Class (O) a Cayley algebra (octonionic division algebra) over K, or

Class (M) a (purely inseparable but possibly trivial) extension of K, char (L) = 2, with A2 C K
(where A? denotes the field of all squares of A).

We number the vertices of the building as in Fig. 3. This numbering allows to consider the Lie
incidence geometries I'y := F4 1(K,A) and I'y := F44(K, A) (see Section 2 for more details), and
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FIGURE 2. The possible opposition diagrams for nontrivial domestic collneations
of F4(K, A).

also gives a precise meaning to the opposition diagrams le1;1 and Fil (see Fig. 2 for the list of
opposition diagrams of type F4 of nontrivial domestic collineations), and also to long and short
root elations (a long root elation being a central elations with centre a vertex of type 1, and a short
root elation being an elation where the corresponding root has a type 4 vertex as central vertex).
To understand the Main Result, it suffices to know for now that in the opposition diagram (only)
the types of the elements that are mapped onto opposites are encircled (see Section 2.11 for more
details). Note that the Main Result for the split case (class (K)) has already been proved in [18].

Main Result. Let, with the above notation, 6 be a nontrivial automorphism of F4(K, A), |K| > 2.
Then 0 is domestic if, and only if, it has opposition diagram either F}m, or Fﬁ;l, or Fap. More
exactly,

(Doml) 6 has opposition diagram F}‘;l if, and only if, 0 is a long root elation;
(Dom4) 0 has opposition diagram Fﬁ;l if, and only if, one of the following occurs in the corre-
sponding class:
(K) 0 is an involution with fiz structure the weak subbuilding corresponding to an extended
equator geometry and its tropics geometry in Fa 4(K, K);
(L) 0 is an involution pointwise fizing a subbuilding canonically isomorphic to F4(K,K);
(M) 0 is a (central) short root elation;
(Dom14) 6 has opposition diagram Fa. if, and only if, either
(i) 0 is the product of two perpendicular long root elations, or
(i) 0 is the product of two perpendicular central short root elations in Class (M), or
(i1) 0 pointwise fizes some apartment and one of the following occurs in the corresponding
class:
(L) the fix structure of 0 is the weak subbuilding corresponding to an extended
equator geometry and its tropics geometry;
(H) the fiz structure is a thick subbuilding of class (L) (isomorphic to F4(K,L) for
some quadratic field extension of K) canonically embedded in F4(K, A), and L
is a subalgebra of A of dimension 2 fized under some automorphism of A, or
(#i1) the fix structure of 0 consists of vertices of types 1 and 4 only, naturally defining a
Moufang generalised quadrangle I' in such a way that the fized vertices of type i inci-
dent with a fixed vertex of type j, {i,7} = {1,4}, forms an ovoid in the corresponding
symplecton of Fa (K, A) and we have the following cases:
(L) T is a classical Moufang quadrangle with Tits index 2Dé2;
(H) T is an exceptional Moufang quadrangle with Tits index 2E61-,?2l ;
(M) T is a mized Moufang quadrangle and 0 is an involution.

In particular, the only domestic collineations of F4(K,Q), with O a Cayley division algebra over
K, are the central elations and the products of two perpendicular central elations. Also, there do
not exist domestic dualities of any building of type Fy.

We will also construct collineations in each of the cases displayed in the Main Result. Our tool to
do so will be Tits’ extension Theorem 4.16 of [31], together with the construction of some specific
subgeometries in I';, i = 1,4, taking advantage of the duality between those two. In particular we
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will explicitly show that I'; admits all central elations and I'y does not admit any central elation
except if it is in Class (M).

The case |K| = 2 is a true exception but we are allowed to disregard it since all domestic
collineations in this case are classified in [17].

Structure of the paper—In Section 2 we define the metasymplectic spaces that we will work
with, define equator and extended equator geometries, the corresponding tropics geometry and
derive from this fully embedded polar spaces of a certain type in I'y. This allows us to define
imaginary lines, which play a prominent role in the proof of our main result. All results are new
and interesting in their own right, although certain versions in the split case (and sometimes under
the additional hypothesis of the underlying field being algebraically closed) of some of the results
obtained exist in the literature (for instance in [25]). In Section 3 we prove some lemmas for
polar spaces, which appear in the metasymplectic spaces as symplecta, point residuals, equator
geometries and extended equator geometries. In Section 4 we prove the converse of our Main
Result, namely, that all automorphisms in the conclusion of the Main Result are really domestic.
Section 5 then contains the full proof of our Main Result. In Section 6 we construct all the
examples, showing that all cases do exist. This section is completely independent of the others
and could be read first.

2. PRELIMINARIES

In this section we review the basic notation and terminology that we will use in this paper. Many
proofs are geometrical, using the Lie incidence geometries I'; and I'y mentioned in the introduction.
A crucial notion in this approach is that of an equator geometry, an extended equator geometry
and the corresponding tropics geometry. These have been defined in F44(K, K), see [10, 7] and in
Fa.4(K, A) for general A in [22]. However, the proofs in loc. cit. are rather sketchy and incomplete
concerning the tropics geometry, so we provide full proofs here. We also define equator geometries
in F41(K, A) with corresponding proofs (which is also missing in the literature).

Concerning buildings of type F4, we refer to the literature, e.g. [31], for a formal definition. In this
paper, we content ourselves with defining the Lie incidence geometries Fa 1(K,A) and Fq4(K, A)
in an axiomatic way, so that we are able to provide full and precise proofs, based on these axioms.

We also review all relevant notions on domesticity and opposition. The split case was already
treated in [18], but we also include it here as it not only goes without any additional effort, but
it would generate artificial arguments in trying to avoid this case. We start, however, with some
necessary basics of incidence geometry.

2.1. A crash course on point-line geometries.

Definition 2.1.1. A point-line geometry is a pair A = (#,.%) with & a set and £ a set of
subsets of &2. The elements of &2 are called points, the members of .Z are called lines. If p € &
and L € £ with p € L, we say that the point p lies on the line L, and the line L contains the point
p, or goes through p. If two (not necessarily distinct) points p and ¢ are contained in a common
line, they are called collinear, denoted p 1 ¢. If they are not contained in a common line, we say
that they are noncollinear. For any point p and any subset P C &2, we denote

pt={qe€ P |qLp}and P+ = ﬂpl‘.

pEP
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A partial linear space is a point-line geometry in which every line contains at least three points,
and where there is a unique line through every pair of distinct collinear points p and ¢. That line
is then denoted with pq.

Example 2.1.2. Let V be a vector space of dimension at least 3. Let £ be the set of 1-spaces of
V, and let .Z be the set of 2-spaces of V', each of them regarded as the set of 1-spaces it contains.
Then (Z2,%) is called a projective space (of dimension dimV — 1) and denoted by PG(V), or
PG(n,K) if V is defined over the field K and had dimension n + 1.

Definition 2.1.3. Let A = (£,.%) be a partial linear space.

(1) A path of length n in A from point z to point y is a sequence (pg,p1,---,Pn—1,Pn), With
(po, pn) = (z,y), of points of A such that p;_1 L p; for alli € {1,...,n—1}. If n is minimal,
then it is called the distance between x and y in A.

(7i) The partial linear space A is called connected when for any two points = and y, there is a
path (of finite length) from = to y. If moreover the set of distances between points has a
supremum in N, this supremum is called the diameter of A.

(791) A subset S of & is called a subspace of A when every line L € £ that contains at least two
points of S, is contained in S. A subspace that intersects every line in at least a point, is
called a (geometric) hyperplane; it is proper if it does not coincide with &. A subspace is
called conwvez if it contains all points on every path of minimal length that connects any two
points in S. We usually regard subspaces of A in the obvious way as subgeometries of A.

(iv) A subspace S in which all points are collinear, or equivalently, for which S C S+, is called a
singular subspace. If S is moreover not contained in any other singular subspace, it is called
a maximal singular subspace. If it is contained in at least one other singular subspace, but
al such singular subspaces are maximal, then we call it submazimal. A singular subspace is
called projective if, as a subgeometry, it is a projective space (cf. Example 2.1.2). Note that
every singular subspace is trivially convex.

(v) For a subset P of &, the subspace generated by P is denoted (P)a and is defined to be
the intersection of all subspaces containing P. The convez hull of P is defined to be the
intersection of all convex subspaces that contain P. A subspace generated by three mutually
collinear points, not on a common line, is called a plane. Note that, in general, this is
not necessarily a singular subspace; however we will only deal with geometries satisfying
Axiom (GS) (see below), which implies that subspaces generated by pairwise collinear points
are singular; in particular planes will be singular subspaces.

Polar and parapolar spaces—We recall the definition of a polar space, mainly to fix notation
and vocabulary. We take the viewpoint of Buekenhout—Shult [2]. All results in this section are well
known. Since we are only interested in polar spaces of finite rank, we include this in our definition.

Definition 2.1.4. A polar space is a point-line geometry I' in which for every point p the set p-
is a proper hyperplane, and each maximal nested family of singular subspaces is finite and had size
r 4+ 1 at least 3. The integer r is the rank of the polar space.

One shows that a polar space I' is partial linear, and that each singular subspace is a projective
space, see [2]. The maximal singular subspaces of a polar space of rank r have dimension r — 1.
Two singular subspaces are called I"-opposite if no point of either of them is collinear to all points
of the other. This coincides with the building theoretic notion of opposition, see chapter 3 of [31].

Example 2.1.5. Let K be a field, n an integer at least 2, Vj a vector space over Kandletg: V — K
be an anisotropic quadratic form, that is, a quadratic form without nontrivial isotropic vectors. Let
V be a vector space of dimension 2n. Then, with respect to any reference system, the set of points
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p of PG(V @ Vp) with p = ((v,v9)) having coordinates satisfying X_1 X1+ X _oXo+---+X_, X, =
f(vg), forms a nondegenerate quadric the points and lines of which form a polar space of rank n.
The singular subspaces are precisely the projective subspaces of PG(V @ V) entirely contained in
the quadric.

We also recall the definition of a parapolar space—for more details (and unproved claims in tis
section) see Chapter 13 of the book of Shult [24].

Definition 2.1.6. A parapolar space A is a connected point-line geometry, which is not a polar
space, and for which every pair {p, ¢} of points with [p~Ng*| > 2 is contained in a convex subspace
isomorphic to a nondegenerate polar space. Any such convex subspace is called a symplecton of A
(which is short for symplecton).

A pair of points p and ¢ is called special if [p* N gt| = 1. A pair of noncollinear points p and q is
called symplectic if [p N g*| > 2. In this case, the convex hull of p and ¢ is a nondegenerate polar
space.

If all symplecta have the same rank r, then we say that A has uniform (symplectic) rank r. If this
is the case, and if r > 3, then automatically all singular subspaces are projective spaces.

Example 2.1.7. If T" is a polar space of rank at least 3, then the corresponding dual polar space
is the point-line geometry with point set the set of singular subspaces of dimension r — 1 and set
of lines the sets of singular subspaces of dimension r — 1 containing an arbitrary but fixed singular
subspace of dimension r — 2. If this geometry has thick lines, that is, each line contains at least
three points, then it is a parapolar space of uniform rank 2.

Remark 2.1.8. The definition of parapolar space immediately implies that it is a partial linear
space. Also, parapolar spaces are so-called gamma spaces, that is, they satisfy the following axiom,
which is sometimes superfluously added in the definition.

(GS) Every point is collinear to zero, one or all points of any line.

Definition 2.1.9. Let I be a polar or parapolar space of (uniform) rank r and let U be a singular
subspace of " of dimension at most r —3. We define Resr(U) to be the point-line geometry (#,.%)
with

2 .= {singular subspaces K of I" with U C K and codimg (U) = 1},

Z := {singular subspaces L of I" with U C L and codimy,(U) = 2},

where any element of .Z is identified with the set of elements of & contained in it.

If U is a point, then we say that Resr(U) is a point residual.

Point residuals of polar and parapolar spaces of (uniform) rank r > 3 are polar and parapolar
spaces, respectively, of (uniform) rank r — 1.

2.2. Families of buildings of type F;. As noted in the introduction, due to Chapter 10 of
[31], a building of type F4 is completely determined by a pair (K, A), where K is a field and A
is a quadratic alternative division algebra A over K. We label the diagram as explained in the
introduction and denote the corresponding building by F4(K, A).

We list the properties of the different classes of quadratic alternative division algebras in Table 1,
introducing the notation we will adopt for these algebras. Then we fetch the first four rows—
Classes (K), (L) , (H) and (O)—under the name separable and Class (M) is referred to as the
inseparable case (“M” stands for Mized). Note that the latter includes the case K = A with
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Notation | dimg(A) | char(K) | Class Properties
K 1 # 2 (K) commutative, associative
L 2 (L) commutative, associative
H 4 (H) non-comm, associative
(@) 8 (O) | non-comm, non-ass, alternative
K 2" o0 2 (M) commutative, associative

TABLE 1. Quadratic alternative division algebras over K

char K = 2. Also, we refer to the case A = K in either characteristic as the split case; the other
cases then are nonspilt. We also use these notions for the symplecta.

Cayley-Dickson process—Let, with the notation of Table 1, (A, B) be one of (K,LL), char K # 2,
(L,H), (H,0). So L is a quadratic (Galois) extension of K, H is a quaternion division algebra over
K and O is an octonion division algebra over K. Then A can be obtained from B by the so-called
Cayley-Dickson process, see [12], as follows. Let x — T be the standard involution in B (for B =K
this is just the identity), and let b € K be such that it cannot be written as 2T, for any « € B.
Then A consists of all pairs (u,v) € B x B with standard addition and multiplication given by the
rule

(u,v) - (', 0") = (v’ + b'v, w0’ + u'v),
for all u,v,u’,v" € B. The new standard involution is given by (u,v) — (@, —v).

Standig hypothesis. From now on we denote by K an arbitrary field, and A is a quadratic
alternative division algebra over K.

2.3. Two families of polar spaces. Now we define the two families of polar spaces which we
will need in the definition of the metasymplectic spaces we are concerned with.

Definition 2.3.1. The polar space B, 1(K,A) is the quadric in PG(n,K) = PG(V), with n =
2r — 1 +dimg(A) and V = K> @ A, with equation

TopZp + -+ x_owo + 121 = N(x0),
where z_,, Ty, ..., T_2,T9,x_1,21 € K, 9 € A and N the natural norm form of A.

Definition 2.3.2. The polar space C3 1(A,K), with A not equal to K and not an octonion division
algebra, is the hermitian polar space in PG(5, A) with point set the points the coordinates of which
satisfy

T_3%3 +T_oT2 +T_171 € K,
where z_3,x3,2_2,22,2_1,71 € A and = — T the standard involution of A. If A = K, then
C3,1(K,K) is the symplectic polar space of rank 3 corresponding to the standard alternating form

T_3Ys + T_oYs +T_1y1 — T1Y—1 — T2Y—2 — x3y—3. If A = O is an octonion division algebra, then
C3,1(0,K) is the non-embeddable polar space with planes over O, see chapter 9 of [31].

We will not need a precise definition of the non-embeddable case. An explicit construction with
coordinates is provided in [6].
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2.4. Metasymplectic spaces. Now we can finally define the metasympletic spaces. Sometimes,
for example in [7] and [22], the axioms used in the following definition are referred to as facts which
can be proven from the building-theoretic definition, as stated in [34] p. 80 or proved in [4].

Definition 2.4.1 (Metasymplectic space). A metasymplectic space I'; = F4;(K,A) (i € {1,4}) is
a parapolar space of uniform rank 3 whose points, lines, planes and symplecta satisfy axioms 2.4.2,
2.4.3,2.4.4, 2.4.5 and 2.4.6, where A is a quadratic alternative division algebra over K.

Axiom 2.4.2 (Symp residue). The points, lines and planes of T'; contained in a given symplecton &,
endowed with the natural inherited incidence relation, are the points, lines and planes, respectively,

of a polar space Resr, (€) isomorphic to B3 1(K,A) ifi =1, and C31(A,K) if i = 4.

Axiom 2.4.3 (Point residue). The symplecta, planes and lines of T'; through a given point p,
endowed with the natural incidence relation, form a polar space Resr,(p) isomorphic to C31(A,K)
if i =1, and B3 1(K, A) if i = 4, where the points of that polar space are the symplecta through p,
the lines are the planes through p, and the planes are the lines through p.

In particular, it follows that the isomorphism class of the geometry Resr, (p) does not depend on p.
It also follows that the point residual at p as defined earlier is the dual polar space corresponding
to Resr, (p).

Axiom 2.4.4 (Point-point relation). Let x and y be two points of T';. Then exactly one of the
following situations occurs:

0) z=y;

(1) there is a unique line incident with both x and y;

(2) there is a unique symplecton incident with both x and y. In this case, there is no line inci-
dent with both x and y, and we call x and y symplectic. We denote the unique symplecton
by £(x,y) and write x 1L y;

(3) there is a unique point z collinear to both x and y. In this case, x and y are special. We
denote xxy and z = ¢(x,y);

(4) there is no point collinear to both x and y. In this case, x and y are at distance 3 and we
say that they are opposite.

Axiom 2.4.5 (Point-symp relation). Let @ be a point and let & be a symplecton of T';. Then
ezactly one of the following situations occurs:

0) ze€¢;

(1) the set of points of & collinear to x is a line L. Every point y of £\ L which is collinear to
each point of L is symplectic to x and {(x,y) contains L. Every other point z of £ (i.e.,
every point z of & collinear to a unique point 2’ of L) is special to x and ¢(x,z) = 2z’ € L.
We say that © and & are close;

(2) there is a unique point u of & symplectic to x and & N &(x,u) = {u}. All points v of £
collinear to u are special to x and ¢(x,v) ¢ £. All points of £ not collinear to u are opposite
z. We say that x and £ are far.

Axiom 2.4.6 (Symp-symp relation). The intersection of two symplecta is either empty, or a point,
or a plane.

K K A A

F1GURE 3. The Dynkin diagram of type F4 with Bourbaki labeling
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T ol oo el oo

2F2 9 28
E6,4 E7,4 E8,4

FIGURE 4. The Tits indices corresponding to Class (L), (H) and (O), respectively

Remark 2.4.7. Defining the dual point-line geometry to I'; as the geometry with point set the
set of symplecta of I'; and line set the set of sets of symplecta sharing a given plane, we deduce
from the diagram that the dual of I'; is 'y and vice versa. We will refer to this correspondence
as the natural duality. Lemma 2.8.4 is the key ingredient to deduce this natural duality from the
axioms above, but we will not do so explicitly.

Remark 2.4.8. The split buildings of type F; have trivial Tits index—every node of the F4
diagram is encircled; those of Class (M) are of mixed type (and have no Tits index if K # A). The
Tits indices of those of Classes (L), (H) and (O) are gathered in Fig. 4. This is purely informative
and shall not be used in this paper; hence we do not define Tits indices in a formal way, but refer
to [30].

2.5. Some properties of metasymplectic spaces. The axioms in the previous section have
some immediate corollaries, which are stated in e.g. [7] and [22].

Corollary 2.5.1. Every singular subspace of T'; is contained in some symplecton, and hence is
either empty, a point, a line or a projective plane.

Corollary 2.5.2 (Point-line relation). Let = be a point and let L be a line in a metasymplectic
space. Then precisely one of the following situations occurs:

(0) x € L;

(1) « L L;

(2) L p e L for exactly one point p, and x 1L q for all ¢ € L\ {p};

(3) amp € L for exactly one point p, and x is opposite q for all g € L\ {p};

(4) x L p € L for exactly one point p, and xxq for all ¢ € L\ {p}, with evidently ¢(x,q) = p;
(5) 1L p € L for exactly one point p, and xxq for all ¢ € L\ {p}, with ¢(x,q) = a witha L L

independent of q;
(6) = ™ L, with M = {z|z = c(z,p),p € L} a line.

Corollary 2.5.3. Ifa L b 1l c Ll disapath inT;, then axc and bxd if, and only if, a is opposite
d.

We can also prove the following.

Corollary 2.5.4. Let £ be a symplecton of T'; and let p,q be two points close to &. Then p and g
are opposite if, and only if, the lines L := p+N& and M = ¢~ N ¢ are opposite in the polar space

3

Proof. Suppose first that L and M are not opposite. Let x be a point of L collinear to all points
of M. Then g 1L x by (1) of Axiom 2.4.5 (point-symp relation). Now p must be close to £(q, z),
which implies that p is not opposite q.
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Suppose now that L and M are opposite. Let a be a point of L and denote by b the unique point
of M collinear to a. Then by the point-symp relations, pxb and gxa. With Lemma 2.5.3 we find
that p and ¢ are indeed opposite. O

2.6. The equator and extended equator geometries. In this section, we will define some
geometries which are included in a metasymplectic space. Among these are the equator geometries.
As remarked in [22], these have been treated in the split case in [7]. This was generalised in [22]
to all metasymplectic spaces I'y. In the present paper, we define the equator geometry for both
metasymplectic spaces I'1 and I'4, and this requires a sightly different approach. For the extended
equator geometries, we have to restrict ourselves to metasymplectic spaces I'y, which we will
motivate below. Concerning the tropics geometries, the authors of [22] claim that the proof of
Lemma 2.6.17 remains the same as in the split case. However, this does not seem to be entirely
true, and so we provide a detailed, different proof. Along the way, we also prove some more
properties of the interaction of the equator geometry with hyperbolic lines.

Definition 2.6.1 (Equator geometry). Let p,q be two opposite points of I'; (i € {1,4}). The
equator geometry E(p,q) is the point-line geometry with point set the points symplectic to p and
q and line set the sets of points corresponding to symplecta through a fixed plane through p.

Note that this definition differs from the one in [7] since we also want to include I'y. Also, the
definition (of the line set of E(p,q)) is not symmetric in p and ¢; see however Lemma 2.6.4 below.

Proposition 2.6.2. Let p,q be two opposite points of T';. The equator geometry, E(p,q), is
isomorphic to the point residue Resr, (p) and is consequently a polar space of rank 3. If i = 1, then
E(p,q) = C31(A,K) and if i =4, then E(p,q) = B31(K, A).

Proof. Define the map
¢ : E(p,q) — Resr,(p): = — &(z,p).

We prove that ¢ is an isomorphism of point-line geometries. The injectivity follows from the

possible point-symp relations (Axiom 2.4.5). Suppose z,y € E(p,q) and £ = £(z,p) = £(y,p), then

q is far from &, because £ contains a point opposite g. But z and y are symplectic to ¢, so z = y.

Also the surjectivity follows from this axiom. Let £ be a symplecton through p. Then £ is far from

g and there exists a unique point a of £ symplectic to g, so & = £(a,p) = ¢(a) with a € E(p,q). It

is clear that lines are preserved, because they are defined in the same way in E(p, ¢) and Resr, (p).
O

The lines in a equator geometry will also briefly be called lines and it should be clear from the
context which kind of lines is meant. However, we will frequently write the word “line” within
quotation marks when we mean a line in the equator geometry. Similarly we will refer to a plane
of an equator geometry writing “plane”.

Lemma 2.6.3. Let p,q be opposite points of T;, and let x # y be two points in E(p,q). Then x
is collinear to y in E(p,q) if, and only if, v 1L y in T;. Also, if v 1L y, then x- Nyt Npt isa
line in the plane o := &(x,p) N&(y,p), and that line coincides with ¢™ N «.

Proof. If x is collinear to y in E(p, q), then the symplecta £(x,p) and £(y,p) intersect in a plane
«. Since a symplecton is a polar space of rank 3, x is collinear to a line . C « and y is collinear
to a line M C a. If L = M, then = and y are symplectic (and then L = M = z+ Nyt npt)
or collinear. If they were collinear, we would have a singular subspace of dimension 3, which
contradicts Corollary 2.5.1. If L # M, then = and y are special, with ¢(z,y) = L N M which is
in particular collinear to p. By the point-symp relations, y has to be close to £(z, q), because y
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is symplectic to g and special to x, but these two are not collinear. Let M’ be the unique line of
&(x,q) collinear to y. But then the plane containing ¢ and M’ is contained in £(z, q) N &(y, ¢) and
similarly to the first part of this paragraph we get ¢(z,y) L ¢, which contradicts the opposition
between p and q.

If x 1L y in T';, then x is close to £(p,y), because of the possible point-symp relations and the
fact that x is symplectic to at least two points of £(p, y), but not contained in £(p,y) (that would
contradict the opposition of p and ¢). Let L be the line of £(p,y) collinear to z. Since x 1L p and
x 1l y, we get that p L L and « L L by the point-symp relations and therefore L C £(z, p)NE(y, p).
By the symp-symp relations the intersection is a plane « containing L. Corollary 2.5.3 yields
L C ¢™ and the lemma follows. g

Lemma 2.6.4. Let p,q be opposite points of T';. Then E(p,q) coincides with E(q,p).

Proof. Let o be a plane through p and let x,y be points in E(p,q) corresponding to symplecta
through o. Then, Lemma 2.6.3, z and y are symplectic and z+ Na = y* Na =: L. By applying
the same lemma to E(q,p), the symplecta £(x, q) and £(y, ) intersect in a plane 8 and o+ N B3 =
y+* N B =: M. Let now ¢ be an arbitrary symplecton through a corresponding to some point z
in E(p,q). Then z,y and z are pairwise symplectic and again by Lemma 2.6.3 the corresponding
symplecta through ¢ pairwise intersect in planes which, by Axiom 2.4.3, have at least one common
line K (through ¢). Lemma 2.6.3 yields a point r € KNzt Nyt Nzt C Bnat Nyt = M. Hence
&(x,y), which clearly contains L and M, also contains z. Since z 1L ¢, the point-symp relations
applied to ¢ and {(z,y) imply that z L M and so £(z,q) contains . Similarly a symplecton
through § corresponds to a symplecton through «. O

Lemma 2.6.5. Let p,q be opposite points of T'; and let x,y be points in E(p,q). Then either
r =y, orx 1Ly, orx is opposite y.

Proof. Suppose x L y, then x is close to {(y,p) and z is collinear to a line L of {(y,p) through y.
Since = Ll p, p has to be collinear to L by the point-symp relations and this contradicts p 1L y.

Suppose for a contradiction that zxy. Then z has to be close to £(p, y) by the point-symp relations,
because it is special to y and symplectic to p, but p is not collinear to y. Then z = ¢(x, y) must lie
in {(z,p) and similarly in £(z, g), so z = z, a contradiction. O

Lemma 2.6.6. Let p,q be opposite points of T';. Then every line in E(p,q) is contained in a
unique symplecton in I';. In particular, if x and y are contained in a “line”, then the symplecton

is §(x,y).

Proof. Let a be a plane through p corresponding to a line h in E(p, ¢) and let 8 be the corresponding
plane through ¢, according to Lemma 2.6.4. Lemma 2.6.3 implies that every point of & is collinear
to both lines ¢ N« and p™ N B, which then are contained in &(x,y) for distinct x,y € h. Then
clearly h C &(z,y). O

Lemma 2.6.7. Let p, q be two opposite points of I'; and let € be a symplecton. Then the intersection
EN E(p,q) is either empty, or a point, or a line of E(p,q).

Proof. If the intersection contains two points x,y, these have to be symplectic by the possible
relations between two points in a symplecton and the possible relations between two points in
E(p,q) (Lemma 2.6.5). By Lemma 2.6.6 the symplecton contains then every point z € E(p,q)
with &(z,p) N&(y,p) =: a C &(2,p), which is by definition the “line” containing x and y.
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Now we prove that the intersection cannot contain more. When the intersection contains the line
in E(p,q) through x and y, then p and ¢ must be close to &; denote by L and M the unique line
of £ collinear to p and ¢, respectively. Since p and g are opposite in I';, by Corollary 2.5.4 M and
L are opposite in the polar space £. Now every point z in £ N E(p, ¢) must be collinear to L and
M and so the symplecton &(z, z) contains the plane (L, p) which defines the line through z and y
in E(p,q). So z is contained in the “line” through x and y. O

Now we will see that we can define the lines in E(p, q) in a different way, if we are in a metasym-
plectic space I'y. This is because the symplecta are then polar spaces isomorphic to Cs1(A,K).
We will see that in this case the so-called hyperbolic lines (Definition 2.6.8) will correspond to sets
of points given as the common perp of two opposite lines in a symplecton (Lemma 2.6.9), which
will allow us to identify these lines with the lines in E(p,q) (Proposition 2.6.11). This will then
also show that the defintion of the equator geometry in I'y in the present paper is equivalent with
that in [22].

Definition 2.6.8 (Hyperbolic line). Let £ be a polar space and let z,y be two opposite points in
€. The hyperbolic line h(x,y) is the set of points (z- NyL)*+.

Lemma 2.6.9. Let & be the polar space C31(A,K). If z,y are two opposite points in € and L, M
are two opposite lines in x- NyL, then h(x,y) = LN M~ and the number of points on h(x,y) is
K] + 1.

Proof. Tt is clear that h(x,y) C L+ N M=, so it suffices to prove that L+ N M+ C h(z,y). We
provide two proofs: First we will give a proof that is applicable to the embeddable polar spaces,
i.e. the polar spaces C31(A,K), with A not an octonion division algebra. Then we will give a
prove that can be applied to the separable case only, i.e. A is not an inseparable field extension in
characteristic 2.

Suppose first that ¢ is an embeddable polar space Cs1(A,K). Then by Definition 2.3.2 and the
general theory of polar spaces (see for example Chapter 8 in [31]), £ is a polar space embeddable
in (the absolute elements of ) a nondegenerate polarity p in PG(5,A). Let z € L~ N M~ be a point.
The polar space Ny’ is embeddable in dimension 3 and is consequently spanned by two opposite
lines. In other words every point of 2~ Ny~ lies on a line of the underlying projective space that
intersects L and M. Since z is collinear to these points and z” is a subspace in the underlying
projective space, z is collinear to each point of 2+ N y*. The number of points on h(z,y) is now
equal to the number of planes through a line in the polar space, because each plane through L
contains exactly one point collinear to M. This, in turn, is equal to the number of lines through a
point in any point residual, and equals |K| + 1 by Proposition 2.3.5 of [34]..

Suppose now that £ is not isomorphic to C31(A,K) with A an inseparable field extension in char-
acteristic 2. By Theorem 5.9.4 of [34], the quadrangle x Ny has no proper thick subquadrangles
with full lines. So the quadrangle spanned by L and M must be the whole quadrangle or a grid.
The latter is impossible by Lemma 5.5.8 of [34] and our assumption on . So the quadrangle
spanned by L and M is the whole quadrangle - Ny*. If a point z is now collinear to both L and
M, it is collinear to - Ny*. The number of points on h(x,y) in the octonion case is now also the
number of planes through a line, which equals |K| + 1, as follows from the construction in [6]. O

Lemma 2.6.10. Let & be the polar space B3 1(K, A) and assume that the latter is separable. If x,y
are two opposite points in &, then h(x,y) = {z,y}.

Proof. By the definition of B3 1(K, A), we may look at the underling projective space PG(n,K) of
this polar space. By Proposition 3.20 of [22], L defines a nondegenerate polarity p in PG(n, K).
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Hence (zNyt)? is a line intersecting the quadric in the two points  and ¥, implying (z+Ny*)+ =
{z,y}, which proves the statement. O

Proposition 2.6.11. Let p,q be two opposite points of Ty, and let x,y be collinear points in
E(p,q). Then the line through x and y in E(p, q) is exactly the hyperbolic line h(x,y). In particular
E(p,q) is closed under taking hyperbolic lines of pairs of symplectic points.

Proof. Let z be a point on the line through = and y in E(p,q). Then z is contained in the
symplecton £(z,y) by Lemma 2.6.6. By the point-symp relations p is collinear to some line L of
this symplecton and L is collinear to the points z,y, z. Similarly ¢ is collinear to such a line M
and because p and ¢ are opposite in I'y, L and M are opposite in £(z,y). With Lemma 2.6.9 we
now have that z € h(z,y).

Let 2z’ now be a point on h(z,y). Then 2’ is collinear to the unique line L of £(xz,y) collinear
to p, because this line is contained in zt Ny*. So 2’ is symplectic to p and similarly to ¢, so
2! € E(p,q). The symplecton &(p, z) also contains the plane (p, L) = &(x,p) N &(y,p), and 2’ is
consequently contained in the line through = and y in E(p, q). O

Now we can define the extended equator geometry in the case of metasymplectic spaces I'y. The
reason that we are not able to do this in general for I'y, is that hyperbolic lines are no longer
determined by the common perp of two distinct lines, like in Lemma 2.6.9.

Definition 2.6.12 (Extended equator geometry). Let p,q be two opposite points of I'y. Then
define the extended equator geometry E(p,q) as the point-line geometry with point set

(LB, y)lz,y € E(p,q),  opposite y},

and line set all the hyperbolic lines contained in this point set.

Note that, by Lemma 2.6.5 and Proposition 2.6.2, F(p,q) contains pairs of opposite points, so

~

E(p, q) is nonempty. We also get directly that p,q and E(p, q) are contained in E(p, q).

The following three results come from [22].

Lemma 2.6.13. Let p,q be two opposite points in T'y and let x be a point in E(p, q). Then the
set of points of E(p,q) symplectic to or equal to x is a geometric hyperplane of E(p,q), viewed as
a polar space, or coincides with it.

Proof. This is Corollary 3.16 of [22]. O

Lemma 2.6.14. Let p,q be two opposite points in 'y and let x,y be two points in E(p, q). Then
either x = y, or x 1L y, or x is opposite y. If, moreover, x 1L y, then there exist opposite
a,b € E(p,q) so that h(z,y) C E(a,b) and h(z,y) is consequently completely contained in E(p,q).

Proof. This is Lemma 3.17 of [22]. O

Proposition 2.6.15. Let p, q be two opposite points in I'y. The extended equator geometry E(p, q)
is a polar space isomorphic to Bs1(K, A).

Proof. This is Proposition 3.18 of [22]. O

We now provide some additional properties of the extended equator geometries, either only proved
in the split case (in [7]) and stated without proof in [22], or new.
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Lemma 2.6.16. Let p, g be two opposite points in T'y and let & be a symplecton intersecting E(p, q)
in at least a point. Then £ N E(p,q) contains a hyperbolic line.

Proof. Suppose that £ intersects E(p7 q) in a point z. If x = p or = ¢ it is clear that £N E(p, q)
contains at least the hyperbolic line h(z,y) with y = &N E(p, q) by the fact that p,q and E(p,q)
are contained in E(p, g) and Lemma 2.6.14. If € E(p,q), we can find a point y opposite = in
E(p,q) and then the hyperbolic line h(x, z) with z = £ N E(x,y) is similarly as the previous case,
using Lemma 2.6.14, contained in E(p, q). So we can assume without loss of generality that x is
opposite p. Then p is far from £ and we denote by y the unique point of £ symplectic to p. By
the previous case, the symplecton £(p, y) intersects E (p, q) at least in a hyperbolic line h. Because
Eisa polar space, this hyperbolic line has at least one point symplectic to z. But because x is
far from the Symplecton &(p,y), with y the unique point symplectic to x, the point Yy has to be
contained in h C E(p, q). Now again by Lemma 2.6.14, h(z,y) has to be contained in E(p, q) and
consequently in the intersection of E (p,q) NE. O

Lemma 2.6.17. Let p,q be two opposite points in T'y and let a,b € E(p7 q) be opposite points.
Then, E(a,b) = E(p,q).

Proof. We start by showing that F(a,b) C E'(p, q). Let x be an arbitrary point of E(a,b). Consider
the symplecton £(a,x). By Lemma 2.6.16, this has a hyperbolic line h in common with E(p, q).
By Proposition 2.6.15 b must be symplectic to some point of this line h. It is however clear that
b is far from £(a,z) and the only point of that symplecton symplectic to b is . So x has to be
contained in h C E(p, q). By the arbitrariness of x, we get that E(a,b) C E(p, q).

Now an arbitrary point w of E(a,b) is by definition contained in E(z,y) for some opposite points
x,y € E(a,b). Applymg the previous paragraph to z,y as 0pp051te pomts in E(p, q), one gets that
w € E(x,y) € E(p,q). By the arbitrariness of w, we get that E(a,b) C E(p,q).

Now note that E(a,b) N E(p,q) is a geometric hyperplane of b N E(p, ¢), a geometric hyperplane
of E(p,q) by Lemma 2.6.13. Now E(a,b) N E(p,q) contains two opposite points z,y (cf. Lemma
4.2.3 of [7]). But then p,q € E(z,y) C E(a7b) and we can apply the previous two paragraphs
switching the roles of a,b and p, ¢ to obtain E(p7 q) C E(a, b). O

Lemma 2.6.18. Let p,q be two opposite points in T'y and let £ be a symplecton. Then either £ is
disjoint from E(p, q) or &N E(p7 q) is a hyperbolic line. Hence every symplecton that has a point x
imn common with E(p, q) intersects it in a hyperbolic line through x. In particular, any hyperbolic
line in E(p, q) appears as the intersection of E(p7 q) and a unique symplecton.

Proof. By Lemma 2.6.16 it suffices to prove that £ does not intersect E‘(IL ¢) in more than a
hyperbolic line. As a hyperbolic line defines a unique symplecton containing it, the rest of the
lemma follows then immediately.

Suppose now for a contradiction that the said intersection is more than a “line”, namely at least a
hyperbolic line h(u, v) and a point w ¢ h(u,v). By Lemma 2.6.14 we find some opposite points a, b
in E(p, q) with h(u,v) C E(a,b). By Lemma 2.6.17, we get that E(p, q) = E(a, b). By the definition
of the extended equator geometry we now find some opposite points z,y € E(a,b) such that w is
symplectic to z and y. In E(a,b), x is symplectic to a point of h(u,v) and so z is symplectic to
two points of the symplecton £. Consequently x is close to £ and similarly also y is close to . But
by case (1) of Axiom 2.4.5 (the point-symp relations) and Lemma 2.6.14 (the point-point relations
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in E), x and y must be symplectic to every point of E(p, q) NE. Now ]@(p7 q)N¢ C E(x,y) and so
E(z,y) N ¢ contains more than a hyperbolic line, contradicting Lemma 2.6.7. g

2.7. The tropics geometries. Another geometry living in the metasymplectic spaces, the so
called tropics geometry, is defined starting from the extended equator geometry. This section is
strongly based on Section 5.3 in [7]. As noted in [22], most of the results stay valid in the non-split
case. There are however some subtleties that are no longer valid as hyperbolic lines are no longer
always lines in a underlying projective space, and which were overlooked in [22]. Therefor we
display the full proofs.

Before defining those tropics geometries, the next lemma is very useful. A so called hyperbolic solid
in the next lemma is just a solid (a singular subspace of projective dimension 3) in the polar space
E(p, q), where the lines are the so called hyperbolic lines. Similarly, one can define a hyperbolic
plane.

Lemma 2.7.1. Let p.q q be two opposzte points of T'y. Let x be a point of T'y which is collinear to
at least two points of E(p, q). Then N E(p, q) is a hyperbolic solid.

Proof. By Lemma 2.6.17 and Proposition 2.6.15, we may assume that p L . Let a be a second
point of E collinear with z. By the possible relations between points in E(p7 q) (Lemma 2.6.14),
we get that p Ll a. Hence, by Lemma 2.6.17 and Proposition 2.6.15, we can choose ¢ opposite p
and symplectic to a. So we have that a € E(p, q) and x € £(a,p). By Proposition 2.6.11, the set of
intersections with E(p, q) of the symplecta through the line px is a hyperbolic plane = of E(p, q).
Let b € m be a point different from a. Since a is collinear with « and = € £(b, p), the point a is
close to &(b,p). Since b L a, the possible point-symp relations (Axiom 2.4.5) imply that = L b.

Hence all points u of 7 are collinear with z. But x belongs to £(u,p), and in the latter symplectic
polar space, u and p belong to z; hence, by the definition of the hyperbolic line h(u, p), all points
of h(u p) are collinear with z, implying that all points of the maximal smgular hyperbolic subspace
of B (p, q) spanned by 7 and p are collinear with 2. Every two points in z* N E (p, q) lie at distance
at most two, so they must be symplectic by the possible relations between points in E(p7 q). As
two points are symplectic if, and only if, they are contained in a hyperbolic line, this implies that
the singular hyperbolic subspace of E(p, q) spanned by 7 and p is exactly z+ N E(p, q). O

Definition 2.7.2 (Tropics Geometry). Let p,q be two opposite points of I'y. Then define the
tropics geometry T(p,q) as the point-line geometry with point set

{zeT: et NE(pq) > 2},

and line set the set of all the lines of I'y contained in this point set.

Remark that the big difference with the (extended) equator geometry, is that the lines in this
geometry f(p, q) are no longer hyperbolic lines, but really the lines of the metasymplectic space.
Note also that this construction is only possible in the metasymplectic space T'y, as it relies on the
extended equator geometry which is only defined there. Also remark that by the possible relations
between points in E(p, q), we see that E(p,q) N T(p,q) = 0.

Lemma 2.7.1, allows us now to introduce the next notation. This is actually the core idea of the
rest of this section. To track down the structure of the tropics geometry, we will define a map
between this geometry and the dual of the extended equator geometry. This map is in fact the g
defined here.
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Remark 2.7.3. Let p,q be opposite points of I'y and let x be a point of the tropics geometry
T(p,q). Then we denote by 8(z) the hyperbolic solid E(p,q) Nz .

First of all we give a lemma that follows immediately from these definitions.

Lemma 2.7.4. Let p,q be two opposite points of T'y. Then no point of f(p7 q) 1is opposite nor
symplectic to any point of E(p,q).

Proof. Let z € f(p, g) and y € E(p, q) be arbitrary points, y ¢ S(x). Then y is symplectic to a
hyperbolic plane 7 of 3(z) in the polar space E(p7 q). Now z is not opposite y as it lies close to the
symplecton &(y, z), for all z € w. This also implies that z is not symplectic to y as the point-symp
relation would then yield z L y, for each z € m, contradicting Lemma 2.6.14. O

Now we will show that 3 is a bijection between f(p, q) and the dual of E(p, q) as a polar space.

Lemma 2.7.5. Let p,q be two opposite points of I'y. Let U be a hyperbolic solid of E(p, q). Then
there exists exactly one x € T(p,q) such that B(x) = U. Moreover, this is the only point in T'y
collinear with U .

Proof. By Lemma 2.6.17, we may suppose that p belongs to U. Then U N E(p, q) is a hyperbolic
plane 7. The intersection of all symplecta &(p, z) with z € 7 is by the definition of E(p,q) a line
L through p.

We first prove the uniqueness. Suppose there are two points =,y € f(p, q) with g(z) = B(y) = U.
Then, both z and y must be contained in all the symplecta through p and a point of 7, hence both
are on L. Let z € 7 be arbitrary. Then in £(z,p), the point z is collinear with exactly one point
of L and this point must be = = y.

Now we prove the existence. Let a,b € m be arbitrary but distinct. Then b is not contained in
&(a,p) and hence is close to it. So b is collinear with a line M C &(a,p) and by the point-symp
relations a and p must also be collinear with M. Clearly, L is contained in the plane generated by
p and M, which is the intersection of £(a,p) and £(b,p). So x := L N M is collinear with both a
and b. Since x is the unique point of L collinear with a, we see, by varying b € 7, that x is collinear
with all points of 7. Since also = L p, we see that z is collinear to the hyperbolic subspace spanned
by p and 7, as x is collinear to every point of a hyperbolic line that has at least two points collinear
to . This means §(z) =U.

The last assertion follows from the uniqueness combined with the fact that any point in I'y collinear

with U is of course collinear with at least two points of E (p, q) and belongs consequently to T (p,q)-
Il

The next proposition relates the mutual position between two hyperbolic solids on E(p, q) and
their preimages under §. In fact it checks that 8 preserves indeed the structure.

Proposition 2.7.6. Let p,q be two opposite points of Ty and let f(a) = U, B(b) = V be two
different hyperbolic solids in E(p,q), with a,b € T(p,q). Then

(1) UNV is a hyperbolic plane w if, and only if, a L b in Ty. In this case, some point x is
collinear with all points of 7 if, and only if, © belongs to ab;
(i) UNV is a hyperbolic line if, and only if, a 1L b in T'y. In this case, every point of h(a,b)
belongs to f(p7 q) and is collinear with all points of UNV;
(#it) UNV is a singleton {z} if, and only if, axdb in Ty. In this case, z = c(a,b);
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UNV =0 if, and only if, a and b are opposite in Ty.

Proof. By Lemma 2.6.17, Proposition 2.6.15 and the assumption that U # V', we may assume that
peU\V and ¢ € V\U. We get then that (UNV) C E(p,q). We assume this throughout the

proof.

(4)

(i)

(iid)

Suppose first that a L b. By the above assumption and Lemma 2.7.4, we infer axg and
bxp. Let £ be any symplecton through bg, and denote {x} := FE(p,q) N§. Then p L x
and p and £ are far. Since p is special to b, the point-symp relations imply b L z. Now b
is close to &(p,x), hence there is a line L in {(p,x) containing x such that L is collinear
with b. As p is collinear to a point of this line, a = ¢(b, p) is also contained in L. So a is
collinear to z. Varying & over all symplecta through bq, the point = varies over a plane of
E(p,q). This plane must coincide with UNV as ¢ L a, L b and the intersection U NV
is at most a hyperbolic plane.

By Lemma 2.5.2, no point of the line ab is symplectic to or opposite p. Lemma 2.6.14
then implies that the line ab has empty intersection with E. Let z now be any point of
UNV. Then a L z L b, and so every point of the line ab is collinear with z and hence
with all points of 7. Hence every point of the line ab is collinear with all points of .

Now assume that U and V intersect in a plane 7. Consider two points x,y € w. Then
both a and b are collinear with both z,y and hence both are contained in &(z,y). It
follows that a,b are either symplectic or collinear. If they were symplectic, then £(a,d)
would contain 7, contradicting Lemma 2.6.18, so a L b.

Suppose now that some point ¢ is collinear with all points of 7. Then ¢ € f(p, q) and

we have just shown that a L ¢ 1L b. Suppose for a contradiction that ¢ does not belong to
the line ab. Then take two points u,v € 7. It follows that a,b,c € £(u,v), contradicting
the fact that £(u,v) is a polar space of rank 3 and hence no plane can be contained in the
intersection u® Novt.
Assume first that U and V intersect in a hyperbolic line h. We then have that h C E(p, q).
Consider two points z,y € h. Then both a and b are collinear with both z,y and hence
contained in &(x,y). It follows that a,b are either symplectic or collinear. But they are
not collinear by (4), so they must be symplectic.

Now assume that {a, b} is a symplectic pair. Then by (), we know that UNV is at most
a hyperbolic line. Both p and ¢ are close to £(a,b). Hence p is collinear with the points
of a line L C &(a,b), and ¢ is collinear with the points of a line M C £(a,b) and these are
opposite viewed as lines of the polar space £(a,b) by Corollary 2.5.4. With Lemma 2.6.9,
this implies that £(a, b) contains a unique hyperbolic line h all of whose points are collinear
with L and M, i.e., h = L-NM>. In particular, h is contained in a*Nb*. By Axiom 2.4.5
(1), all points of h are symplectic to both p and ¢, hence h C E(p,q). Soh CUNYV,
implying h=UNV.

Let z now be a point on the hyperbolic line h(a,b). Then z is collinear to the intersection
a N bt, which contains U N'V. Hence it follows immediately that z is collinear to U N’V
and so z is also a point of f(p, q).

Suppose first that U and V' intersect in a point. Then a and b are collinear with a common
point and hence cannot be opposite. Moreover, they are neither symplectic nor collinear
by (i) and (i7). Consequently, they are special.

Now suppose that a and b are special. We show that z = a x b belongs to E(p7 q),
which will complete the proof of (iii) taking the previous two statements into account.
Note that no point of U UV can be special to z as this would give with Lemma 2.5.3
that this point is opposite a or b, contradicting Lemma 2.7.4. So z must be collinear or
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symplectic to the points of U U V. Suppose z is collinear to at least two points of U UV,
then z is contained in f(p7 q) and by (i) the intersections 5(z) N B(a) and G(z) N B(b) are
hyperbolic planes in 3(z), contradicting the fact that the intersection S(a) N 3(b) contains
at most one point by (i) and (i7). So z is collinear to at most one point of U UV. Without
loss of generality, we may assume that z is symplectic to every point in U and at least
one point y of V. It is easy to see that U contains a point 3’ not symplectic to y, as
otherwise U and y would be contained in a singular hyperbolic subspace of E(p, q) with
dimension at least 4, a contradiction. But then, y and y’ are opposite by Lemma 2.6.14
and z € E(y,y') C E(y,v') = E(p, q) by Lemma 2.6.17.

(iv) This follows by elimination and the previous cases. O

This proposition has an immediate corollary.

Corollary 2.7.7. Let p,q be opposite points in I'y. Then f(p7 q) is a subspace of T'y4.

Proof. Let a,b be two collinear points in f(p, q). By (i) of Proposition 2.7.6, we see that all the
points of the line ab are contained in T'(p, q). O

However, the most important corollary is of course that we know now the structure of this tropics
geometry.

Corollary 2.7.8. Let p, q be opposite points in T'y. Then the tropics geometry f(p, q) is isomorphic
to the dual polar space By 1(K,A).

Proof. This follows immediately from Proposition 2.6.15 combined with the fact that g is an
isomorphism, which follows from Lemma 2.7.5 and Proposition 2.7.6. g

2.8. Opposition and projection. Opposition is a very important notion in the theory of spher-
ical buildings, and it is of course also central in the idea of domesticity. Also typical in spherical
buildings is the notion of projection. Opposition and projection are also intimately related, in
particular by Theorem 3.28 of [31]. We review some basics here. We refer to Chapter 3, Sections
3.22-3.32 of [31] for more details.

Definition 2.8.1 (Opposition). The opposition of singular spaces and symplecta in a polar space
or a metasymplectic space I'; is defined as follows.

(1) Two points are opposite if they are at maximal distance from each other: not collinear in polar
spaces, distance 3 in metasymplectic spaces (this agrees with Axiom 2.4.4);

(2) Two singular subspaces or symplecta are opposite if every point of one of them is opposite
some point of the other.

Remark 2.8.2. We will sometimes speak about locally opposite spaces or symplecta in polar or
metasymplectic spaces. Then there will always be a residue obvious from the context containing
both (for example the intersection of these elements) and we mean that they are opposite in this
residue.

For lines and planes of I';, i = 1,4, we can be more precise.

Lemma 2.8.3. Two lines are opposite in T'; if, and only if, every point is special to exactly one
point of the other line and opposite all the other ones. Two planes are opposite in T'; if, and only
if, every point is special to the point set of exactly one line of the other plane and opposite all the
other points.
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Proof. The statement about the opposite lines follows immediately from the definition above and
the possible point-line relations in Lemma 2.5.2. The statement about the planes follows from the
same lemma;: It is clear that, if o, oy satisfy the stated condition, then the planes are opposite.
Suppose conversely that the planes are opposite. Let p € ay be a point and denote by p’ an
opposite point in ay, | # k. Then by Lemma 2.5.2 every line M through p’ has an unique point
special to p and all the other points of M are opposite p. We now claim that the set of these points
special to p is exactly a line. This is the case, because every line through two of these points has
to be completely special to p, by Lemma 2.5.2 and the fact that «; contains only points opposite
and special to p. O

For symplecta, we could appeal to the duality between I'y and I'y, as already mentioned, and
as follows from the connection with buildings. However, for foundational reasons, we prove the
following lemma merely using the axioms.

Lemma 2.8.4. Let &1,& be two symplecta of T';. Then &£1,& are opposite if, and only if, the
intersection of & and & is empty and there is no symplecton which intersects both in a plane. If
& and & are disjoint and not opposite, this symplecton intersecting both in a plane is unique.

Proof. First suppose that £; and &> are opposite. If there was a point in the intersection, it would
not have an opposite point in one of the symplecta, so their intersection must be empty. If there
was a symplecton intersecting both in a plane, every point in such a plane would be collinear to a
line of the other plane and consequently be close to the other symplecton. This makes it impossible
to have an opposite point in the other symplecton and contradicts our assumption.

Now suppose conversely that the intersection of &£; and &> is empty and there is no symplecton
which intersects each of them in a plane. Then we claim that every point of & has to be far from
&, I # k, from where it follows immediately that the symplecta are opposite, by the point-symp
relations. Suppose for a contradiction without loss of generality that there is a point p € &; close
to &. Then this point is collinear to some line L of &. Let p1,ps € L be two different points
which are now collinear to lines through p in &, say respectively L1, Ly. If L1 = Lo, this line is
collinear to the line L and they span consequently a projective plane, which contradicts the empty
intersection of £; and &. So we may suppose that Ly # Lo. Let ¢ be a point of Ly different from
p. Then ¢ is clearly symplectic to ps, as p and p; are collinear to both of them. The symplecton
&(p2, q) now has the lines L and L; in common with the symplecta £ and &, respectively. By the
symp-symp relations, this contradicts our assumption.

Suppose now that & and &; are disjoint, but not opposite. Suppose for a contradiction that there
exist two different symplecta ¢ and ¢’ intersecting both in a plane. Denote by 7r§ ) = C(l) Né&,i=
1,2. We will now take a closer look at the different possibilities for the intersections of the planes
m and 7].

e Suppose w1 and 7y share at least a line. Two distinct points of such line are collinear to
two distinct respective lines, both lying in both w5 and 75. By the possible point-symp
relations these lines and hence these planes coincide. Now interchanging &; and &, also m;
and 7 coincide.

e Suppose m N7} is a point. Then that point is collinear to a line of both w5 and 75; hence
these intersect in at least a line and we are reduced to the previous case.

e Suppose my N7y is empty. By the previous case, we may also assume that mo N7} is empty.
Let p be a point in 7. Then, since & and ( are polar spaces, p is collinear to a line Ly
of ] and a line Ly of . Let now p’ be a point of 75. Then similarly p’ is collinear to a
line My of 7} and a line My of m5. Now the points p and p’ have (at least) two points in
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their common perp, namely Ly N M; and L, N M5 and are consequently symplectic. The
symplecton &(p, p’) intersects the symplecta &1, 2, ¢ and ¢’ in respective planes. Applying
the previous cases now twice (once to £(p,p’) and ¢, and once to £(p,p’) and ('), yields
again the contradiction that ¢ = (. O

The concept of projection is again something that descends from building theory and which has
very strong properties as proved in [31], for example Theorems 3.28 and 3.29, see also below. Let
us define the projections in the metasymplectic spaces I'; and I'y that we will need.

Definition 2.8.5. Let p and ¢ be two opposite points of I';. The projection from Resr,(p) onto
Resr, (¢) is the collineation that maps each symplecton ¢ through p to the unique symplecton
through ¢ that intersects ¢ in a point; that maps each plane a through p to the unique plane
through ¢ containing a line that lies in a symplecton together with a line of o and that maps each
line L through p to the unique line through ¢ having a point collinear to a point of L. We denote
this by proj}.

Dually, one defines the projection of a symplecton & onto an opposite symplecton . This, however,
can also be defined as the isomorphism from £ to ¢ determined by mapping a point = € £ to the
unique point y € ¢ symplectic to z, that is, z 1L y.

The uniqueness and existence of proj‘;‘zj follows almost immediately from the point-line relations in
Lemma 2.5.2(3) and the reasoning in the proof of Proposition 2.6.2. From this definition it is
immediately clear that the types of elements are preserved, so we only have to check that inclusion
is preserved to conclude that this is indeed a collineation. We leave this to the interested reader,
being aware that this also follows from the general theory in chapter 3 of [31].

With the notion of projection, we can define a collineation on the residue from some collineations
on a metasymplectic space. We define this here.

Definition 2.8.6. Let 6 be a collineation of a metasymplectic space I'; mapping a point p to an
opposite point p?. Then 6, is the composition of 6|Resri(p) with the projection from Resr,(p?) to

. . 0
Resr, (p), in symbols: 6}, := projp o f|resr. (p)-

Remark that this is well-defined by the previous reasoning. Then we have the following connection
between global and local opposition:

Lemma 2.8.7. Let p and q be two opposite points of some metasymplectic space T';. Let U and
V' be two elements of the same type through p and q respectively. Then U is opposite V in T'; if,
and only if, proji (V') is opposite U in Resr, (p), that is, proji (V) and U are locally opposite.

Proof. This follows directly from Theorem 3.28 of [31]. O

2.9. A polar line grassmannian and a hexagon. Using Lemma 2.8.4, one shows from the
axioms that I'y and I'y are dual to each other in the sense of Remark 2.4.7. We will not do
this explicitly, as we already proved all necessary ingredients. This now allows and motivates the
following terminology.

Definition 2.9.1. Let &1, & be two symplecta of a metasymplectic space, then we call £&; and &

(0) equal if & = &o;
(1) collinear if the intersection £ N &; is a plane;
(2) symplectic if the intersection & N &s is a point;
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(3) special if the intersection & N & is empty and there is unique symplecton ¢ intersecting
both in a plane;

(4) opposite if the intersection £ N &y is empty and there is no symplecton intersecting both
in a plane.

The duality between I'y and I'y makes it possible to define some more geometries embedded in
metasymplectic spaces. These will be used later on.

We start by embedding the line grassmannian of the extended equator geometry into I'y. Therefor,
we have to prove some properties of mutual positions of hyperbolic lines of an extended equator
geometry of I'y. However, we will also need the corresponding properties of I'y, so we initially
phrase it more generally in the next lemma.

Lemma 2.9.2. Let p,q be opposite points in a metasymplectic space T';. Let L, M be two “lines”
of E(p,q) and let £, be the symplecta containing L, M, respectively. Then:

(i) L and M are contained in a plane of E(p,q) if, and only if, & and ¢ are collinear;
(#4) L and M intersect in a point, but are not coplanar in the polar space E(p,q) if, and only
if, & and ¢ are symplectic;
(#i7) L and M are disjoint but not opposite in the polar space E(p,q) if, and only if, & and ¢
are special;
(iv) L and M are opposite in the polar space E(p,q) if, and only if, & and ¢ are opposite.

Proof. (i) Suppose L and M lie in a “plane” of E(p,q) and denote by x the intersection of
both lines. Let m be a point of M \ {}. Then all points of L are collinear to the line
m* N ¢ and consequently this line is also contained in z Nm* C ¢. So there is at least a
line contained in the intersection £ N (. By Definition 2.9.1, we see that this means indeed
that the symplecta are collinear.

Suppose now that the symplecta £ and ( intersect in a plane. Then it is clear that every
point of L is close to ¢ and by the possible relations between points in F(p, ¢), every point
of L must be symplectic to every point of M. So L and M are contained in a “singular
subspace” of E(p,q), which is a “plane” by the rank of that polar space.

(iv) First suppose that £ and ¢ are opposite symplecta of T';. Then each point of £ is symplectic
to a unique point of ¢. In particular, no point of L can be symplectic (or collinear in the
polar space E(p, q)) to all points of M. Hence L and M are opposite in E(p, q).

Now assume that L and M are opposite lines in E(p,q). We consider the possible
relations between symplecta, taking Lemma 2.8.4 into account. The symplecta & and ¢ do
not meet in a plane as otherwise no point of ¢ is opposite any point of . Suppose that
they meet in a point s. Points z € £ and y € ( are opposite if, and only if, x [ s [ y,
by the possible point-symp relations. So given that each point of L is opposite some point
of M, we deduce that all points of L are opposite all points of M, a contradiction. Now
suppose that there is a symplecton w intersecting £ in a plane a and ( in a plane 3, with
& and ( disjoint. Since each point of L is opposite some point of M, all points of L belong
to £\ o and likewise M C ¢\ 5. But then, again, there are no symplectic point pairs from
L x M since the unique point of ¢ symplectic to a point of £ \ « is contained in 5 and we
have again a contradiction. Hence £ is opposite (.

(#4) Suppose L and M intersect in a point, but are not contained in a “plane”. Then the
symplecta ¢ and £ must at least contain this intersection point and by (4), this is exactly
their intersection, which means that the symplecta are symplectic.

Suppose now £ and ( intersect in a point x. By (iv), there must be a point [ € L which
is symplectic to all points of M and a point m € M which is symplectic to all points of
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L. Tt is clear that [ is contained in or close to (; we will exclude the latter, which implies
I = x. Suppose for a contradiction that [ # z, then | 1L x or I L x. Suppose first that
I 1L z, then the line I N ¢ must be collinear to = and so the intersection £ N ¢ contains a
plane, contradicting (7). Suppose now that [ L z, then every point of M must be collinear
to x and consequently close to £, implying that every point of M must be symplectic to
every point of L, again contradicting (7). Similarly it follows that m = x, which proves the
statement.

(#i7) This follows by elimination and the previous cases. O

The previous lemma can be adapted to extended equator geometries.

Corollary 2.9.3. Let p,q be opposite points in a metasymplectic space T'y. Let L and M be two

lines of the polar space E(p,q) and let £, be the corresponding symplecta containing L and M
respectively. Then:

(i) L and M are contained in a plane of E(p, q) if, and only if, & and ¢ are collinear;
(ii) L and M either intersect in a point, but are not coplanar in the polar space E(p, q), or are
contained in a “solid”, but don’t intersect, if, and only if, £ and { are symplectic;
(#i7) L and M are disjoint but not opposite in the polar space E(p, q) if, and only if, £ and ¢
are special;
(iv) L and M are opposite in the polar space E(p, q) if, and only if, & and ¢ are opposite.

Proof. By Lemma 2.9.2 it suffices to prove that every pair of lines of ]@(p7 q) is embedded in
a common equator geometry E(a,b), except when the lines are contained in a common “solid”
but not in a common “plane” and that in this particular case the corresponding symplecta are
symplectic.

If L and M span a “plane” m of E(p, q), then we can take two different maximal singular subspace
through this submaximal singular subspace, that give rise to two opposite points a,b symplectic
to every point of m. Suppose now that L and M intersect in a point, but are not contained in a
“plane”. Let then a and 8 be two locally opposite “planes” through L. Define now a, b as points on
the respective projections of M onto «, 8 not on L. Subsequently, let L and M be nor contained in
a solid, nor opposite in E(p, q) and denote by [ and m the respective points of L and M symplectic
to all points of the other line. Consider now opposite points I’ € L\ {l} and m’ € M\ {m}. Then in
the rank 3 polar space m’*- NI’ = E(I’,m’) we can consider two locally opposite planes through
Im giving rise to opposite points a and b symplectic to all points of L and M. Suppose finally that
L and M are opposite in E(p, q). Then one can choose two opposite points in the rank 2 polar
space LY N M.

Let now L and M be two lines contained in a common “solid” but not in a common “plane”. Then
it is clear that the symplecta £ and ( cannot be disjoint as they contain both the point of f(p, q)
corresponding to this “solid”. So we may suppose for a contradiction that £ and ( are collinear,
and denote 7 := £ N (. Then, since every pair of points of L U M is symplectic, all points of L and
M are collinear to the same line K of m. Remark now that every point y in the “solid” spanned
by L and M, must lie in a symplecton through this line K, as a solid is spanned by two opposite
lines and each symplecton through a point I € L and a point m € M contains clearly the line K.
Similar as above, y must now be collinear to K, but then each point of the line K is collinear to
the same hyperbolic solid of E (p, q), contradicting Lemma 2.7.5. By elimination we now see that
& and ( are symplectic in this case. O
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Now we will see that the previous lemma and corollary allow us to embed some more geometries
in a metasymplectic space.

Definition 2.9.4. The polar (line) Grassmanian B, »(K, A) is the point-line geometry with point
set the lines of the polar space Bs 1(K, A) and line set the planar line pencils of B4 1 (K, A) (i.e. all
the lines in a certain plane 7 through a certain point v € m; v is called the vertex of the pencil; 7
is called the base plane).

Lemma 2.9.5. The polar line Grassmanian By o(K, A) is a parapolar space of diameter 3 and with
uniform symplectic rank 3.

Proof. See Paragraph 17.1.1 of [24]. O

Points of B4 »(K, A) at distance 3 shall be called opposite; they indeed correspond to opposite lines
of B4,1 (K, A)

Proposition 2.9.6. All points of any two arbitrary opposite symplecta of 'y are contained in a
subspace 2 of 'y which, viewed as a point-line geometry, is isomorphic to By 2(K, A) enjoying the
following property:

(Isom) Two points of  are collinear, symplectic, special or opposite in Q) if, and only if, they are
collinear, symplectic, special or opposite, respectively, in I'y.

Proof. Let, under the natural duality between I'y and I'y, the two given opposite symplecta of
I'y correspond to the two opposite points p,q of I'y. Then let Q be the set of points of I'y cor-
responding (under the natural duality) to the symplecta of Ty intersecting E‘(p,q) nontrivially.
Note that Lemma 2.6.18 implies that these symplecta intersect E(p, q) in hyperbolic lines and that
by definition all points of the the given opposite symplecta belong to 2. We claim that Q is a
subspace. Indeed, let & and ¢ be two collinear symplecta intersecting E(p7 ¢) nontrivially. Then
by Corollary 2.9.3, the intersection contains a point of E (p, q), and hence all symplecta containing
&N ( intersect E(p, g) nontrivially, proving the claim. Now, identifying a symp of I'y intersecting

-~

E(p, q) in a hyperbolic line with that hyperbolic line, all assertions follow from Corollary 2.9.3. O

Let A be a parapolar space of diameter 3, and call points at distance 3 oppposite. A subspace 2,
structured as a geometry where pairs of points are either collinear, symplectic, special or opposite,
enjoying Property (Isom) (with I'y replaced with A) shall be referred to as an isometric subspace.

Definition 2.9.7. The generalised hexagon A 1 51(K) is the point-line geometry with point set
the flags of PG(2,K) (that is, the point-line pairs (p, L) with p € L), where a typical line is the set
of flags containing a fixed point or a fixed line. Two points of A; ¢1 23 (K) will be called special or
opposite if their distance is 2 or 3, respectively. When working with A, ¢1 53 (K), we often denote
the projective plane PG(2,K) by A 1(K) and the dual by Az »(K), where we tacitly identify a point
of Az 1(K) with the line of Ay (121(KK) consisting of all flags containing that point, and similarly
for the lines of A, 1(K) and the points and lines of Az >(K).

By now proving that Ay 1123 (K) can be embedded in the geometry Bgo(K, A), we can conclude
that A 1123 (K) can also be embedded in F4 (K, A).

Lemma 2.9.8. Two opposite lines of Ba2(K,A) are contained in a unique isometric subspace
isomorphic to Ay 1121 (K).
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Proof. Let the two given opposite lines be given as the planar line pencils of By 1 (K, A) with vertices
u,v and base planes 7,w, respectively. Then the planes a := (u,ut Nw) and B := (v,v+ N7)
of B4 1(K,A) are opposite. Let & be the set of points of Bs (K, A), viewed as set of lines of
B4,1(K, A), consisting of those lines that intersect both « and § nontrivially (that is, in respective
points). It is an elementary exercise in polar spaces to show that & is a subspace of B4 (K, A)
isomorphic to Az (1} (K). Obviously, & contains each line through v or v in the plane 7 or w,
respectively.

Next we show that & is isometric. Since collinearity is preserved, we only have to show that being
special and being opposite is preserved. So suppose that K, Ko € & are special in A (1 23 (K).
Then, without loss of generality, there is a line K with KNa = KiNaand KNF = Ky N§B.
Clearly K1 and K, are disjoint, and if they were contained in a singular 3-space, then the line
(K Na, K2 N a) would be collinear to the line (K N 8, K1 N ), contradicting opposition of « and
B (indeed, a point of a \ K3 is collinear to some point of the line Ki- N 3, which would then be
collinear to all points of ). Hence K; and K5 are also special in B4 2(K, A). Conversely, suppose
Ky, Ky € & are special in B »(K,A). Then there is a unique point z; € K; collinear to all the
points of K; with {i,j} = {1,2}. If z; € 3, then z; L go with ¢ := K> Na. Now ¢p = 2 as it is
collinear to the two different points x; and ¢; := K1 N« of K. Then K; and K5 are special in
Az 11,23(K). So we may assume that x; ¢ 3. But then two different points of K; are collinear to
K5 N B and consequently the latter point is collinear to K;. This leads similarly to special points
in Az {12} (K). Opposition is now also preserved by elimination and the previous arguments.

Left to show is uniqueness. Let &2’ be a second isometric subspace containing the two given opposite
lines. Since the subspace is isometric, it is closed under taking the centre of each special pair. This
implies that the set 22N 27’ defines a subplane of Az 1(K) containing a point and a line not through
that point, and such that, if a point = belongs to it, then also all lines of Az 1(K) through z, and
similarly for the lines in that intersection. It readily follows that & = 22N P’ = &',

The lemma is proved. O

Corollary 2.9.9. Two arbitrary opposite lines K1, Ko of Fa1(K,A) are contained in a unique
subspace isometric and isomorphic to Az 123 (K).

Proof. Since two planes in I'y contain a pair of opposite points, by duality two opposite lines of T’y
are contained in opposite symplecta. Now Proposition 2.9.6 and Lemma 2.9.8 yield existence a sub-
space isometric and isomorphic to Az (123 (K) containing the two given opposite lines. Uniqueness
then follows similarly as in the last part of the proof of Lemma 2.9.8. O

2.10. Imaginary lines. The next lemmas are beautiful examples of how these embeddings can
be used to prove properties of metasymplectic spaces. First some terminology: two opposite lines
L, M of a nondegenerate quadric define a unique set of lines intersecting all lines that intersect
both L and M; it is a so-called regulus of the hyperbolic quadric spanned by L and M in the
ambient projective space. We hence call this set the regulus (defined by L and M ). The set of lines
intersecting each member of that regulus is called the opposite requlus (defined by L and M) and
is indeed a regulus itself.

Lemma 2.10.1. Let p,q be two opposite points in 'y and denote by L and M two opposite
lines having a point collinear to both p and q. Denote by I m the set of points x such that
|zt N (LUM)| =2. Then F1, v only depends on p and q.

Proof. Let Ly, My and Ly, My be the unique lines through p and g, respectively, intersecting the
respective lines L, M. Let  be an arbitrary plane through M. Let §, be a symplecton containing
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7. Then we can find (as before by considering the standard duality) a symplecton §, containing L}
opposite &,. Proposition 2.9.6 yields an isometric subspace €2 isomorphic to B, 2(K, A) containing
(all points of) &, and &,.

In the corresponding polar space Ba 1(K, A), the points p and ¢ are represented by lines A, and A,.
The lines L and M are represented by planar line pencils P, o and P, g with (opposite) vertices
x,y and (opposite) base planes a and f, respectively. Each member K of P, . is not opposite
a unique member N € P, 53 and the unique line intersecting both K and N obviously intersects
both lines - N 3 and y* N a. Conversely, each line intersecting both latter lines also intersects
a member of P, , and one of P, g. We conclude that . ps corresponds to the regulus & defined
by A, and A,, and hence is independent of L and M. In particular, the set #; s coincides with
S, for each line M’ intersecting 7, opposite L and containing a point collinear to ¢. Since m
was arbitrary, this is true for every line M’ opposite L such that p- N M and p~ N M’ are collinear,
and ¢ N M’ is nonempty.

The lines through p form the point set of C;33(A,K), and locally opposite lines correspond to
opposite points therein. The geometry of points opposite a given point in Cz 3(A, K) is connected (as
follows, using standard arguments, from the connectivity of the so-called opposite-point geometries
of generalised quadrangles, see Remark 1.7.14 of [34]). Hence .#; )/ is independent of M. Now let
Lo, My be two arbitrary opposite lines with the property stated in the lemma. Let L§ and M be
the lines through p intersecting Ly and My, respectively. Then there exists a line R* through p
locally opposite both L§ and L*, by Proposition 3.30 of [31] (alternatively, this is an easy exercise in
(dual) polar spaces). Let R be the unique line concurrent with R* and containing a point collinear
to g. Then Sp 1 = g 1, by the foregoing. Similarly, £, r = Sry,m, and I g = Ipm. It
follows that #1, m, = #L,m, which completes the proof of the lemma. O

We now can introduce a rather important definition.

Definition 2.10.2. For opposite points p,q of Ty we denote the set of points z such that z+
intersects each line L with pt N L # 0 # ¢ N L by #(p, q) and call it the imaginary line (through
p and q). We also say it is determined by p and q.

We record an immediate consequence of this definition and the second paragraph of the proof of
Lemma 2.10.1.

Corollary 2.10.3. Let p, q be two opposite points of I'1 and let &, be the corresponding symplecta
in Iy, using the standard duality. Let a € € and b € { be opposite points of I'y. Then the image
under the standard duality of .7 (p, q) is the set of symplecta corresponding to the regulus of E(a,b)
defined by the hyperbolic lines £ N E(a, b) and ¢ N E(a, b). O

Lemma 2.10.4. Let p,q be two opposite points in T'1. Then every member of 7 (p, q) is symplectic
to every point of E(p,q). In other words, E(p*,q*) = E(p,q) for every pair of distinct points p*

and q* of 7 (p,q).

Proof. Let a be an arbitrary point of E(p,q). Let M* be a line through p in £(p,a) and let M
be the unique line intersecting this line and containing a point collinear to q. Also, let M’ be the
line through ¢ intersecting M. Then we can take a line L* through p locally opposite M* giving
similarly rise to a line L opposite M having a point collinear to ¢q. Now a is collinear with M, as
it must be collinear to a point of M* in £(a,p) and this can only be M N M* (since all the other
points are opposite ¢) and similarly it must be collinear to M N M’. Hence there is a plane «
containing a and M.
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Now exactly as in the first paragraph of the proof of Lemma 2.10.1 we find an isometric subspace
2 isomorphic to Bso(K,A) containing o and L, and hence also .#(p,q) (by its very definition
based on Lemma 2.10.1). Let p,q and a correspond to the lines K, K, and K,, respectively, of
B4,1(K,A). Then a being symplectic to both p and ¢ implies by Corollary 2.9.3 that either K,
and K is contained in a singular 3-space, and similarly for K, and K,, or K, belongs to the
opposite regulus defined by K, and K,. In both cases K, is obviously symplectic to each member
of the regulus defined by K, and K, and, as we know, this regulus corresponds to .#(p, ¢). This
completes the proof of the lemma. O

We now come to a beautiful geometric characterization of the imaginary lines. Recall that, for
two opposite points p and g of Ty, the equator geometry E(p,q) is isomorphic to the polar space
C3,1(A,K) and as such admits nontrivial “hyperbolic lines”, indeed between quotes as to avoid
confusion with the hyperbolic lines of Iy which consist of points in a symplecton, whereas now the
points of a “hyperbolic line” are mutually opposite.

Proposition 2.10.5. Let p,q be two opposite points of T'1 and let a,b € E(p,q) also be opposite,
but for the rest arbitrary. Then Z(p,q) = E(p,q)*t = {p,q}**. Also, Z(p,q) coincides with the
“hyperbolic line” of E(a,b) defined by p and q.

Proof. For ease of notation, we set A = {p,q}**, B = #(p,q) and C is the “hyperbolic line”
defined by p and ¢ in E(a,b).

We first assume that we are in the inseparable case. Then the extented equator geometry

~

E(p, q) exists.

By the definition of a hyperbolic line (Definition 2.6.8) and the fact that E(p,q) C E(p,q), we
already conclude A = C'. Also, by Lemma 2.10.4 we already have B C A. We now prove A C B.

Let z € E(p,q)* be a point. Then z € E(p, q). Pick any line N* through p and let N be the line
intersecting N* (say, in the point p’) and containing a point collinear ¢’ collinear to g. Considering
a symplecton through N*, we find that p’ € T(p, q). Similarly ¢’ € f(p7 q). hence N C f(p, q).
Let m be the “plane” of E(p, q) all points of which are collinear to N. All points of 7 are clearly
symplectic to both p and ¢, hence, since z € E(p, q) is symplectic to all points of E(p,q), it is
symplectic to all points of 7w and lies in a “solid” together with 7. Now Proposition 2.7.6 implies
that all points of that “solid” are collinear to some point of N. Hence z is collinear to some point
of N. By the arbitrariness of N, we conclude that z € B, which concludes the proof in this case.

Secondly, assume we are in the separable case. Since we do not have an extended equator
geometry to our disposal now in I'y, the proof is slightly more technical. We again first show that
A = B. By Lemma 2.10.4 we already have B C A. We now prove A C B.

So let x € A be a point and let L be a line with p N L # () # ¢ N L. Let 7 be an arbitrary plane
containing p and p~ N L. This plane corresponds to a “line” h in E(p,q). If we denote by ¢ the
symplecton containing h, then h = K+ N J+, with K = éNpt C 7w and J = £Ngt. The lines K
and J contain the respective points p N L and ¢ N L, as the lines K and J consist of the points in
(p, K) and (g, J), respectively, which are collinear to a point of the other plane. Suppose now first
for a contradiction that x € £&. Then a point y € E(p, ¢) \ h opposite some point z € h must be close
to £ as it is symplectic to two points of £ (z and some point of k), contradicting the opposition to
z € €. Hence, as z is symplectic to each point of h, the set 2 N ¢ is a line which is contained in
ht. As €= B3.1(K, A) separable, h' is a grid (a hyperbolic quadric in a 3-dimensional projective
space), spanned by K and .J. Now there are two possibilities: o N¢ is a line intersecting L (since
L is contained in that grid) or z* N¢ is a line intersecting K and .J. We eliminate the latter, which
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proves the assertion. Suppose z+ N K is a point p’ L p and - N J is a point ¢’ L g. Select some
point p” € K\ p’ and let ¢ € J be collinear to p” (which differs obviously from ¢'). Let now z ¢ h
be a point in the “plane” through h corresponding to p”’q” (so each point of that “plane” is the
intersection of a symplecton through pp’ and one through ¢q¢’). Then z is a point in E(p,q) \ h
collinear to p”q”, but by Corollary 2.5.4, x is then opposite z contradicting the fact that = 1L 2

by assumption. Hence A = B.

In E(a,b), the “hyperbolic line” through p and ¢ is by definition the set of points symplectic to all
points symplectic to both p and ¢g. The latter set belongs to E(p,q) and hence A C C. We now
show that C' C A, which will prove the proposition.

Let « € C be arbitrary. Then « is symplectic to each point of E(p,q) N E(a,b), and to a and b. We
claim that, if z is symplectic to a point u € E(p,q) and to all points of two “lines” hq, ha, which
are themselves symplectic to u, intersect in a unique point w and are not contained in a common
“plane”, then x is symplectic to all points of the “line” uw. Let & be the symplecton containing
hi,i=1,2. Let pt Né(u,w) = L and ¢ N&(u,w) = M. Also, set L; = ptN§& and M; = g~ N§&;,
i = 1,2. Then the assumptions imply that L; and Ls intersect L in distinct points aq,as. Also,
as before, 1 N &; is contained in the grid defined by L; and M;, and hence intersects two distinct
lines of the grid defined by L and M. This implies that 2 N ¢ is a line of the grid defined by L
and M and hence belongs to (uw)*. The claim follows.

Applying the previous paragraph to u = a and hq, hy two intersecting “lines” in E(p,q) N E(a,b),
we deduce that each point of E(p,q) symplectic to a (and similarly to b) belongs to z--. Now let
v be an arbitrary point of E(p,q) not in a'* Ub'-, and not in the hyperbolic line defined by a and
b. Then there is a “plane” ay through v intersecting E(a,b) N E(p, q) in a unique point v’. Then
a1 Natt and a; NbY are two distinct “lines” kyq, ko intersecting in v’. Pick a point v’ € ko \ {v'},
and choose a plane ay through vu’ distinct from a;. Then b*- N ay is a line through u’. By our
claim above, z is symplectic to v. Hence z is symplectic to all points of E(p,q), except possibly
the hyperbolic line through a and b. But that now also easily follows. O

2.11. Chambers and apartments; domesticity. Finally we need some results that come from
Tits’ theory of spherical buildings, since we prove existence of the domestic collineations using that
theory.

Definition 2.11.1. A chamber of a metasymplectic space is a set {p, L, o, &}, with p a point, L a
line, « a plane and ¢ a symplecton, satisfying p € L C o C &. A flag (of a metasymplectic space)
is a subset of a chamber.

Definition 2.11.2. A panel of a metasymplectic space is the set of all the elements which can be
added to a flag, consisting of all the elements of a chamber except one, to form a chamber.

Definition 2.11.3. An apartment of a metasymplectic space is an isometrically embedded thin
metasymplectic space, i.e. a metasymplectic space where every panel has only two elements.

We assume that the reader is familiar with apartments of polar spaces of rank n. These consist
of the singular subspaces generated by the points of skeleton, that is a set of 2n points such that
each point of that set has a unique opposite in that set.

An important (defining) property of spherical buildings, and hence of metasymplectic spaces, is
that every pair of chambers is contained in an apartment, which is unique as soon as the chambers
are opposite.

Next to these general properties of apartments in buildings, we will also use the following two
lemmas, the first of which is specific for apartments in metasymplectic spaces.
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Lemma 2.11.4. Let p, q be two opposite points of a metasymplectic space T';. If A is an apartment
of the equator geometry E(p,q), then p,q and A’ are contained in a unique apartment A of T';.

Proof. Let x1,x2,x3,Y1,Y2, Y3, with z; opposite y;, i = 1,2,3, be the skeleton of A’. Then these
points span eight “planes” in E(p,q). Each such plane « corresponds to a line L, through p
and a line M, through g. Denote by p, the unique point of L, special to ¢, and similarly
by ¢o the unique point of M, special to p. Now we determine a unique apartment by the set
A:={p,x1,...,ys3,q} as follows. Let C = {p, L, w,£} be the chamber consisting of the point p, the
line L := pp,, the plane 7 := (p, pa,ps) and the symplecton & := &(p, x1) (where o := (1, 22, x3)
and 8 := (x1,22,y3)) and let C’ = {q, L', 7', &'} be the chamber consisting of the point ¢, the line
L’ := qqq, the plane 7’ := (g, qo, pp’) and the symplecton & := &(p,y1) (where « := (y1, y2,ys)
and 8 := (y1,y2,23)). These chambers are clearly opposite and hence they determine a unique
apartment (which must be included in an apartment spanned by A.) So it suffices to prove that
A is contained in this apartment. By projecting the chambers to each other, one sees immediately
that p, ¢, z1,y; are contained in the apartment. As also the “lines” xx9 and y;y2 corresponding to
m and 7', respectively, must be contained in the apartment, also the projection ys of z1 onto y1y-
is contained in the apartment (and similarly also z3). Projecting these “lines” on the “planes”
o’ and «, respectively, gives that also x3,y3 are contained in the apartment, which concludes the
proof. O

Lemma 2.11.5. Given some point p and some apartment A of a metasymplectic space I';. Then
there exists a point p' € A opposite p.

Proof. This follows from the fact that every chamber outside a given apartment has at least two
opposite chambers inside the apartment, see Proposition 3 in [32]. However, the interested reader
can easily prove this statement only using the axioms of a metasymplectic space. O

We can now define domesticity. We start very general, but then restrict ourselves to polar spaces
and metasymplectic spaces.

Definition 2.11.6. (i) A domestic automorphism of a building is an automorphism that does
not map any chamber to an opposite one.

(i4) A collineation of a polar or metasymplectic space that does not map an object of type * to
an opposite is called a *-domestic collineation. This in particular applies to * € {point, line,
plane, solid, symplecton}.

(#i7) A collineation of a polar or metasymplectic space is capped if, whenever it maps two object
of types £1 and /s, respectively, to an opposite, then it maps an incident pair of objects of
these respective types to an opposite.

It is shown in [16] that, whenever a building has no residue isomorphic to the projective plane with
3 points per line (that is, the so-called Fano plane), then any automorphism is capped. On the
other hand, all domestic automorphisms of metasymplectic spaces with Fano planes are classified
in [17]. Hence in the present paper we may assume that |K| > 2 and hence that the considered
collineations are capped. Then it is proved in [16] that there are three types of nontrivial domestic
collineations (and no dualities) in metasymplectic spaces, and these correspond to the opposition
diagrams given in Fig. 2. All possible opposition diagrams are explained in Table 2. A point-symp
flag is a symplecton containing the point. We just additionally note that, for diagram F4.o, other
symplecta might exist that are also mapped to an opposite, but do not contain any point mapped
to an opposite, and likewise for points.
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Notation Diagram Interpretation in I'y
F 0 e ; s e Some chamber is mapped to an opposite chamber.
44 The collineation is not domestic.

E Some point-symp flag is mapped to an opposite.
4;2 (EB .i. @D

No line nor plane is mapped to an opposite.

Fl, @—‘é:'—’ Some point is mapped to an opposite.

No line, plane nor symp is mapped to an opposite.

F4 ; 5 Some symp is mapped to an opposite.

No point, line nor plane is mapped to an opposite.

F : Nothing is mapped to an opposite. The collineation
40 is the identity.

TABLE 2. Opposition diagrams of metasymplectic spaces

Remark 2.11.7. It is a general fact that, if the opposition diagram is “empty”, that is, if no
element is mapped onto an opposite, then the collineation is the identity. This was already proved
by Leeb [11] and Abramenko & Brown [1].

We end this section with defining what we mean with central elation, long root elation, central
short root elation and perpendicular central elations, so that the statement of the Main Theorem
is clear.

Definition 2.11.8. (i) A central elation of T'; (with centre ¢) is a collineation that fixes the
point ¢ and stabilises all the lines that have at least one point collinear to ¢. The group of
central elations with centre c is called the root group with centre c.

(i4) Perpendicular central elations of a metasymplectic space are central elations with symplectic
corresponding centres.

(#i7) A long root elation is a central elation in I'1; a central short root elation is a central elation
in I'y in Class (M).

We already note the following property of central elations (more properties are proved in Section 6):

Lemma 2.11.9. A central elation of T'; with centre ¢ fizes all points symplectic to c. Also, 0
preserves each imaginary line containing c.

Proof. Indeed, a point x symplectic to ¢ is contained in at least two distinct lines that have a point
collinear to ¢ (look in &(c¢, x)). The second assertion follows directly from Proposition 2.10.5. O

3. SOME RESULTS IN POLAR SPACES

In this section, we prove some auxiliary results on polar spaces. As it will turn out that domestic
collineations of metasymplecic spaces induce under certain circumstances domestic collineations of
symplecta, equator and extended equator geometries, we also include some specific results concern-
ing domesticity in polar spaces (and which can not be found in [19]). Also, in order to recognise or
rule out certain collineations in metasymplectic spaces, we need to know something about existence
and uniqueness of their counterparts in polar spaces. So this section is mainly about classes of
collineations of polar spaces. However, we begin with some purely geometric properties.
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Note that in this section (and the rest of the paper), we will speak about separable polar spaces.
In the orthogonal case, these are the quadrics for which the associated polarity p in the ambient
projective space is nondegenerate. In the Hermitian case, we will only need the polar spaces
C3,1(A,K), see Definition 2.3.2, with A not an inseparable field extension of K.

3.1. Two geometric lemmas. The first lemma proves a correspondence between subspaces of
an embeddable polar space and those of the underlying projective space. We only need it for rank
4, but the proof does not become simpler in this specific case, so we present the result in full
generality. First some definitions.

Definition 3.1.1. A subspace S of a polar space of rank n > 2 is said to have corankr, 0 < r < n,
if every singular subspace of dimension r intersects S nontrivially, and some singular subspace of
dimension r—1 is disjoint from S. An ovoid is a subspace of corank n—1 without lines. Equivalently,
and more traditionally, it is a set of points intersecting every maximal singular subspace in a unique
point.

Due to Tits’ classification of polar spaces of rank at least 3, these come in two flavours: the
embeddable ones and the nonembeddable ones. The latter are either related to projective 3-spaces
over noncommutative skew fields, or are isomorphic to C31(0,K). The former are related to so-
called pseudoquadratic forms (including Hermitian and quadratic forms). For every such polar
space, there exists a so-called universal embedding, which can be thought of as the embedding from
which each other embedding is derived by projection. For instance, for orthogonal polar spaces,
the universal embedding is the one realised as a quadric; for C31(A,K), A # O, the universal
embedding happens in PG(5, A) (see chapter 6 of [31], where this is called a dominant embedding).

The next lemma will be used only in the rank 3 and 4 cases, but we state and prove it for general
rank.

Lemma 3.1.2. (¢) Let A be a polar space of rank r with universal embedding in the projective
space ). Let S be a subspace of A such that some line of S is disjoint from some mazimal
singular subspace of S. Let (S) be the subspace of Q0 generated by S. Then we have that
(S)NA =S. Furthermore S has corank i < r if, and only if, (S) has codimension i in .

(13) Let A be a polar space of rank r embedded in a projective space Q. Let T be a subspace of
Q of codimension i at most r — 1, and let S be the intersection of T with the point set of
A. Then the corank of S in A is equal to the codimension of T in ).

Proof. In [3] the authors prove that in Case (i) under the stated assumption, (S) N A = 5. We
prove the other statement and (i7) simultaneously by induction on 4. Since in (i¢) the codimension
of T is at least the corank of S, it suffices to show indeed that codim((S)) is equal to the corank
of S (with generation in €2). Hence, we can use the notation (S) throughout and ignore T'.

If 4 = 0, a geometric subspace S of corank 0 spans by the definition of an embedding the whole
space, so (S) = PG(V), and is consequently a subspace of codimension 0. The converse statement
is trivial in this case.

Suppose now that the statement is true for every j < i and that S is a subspace of A of corank i41.
Then by the induction hypothesis, we may assume that (S) has codimension at least i+ 1. Suppose
now that the codimension of (S) is strictly bigger than i+ 1. Let = be a point of A\ S. Then (S, )
is a subspace of codimension at least ¢ 4+ 1, so by the induction hypothesis it is impossible that
S’ := (S, z) N A has corank strictly smaller than i + 1. Let U be an arbitrary singular subspace of
A of dimension i and let V' be a singular subspace of A of dimension i + 1 containing U. Then by
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the assumption that S is a geometric subspace of corank ¢ + 1, there is a point y contained in the
intersection SNV.

If z € U, then clearly UNS’ is nonempty. However if z ¢ U and U C x*, then (U, x) has dimension
i+ 1 and intersects S in at least a point s. Now S’ intersects (U, z) in at least the line xs and
again U NS’ is nonempty. We now prove that this is also the case if U ¢ zt.

If x is not collinear to y, one can look at the projection of  onto V', spanning a singular subspace
of dimension i + 1 together with x, to get a point 2’ collinear to x contained in S. Now the line
zx' is contained in S’, intersecting V' in 3. The line yy’ is similarly contained in S’, but also in V/
and contains consequently a point of U N S’.

If = is collinear to y, we look at the space W spanned by x and its projection on U. This space
has dimension ¢ and y corresponds to an ¢ + 1-space through it. So in the residue of W we can
take a point opposite to the point corresponding to y. This point corresponds to an 7 + 1-space
W' through W for which the set of points collinear to y is exactly W. Now W' has a point ¢ in S
by assumption on S. If § is contained in W, then the line x7 is contained in W NS’ and intersects
the hyperplane U NW of W in a point. So U contains a point of S’. If § is not contained in W, we
can replace x by & € zg \ {z, ¢} and apply the previous paragraph as now Z is not collinear to y.

In every case an arbitrary singular subspace of A of dimension ¢ intersects S’, so S’ has corank at
most ¢, which is a contradiction.

Suppose now that (S) is a subspace of Q of codimension ¢. Then of course every subspace of
dimension i + 1 intersects (S), and in particular every singular subspace of A of dimension i + 1
intersects S. The corank of S is consequently at most ¢ + 1 and by the induction hypothesis it is
also at least ¢ + 1, so the corank of S is exactly 7 + 1. d

There is also a counterpart of this lemma for the inseparable case.

Lemma 3.1.3. Let € be an ovoid of a polar space A of rank r > 3. Then there is no point x € A
collinear to all the points of O'.

Proof. Suppose every point of & is collinear to x € A, then x is clearly not contained in &. Let M
be an arbitrary maximal singular subspace through = and denote by f the point of &' in M. Let U
be a hyperplane in M not through x nor f and let M’ be a maximal singular subspace containing
U but distinct from M. Then by our hypothesis, the point of ¢ in M’ must be contained in U.
But then M would contain two points of &', a contradiction. O

3.2. Central and axial elations. The first type of collineations we will discuss here are the so
called central (axial) elations or collineations. The basic idea is that they fix everything “close” to
something.

Definition 3.2.1. A central elation of a polar space with centre c is a collineation that fixes the
point ¢ and all points collinear to c¢. Two central elations are called perpendicular if their respective
centres are distinct but collinear.

Lemma 3.2.2. Let 0 be a central elation of a polar space A of rank r > 3 with centre ¢ fixing a
point ¢ not collinear to c. Then 6 is the identity.

Proof. First we claim that the set of fixed points is a subspace. Indeed, let x and y be two collinear
fixed points; we may assume that the line xy is not collinear to ¢. Then we may assume that x L c.
A line L through c locally opposite czx is obviously opposite xy and so each point of L is collinear
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to a unique point of xy, which is fixed. The claim is proved. Now ¢t is a maximal geometric
hyperplane and so the unique subspace containing ¢ and ¢ is the whole polar space. O

This lemma has a quite strong consequence for general collineations, which we will use regularly.

Corollary 3.2.3. Let & be a polar space of rank at least 3. Let p,q be two noncollinear points. Let
6 be a collineation of & that pointwise fizes (p= Nq-)U{p,q} and an additional point x € p*\ ¢*.
Then 0 is the identity.

Proof. Every plane through px is pointwise fixed as it contains a pointwise fixed line and two
points not contained in this line. By the connectivity of the residue of p, we see similarly that p-
is pointwise fixed and so 6 is a central elation of £ with centre p fixing the point g not collinear to
p. Then, by Lemma 3.2.2, 0 is the identity. O

Lemma 3.2.4. Let A be a separable orthogonal polar space of rank r > 2. Then there are no
nontrivial central elations in A.

Proof. Suppose 6 is a central elation in A. Denote by p the defining nondegenerate polarity. Then
¢t spans ¢” and so ¢” is pointwise fixed. Dually every hyperplane through c is stabilised and so
every line through c is stabilised. Now an arbitray point p not collinear to c is also fixed as the line
cp in the underlying projective space is stabilised and intersects the quadric only in ¢ and p. O

Now we take a closer look at axial elations in these polar spaces.

Definition 3.2.5. An axial elation of a polar space with axis L is a collineation that stabilises the
line L and all lines intersecting L. Two axial elations are called perpendicular if their axes either
intersect but are not coplanar, or are collinear but do not intersect.

This definition has immediately an equivalent formulation given in the next corollary.

Corollary 3.2.6. A collineation of a polar space is an axial elation with axis L if, and only if, it
pointwise fires L and all points collinear to L and maps any other point p to a collinear point q
such that the line pq intersects L nontrivially.

Lemma 3.2.7. Let A be a separable orthogonal polar space of rank r > 3 and let 0 be a collineation
that fizes pointwise some line L and all points collinear to L. Then 0 is an axial elation of A with
azis L.

Proof. By Corollary 3.2.6, it suffices to prove that every line intersecting L, but not coplanar with
L, is stabilised under 8. Let M be such a line and denote by p the intersection of L and M. In the
residue of p, L corresponds to a point [ and @ fixes I+ pointwise. By Lemma 3.2.4 the residue is
now pointwise fixed. Hence the line M corresponding to any point m of the residue not collinear
to [ is stabilised. g

Lemma 3.2.8. Let Up, be the group of axial elations of an orthogonal polar space A of rank r > 2
with axis L. Let M be a line intersecting L in p, but not coplanar with L. Then Uy, acts sharply
transitively on M\ {p}. In particular the only element of Uy, fizing a point not collinear to L is
the identity.
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Proof. We may suppose by coordinatisation over the field K that there exist a fixed n so that L is
given by x1 =x3 =x; =0forall 5 <i<n, M isgiven by x1 = x4 =x; =0 for all 5 <7 <n and
A is given by x1x9 + 2324+ ... = 0. Then every axial collineation acts trivially on the coordinates
x; for 5 < i < n and it is an elementary exercise to calculate that the action on the first coordinates
is given by a matrix of the form Ay:

1 0 0 0
0 1 k£ O
A=10 01 0|
-k 0 0 1
with k& € K arbitrary. It is clear that these matrices act sharply transitively on M \ L. O

Lemma 3.2.9. Let A be a separable polar space isomorphic to C31(A,K). Then there are no
nontrivial axial elations in A.

Proof. We prove this by contradiction, so assume that 6 is a nontrivial axial elation of A. This
implies with Corollary 3.2.6 that there exists a grid spanned by the axis L and some opposite line
L'. We will now proof that such a grid doesn’t exist in A.

First let A be a nonsplit polar space. As every quaternion and octoninion division algebra contains
a quadratic Galois extension as a subalgebra, we may assume that A = IL with the notation taken
from Table 1. So A is given by T_sx3 +T_2x2+T_121 € K. We order the coordinates of PG(5,L)
according to increasing indices. Denote now:

L :={(0,1,0,0,0,0),(0,0,1,0,0,0)),
L' :=((0,0,0,1,0,0),(0,0,0,0,1,0)),
M :={((0,1,0,0,0,0),(0,0,0,1,0,0)),
M’ :={(0,0,1,0,0,0),(0,0,0,0,1,0)).

It is clear that L’ is a line opposite L, with the point (0,1,a,0,0,0) of L collinear to the point
(0,0,0,1,—a,0) of L' for every a € L. Tt is also clear that the lines M and M’ are opposite,
belong to the grid spanned by L and L’ and the point (0,1,0,b,0,0) of M is collinear to the
point (0,0,1,0,—b,0) of M’ for every b € L. Expressing now that the lines ((0,1,a,0,0,0),
(0,0,0,1,—a,0)) and ((0,1,0,b,0,0),(0,0,1,0,—b,0)) must intersect gives that ab = @b, contra-
dicting the arbitrariness of a and b.

Now if A is a split polar space, then, using a standard alternating form, collinearity on A is
given by T_3ys — x3y_3 + T_oys — Toy_2 + _3y3 — x3y—3 = 0. By using the same definitions for
L,L', M, M’, we can apply the previous paragraph by remarking that the point (0,1,a,0,0,0) of L
is now collinear to the point (0, 0,0, 1, —a,0) of L’ and the point (0, 1,0,b,0,0) of M is now collinear

to (0,0,1,0,b,0). Expressing now the intersection of the corresponding lines gives that ab = —ab,
which contradicts the arbitrariness of a and b combined with the fact that the characteristic is not
2 in the split separable case. O

3.3. (Generalised) Baer collineations. Some examples of domestic collineations in metasym-
plectic spaces are analogues of the generalised Baer collineations in polar spaces introduced in
Section 6 of [28]. We repeat the definition and prove some (new) facts.

Definition 3.3.1. (i) A Baer subplane 7’ of a projective plane 7 is a proper subplane with the
property that every line of w \ 7’ contains exactly one point of 7’ and every point of 7 \ 7’ is
contained in exactly one line of 7’.
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(i1) A Baer collineation of a projective plane is a collineation that has as fix structure a Baer
subplane.

The following examples are perhaps less familiar, so we provide a short proof.

Example 3.3.2. Let (B, A) be one of (K, L), (IL, H) or (H, Q). Then PG(2,B), viewed as a subplane
of PG(2,A) by restricting coordinates, is a Baer subplane of PG(2,A). Moreover, there exists a
Baer collineation of PG(2,A) with fix structure PG(2,B).

Indeed, this is easy and well known for A = L. So let A € {H,O}. It suffices to show that every
line of PG(2,A) has a point in PG(2,B); the dual then also holds. It is also easy to see that, after
introducing affine coordinates in the standard way, this is equivalent to showing that for every
g € A and every m € A\ B there exist ,y € B such that y = mz + ¢q. Writing elements u € A as
pairs (u1,u2) € B x B and using the Cayley-Dickson process mentioned in Section 2.2, we see that
this is equivalent with showing that the following system of equations in the unknowns x1,vy; € B,
with mg # 0, has a (unique) solution in B:

1 =mix1 +qi,
0 =z1m2+q.

This is of course obvious, as mo # 0, and B is associative.

As Baer collineation we can take for instance the automorphism 6. : A — A : (z,y) — (z,yc), for
all z,y € B and ¢ € B* with ¢¢ = 1. Note that this is not necessarily an involution.

Lemma 3.3.3. A Baer collineation 6 of a projective plane m = PG(2,L) over a field L is an
involution.

Proof. Let " = PG(2,K) be the pointwise fixed subplane of 7 = PG(2,LL) under 6. Then we can
see L as a field extension of K (extend a coordinatisation of 7’ to one of 7). We now claim that L
is quadratic over K. Indeed, suppose not and let 1, e, es be independent elements of I viewed as
vector space over K. Expressing that every line of m contains a point of 7’ means that for every
g € L and every m € L\ K there exist 2,y € K such that y = mx + ¢q. But now we see that there
does not exist such x and y for m = e; and ¢ = ey, proving the claim.

Now choosing a suitable basis, we can assume that @ is given by the identity matrix and a companion
nontrivial field automorphism o fixing K pointwise. Then o belongs to the Galois group of the
extension L/K of degree 2 and hence has order 2. O

These Baer collineations of projective planes can be generalised to collineations of polar spaces of
rank 3.

Definition 3.3.4. A generalised Baer collineation of a polar space of rank 3 is a collineation
satisfying the following properties:

(7) it induces a Baer collineation in every stabilised plane;
(7i) it stabilises all planes through any stabilised line;
(#it) it stabilises at least one plane.

Lemma 3.3.5. A generalised Baer collineation 0 of a polar space A of rank 3 with planes over a
field IL is an involution.
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Proof. 1t is easy to see that there exist opposite fixed points p and ¢ in A. Then every fixed point
c in p* N gt corresponds to a stabilised line pc through p. Now by Definition 3.3.4 every plane
through pc is stabilised and 6 induces a Baer collineation in it, hence by Lemma 3.3.3 6% acts
trivially on those planes. Consequently 62 acts trivially on all the lines through ¢ in p~ N ¢t and
so the pointwise fixed subquadrangle of p N ¢ is ideal and full in the terminology of Section 1.8
of [34] and 62 fixes p N ¢ pointwise (use Propositions 1.8.1 and 1.8.2 of [34]).

As the argument in the previous paragraph shows that 62 also fixes the line pc pointwise, we can
now appeal to Corollary 3.2.3 to see that 6?2 fixes indeed all points of A. O

With arguments quite similar to those in the proof of the previous lemma, we can show that Baer
collineations don’t always exist. We will do this for some polar space in the next lemma. After
that, we show existence in some cases.

Lemma 3.3.6. A symplectic polar space of rank 3, over a field of characteristic different from 2,
does not admit any generalised Baer collineation.

Proof. Suppose for a contradiction that € is a generalised Baer collineation of a symplectic polar
space A of rank 3, over a field of characteristic different from 2. Then we claim that the fix structure
of the quadrangle p* N ¢+, with p and g opposite fixed points, is an ideal subquadrangle. This is
the case as every line in p* N ¢+ through a fixed point ¢ € p~ N g+ corresponds to a plane through
the stabilised line pc in A. So by Definition 3.3.4 it corresponds to a stabilised plane and these
lines of p N ¢t are consequently also stabilised, which proves the claim. But by Proposition 5.9.4
of [34], symplectic quadrangles not over a field of characteristic 2 don’t have (proper and thick)
ideal subquadrangles. So p N¢* is pointwise fixed and with Lemma 3.2.3 # must be the identity,
a contradiction. 0

Lemma 3.3.7. If a collineation of a polar space C31(A,K), with A a separable quadratic extension
of K or a quaternion division algebra over K, fizes exactly a sub polar space C31(B,K), with
dimg(A) = 2; then it is a generalised Baer collineation.

Proof. Property (iii) of Definition 3.3.4 is trivially satisfied and Property (i) holds by Exam-
ple 3.3.2. So we must only prove the second property, i.e. that every plane from Cz 1 (A, K) through
a line L from C3:(B,K) is in fact a plane of C31(B,K). Recall that C31(A,K) is the hermitian
polar space in PG(5, A) with point set

T_3T3+T 22 +T_121 € K.

So by choosing a coordinatisation so that L = {e_1,e_3), we see that every plane corresponds to
a unique point collinear with the opposite line L’ = (e, e2) and that are exactly the points of the
form (e_s + kes), with k € K. As these points are independent from A, these planes through L
are exactly the same in C31(A,K) as in C31(B, K), which concludes the proof. O

Letting the automorphism 6. defined in Example 3.3.2 act on the (affine) coordinates of C3 1 (A, K)
as given in [6] produces examples of generalised Baer collinations.

3.4. Two lemmas for inseparable polar spaces. Certain examples of domestic collineations of
separable metasymplect spaces will have no analogue in the inseparable case. The main reason is
the next lemma. Also, in the inseparable case the metasymplectic spaces I'; and I'y both play the
same role, so we will have to recognise certain examples through the dual setting. Proposition 3.4.2
will be used to recognise products of central elations in I'; through products of axial elations of an
extended equator geometry in I'y. Note that it will follow independently from Lemma 3.5.1 that
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a central elation does not map any point to a distinct collinear one (because a central elation is
clearly line domestic).

Lemma 3.4.1. If 6 is a collineation of an inseparable polar space A = C31(A,K) pointwise fixing
a hyperbolic line h and its perp, then 0 is the identity.

Proof. If A =K, let A be the symplectic polar space in PG(5,A) corresponding to the alternating
form

T_3Y3s + T3Y—3 +T_2Y2 + Tay—2 +Tay1 +T1Y-1,
and if A #K, let A be the polar space in PG(5, A) given by

T_3x3+T_ox0+x_127 € K.

Then we can assume that p_3 = (1,0,0,0,0,0) and p3 = (0,0,0,0,0,1) are contained in h. So
the matrix corresponding to 6 is diagonal and the field automorphism corresponding to @ is trivial
(as this subspace contains a line). Now expressing that also the point (1,0,0,0,0,1) is fixed, gives
that the matrix is of the form

E 0 0 0 0 0

01 0 0 0 O

0 01 0 0 O

0 001 00O

0 00 01O

0 000 0 k
Expressing finally that the points (0,1,0,0,0,1) and (1,0,0,0,1,0) must stay collinear after ap-
plying 6, vields k2 + 1 = 0, which is equivalent to k = 1 in characteristic 2. O

Proposition 3.4.2. Let A’ be the rank 4 polar space with equation x _4x4+x_3x3+T_oTo+T_111 €
K in PG(7,K'), where K' is a nontrivial inseparable quadratic field extension of K (necessarily in
characteristic 2), i.e. K? <K <K', and let A be the associated ambient symplectic polar space
whose point set coincides with the point set of PG(7,K’). Let 61 and 05 be two perpendicular central
elations of A so that the product 0105 =: 0 is a nontrivial collineation of A" with the property that at
least one maximal singular subspace through each fixed submazximal singular subspace is stabilised.
Then exactly one of the following holds.

(i) 6 fizes each point collinear with its image and the centres of both 01 and 05 are points of A'.
In this case both 61 and 0y act on A’ and 6 is not the product of two perpendicular axial
elations with azes in A'.

(ii) 0 fizes each point collinear with its image and the centres of both 61 and 02 do not belong to
A’. Then the fix structure of 0 is a generalised quadrangle obtained by intersecting A’ with
the perp of the line joining the centres of 61 and 6.

(#it) 6 maps some point to a distinct but collinear one and the centres of both 61 and 02 belong
to A'. In this case 0 is always a product of two perpendicular azial elations with both axes
belonging to A’ and a product of two perpendicular azial elations with both azes not belonging
to A'.

(iv) 0 maps some point to a distinct but collinear one and the centres of both 61 and 62 do not
belong to A’. In this case 0 is the product of two perpendicular azial elations with both azes
belonging to A’.

Proof. We order the coordinates of PG(7,K’) according to increasing indices. Let L be the line
joining the centres e; and e of 81 and 65, respectively. There are three possibilities.
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Remark first that 6 is in every case an involution, which can be easily seen by choosing the two
centra as first and second base points of A. Then the product is a matrix as in (1) below, which
is an involution in characteristic 2. Furthermore we see from this matrix that the fixed points of
6 are exactly those of L1, where L is the defining polarity of A.

(1) The line L is a line of A’. Then we take e; = p_4 and ez = p_3. The matrix of 6 looks like

1 0 0 0 k
01 0 ¢ 0
00 I, 00], (1)
00 0 1 0
00 0 01
with k,¢ € K\ {0} (as the images of the points p3 and ps under § have to belong to A').
One calculates that the point (z_4,2_3,...,24) is mapped onto a collinear but distinct point

if, and only if, (z3,24) # (0,0) and kx? = ¢x3. If k¢ ¢ (K')2, then the assumptions of (i)
are satisfied. We claim that also the conclusions are satisfied. Indeed, 6; (obtained from the
above matrix by setting ¢ equal to 0) and 6, (setting k& equal to 0) clearly act on A’. Suppose
now that 6 would be a product of two perpendicular axial elations. If 8 was the product of
two axial elations with intersecting axes, then all points collinear with this intersection point
would be mapped to collinear points, hence are fixed, contradicting the fact that € is not a
central elation (indeed, no point on the line pspy is fixed as (k,¢) # (0,0)). The set of fixed
points of the product of two axial elations with nonintersecting collinear axes is precisely the
solid spanned by the axes, and so this can never be a geometric subhyperplane. This shows

Next suppose that k¢ € (K')2. By rescaling, we may assume without loss of generality that
k = ¢. Hence clearly some point is mapped to a distinct collinear point. We claim that we are
in Case (4i7). Now the matrix of 6 equals the product

01 0 4 0 01 0 d 0
10 0 0 d 10 0 o &
0 0I4L, 0 0]-/]0 0 I, O O],
0 0 0 01 00 0 0 1
00 0 10 00 0 1 O

with d + d’ = k, which induce axial elations with axes {(1,1,0,0,0,0,0,0),(0,d,0,0,0,0,1,1))
and ((1,1,0,0,0,0,0,0),(0,d’,0,0,0,0,1,1)), respectively. Since k € K, it is clear that either
both d and d’ belong to K or both do not. This concludes Case (7).

(2) The line L does not belong to A, but has a (unique) point p in common with A’. First we
prove that it is impossible that p is the centre of one of our central elations. Suppose for a
contradiction that p is the centre of #;. Then projecting e, onto a solid X of A’ through p
gives a fixed plane w through p. However there are no stabilised solids through this plane, as a
central elation with centre es does not map any point of X \ 7 to a collinear one (as we noted
in the beginning of this subsection), a contradiction to our assumptions.

So without loss of generality we may take e; = (1,0,...,0,a), with a € K\ K/, p =

(0,1,0,...,0) and es = (1,1,0,...,0,a). The matrix of a central elation with centre e; looks
like
14af 0 0 O 14
0 1 0 0 0
0 0 I, 0 0
0 0 0 1 0
a0 0 0 0 1l4af
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Indeed, all points collinear to e; have coordinates of the form (x_4,z_3,...,23,ax_4) and
are obviously fixed, expressing that the elation must preserve collinearity gives that the ¢ on
the first row is the same as on the last row and expressing that A’ is preserved gives that
a+¢~! € K. Likewise, the following matrix represents an arbitrary central elation with centre
€9

1+al/ 0 0 ¢ 4

al’ 1 0 7 4

0 0 I, O 0

0 0 0 1 0
a0 0 al' 1+al

The product has then as matrix
l+a(l+¢) 0 0 (0
al’ 1 0 7 v
0 0 I, O 0
0 0 0 1 0
a2(+0) 0 0 al! 1+a(l+1)

Now 6 pointwise fixes the plane (p_1,p_o,p_3) through p and so it has to stabilise a solid
through p. Let ¢ belong to that solid S, and choose ¢ so that it is not collinear to e;. Then ¢°
belongs to the plane (g, L), as each projective plane through L is stabilised, since all hyperplanes
through L are stabilised as their images under L, i.e. the defining polarity of A, are contained
in L+ and consequently fixed. The plane (g, L) intersects S in the line pg, so ¢ is mapped to
a point on that line and consequently that line is stabilised. A generic point collinear to p has
coordinates (x_4,2_3,%,0,z4) and is mapped onto a collinear point if, and only if,

(A +all+ )z gz + 4+ )22 +a>(C+ )%, + (1 +all 4+ 0))zgz_y =0,
which is equivalent to
(b4 0) (x4 4+ ax_g)? = 0.

As ¢ is not fixed (since it is not collinear to e; and we remarked at the begin of the proof that
all the fixed points are collinear to both centra), we have that x4 + ax_4 # 0, and so £ = £'.
This implies that all points collinear to p are mapped onto collinear ones, once one non fixed
point is. Now the matrix of 6 becomes

1 0 0 ¢ 0 1 0 0 4c O 1 0 0 4 0
al 1 0 ¢ ¢ d 1 0 0 Yte o1 0 0 o
0 0 I, 0 O)l=]0 01 0 O 0O 0 I, 0 0],
0 0 0 1 0 0 0 0 1 0 0 0 0 1 0
0 0 0 af 1 0 0 0 4 1 0 0 0 4 1
as soon as
c+c =1, d =1+ec
d+d =a, = d =/0"1'+ac,
cd +cd =071, d =a+ 01 +ac

Now the above matrix in ¢ and d is an axial elation with axis spanned by p and the point
(¢,0,...,0,d). Hence the axis belongs to A’ if and only if ¢cd € K. So if we want 6 to be the
product of two axial elations of A’ then ¢d € K and ¢/d’ € K. Examples are given by

(c,d,c,d)= (1,071 4 a,0,7Y) and (¢,d, ¢, d") = (a1 071,0,1 +a" 071 a).
This is Case (iv).
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1o (3) The only remaining case is when L has no points of A’. In this case § pointwise fixes the

1491 geometric subhyperplane L N A’. This clearly contains (opposite) lines, but no planes as the
1492 span of such a plane and L would be a 4-dimensional singular subspace, a contradiction. If 8
1493 mapped a non fixed point p € A’ to a collinear one, then the line pp? would be stabilised (since
1404 6 is an involution). No point of that line belongs to L, hence there are fixed points collinear
1495 with a unique point of pp?, implying that pp’ contains a fixed point z. Since z ¢ L, L+ ¢ at
1496 and we find a second fixed point on pp?. So pp? C L*, contradicting that p # p?. Hence
1497 the fix structure is exactly L* restricted to A’. Since this structure is a subspace of a polar
1498 space, not containing planes, but containing two opposite lines, this must be a (nondegenerate)
1499 generalised quadrangle. This is Case (i)

1500 This completes the proof of the proposition. g

1501 3.5. Domestic collineations in polar spaces. We will also have to deal with domestic collineations
1502 of some polar spaces. A lot of properties are proved in [19] and [28], and we will refer to those
1503  when needed. We also need a more detailed version of one of the results there, and a new, more
1504 specific result for separable orthogonal polar spaces. We prove these two results here.

1505 Note that we freely use the notation for opposition diagrams as established in [16]. However, we
1506 will always shortly explain when we mention a specific opposition diagram for the first time.

1507 Lemma 3.5.1. The set of fized points of any line-domestic collineation 6 of any polar space is a
1508 geometric hyperplane. Also, if a point is not fixed, it is mapped onto an opposite one. Each line
1500 that is stabilised is pointwise fized.

150 Proof. If 6 is trivial, then so is the assertion. If # is nontrivial, then Theorem 5.1 of [28] asserts
1511 that the set of fixed points is a hyperplane H. Let L be a stabilised, but not pointwise fixed line.
1512 Then L contains a unique fixed point x. Since no other point of L is fixed, all fixed points are
1513 collinear to . Take a line M intersecting L not in x and such that M ¢ xt. Then M does not
1514 contain a fixed point, a contradiction.

1515 If now a point = were mapped onto a collinear one, then, since the line zz? contains a fixed point,
1516 that line would be preserved, but not pointwise fixed, contradicting the previous paragraph. [

1517 The next proposition will be applied to extended equator geometries in I'y. Nevertheless we phrase
1518 it for general rank as the proof remains the same.
1510 First some definitions.

1520 Definition 3.5.2. (i) A subhyperplane of a polar space is a subspace that intersects each sin-

1521 gular plane nontrivially, and such that some line is disjoint from it.

152 (#4) We say that a subspace (in particular, a hyperplane) of a polar space is nondegenerate (of
1523 rank r) if it defines itself a polar space of rank r (hence is not contained in p* for some of
1524 its points p).

1525 (i4i) A skeleton of a polar space of rank r is a set of 2r points with the property that each of these
1526 points is opposite a unique other point of the set. Equivalently, it is the set of points of an
1527 apartment.

1528 (i) A generalised homology in a polar space of rank r is a collineation that pointwise fixes a
1529 skeleton and also (pointwise fixes) at least one line determined by two collinear points of the

1530 skeleton.
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Proposition 3.5.3. Let 6 be a plane-domestic and solid-domestic nontrivial collineation of a
separable orthogonal polar space A = (Q,£) of rank r > 4. Then exactly one of the following

holds.

(1) 0 is point-domestic and is an azial elation;
(2) 0 is line-domestic and the set of fixed points is a nondegenerate geometric hyperplane,

necessarily of rank r orr —1;

(3) 0 is neither point-domestic nor line-domestic and exactly one of the following holds.

(1) 0 is the product of two perpendicular azial elations;
(it) 6 is a generalised homology;
(ii7) 0 fizes a nondegenerate subspace of rank r — 2 or r — 1 which is at the same time a
geometric subhyperplane.

Proof. Since 6 does not map planes and solids to opposites, the opposition diagram is one of B}l;l
(there is a point mapped to an opposite one, no element of another type is mapped to an opposite
one), B%;l (there is a line mapped to an opposite one, no element of another type is mapped to an
opposite one) or B}L;Q (there is a point-line flag mapped to an opposite one, no element of another
type is mapped to an opposite one), by Corollary 4 of [16].

e The opposition diagram is B}, .

Then @ is line-domestic and so, by Lemma 3.5.1, the fixed points form a geometric hyper-
plane H. Assume for a contradiction that H is not nondegenerate. Then 6 is a central
elation, which must be the identity by Lemma 3.2.4, a contradiction. So H is nondegener-
ate and this now leads to (2).
The opposition diagram is Bi;r
Then 6 is point-domestic. It follows from Proposition 3.11 in [19] that 0 is an axial elation.
This is (1).
The opposition diagram is B,,.,.
By Theorem 6.1 of [28] 6 pointwise fixes a subhyperplane S of A. The subspace (S)
viewed in the ambient projective space 2 has codimension 2 (by Lemma 3.1.2(¢)). By the
assumption of the nondegeneracy of the underlying polarity p, the subspace L := (S)? is
a line. There are now four possibilities.
- LeZ.
Then 6 is an axial elation by Lemma 3.2.7 and hence point-domestic, contradicting
the opposition diagram.
- |LNnQ|=2.
Set {p,q} = QN L. Hence S = p* Ng' is pointwise fixed. There are two possibilities.
« The points p and q are interchanged by 0, that is, p® = q and ¢° = p.
We may assume that p = p; and ¢ = po for a basis (p1,pe,...) where @ has
equation X1 Xo+X3X,4+...=0. Since Q is preserved and p-Ng™* is fixed point-
wise, one checks that 6 acts on the coordinates as follows: (z1, z2,x3,Z4,...) —
(axe,a ‘zy,23,24,...), with a € K*. It follows that the points with coordi-
nates (ax1,x1,23,24,...) are fixed. Hence 6 fixes a hyperplane pointwise and
consequently @ is line-domestic, contradicting the opposition diagram.
x The points p and q are fized.
Choosing a skeleton in p N¢", we can complete it to a skeleton in A pointwise
fixed by 6. By considering some pointwise fixed line in p* N ¢+, we see that 6
is a generalised homology. This implies Case (3)(i4).
- LNnQ={p}
Select ¢ € L\ {p} and choose = € (Q N p*)\ ¢°. Then the plane (x, L) intersects Q
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in a pair of lines, as it is a conic containing a line (M := pzx) and a point not on that
line (on gz different from x, since gz is not a tangent). Since x and ¢ are contained
in p? (note that L is a tangent since it intersects () in exactly one point), we deduce
that the second line M’ in the intersection of that plane with @ contains p. Choose
z € @\ pt. Then the solid (z,, L) intersects @) in a hyperbolic quadric Q' (as it
contains two intersecting lines and a point opposite to their intersection). Moreover,
Q'+ C L? = (S), so that we can choose the basis in such a way that @ has equation
X1Xo + X3 X4+ X5X6 + -+ =0, with {p1,p2,p3,p4} C (x, 2, L), and the subspace
(ps, D6, - - -) pointwise fixed by 6. We can also assume p = p3 and ¢ = (a,b,0,0,...),
a,b € K*. The action of # on the coordinates x;, i > 5, is trivial and consequently
also the corresponding field automorphism is trivial. So we may concentrate on the
(matrix-)action of 6 on (x1, x2, x3,x4). After some elementary calculations, expressing
that p and the points with coordinates (a, —b,0,0, *, *,...) belong to L?, and that 6
preserves the quadric @), we see that there are two possibilities.
x Case 1: 0 is of the form
0

T 1 0 0 —a T
X9 o 0 1 0 —-b T2
zs|l  |b a 1 —ab T3
Ty 0 0 O 1 g
1 0 0 —a 1 0 0 O T
101 0 0 01 0 —b To
10 a 1 0 b 01 0 3
0 0 0 1 0 0 0 1 T4

In this case 6 is the product of two axial elations with respective axes x93 = x4 =
x5 =...=0andz; =24 = x5 = ... =0, by Lemma 3.2.7. It is clear that these
axes intersect in the point p, and that they are not coplanar. Hence, according
to Definition 3.2.5, the axial elations are perpendicular. We are in Case (3)(3).
x Case 2: 6 is of the form
0

T 0 —ab™l 0 a T
To . —ba~! 0 0 b To
3| b a 1 —ab T3
Ty 0 0 0 1 Ty

Now @ is clearly an involution fixing all points of a hyperplane whose coordinates
satisfy bx, 4+ axs = abzy. Hence 0 is line-domestic, contradicting the opposition
diagram.

- LNnQ=0.

Since L? = (S) has codimension 2 in €2, the singular subspaces contained in S have
maximal dimension at least r — 3. Suppose for a contradiction that S is degenerate,
say S C st, for some s € S. Since LNQ = (), obviously s ¢ L and so (L, s) is a plane.
But S C (L,s)*, and as the latter spans a subspace of codimension 3, we obtain a
contradiction. Hence S is nondegenerate.
x If S has rank 7, then selecting the points of a skeleton in two pointwise fixed
opposite singular subspaces of dimension r — 1, we see that 6 is a homology, and
we are in Case (3)(ii).
« If S has rank r — 1 or r — 2, then we deal with Case (3)(#it).

The proposition is proved. O
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1610 4. DOMESTICITY OF CERTAIN COLLINEATIONS

1611 Here we show that the relevant collineations of the Main Result are actually domestic with given
1612 opposition diagram.

1613 4.1. Central elations and products.

1614 Proposition 4.1.1. A nontrivial central elation 0 in a metasymplectic space T'; is a domestic
1615 collineation with opposition diagram Fj.,.

1616 Proof. Let 6 be a central elation in I'; with centre c. Then 6 is symp-domestic as every symplecton
1617 contains at least one point symplectic to ¢, which is fixed by the definition of a central elation. So
1618 it follows from Table 2 that the opposition diagram is Fj.;.

1619 O

1620 Proposition 4.1.2. The product of two perpendicular central elations in 1"y is a domestic collineation
121 with opposition diagram Fu.s.

162 Proof. Let 6 be the product of two perpendicular central elation 61,60 in I';. Denote by c; the
123 centre of 8, j = 1,2 and set & := {(c1, c2). First we prove that # maps a point to an opposite one.
1624 Let ¢ be a symplecton though c; locally opposite & and let p be a point in ( opposite c3. Then
1625 p is mapped to an opposite point since it is preserved by #; and mapped to an opposite by 65 by
1626 Lemma 6.5.1.

1627 Now we claim the dual, i.e. that § maps a symplecton to an opposite one. Let ' be a symplecton
1628 opposite {. Denote the projection of ¢; on (' by x;, j = 1,2. By the previous paragraph, ¢; maps
1620 ¢’ to a symplecton ¢” locally opposite ¢’ through 1, that is, ¢’ and ¢” are symplectic. As x; is not
1630 collinear to xs (since c; is not collinear to ¢3), it is opposite co. Consequently, ¢” is far from cs.
1631 Then 6 maps ¢ again to a symplecton ("’ locally opposite ¢” through the projection of co onto
1622 ¢”. Now by the dual of Axiom 2.4.5(2), the symplecton ¢’ is opposite the symplecton ¢ = ¢"°.

1633 Finally we claim that € maps no plane to an opposite. Let 7 be a plane. Note that every symplecton
163¢  collinear to & is stabilised. Now every plane corresponds to a line in the dual and consequently,
1635 by the dual of Corollary 2.5.2, either there exists a symplecton through 7 collinear to & or there
1636 exist two (mutually) collinear symplecta (1, (s with 7 C {3 and (s collinear to £. In the first case
1637 it is clear that m cannot be mapped to an opposite plane, so suppose we are in the second case.
1633 Denote by 7’ the intersection of ¢; and (5. By the dual of Corollary 2.5.3, it suffices to prove that
1639 7 is not mapped to an opposite plane in (5.

1640 First note that 6;, j = 1,2, induces in (> an axial collineation, as immediately follows from
1641 Definitions 2.11.8() and 3.2.5 (possibly trivial, in particular when ¢; € ;) with axis ¢; N (.
1642 Hence 6 induces in (o the product of two axial collineations. If their axes coincide, we see that 6
1643 acts point-domestically on (2 and by the possible opposition diagrams of Bz ; in Corollary 4 of [16]
1644 it must also act plane-domestically. So suppose now that these axes intersect in a point (they are
16a5 of course contained in the plane £ N ;). Then this point is collinear to a line L of #’ and this line
1646 1S consequently mapped to an intersecting line. This proves that «’ is not mapped to an opposite
1647 plane in (s.

1643 The above claims prove the statement, recalling the possible opposition diagrams of Table 2. [
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4.2. The fix structure is a generalised quadrangle.

Proposition 4.2.1. Let 0 be a collineation of a metasymplectic space I'; such that its fix structure
consists of points and symplecta only, and these form a generalised quadrangle. Assume additionally
that the set of fixed points in some symplecton forms an ovoid and dually, the fized symplecta
through some point form an ovoid in the residue. We also assume that these ovoids in the symplecta
or point residuals isomorphic to C31(A,K) are closed under taking the hyperbolic line through two
distinct points. Then 0 is domestic with opposition diagram Fa.

Proof. We argue in T'y.

Let £ and £ be two fixed symplecta in I'y sharing no fixed points. Then £ and & are disjoint
(otherwise the intersection is fixed, and the intersection is either a plane or a point). If ¢ and ¢’ are
not opposite, then the unique symplecton intersecting both ¢ and ¢’ in respective planes is fixed,
and so are these planes, a contradiction. Hence £ and £’ are opposite. Using projections, we now
see that the fixed points in each fixed symplecton form an (isomorphic) ovoid. Also the dual holds.

Now let, for a contradiction, C' be a chamber of Ty mapped onto an opposite chamber C?. Let
p € C be a point. We first claim that there is a fixed point f opposite p. Indeed, remark that p
cannot be contained in a fixed symplecton, as it is mapped to an opposite point by assumption. So
now p is close or far from any fixed symplecton. Suppose that p is close to some fixed symplecton
&, then ¢ contains a fixed point ¢ special to p, as an ovoid can never be collinear to a point
(Lemma 3.1.3). Now another fixed symplecton through ¢ must be far from p, as the centre ¢(p, q)
is not contained in this symplecton. So p is far from at least one fixed symplecton {. Again by the
fact that an ovoid cannot be collinear to a point, we see that  contains a fixed point f opposite p
and the claim is proved.

We now claim that p is symplectic to two mutually opposite fixed points. By the previous para-
graph, we may assume that some fixed point f is opposite p. Consider an arbitrary fixed symplecton
& through f, then p must be far from £. So there is a unique point x € £ symplectic to p. If
is fixed for at least two choices of ¢ through f, then the claim again follows (since a generalised
quadrangle does not contain triangles). So we may assume that x is not fixed. Then p is special
to at least two fixed points x1,z9 of £. Let L; be the unique line containing x;, ¢ = 1,2, and
containing pxx;. Then, by assumption, there is at least one fixed symplecton &; containing L;.
Now p is close to & for all ¢ € {1,2} and it is clear that each & contains at least two fixed points
a;,b; symplectic to p (note that p* N ¢ can not have fixed points and then we can look at the
fixed points in two locally opposite planes through this line). It is also obvious that the symplecta
& and & are opposite as a generalised quadrangle does not contain triangles. Now a; can’t be
symplectic to both ag, b in the generalised quadrangle and so we find two mutually opposite fixed
points symplectic to p.

Hence let 1,75 be two opposite fixed points symplectic to p. Then 1,72 € E(p,p?), and hence
E = E(ml,xg) = E(p,pg) is fixed by 6. Let S be a “solid” of E. We claim that S contains a
fixed point. Indeed, we may assume that S does neither contain x1, nor x5. Let S; be the solid
of E generated by x; and the plane m; := x1- N S. Let 7 be the plane 23~ N S; of E, but also of
E(x1,z2). Then, by definition of E(z1,z2), there exists a line Ly 3 x7 such that 7 is the set of
points symplectic to o and contained in a symplecton through L;. By assumption, there exists a
unique symplecton & O L fixed under 6. Since x5 is also fixed, the unique point x € & symplectic
to xo is also fixed and belongs to 7. Again by assumption, each point of the hyperbolic line h
through 1 and z, is fixed. By definition of E(ml, x9), it is a line of the polar space, contained in
S1, and so it contains a point y € m; € S. Our claim is proved.
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Now let L be the line in the chamber C. As above, it defines a plane a in E(p,p?), and hence a
solid S of E generated by a and p. The previous paragraph yields a fixed point € S. Hence the
symplecton &(p,z) is mapped onto &(p?, ), which implies = € a. Consequently, the symplecton
&(p, x) contains L. This, in turn, implies that x is collinear to a point y of L. So the point y € L is
close to &(z,p?) = &(z,p)? and therefore cannot be opposite any point of it; in particular it is not
opposite any point of L. But then L and L? are not opposite, the final contradiction implying
that 0 is domestic.

Now we claim that the opposition diagram is F4,2. Let £ be a fixed symplecton. As 6 does not fix a
geometric hyperplane in &, but only a geometric subhyperplane, the contraposition of Lemma 3.5.1
implies that 6 is not line-domestic in €. Then let L be a line of £ mapped to an opposite line of
&. Then a point x of I'y collinear to L, but not contained in £ is mapped to an opposite one by
Corollary 2.5.4. Dually there is also a symplecton mapped to an opposite one, which concludes
the proof. O

4.3. When an apartment is pointwise fixed.

Proposition 4.3.1. (2) If in Class (K), the collineation 6 of Fs44(K,K) has fix structure an

extended equator geometry and its tropics geometry, then 0 has opposition diagram Fﬁ;l.

(#3) If in Class (L), the collineation 6 of F41(K,L) has fix structure a metasymplectic (sub)space
canonically isomorphic to Fa1(K,K), then 6 has opposition diagram Fﬁ;l.

(#91) If in Class (L), the collineation 0 of Fq4(K,L) has fix structure an extended equator ge-
ometry and its tropics geometry, then § has opposition diagram Fa..

(tv) Ifin Class (H), the collineation 6 of Fa 1(K,H) has fix structure a metasymplectic (sub)space
canonically isomorphic to Fq 1 (K, L), with L a separable quadratic extension of K contained
in H as a 2-dimensional subalgebra and pointwise fized under some automorphism of A,
then 6 has opposition diagram Fa.>.

Proof. We first claim that in Cases (¢) and (4ii) every fixed symplecton in I'y has as fix structure
a hyperbolic line and its perp. Let £ be a fixed symplecton intersecting the fixed extended equator
geometry E , then 0 clearly fixes the hyperbolic line, say h(x,y), appearing as intersection & N E
(see Lemma 2.6.18) and the perp of this hyperbolic line, i.e. z+ Ny =: S, as all these points
are contained in 7. Suppose now that there is some other point z also fixed. This point cannot
be contained in E‘, again by Lemma 2.6.18, so it must be contained in T. If 2 L S, it would
be contained in h(z,y), so we may pick s € S not collinear to z. Then & = £(z,s) and by
Proposition 2.7.6 (i%), the hyperbolic line 8(z) N 3(s) must be contained in this symplecton, again
a contradiction. Now suppose that £ is a fixed symplecton not containing a point of E. Pick
arbitrarily two opposite points p, g € E and extend an apartment of F(p,q) as in Lemma 2.11.4 to
an apartment of I'y containing p and g. Note that all the 24 symplecta in this apartment contain
a point of E and have consequently a fix structure as described above. So by projection, it suffices
to prove that ¢ is opposite some symplecton of A. But that is exactly the dual of Lemma 2.11.5.

We now claim that the fixed points in a fixed symplecton of I'y form a hyperplane in Cases (7)
and (i3) and they form a subhyperplane in Case (4i¢) and (iv). In Cases (i) and (iv) this follows
quite easily: Denote by ¢’ the fix structure in a fixed symplecton ¢. In Case (ii) we have that
¢’ 2 B31(K,K) is clearly a geometric hyperplane of ¢ = B3 1(K, L) by Definition 2.3.1 and the fact
that dimg(L) — dimg(K) = 1. In Case (iv) we have that ¢’ = B3 1(K,L) is clearly a geometric
subhyperplane of ( = B3 1(K, H) by Definition 2.3.1 and the fact that dimg(H) — dimg(L) = 2. In
Cases (i) and (7i7), we look at the dual space I'y. A fixed symplecton ¢ of I'; corresponds to a fixed
point z of I'y, which must lie in the fixed extended equator geometry or its corresponding tropics
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geometry. If z is contained in E, then every symplecton through z is stabilised by Lemma 2.6.18
and consequently every point in ( is fixed. If z is contained in f, the set of symplecta containing
a hyperbolic line of 3(z) define a polar space isomorphic to a Klein quadric (that is, a hyperbolic
quadric in PG(5,K)), taking Lemma 2.7.1 into account. Remark that all these symplecta also
contain the point z, so they form a subspace of the residue of z, which is B3 1 (K, A). If A =K, this
is a quadric in PG(6,K), and if A is a quadratic field extension over K, this is a quadric in PG(7, K).
So by dimensional arguments, the fixed Klein quadric is a geometric hyperplane in the first case and
a geometric subhyperplane in the second case. We now claim that no other symplecton through
z can be fixed. Indeed, every such symplecton must contain a fixed point symplectic to z by the
first paragraph. This point cannot be contained in E by Lemma 2.7.4. So every fixed symplecton
through z is of the form &(z,2'), with 2’ € T. Such a symplecton then contains 5(z) N B(z') and
is consequently contained in the Klein quadric described before. This proves the claims and hence
every plane of a fixed symplecton contains a fixed point.

Dually we claim that in every fixed symplecton of I'y each plane contains a fixed point. For Cases
(¢) and (é7¢) this follows immediately from the first paragraph, noticing that, with the notation of
that paragraph, - Ny* is a subhyperplane. For Cases (i) and (iv), the symplecta are isomorphic
to C31(A, K) and the fix structure is a (canonical) sub polar space C31(B,K) (with dimg(A) = 2).
Then from Lemma 3.3.7 we infer that € induces in this residue a generalised Baer collineation.
Theorem 7.1 of [28] implies that every plane of this residue contains a fixed point, which proves
the claim.

If the fix structure in some symplecton of I'; is not a hyperplane, then as in the previous proposition,
we can use Corollary 2.5.4 and Lemma 3.5.1 to conclude that some point of I'; is mapped onto an
opposite. Hence the previous paragraphs already show that, if 8 is domestic, then the opposition
diagram is Fy; in Cases (444) and (iv), and either Fs; or F3,; in Cases (i) and (i1). So it suffices to
show that, in Cases (i) and (4i) no point of I'; is mapped onto an opposite, and in the other cases,
no point-line flag of I'; is mapped onto an opposite.

To that purpose, let p be any point of I';. If p is contained in a fixed symplecton, then it cannot
be mapped onto an opposite, nor can any line through it be mapped onto an opposite.

We now assume that p is not contained in any fixed symplecton. We claim that p is close to some
fixed symplecton £ of I';. By assumption we know that there is some pointwise fixed line and so we
find a fixed point x special, symplectic or collinear to p. Suppose first that p and = are collinear.
Then p is close to any fixed symplecton through x (which exists in abundance by the first part of
the proof). Suppose now that p and z are at distance 2 and let L be a line through = containing
a point collinear to p. By the third claim above, there is a fixed symplecton £ containing L. Since

p is collinear to some point of L, it is close to £ and the claim is proved.
Now set K := ¢NpL. In Cases (i) and (i), the line K has a fixed point by the second claim. Hence
p’ is at distance at most 2 from p for every point p and this shows (i) and (ii) by the possible

opposition diagrams in Table 2.

Now assume we are in Case (7i¢) or (iv). Let P be any line through p and assume that {p, P} is
mapped onto an opposite flag. Since every plane in £ through K contains a fixed point, by the
second paragraph, we can select a fixed point y in £ collinear to K. Set ¢ := £(p,y). Suppose
first that P is contained in . Then the projection of PY from p’ onto p is not locally opposite P,
as both are contained in ¢ (as the projection is an isomorphism and &(p?,y) is projected onto ).
Hence by Lemma 2.8.7 the lines P and PY are not opposite. Now suppose that P is not contained
in ¢. Then there is a unique line P’ in ¢ coplanar with P and by the first part of the proof we find
a fixed symplecton & containing y and some point u’ of P’. Note that P is collinear to u/, and
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consequently we find a symplecton ¢’ containing P and intersecting £’ in a plane o’ (indeed, set
(' =&(p,b), with a € P\ {p} and b € (¢ Nat)\ {u'}). Let ¢/ be a fixed point in o’ and let w € P
be collinear to 3’ (w exists since y and P are contained in the same polar space (’). Again, there
exists a fixed symplecton through wy’, and this implies that w and w? are contained in the same
symplecton, contradicting the assumption that P? is opposite P.

Hence no point-line flag is mapped onto an opposite and so 6 is domestic. As argued above, this
proves all assertions. O

5. PROOF OF THE MAIN RESULT

In this section we classify all domestic collineations of I';. There are two levels of preparations: First
we prove some general properties of collineations (Section 5.1), mainly to be able to recognise some
specific (domestic) collineations in a geometric way. Secondly, we prove some general properties of
domestic collineations (Section 5.2), mainly to restrict the displacement of points and symplecta,
to derive other geometric properties of domestic collineations and to allow us to use the results on
polar spaces by reducing to equator and extended equator geometries.

5.1. Some general properties of collineations of metasymplectic spaces.

Lemma 5.1.1. Let 0 be a collineation of the metasymplectic space T'; that fizes some point ¢ and
all the points collinear or symplectic to c. Then 6 is a central elation of T'; with centre c. Also, 0
induces an axial elation in every symplecton close to c.

Proof. Using Corollary 2.5.2 and Definition 2.11.8, it suffices to prove that every line with exactly
one point collinear to ¢ and all the other points special to ¢ is stabilised. Let M be such a line,
with m the unique point collinear to ¢ and denote by & a symplecton through M. Then c is close
to ¢ and by taking two locally &-opposite planes through ¢ N ¢ in &, we get two symplectic fixed
points in £ and hence £ is stabilised. By the arbitrariness of £, we see that M is stabilised.

The argument in the previous paragraph shows that every symplecton £ close to c is stabilised. By
the definition of central elation, all lines of £ meeting ¢ N ¢ are stabilised and so the last assertion
follows. d

Lemma 5.1.2. Let 0 be a central elation of a metasymplectic space I'; with centre c. If 0 fixes one
more point q (special to or opposite c), then 0 is the identity.

Proof. If ¢ is special to ¢, then it lies on a line L containing a point collinear to ¢. Let L’ be
opposite L and also containing a point collinear to c¢. Then also the point ¢’ € L’ special to ¢ is
fixed, and so is the point ¢(q, ¢’), which is opposite ¢. So we may assume that ¢ is opposite c.

Using Lemma 2.11.4 with respect to ¢, ¢ and E(c, q), we find a pointwise fixed apartment containing
¢. Since also all points symplectic to ¢ are fixed, we deduce from Theorem 4.1.1 of [31], see also
Theorem 6.3.1, that 6 is the identity. O

Lemma 5.1.3. Let 'y be a separable metasymplectic space. Then there are no nontrivial central
elations in I'y.

Proof. Let 0 be a central elation of I'y with centre c. The last assertion of Lemma 5.1.1 combined
with Lemma 3.2.9 yields the trivial action of 6 on each symplecton close to ¢. Consequently also
all points special to ¢ are fixed. Either using Lemma 5.1.2; or directly showing that also all points
of I'y opposite ¢ are fixed (which is easy), we conclude that 6 is the identity. O
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Lemma 5.1.4. Let p, q be opposite points of T'y. Let {x,y} be a pair of opposite points in E(p,q)
and let & be a symplecton through p intersecting E(p,q) in a point z € x'- Nyt-.

(i) FEach collineation pointwise fixing E(p,q) U (E(x,y) NE) is a central elation with centre p.
(#4) Each collineation pointwise firing E(p,q) U& is a central elation with centre p.
(#it) Fach collineation pointwise fiving {q} U E(p,q) U (E(x,y) N &) is the identity.
(iv) FEach collineation pointwise fizing the union of the two “perpendicular” equator geometries
E(p,q) and E(x,y) is the identity.

Proof. Under the hypotheses of (i), we have to show that the said collineation 6 pointwise fixes
{p} Upt Upt. We first claim that 6 pointwise fixes ¢, thus reducing (i) to (7). Indeed, since
6 pointwise fixes E(p, q), it stabilises each symplecton through p, and so it stabilises every line
through p. Hence, by projecting, it stabilises every line through z, and so it fixes p~Nz* pointwise.
Since {p,z} C {z,y}*, the points z and y are close to ¢ and so, if we denote L = z* N ¢ and
M =yt N¢, we see that E(x,y)Né = LN M*.

By definition the symplecta of 'y are polar spaces B3 1(K,A) and we can look at this situation
in the ambient projective space PG(¢,KK) of £ corresponding to the universal embedding. This is
a projective space of dimension ¢ > 6. The subspace U; generated by p' N z* has dimension
¢ — 2 and is pointwise fixed; the set L+ N M+ spans a subspace U, of dimension ¢ — 4 and is also
fixed pointwise. By the Grassmann identity, and since U; U Uy spans PG(¢, K) (because this span
contains z,p and z* N pt), these spaces intersect in a subspace of dimension ¢ — 6. Hence they
share a point and so 6 fixes £ pointwise. The claim is proved.

Now, if & is a symplecton through p intersecting ¢ in a plane, denote 2z’ := & N E(p,q); then
similarly pt N 2t is fixed pointwise and since the plane ¢ N ¢’ is pointwise fixed, Corollary 3.2.3
implies that also & is pointwise fixed. By connectivity of the residue at p, we conclude that
every symplecton through p is pointwise fixed, which concludes the proof of the first assertion by
Lemma 5.1.1. The other assertions (ii¢) and (iv) now follow from Corollary 5.1.2. O

Lemma 5.1.5. Let p,q be opposite points of T'y4.

(i) Each collineation pointwise fiving E(p,q) and a symplecton & that contains p is a central
elation with centre p (and hence trivial in the separable case).
(i) Each collineation pointwise fixing E(p, q) and a symplecton that intersects E(p, q) nontrivially
is the identity.
(ii7) Each collineation pointwise fizing E(p7 q) is the identity as soon as we are in the inseparable
case.

Proof. First assume that 6 is a collineation pointwise fixing F(p, ¢) and a symplecton £ that contains
p. Copying the proof of Lemma 5.1.4(éi) we find that 6 pointwise fixes each symplecton through
p; hence Lemma 5.1.1 implies (7).

Now assume 6 pointwise fixes E(p7 q) and some symplecton £ that intersects E(p, q) nontrivially.
We may assume p € . Then (7) imlies that 6 is a central eleation with centre p, and since also ¢
opposite p is fixed, Lemma 5.1.2 shows that 6 is the identity.

Suppose now that we are in the inseparable case and that 6 pointwise fixes E(p, q). To prove (iii),
it suffices to show that 0 pointwise fixes some symplecton with nontrivial intersection with E(p, q).
Let & be a symplecton containing p. Then by Lemma 2.6.18, the intersection £ N E(p, q) =: his
a hyperbolic line. Now each point of A* belongs to f(p, q) and is hence fixed. Now Lemma 3.4.1
concludes the proof. O
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The next lemma does not hold in the separable case as the constructions in Proposition 6.5.2 are
counterexamples, with an induced trivial axial elation.

Lemma 5.1.6. A collineation of an inseparable metasymplectic space T'y, which induces an axial
elation 0 in an extended equator geometry of L'y, is a central elation.

Proof. Let 0 have axis A, contained in the unique symplecton £ of I'y. Since all hyperbolic lines
of the extended equator geometry, and hence all symplecta of I'y, sharing a point with A are
stabilised, all planes of & through any point of A are stabilised. This implies that AL is pointwise
fixed. Since also A is pointwise fixed, Lemma 3.4.1 implies that £ is pointwise fixed. Let a be the
point of I'; corresponding to £&. Then we just argued that all symplecta through a are stabilised.

Now let B be an arbitrary “line” opposite A in the extended equator geometry, and let b be the
point of I'; corresponding to B. Then B? is clearly contained in the regulus defined by A and
B. Corollary 2.10.3 implies that b’ € .#(a,b) and so E(a,b) = E(a,b?). Together with what we
proved in the first paragraph this implies that F(a,b) is pointwise fixed.

By the definition of axial elation, all symplecta in Iy through an arbitrary point of A are stabilised;
hence the corresponding symplecton in I'y, which contains a, is pointwise fixed. Lemma 5.1.5(%)
completes the proof. O

5.2. Some general properties of domestic collineations of metasymplectic spaces. We
now finally come to the core of tis paper: proving properties of domestic collineations that will
allow us to classify these objects.

Lemma 5.2.1. A domestic collineation 0 of any metasymplectic space T'; does not map any point
to a special one. In particular, it (dually) induces in each fized symplecton a plane-domestic
collineation.

Proof. Suppose for a contradiction that # maps a point z to a special point z¥ and set p = ¢(x, 2?).
Let L be a line through x locally opposite both xp and ;vpefl. This line corresponds to a plane
in the polar space Resr,(z) opposite the planes corresponding to zp and acpgil. Such a plane
exists in a thick polar space of rank 3 (this is an easy exercise on the theory of polar spaces, or
use Proposition 3.30 in [31]). Now every point of L\ {z} is special to p. By Lemma 2.5.3, every
such point is opposite 2° and similarly x is opposite every point of L \ {z}. We conclude, with
Definition 2.8.1(2), that L is opposite L, which contradicts the possible opposition diagrams for
domestic collineations in Table 2.

Suppose some plane 7 of a fixed symplecton £ is mapped onto a &-opposite one. Then each
symplecton ¢ distinct from £ through 7 is mapped onto a special symplecton contradicting the dual
of the first statement. Remark that ¢ and (% are indeed disjoint as a point in their intersection
would also be contained in &, since it would be collinear to a symplectic pair of points from 7 and
w?. O

Corollary 5.2.2.

(i) If a symplecton ¢ is mapped onto an adjacent symplecton &% by a domestic collineation 6
of a metasymplectic space T';, then
(a) the intersection € N &9 of the two symplecta is fized pointwise;
(b) at least one symplecton containing & N &Y is fized.
(ii) If a point p is mapped onto a collinear point p? by a domestic collineation 0 of a metasym-
plectic space, then
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(a) all planes and symplecta containing the line pp® are stabilised by 6 (in particular the
line pp? is stabilised);
(b) at least one point on the line pp? is fived.
(ii1) If a symplecton & is mapped onto a symplectic symplecton £ by a domestic collineation 0
of a metasymplectic space, then the intersection point &€ N EY of the two symplecta is fized.
(iv) If a point p is mapped onto a symplectic point p° by a domestic collineation 6 of a meta-
symplectic space, then the symplecton &(p,p?) containing these two points is stabilised.

Proof. We will start by proving the statements in (¢)(a) and (4i7). The statements in (i¢)(a) and
(iv) then follow by standard duality. Afterwards we will prove (ii)(b) and again, by dualising,
(1)(b) follows immediately.

Suppose the symplecton ¢ is mapped onto the adjacent symplecton £? and set 7 = £NEY. Assume for
a contradiction that some line L C 7 is not fixed. Then, since each line of a symplecton is contained
in at least three planes of the symplecton, we can find a plane a # 7 in £ containing L such that
o’ N = L Nr. Now we pick a point ¢° € a? \ L? not collinear to L. Then L = ¢- Nw # (¢°)* Nx
and, by the possible point-symp relations, ¢ and ¢’ are special, contradicting Lemma 5.2.1. Hence
each line of 7 is stabilised and so each point of 7 is fixed.

Now suppose a symplecton ¢ is mapped onto a symplectic symplecton £ and set p = £€N&?. Assume
for a contradiction that p # p?. Then in the polar space £ we can pick a point ¢’ collinear to p?,
but not to p. Then ¢ L p is close to &7, but ¢’ is special to ¢ as ¢° is not collinear to p, again
contradicting Lemma 5.2.1.

Suppose finally that a point p is mapped onto a collinear point p’. Consider an arbitrary plane
7 through L := pp?, which is stabilised by (ii)(a). If every point in 7 \ L is fixed, it is clear that
also L must be pointwise fixed, contradicting the fact that p # p?. So we may assume that some
g € m\ L is not fixed and as 7 is stabilised ¢ must be collinear to its image. Applying (ii)(a) again
yields the stabilised line ¢¢’. So the intersection gq? N pp? is a fixed point on the line pp?. O

Corollary 5.2.3. Let p,q be two opposite points of T'y. A domestic collineation 6 of T'y that
stabilises E(p,q) stabilises a hyperbolic solid through every stabilised hyperbolic plane of E(p,q).

Proof. Let m be a stabilised hyperbolic plane of E(p, q) and let L be the stabilised line of f(p, q)
corresponding to m by Proposition 2.7.6. Then L must contain a fixed point by Corollary 5.2.2.
This means that the hyperbolic solid corresponding to this point must be stabilised. O

Corollary 5.2.4. Let ) be a subspace of I'1 isometric and isomorphic to Ay 11}(K) and suppose
that a domestic collineation stabilises 2. Then 0 acts type-preserving on the underlying projective
plane PG(2,K), and is either a Baer involution, an elation or a homology.

Proof. As Q is not isomorphic to the smallest projective plane, it does not admit domestic dualities
by Theorem 3.5 of [16]; this implies that, if 8 induced a duality in PG(2, K), then it would map some
point to an opposite line. This would mean that # would map a line to an opposite, contradicting
domesticity. Now let z be a point of PG(2,K) and suppose it corresponds to the line Z of 2. We
claim that zz? is stabilised. Indeed, z, z2? and z? correspond to three lines Z, W, Z? of Q such
that Z, W and W, Z? are locally opposite. The intersection point Z N W is mapped to a point of
79 which must coincide with W N Z? by Lemma 5.2.1. By Lemma 5.2.2(ii)(a) this means that
the line W in T is stabilised. Consequently also the line zz? in PG(2,K) is stabilised. So we can
apply Proposition 3.3 of [19] and the result follows. O
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Now we prove the analogue to Lemma 5.3 in [18]. We provide a detailed proof as the special case of
a building of F4 imposes some simplifications, whereas the assumption of not being necessarily split
causes some complications. It is exactly this proposition that allows us to use the earlier derived
results of domestic collineations of polar spaces applied to the equator and extended equator
geometries. It provides the basis of our classification.

Proposition 5.2.5. Let 6§ be a domestic collineation of T'; = F4;(K,A), i = 1,4. Suppose 6 maps
some point p to an opposite.

(i) Ifi =1 and A is separable, then 6 stabilises E(p, p?).
(1) If i = 1, the opposition diagram of 6 is le1;1 and A is separable, then 0 pointwise fizes
E(p,p%). _
(#i7) If i = 4 and the opposition diagram of 0 is Fﬁ;l, then 0 stabilises E(p, p°).

Proof. We will denote the residue of I'; in p as A. Recall that 6,, from Definition 2.8.6, is a
collineation of the polar space A. From the classification in Table 2, neither lines nor planes are
mapped to opposite ones by 6 in I';. Together with Lemma 2.8.7, it follows that 8, is line-domestic
and by Lemma 3.5.1 6, is the identity or pointwise fixes a hyperplane H of A.

We argue in A (which is easier since we can then think of points, lines, planes instead of symplecta,
planes and lines). By Corollary 3.5.1, we get that if some plane 7 or some line L of A is stabilised
by 0,, then it is pointwise fixed.

We claim that, under the assumptions of (3), (i) and (éi7), if two planes through a pointwise fixed
line L in A are (necessarily pointwise) fixed, then all planes through L are (necessarily pointwise)
fixed. If the opposition diagram is Fy.; (Cases (ii) and (iii)), we see again by Lemma 2.8.7 that
no element is mapped to an opposite and by Remark 2.11.7, 8,, is then the identity. So the claim
is trivially true in these cases. Consequently we may assume that the opposition diagram is Fs.»
and ¢ = 1. In this case, A = C31(A,K) and we now have hyperbolic lines defined by the common
perp of two opposite lines (Lemma 2.6.9). Let 71 and g be the fixed planes through L, let #’ be
another plane through L and let L’ be a line opposite L. Then the projections p1,ps and p’ of
L' onto mp,m and 7', respectively, are points not on L. It is clear that p’ lies on the stabilised
hyperbolic line h(py,p2) = L+ N L. By considering now another line L” not through p in the
plane (p’, L'), we similarly find a stabilised hyperbolic line h(q1,q2) = L* N L"+. The point p’ is
now fixed as the unique point in the intersection of these hyperbolic lines and so the plane 7’ is
also fixed.

Translated to I';, we have shown that each line through p is contained in a plane through p fixed
under 6, (as every plane in A contains a fixed line of the geometric hyperplane H), and that each
line through p in such a plane is fixed under 6, as soon as at least two such lines are fixed. We
now forget the notation of the previous paragraphs, in particular L and so on.

So, if we want to show that for each line L through p, the unique point of L at distance 2 from p?
is mapped onto the unique point of L? at distance 2 from p, it suffices to prove that for each plane
m through p fixed under 6,, the line 7 N (p?)™ is mapped onto 7% N p™.

Let m be a plane through p fixed under 6,. First assume that every line L through p in 7 is
fixed under 6,. Let M, be the line in 7 such that M? = =% np*. If M, = =N (p?)™, then
there is nothing to prove, so suppose M, and 7N (p?)™ intersect in a unique point z. Then, since
(pz)% = pz, we see that 2/ L 2. Now let L be a line in 7 through p, but not through z. Since
IK| > 2, we can select a point ¢ € L\ ({p} UM, U (p?)*). Let K be a line in 7 through ¢, and
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set K N M, =: {u}, pun (p?)* =: {v} and K N (p?)* =: {w}. Since (pv)?» = pv, we have v L u’.
Hence (qw)% = (qu)% = qu. This now yields the equivalence

(qu)’" = qu & v=w e u=2zor u € pq.

Consequently the collineation 6, fixes m and exactly two lines through ¢ in 7, which contradicts
our earlier observation, replacing p with ¢, that all lines through ¢ in 7 are fixed as soon as at
least two of them are fixed under 6,. Hence M, = =N (p)*. In particular the images of the
points on M, are given by projection inside the symplecton determined by M,, and Mg and hence
# preserved the cross-ratio of collinear points. We say that 6 is a linear collineation.

Next assume that exactly one line L through p in 7 is fixed under #,. Since every such fixed
line is contained in a fixed plane all of whose lines through p are fixed, we know by the previous
paragraph that z := L N (p?)™ is mapped onto 2/ = LY N p*, and these two points are collinear.
Let M, again be the line of 7w defined by Mg = 7% N p". Let, for each z € M, =’ be the unique
point of 7 collinear to . Then, as a product of a linear collineation and a projection, which both
preserve the cross-ratio, the correspondence x +— 2’ is a projectivity from M, to M, :=m N (p?)™.
Since z = M, N Mz’) is fixed under this correspondence, it is a perspectivity. Let ¢ be the centre of
this perspectivity, then ¢ ¢ M, U MZQ is opposite ¢, and clearly 6, is the identity restricted to 7.
By the first case, this implies that M/ = M.. Now we note that M, = M, as the line Mg is indeed
special to ¢ and similarly M, = M.

Finally, assume that no line through p in 7 is fixed under 8,. Let M, be as before and assume
M, # 7N ()" Set u = M, N (p?)*. We can select a point # on M, such that (z%)% does
not contain u. Set 2/ = (2%)1 N7 and select ¢ on the line xa’ different from z,2’. Then g is
opposite ¢’, 7 is fixed under 6,, ' is fixed under 6, and pq is not fixed under ,. By the previous
case, My = My := mN (¢°)*. Similar to the previous paragraph we get that M, = M, and
My =M, =N (p?)™.

Now let ¢ be an arbitrary symplecton through p. Every point of ¢ at distance 2 from p? is collinear
to the unique point e¢ of £ symplectic to p?, which is also the unique point of & belonging to
E(p,p”). Hence the above yields that § maps p* N ej; to (p!)t N eg-ep.
Now if i = 1, then £’ is isomorphic to B3 1 (K, A). If the latter is separable, then p’ and egop are
the only two points of €7 collinear to all points of (p?)+ N eg-gp, by Lemma 2.6.10. It follows that
ef = ego, € E(p,p?). Hence E(p,p’) is preserved by 6. This yields (i). Moreover, if the opposition
diagram is F}m, then 6, is the identity (as above) and we have eg = e¢ and so F(p,p?) is fixed
pointwise. This yields (7).

Now suppose ¢ = 4. Then it follows that the hyperbolic line determined by p and e¢ is mapped
onto the hyperbolic line defined by p? and ego, Which is contained in E(p,p?) by Lemma 2.6.14. So
eg is contained in E(p, p?) for every symplecton ¢ through p. Let now eg, and eg, be two opposite
points in E(p,p?). Then they determine E(p,p?) by Lemma 2.6.17. As their images egl and 622

are still opposite points in E(p,pe), they also determine E(p,pe) and so E(p,pe) is stabilised. This
yields (i74) and the proposition is completely proved. O

Now we are finally prepared to classify the possible domestic collineations. We will do so by making
a distinction between the inseparable and separable case.
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5.3. Domestic collineations in inseparable metasymplectic spaces. Here, A = K’ is an
inseparable field extension of K in characteristic 2. This means that the following inclusions
of fields hold: (K')? < K < K’. An important property of these metasymplectic spaces is that
Fs1(K,K') = F4 4(K2,K). This can be easily proven, when we look at the definitions for B3 1 (K, A)
and C31(A,K) (i.e. Definitions 2.3.1 and 2.3.2, respectively) and use the isomorphisms:

¢ Bs1(K,K’) — Cs1(K,K?):
(r_3,2_9,2_1,%0, T1,T2,T3) > (r_3,T_9,0_1,%1,T2,x3)
and
Y Bs,1 (K, K) — C31 (K, K) :
(225,22, 2% |, z0, 27, 5, 23) — (r_3,T_2,0_1,%1,T2,x3).

This isomorphism between metasymplectic spaces allows us for example to speak about the ex-
tended equator geometry and tropics geometry in a metasymplectic space I'y, as these are the
geometries isomorphic to the extended equator geometry and tropics geometry in the isomorphic
metasymplectic space I'y. Therefor in this section, we will speak about I' instead of I'; or I'y; this
I" is at the same time a I'; and a 'y, but for different pairs of fields. A good example of the power
of this isomorphism is the following lemma.

Lemma 5.3.1. Let p,q be two opposite points of the inseparable metasymplectic space I'. Then
Z(p,q) = E(p,q)* equals the “hyperbolic line” in the polar space E(p,q) through the opposite
points p and q.

Proof. This follows straight from Proposition 2.10.5 noting that the “hyperbolic line” through p
and ¢ in F(p, q) coincides with the “hyperbolic line” through these points in E(a,b), for each pair
of opposite points {a,b} C E(p, q). O

Theorem 5.3.2. Let 0 be a domestic collineation of an inseparable metasymplectic space Fq1(K,K’).
Then one of the following holds.

(i) 0 is a central elation and the opposition diagram is Fj or F4;

(ii) 0 is the product of two perpendicular central elations, and then the opposition diagram is
Fao. There are three types of such products: those that are only products of perpendicular
central elations in Fq1(K,K'), those that are only products of perpendicular central elations
in F44(K,K') and those that are products of perpendicular central elations in both;

(#i7) 0 is an involution with fix structure consisting of points and symplecta forming a Moufang
quadrangle of mized type and the opposition diagram is Fa40. Here the fized points in a fixed
symplecton & form an ovoid, which consists of the set of points of the perp of a line L of the
unique symplectic polar space in which & is fully embedded, but L does not contain points of
&; however, L is a singular line with respect to the symplectic form. Also the dual holds. This
third case does not occur when K’ equals K (i.e. in the split case).

Proof. Let 6 be a domestic collineation of I'. Without loss of generality (possibly by going to the
dual), we may assume that 6 is not point-domestic. Let p be a point mapped onto an opposite.
By Proposition 5.2.5, E(p,pQ) is preserved by 6. Remark that by similar isomorphisms as above
E(p,pa) =~ By 1(K,K') = C41(KK, K2), and the latter polar space is embedded in a symplectic polar
space A = C41(K, K) defined by the standard alternating form in PG(7,K):

ToaYs +T4Y—4 +2T_3Y3 + T3Y—-3 + T_2Y2 + T2Yy—2 +T_1Yy1 + T1Y—1,

and we denote p for the associated polarity.
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We claim now that 6 induces a plane-domestic collineation in E (p,p?). Suppose for a contradiction
that 7 is a hyperbolic plane in ]@(p7 p?) mapped to an opposite plane 7. As there are no symplectic
polarities in a plane (cf. [27]), there must be a point ¢ € 7 mapped to an opposite point ¢’ (otherwise
z + (2%)% N7 would be a symplectic polarity of 7). Now the “line” m N (¢%)* corresponds to
a plane a through ¢ by Proposition 2.6.11 and must be mapped to an opposite “line” in 77,
corresponding to a plane § through ¢?. Now again by Proposition 2.6.11, a must be opposite 3 as
the corresponding lines in E(q,¢’) are opposite (as they are contained in 7 and 7% respectively).
Consequently « is mapped to an opposite plane, contradicting domesticity of 6 (cf. Table 2). So
the claim is proved. Since at least one point is mapped onto an opposite, Corollary 4 of [16]
implies that no “solid” is mapped onto an opposite. Then by Theorem 6.1 of [28], 6§ pointwise
fixes a (sub)hyperplane H of LA?(p,p‘g)7 and hence it pointwise fixes a (sub)hyperplane H = (H)
(generation in PG(7,K)) of A. By Lemma 3.1.2(ii), H = z* (z a point of A) or H = L” (L a
projective line).

Suppose first that H = 2”, for some point x of A. We claim that the opposition diagram of
6 must be F4,1. Indeed, we already assumed that a point is mapped to an opposite one, so the
only other possibility is that the opposition diagram would be Fs4,. If that is the case, we can
assume that the p we chose at the beginning is part of a point-symp flag {p, &} mapped to an
opposite one and so the “line” in E (p,p?) corresponding to & would be mapped to an opposite one
(Corollary 2.9.3), contradicting the fact that there is a pointwise fixed hyperplane in E (p,p?). So
the claim is proved.

We now claim that z € E(p,pe). Suppose for a contradiction that = ¢ E(p,pe). As a geometric
hyperplane of a polar space of rank 4 contains “planes”, we get by Lemma 5.2.3 that § must have
a stabilised “solid” S in E(p,p?). By Lemma 3.5.1 this “solid” S is contained in H, contradicting

This means that 6 induces a central elation with centre  in E(p, p?). Lemma 5.3.1 and Lemma 6.5.1
imply that there is a central elation 6’ with centre x mapping p to p?. Clearly, " induces a central
elation in E(p,pg) mapping p to p?. Lemma 3.2.2 implies that § and 6’ coincide over E(p,pg)
and Lemma 5.1.5 then implies 6 = ¢’. The opposition diagram follows from Proposition 4.1.1 and
hence we are in Case (i) of the theorem.

Suppose now that H = L”. As this is the last possible case, we may assume that this is the case
for every extended equator geometry determined by an opposite pair {¢, ¢’} and that there is no
pointwise fixed geometric hyperplane in the corresponding A. There are now two possible cases
for the line L: L can be singular or nonsingular with regard to the underlying polarity p of A. We
prove that also the singularity of L is the same for every extended equator geometry related to an
opposite pair {g, ¢}, by proving that 6 is an involution if, and only if, L is singular.

Suppose first that L is nonsingular, i.e. L ¢ H. Suppose for a contradiction that 6 were an invo-

lution. Then € would also induce an involution on the plane « of the underlying projective space
of A spanned by L and a point h € H. If now every point in a \ L is fixed, then L is clearly also
pointwise fixed and if a point @ € '\ L is not fixed then the intersection of the stabilised lines aa’
and L is fixed, so in every case L contains a fixed point b. Now 6 induces on every line bh, with
h € H, a linear involution fixing two points. Hence 6 pointwise fixes bh and hence also (b, H),
implying that § induces in A a central elation with centre b. So by renaming H as this span, we
would be in the case H = z”, contradicting our assumptions.

Suppose now that L is singular, i.e. L C H. Then dually all hyperplanes through L in the under-

lying projective space of A are stabilised and consequently also all planes through L are stabilised.
Suppose now that y ¢ L is not fixed and set « := (y, L). As 6 pointwise fixes the line L of this
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plane, it induces a perspectivity in «. Suppose first that this is a homology and also the point
g € a\ {L} is fixed. Let 8 be a symplectic plane through L, then § is pointwise fixed. Projecting
q onto S yields a (pointwise fixed) line M containing a fixed point ¢’ € 8\ {L} collinear to gq.
Then the line qq’ is stabilised. Now every point ¢” on this line is fixed, as it is the intersection of a
stabilised line with a stabilised plane (¢”, L). Consequently the plane (¢, M) contains at least two
pointwise fixed lines and is pointwise fixed. Hence also the plane a contains two pointwise fixed
lines, a contradiction. So 6 induces an elation in « and by the arbitrariness of y we now have that
6 is an involution.

We now choose an appropriate skeleton as basis, i.e. two points on L (corresponding to z_o,2_1),
four in H (corresponding to zi3,z+4) and the two others on neither H nor L. Then we see
this choice can be made so that collinearity is given by the standard alternating bilinear form
T_qYs+2T_3T3+T_oyo+x_1y1 +T1yY_1+T2y_o+x3y_3+x4y_4. By the choice of the coordinates,
0 acts trivially on the coordinates x; with ¢ = 4+3,+4 and the associated field automorphism is
trivial. Now one can easily calculate that the action of § on the subspace (e_2,e_1,e1,es) of the
projective space underlying A is given by the following matrix:

1 0 a b
01 ¢ a
A_OOIO’
00 0 1

with a,b,c € K'2. Suppose first that b = ¢ = 0. Then we see that 6 acts on A, and hence also on
E(p,p%), as an axial elation with axis L. This contradicts the fact that the point p is mapped to
an opposite point. So we may suppose without loss of generality that ¢ # 0. Then we get that

10 a <\ (100 b+2
A:O].CCL.O].OO
001 0] foo1 o
000 1) \ooo 1

Now we see that 0 is clearly the product of two central elations with respective centres e :=
(ae_o + ce_1) and €' := (e_3). Note that these centres are collinear in A, in particular they are
contained in L. Now we can apply Proposition 3.4.2 on E(p, p?).

The Cases (i), (i4i) and (iv) of that proposition yield immediately Case (i¢) of this theorem, taking
Proposition 4.1.2 and Lemma 5.1.6 into account.

So we may assume that the fix structure of 6 in E (p,p?) is a generalised quadrangle obtained by

)

intersecting L” with E‘(p,pe) and there is no point of E(p,p?) mapped to a “collinear” one.

We claim that 6 does not fix any line. Indeed, suppose for a contradiction that the line R of I is
fixed by 0. Suppose first that some point r of R is not fixed by 6. Then select some point g L r
such that r? € ¢™. Then ¢’ € r™ (as R is fixed and q is special to all points of R except r) and
{q,¢°} is an opposite pair, by Lemma 2.5.3. Clearly the line gr is fixed by 6,, implying that the
corresponding plane in E(q, ¢%) is fixed, a contradiction with the described fix structure of E(]L %)
in the previous paragraph and the fact that we may make the same assumptions on E(q7 q%) as on
E(p, p?) as remarked above. Hence R is pointwise fixed.

Select two “collinear” (in E(p,pe)) fixed points u,v and denote £ := £(u,v). Suppose first that
R is contained in £. Since at least one point of R is collinear to u, we may even assume that
u € R. Select v’ € E(p,pe) opposite u and also fixed by 6. Then the plane of E(u,u’) C E(p,pe)
corresponding to R is stabilised, a contradiction. Hence R does not belong to £. If some point
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r € R is collinear to a unique line R’ of £, which is also fixed we get a contradiction by replacing
R with R'. 1If, lastly no point of R is close to &, then by the possible point-line relations, we
have that every point of & symplectic to a point of R is symplectic to a unique point of R. Now
the projections of two points of R onto £ yield a line R’ in & which is stabilised by 6, again a
contradiction to the previous cases. The claim is proved.

So no line is fixed by . Suppose now that a plane 7 is stabilised by 6. Then as no line is fixed,
there is a point mapped to a distinct, necessarily collinear point, but then the line determined by
these points is stabilised by Corollary 5.2.2 (i7)(a), a contradiction. It now easily follows that the
fixed points and fixed symplecta form the point set and line set of a generalised quadrangle. We
now claim that the fixed points in a fixed symplecton form an ovoid & of that symplecton. Indeed,
by Lemma 7.4 of [28], it suffices to show that 6 restricted to £ is domestic, which follows from
Lemma 5.2.1. The claim is proved and clearly also the dual holds.

We claim that we are now in Case (i) of the theorem. Let a,b be two “collinear” points of the
fixed quadrangle in E'(p, p?) described above, then clearly the symplecton &(a,b) is fixed and we
claim that the fixed points in this symplecton are as described in the statement. Indeed, the dual
holds by considering two opposite fixed points and noting that the fixed structure in the residue at
one of them is isomorphic to the fix structure in the equator geometry defined by them. Since this
is the last possibility for an involution, we may assume that also the dual holds. This case does
clearly not occur when K = K’, as the unique symplectic polar space wherein ¢ is fully embedded
is then & itself and does not contain singular lines disjoint from &. The opposition diagram follows
from Proposition 4.2.1. The quadrangle is Moufang of mixed type by the main result in [14].

Suppose finally again that L is nonsingular. It suffices now to prove that this leads to a contra-

diction. We first claim that no point of E(p,pe) is mapped to a “collinear” point. Suppose for
a contradiction that some non-fixed point t is mapped onto a collinear point t? # t. Denote
zy, = t’N L and 23 = tz;, N H. The projective plane m = (L, z7) is preserved by 6, and so (t, %)
is contained in 7. As all lines through x4 in 7 are singular w.r.t. the polarity p and there are no
other singular lines in , since 7 contains the nonsingular line L, we see that (t,t) = (z,z7).
Hence 6 stabilises (t,1%) and so fixes the point z7. So the matrix of § restricted to E(p,pe), and
with respect to an appropriate basis, i.e. a skeleton consisting of the point x;, (first base point),
another point on L (second base point) and the rest in H (the other base points), is a block matrix
of the following form:
a b
0 c
! : 2)

1

The companion field automorphism is trivial since H is fixed pointwise and contains full lines.
We may assume that the polar space E(p, p‘g) is described by the standard equation (as given
above, namely x_4x4 +T_3T3+T_oTo +T_121 € K’Q) in this basis. So expressing that the matrix
represents a collineation of that polar space E(p,p(’), gives that ¢ = a~! and ab € K'2. Note that
a # 1 as otherwise we are in the case that a geometric hyperplane is pointwise fixed. Hence we see
that 6 fixes the additional point yz, = (1,ab~! +a~1671,0,---,0) in E(pme) on L.

Consequently 6 pointwise fixes {xar, yar} U E(xar, yar) C E(p,pe). This implies that 6 fixes each
line through z; and each line through y;. Pick two locally opposite lines M, N through z; and
denote zp :=yyF N M, xny ==y NN, ym := ¢(yr,zm), yv = c(yr,zn). Corollary 2.9.9 implies
that these six points are contained in a subspace €2 isometric and isomorphic to A 121 (K). Since
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0 stabilises the ordinary hexagon given by the six points xr,zr, yar, YL, yn, N, Corollary 5.2.4
implies that 6 induces either the identity, a Baer involution, or a homology in the corresponding
projective plane w. The second option is impossible since 6 pointwise fixes hyperbolic lines in
E (p,p?), implying it cannot act as a semilinear collineation on the “hyperbolic line” defined by z,
and yr..

If the lines zpyy and zyyy are pointwise fixed, then #(xp,yr) is pointwise fixed and by
Lemma 5.3.1 this means that the line L is pointwise fixed in the underlying projective space
of A. Then by Lemma 3.4.1 E(p,p(’) is pointwise fixed, which contradicts the fact that p # p?.
So we may assume that zryas is not pointwise fixed and consequently 6 induces a nontrivial
homology in m. Then we see that exactly one of the lines M and N is pointwise fixed. Now we
get a contradiction as follows. Take a line K through z, locally opposite both M and N (this is
possible by Proposition 3.30 of [31]). Applying now the previous arguments to the sets {M, K}
and {N, K}, we see that this line must be at the same time pointwise fixed and not pointwise
fixed, which is of course impossible. So in all cases we get a contradiction, hence 6 does not map
any non-fixed point of E(p, p?) to a collinear point.

We now claim that 6 does not stabilise any “plane” of E (p,p?). Suppose for a contradiction that
E(p,pa) contains a stabilised hyperbolic plane 7. By Corollary 5.2.3, there exists a stabilised
hyperbolic solid S through 7 and as no point is mapped to a collinear one in E (p,p?), we deduce
that S is pointwise fixed. The geometric subhyperplane H cannot contain .S, as this would span a
4-space in A with a point of L. So (S, H) spans at least a hyperplane H in A. But then A is fixed
or we have a point z € H N L, for which z# D (x, H) = H , which contradicts our assumptions on
the current case.

Now we can apply the last four paragraphs of the case that L is singular (except the last sentence
about the quadrangle being Moufang of mixed type). This leads however to a contradiction as by
Theorem 6.3 of [23], # must be an involution in this case. O

5.4. Domestic collineations in separable metasymplectic spaces. Now we will classify the
domestic collineations in the separable metasymplectic spaces. As noted before, we will make here
a distinction between the different nontrivial opposition diagrams.

Theorem 5.4.1. If a domestic collineation 0 of a separable building F4(K, A) has opposition dia-
gram Fjy, then 0 is a central elation in 'y = Fy (K, A).

Proof. Considering the corresponding metasymplectic space I'; = F4 1 (K, A), and a point p mapped
onto an opposite, Proposition 5.2.5 implies that § pointwise fixes F(p,p?). This implies by Propo-
sition 2.10.5 that the imaginary line .# (p, p?) is stabilised. Now for every path p L o L y L p?,
the line L := xy is stabilised and hence contains a fixed point f by Corollary 5.2.2(ii)(b). The
unique point ¢ of . (p,p?) collinear to f is consequently also fixed. Now select two such paths
p L x; Ly L p® with corresponding lines L; = z;y;, i = 1,2, such that L; is opposite Lo (it
suffices to choose pzy locally opposite pxo to achieve that).

Corollary 2.9.9 implies that L; and Ls are contained in a unique common subspace €2 isometric and
isomorphic to Az (1 23 (K) which, by Definition 2.10.2, contains S (p,p?). Let M; be the unique line
of € containing ¢ and intersecting L; in a point, say z;, ¢ = 1,2. Since L; is the intersection of the
symplecta defined by the “lines” in the “plane” of E(p, p) consisting of the points corresponding to
the symplecta containing pz;, i = 1, 2, the line L; is stabilized by 8. Hence 6 induces a collineation
in  fixing the points ¢, 21, z3. Using Corollary 5.2.4 we see that, if 6 fixes no more points on
the lines M; and Ms, then it induces a homology in the underlying projective plane and has to
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pointwise fix the lines L; and Ly. This, however, contradicts the fact that p # p’. Hence at least
one point on (M; U M)\ {c, z1, 22}, say of M, is fixed. But now Corollary 3.2.3 yields a pointwise
fixed symplecton £ through M;. Subsequently Lemma 5.1.4(¢4) implies that € is a central elation
with centre c. g

Theorem 5.4.2. If a domestic collineation 0 of a separable metasymplectic space F44(K,A) has
opposition diagram Fﬁ;l, then one of the following holds:

(1) A is a quadratic extension of K and 0 is an involution pointwise fizing a metasymplectic
space canonically isomorphic to Fq4(K, K);

(ii) the building is split, i.e. A = K, and 0 is an involution with fix structure an extended
equator geometry and its tropics geometry in Fq4(K,K).

Proof. Considering the corresponding metasymplectic space F4 4(K, A), and a point p mapped onto
an opposite, Proposition 5.2.5 implies that 6 stabilises E(p,p(’). Corollary 2.9.3 (iv) now implies
that 6 induces a line-domestic collineation in & (p,p?). Hence by Lemma 3.5.1, 6 pointwise fixes
a geometric hyperplane H of E’(p,pe). If H was singular, i.e. H = v’ with u € E(p,pe)7 0 would
be a central elation with centre w, which is impossible by Lemma 3.2.4 as E(p7 p?) is a separable
orthogonal polar space. So H is nonsingular, in particular a polar subspace of rank at least 3
containing two (pointwise fixed) opposite hyperbolic lines. Lemma 2.9.3 (iv) implies that the
corresponding stabilised symplecta ¢, £ of I'y are also opposite. Let a, b be the points of F4 1(K, A)
corresponding to ¢, £ respectively. Now 6 induces in ¢ a point-domestic collineation as ¢ = F(a,b)
and opposition in E(a,b) corresponds to opposition in I'y. With Corollary 4 of [16], we can now
apply some propositions of [19].

In the nonsplit case, we apply Proposition 3.11 of that article and see that 6§ induces either an
axial elation, or a generalised Baer collineation in (. Since the polar space ( is isomorphic to
C3,1(A,K), it does not admit axial elations by Lemma 3.2.9. It follows that 6 induces a generalised
Baer collineation in (.

We now claim that each fixed point a* in I'; (corresponding to a stabilised symplecton ¢* in T'y)
admits an opposite fixed point b*, so we can apply the previous paragraph to these points and the
corresponding symplecta. We first show the claim for fixed points collinear to a. Let x be such a
point and set L := az. In E(a,b), the line L corresponds to a stabilised “plane” «. Select, using
the previous paragraph, a “stabilised” plane 8 in E(a,b) opposite «. Then S corresponds to a
fixed line M > b. Since a and B are opposite, also the lines L and M are opposite (this follows
from Lemma 2.8.7). The unique point &’ of M special to a is then opposite z (see Lemma 2.5.3)
and is fixed. Hence the claim follows for £ L a. Now let z be an arbitrary fixed point. If z is
opposite a, there is nothing to prove. If z is special to a, then the point axz is also fixed, and the
foregoing implies first that ¢(a, z) admits an opposite fixed point, and then also z L ¢(a, z) admits
an opposite fixed point. If z Ll a, then the symplecton £(a, z) is fixed, and hence corresponds to
a fixed point f € E(a,b). Selecting a fixed plane of E(a,b) through f (which is possible by the
previous paragraph), we obtain a fixed line R through a in £(a,z). Now R contains a fixed point
collinear to z, and the claim follows again from the previous paragraph. Finally, if z L a, then we
already showed the claim.

Let L now be any stabilised line in T'; (such a line exists as in the residue of a fixed point a*
we find a stabilised plane corresponding in I'; to a stabilised line through a*). We claim that L
is then pointwise fixed. By Corollary 5.2.2 (iz)(b), L contains at least one fixed point ¢. By the
previous paragraph c¢ has an opposite fixed point ¢’ and € induces on E(c,c’) a generalised Baer
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collineation. So there exists a symplecton through L that is not fixed and then by Corollary 5.2.2
(7)(a) we have that L is pointwise fixed and the claim is proved.

Since the fixed points and lines in «, the “plane” corresponding to L in F(c,c'), form a Baer
subplane, the fixed planes and fixed symplecta through L also form a Baer subplane of the residue
of L. So there exist a stabilised plane 7 and a stabilised symplecton ¢ through L and consequently
one finds a stabilised chamber C := (z, L, 7, (), with « € L arbitrary. We also have a fixed point
2’ opposite  and as the residue of 2’ contains a fixed Baer polar space, we can find a fixed line
L' through 2’ opposite L. Similarly we find a fixed plane 7’ and a fixed symplecton ¢’ so that the
fixed chamber C' = (2, L', 7', (') is opposite C. Now these two chambers span a fixed apartment
in Fl.

Now we apply some arguments of [13]. Let G denote the group generated by the automorphism 6.
The fact that an apartment is stabilised elementwise means that the group is type preserving and
fixes two opposite chambers. Thus, in the terminology of [13], all fixed chambers are G-chambers.
Since there are two opposite G-chambers, every G-panel contains at least two G-chambers by
22.34(i%) in [13]. Now, since all points on all lines of the fixed apartment are fixed, one can apply
22.14(47) in [13] to conclude that the set of fixed chambers forms a subgeometry of type Fg1
over K. Hence the fix structure is a metasymplectic space F41(K,B), where B is a quaternion
subalgebra of A if A is octonion (since Baer subplanes of octonion planes are quaternion planes),
B is a quadratic extension of K if A is quaternion (since Baer subplanes of quaternion planes are
planes over a quadratic extension), and B = K if A is a separable quadratic extension of K (since
Baer subplanes of a plane over a quadratic extension L of K are isomorphic to PG(2,K) (note that
the fixed subfield of L must be an algebra over K and hence must coincide with K)).

Now we show that A is a quadratic extension of K. Let £ be a stabilised symplecton of F4 1 (K, A).
Then the fix structure of 8 in £ is a subquadric { C £ of Witt-index 3 the anisotropic kernel of
which corresponds to the norm of B. If A is octonion or quaternion, then the codimension of (¢)
in the ambient projective space of £ is 4 or 2, respectively. Hence ( is not a geometric hyperplane
(see Lemma 3.1.2) and so, by Lemma 3.5.1, 6 does not act line-domestically in &, . Let L be a line
of ¢ mapped to a &opposite line L. Then Corollary 2.5.4 yields points mapped to opposites in
T'y, a contradiction.

So now we may assume that we are in the split case and we can apply Theorem 3.13 of [19]. So
¢ is the symplectic polar space corresponding to the alternating form z_3y3 — z3y_3 + x_2ys —
ToYy_o +x_1y1 — r1y—1, and 0 acts on = E(a,b) by the following matrix:

—1

O OO OO
OO OO+~ O
S OO = OO
SO = OO O
o= OO OO
OO O OO

-1

It is now clear that we have a fixed apartment in this symplecton { given by the points p_3 =
(1,0,...,0),p—2 = (0,1,0,...,0),...,p3 = (0,...,0,1). As above we can use the isomorphism
between ¢ in T'y and F(a,b) in T'; to get a similar fixed apartment A’ in F(a,b). By Lemma 2.11.4
this apartment together with the fixed points a and b gives rise to an elementwise fixed apartment
A of T'y. We now claim that every line in this apartment A is pointwise fixed (and consequently
also every plane is pointwise fixed as an apartment of a projective plane exists of three lines). Let
L for instance be the line in £(a,p1) collinear to both a and p; corresponding to the “line” pips
in E(a,b). This line is pointwise fixed as every point on the line corresponds to a “plane” through
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p1p2 and these planes are stabilised as 6 acts point-domestic on E(a,b), as noticed in the first
paragraph. Similarly as in the last paragraph of the proof of Theorem 5.4.3, one now shows that
0 fixes exactly an extended equator geometry and its tropics geometry of I'y.

We finally show that 6 is in both cases an involution. As the hyperplane H from the first
paragraph is nonsingular, H = v” N E\(p7 p?), with v a point in the underlying projective space of
E(p,pe) and p the polarity in that space defining the polar space E(p,pa). As E(p,pg) is a quadric,
every line through v intersects E (p,p?) in at most two points which can be fixed or swapped. In
every case 62 acts trivial on E(p,pg). In both cases 62 also fixes the symplecton ¢ of Fs4(K,A)
(remark that in the nonsplit case, 8 acts involutive on ¢ by Lemma 3.3.5). It follows then by
Lemma, 5.1.5 that 62 is the identity. O

Theorem 5.4.3. Let 0 be a domestic collineation of a separable metasymplectic space Fq1(K, A)
with opposition diagram Fa.o. Then one of the following holds:

(1) 0 is the product of two perpendicular central elations in Fa1(K, A);

(ii) the fix structure of 0 consists of points and symplecta forming a generalised quadrangle.
Here the fixed points in a fixed symplecton form an ovoid, which arises as the intersection
with a subspace, in the unique projective embedding. Dually the fixed symplecta through a
fized point form an ovoid in the residue of that point and in the corresponding Fa (K, A)
these ovoids in symplecta are closed under taking hyperbolic lines. This second case does
neither occur when A is an octonion division algebra, nor in the split case;

(#i7) A is a separable quadratic extension of K and 0 is a generalised homology with fix structure
an extended equator geometry and its tropics geometry in Fa (K, A);

(iv) A is a quaternion division algebra over K and 0 is a generalised homology pointwise fizing
a metasymplectic space canonically isomorphic to Fa1(K, L), where L is a subalgebra of A
of dimension 2 fived under some automorphism of A (hence L is a field).

Proof. Consider the corresponding metasymplectic space I'y := F4 1(K, A), and a point-symp pair
(p, ) mapped onto an opposite. Proposition 5.2.5 implies that @ stabilises E(p, p’) and the opposi-
tion diagram implies that 6, (see Definition 2.8.6) is line-domestic by Lemma 2.8.7, so 6 induces a
nontrivial line-domestic collineation in E(p, p?). It follows from Lemma 3.5.1 that the fix structure
of § in E(p,p?) is a geometric hyperplane H. There are two possibilities.

Suppose first that H is singular, that is, H is the perp of a point = € E(p,p?), so
H = 2z N E(p,p?). Let ¢ be any symplecton through z intersecting E(p,p?) in a line O of
E(p,p%). As in the proof of Lemma 2.6.7, O = L+ N (LY)*, with L = p* N¢&. Since every line M in
the plane (p, L) through p corresponds to a plane a of E(p,p?) through z, and each such plane is
(even pointwise) fixed by @, we conclude that M? = proji s (M). From there we deduce that z | 29,

for each point z € L. By Corollary 5.2.2(ii), at least one point u € 229 is fixed, giving rise to a
fixed point ¢ in the imaginary line .# (p, p?).

Now select a point y € E(p, p?) opposite z (for instance y = vN E(p, p?)). Since y ¢ H, v is oppo-
site y by Lemma 3.5.1 and we can consider E(y,y%). Since p € E(y,?), the induced collineation
of E(y,y’) is nontrivial, but line-domestic (as in the first paragraph). The corresponding fixed
geometric hyperplane H' contains y* N (y?)* N E(p,p?) = y* Nzt N E(p,p?) and ¢ L E(p, p?).
Hence, since H' is a subspace, H' is again singular and collinear to ¢ as every line L through ¢ in
E(y,y’) contains two fixed points, namely ¢ and the projection of p onto it (i.e. LN E(p,p?)); use
also Lemma 7.5.1 of [24] that says that the complement of a hyperplane of a polar space of rank
at least two is always connected and consequently there are no hyperplanes properly contained in
proper hyperplanes.
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Now 6 composed with the product of the inverse of two suitable central elations of I'; with centres
x and ¢ pointwise fixes E(p,p?) U E(y,4?), the union of two perpendicular equator geometries.
Hence this composition is the identity by Lemma 5.1.4 and € is the product of two perpendicular
central elations of T'y. This is (7).

We now claim that we are in the previous case, as soon as we find an imaginary line
% stabilised by 6 but not pointwise fixed, and a point ¢ € ¥ fixed by #. We may then
assume p € €, but we cannot longer assume that some symplecton through p is mapped onto an
opposite, so 8, may as well be trivial.

Suppose for a contradiction that H (as defined above) is nonsingular and proper and let O be a
pointwise fixed “line” in E(p,p’). That line corresponds to a plane 7 of I'; through ¢, containing
a unique line L all points of which are collinear to all points of O (so L is the intersection of the
symplecton containing O and ct). Clearly LY = L. Corollary 5.2.2(ii) implies that L contains
some fixed point f. Then the line cf is stabilised, and so is the corresponding “plane” of E(p, p?)
through O. But this now contradicts Lemma 3.5.1 and the fact that H is nonsingular and as such
does not contain planes (since H is obtained from the intersection of a hyperplane of PG(5, A) with
the embedded hermitian polar space by Lemma 3.1.2(¢), it does not contain two opposite planes;
note A is not octonion since by [5], see also [21], a thick non-embeddable polar space does not
contain nonsingular hyperplanes).

So we may assume that H coincides with E(p, p?). Select two locally opposite lines Ly, Ly through ¢
(remark that these are stabilised as every symplecton through c is stabilised) and complete them to
a unique isometric subspace isomorphic to Ay (1 23 (K) containing p and p?. Using Corollary 5.2.4,
we conclude similarly as in the proof of Theorem 5.4.1 that there exists at least one fixed point f
on Ly or Ly different from ¢ and opposite p.

Hence there is a symplecton £ through c stabilised by 0, and containing a fixed point f collinear
to ¢, but not to e := £ Np't. As each symplecton through c is stabilised, each line through c is
stabilised and consequently e’ N ¢t is fixed pointwise. So we can apply Corollary 3.2.3 to conclude
that £ is pointwise fixed. Lemma 5.1.4(7¢) then implies that 6 is a central elation. However, 6 then
has opposition diagram F}l;l by Proposition 4.1.1, a contradiction.

So we may from now on assume that H is (always) nonsingular and that each stabilised
imaginary line is either pointwise fixed, or contains no fixed points. In particular A # O
from now on. Select two pointwise fixed “lines” A and B of E(p,p?) which are opposite; their
symplecta £ and ¢ are also opposite by Lemma 2.9.2(iv) and they represent opposite points a and
b, respectively, of the dual I'y := F4 4(K, A). The corresponding extended equator geometry E(a, b)
is stabilised by 6 and we claim that the latter induces a plane-domestic collineation in E(a,b).
Indeed, suppose for a contradiction that 7 is a plane mapped onto an opposite plane 7. By
Proposition 2.7.6(1) these planes correspond to lines L and L? in f(a, b). Again Proposition 2.7.6
implies easily that L and L? are opposite, a contradiction.

Now we claim that & maps some point of ]@(a7 b) to an opposite. Indeed, recall that A and B are
two opposite pointwise fixed “lines” of E(p,p?). Let r € A* N BY be a point. Then, since the
“plane” spanned by r and A is not pointwise fixed (as H is nonsingular and consequently does
not contain planes), Lemma 3.5.1 says that r is opposite . Then &(p,r) and &(p, r?) are locally
opposite in p. Since &(p,r?) is the projection of £(p?,r?) onto Resr, (p), Lemma 2.8.7 implies that
£(p?,r%) is (globally) opposite &(p,r) in T'y. Hence we may redefine v as £(p, 7). Recall that £ is the
symplecton corresponding to A. Suppose for a contradiction that v and £ are disjoint. Pick a € A.
Thena L L Crvandr L M C&. Since r 1L a, we also have r L L and a L. M. Then the planes
(r,L) and (a, M) are contained in the symplecton £(a,r). It follows that v and & are special. But
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interchanging the roles of r and p, we obtain a different plane in v (namely, one through p) which
lies together with a plane of £ in a common symplecton, a contradiction. Remark that v and &
also don’t intersect in a plane, as then p,r and every point of A must be collinear to the same line
of this plane, which implies that » € A. Hence v and ¢ intersect in a point d. Similarly ¢ and v
intersect in some point e. Hence there is a point n of E (a,b) corresponding to v, and since 1 is

opposite v, the point n is mapped onto an opposite. The claim is proved.

So the opposition diagram of 6 on E (a,b) has the first node encircled, and not the third. It follows
from the list of feasible opposition diagrams in [16] that the fourth node is not encircled, that is,
# acts both plane- and solid-domestically on E (a,b). So we can apply Proposition 3.5.3. We refer
to “Case X of Proposition 3.5.3” briefly by “Case X”. We claim that # either induces in E(a, b)
a generalised homology or pointwise fixes a nondegenerate polar subspace of rank 2. We rule out
the other cases.

Case (1). We already showed above that there is a point of E (a,b) mapped onto an opposite, hence
6 is not point-domestic on E(a,b).

Case (3)(4). Here 0 induces the product of two axial elations with respective axes A and A’. Then A
and A’ intersect in a point, while not contained in a hyperbolic solid, or they are contained
in a hyperbolic solid and don’t intersect, by Lemma 2.9.3.

First suppose A and A’ intersect in a point, but are not contained in a hyperbolic solid.
Let B be a hyperbolic line intersecting A and opposite A’. Then B is stabilised by the first
elation with axis A, by Definition 3.2.5. But B is mapped to a “line” B’ still intersecting A
by the second elation with axis A’. Obviously, A, B and B’ are contained in a regulus and
by Corollary 2.10.3 the corresponding points in I'; are contained in a common imaginary
line, which is stabilised, not pointwise fixed, but contains a fixed point, a contradiction to
our assumptions.

Now suppose A and A’ are contained in a common hyperbolic solid, but don’t intersect.
Let B be a hyperbolic line in a common solid with A, but opposite A’. Then B is stabilised
by the first elation with axis A, by Definition 3.2.5. But B is mapped to a “line” B’ opposite
B, and again A’, B and B’ are contained in a regulus. This leads to the same contradiction
as in the previous paragraph.

Cases (2) and (3)(447) with rank 3. Suppose that 6 pointwise fixes a nondegenerate polar subspace
S of E (a,b) of rank 3. Let m and 7’ be opposite pointwise fixed “planes” of E(a, b). By
Corollary 5.2.3 there is a “solid” ¥ containing 7 stabilised by 6. Let f be the projection of
7’ onto 3. Then f is a fixed point not contained in S. Note that 6 induces a homology in
> with axis 7 and centre f. This homology is nontrivial as otherwise the set of fixed points
of # in E(a, b) would either be a degenerate polar subspace, or have rank 4, contradicting
our assumption. Let € S\ X be a point. As the rank of S is 3, the point x is not collinear
to m. So the projection of x onto ¥ must contain f, as this projection is stabilised, and
only “planes” through f in % are stabilised by 6 (except for 7). So z is collinear to f.
Since ¢ maps all points of ¥ \ (7 U {f}) to collinear ones, Corollary 3.5.1 implies that 6
is not line-domestic on E(a, b) . Since f € S+, the proof of Proposition 3.5.3 reveals that
we are either in Case (3)(i) or (3)(ii) of that proposition (indeed, the line L of that proof
contains the point f of the current proof). But we already ruled out Case (3)(i) above, so
f again induces a generalised homology in E‘(a, b). The claim is proved.

Case (2) with rank 4. Then we have a generalised homology as 6 clearly fixes an apartment and a
line in the nonsingular fixed hyperplane of rank 4.
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First suppose that 6 pointwise fixes a nondegenerate polar subspace S of rank 2 in E(a, b).

Then the proof of Proposition 3.5.3 reveals that S+ (considered in the ambient projective space of
E(a,b)) is a line disjoint from E(a, b), so that 6 does not fix any point of E(a,b)\ S. Indeed, every
other fixed point s would give rise to a stabilised hyperplane in the ambient projective space, which
must intersect the line S+ in a fixed point. So we would have two fixed points and a pointwise fixed
subhyperplane in our hyperplane, but then the hyperplane must be pointwise fixed, contradicting
our assumption.

We claim now that 6 does not fix any line of I'y. Indeed, assume for a contradiction that € fixes
the line L. By Corollary 5.2.2(ii)(b), 6 fixes a point 2 on L. Consider any fixed point y in E(a,b).
If x = y, then some line through y is fixed (namely, L). If L y, then again some line through y is
fixed (namely, zy). If xy, then again some line through y is fixed (namely, the line joining ¢(z, y)
with y). If x is opposite y, then 6 fixes the projection of L onto y and so again some line through
y is fixed. If x is symplectic to two opposite points of S, then it belongs to E(a, b) and so 6 again
fixes some line through some point of S. So we may assume that L contains some point s € S. Let
s’ € S be opposite s. Let t be in E(s, s') fixed, en let £ = £(s,t) be the corresponding symplecton.
By possibly projecting L into £, we may assume that L C £. But L corresponds to a “plane” «
in E(s,s’), which is stabilised by 6. Since every “plane” in E(s,s’) contains a unique point of S,
we see that every “line” M Z t of « is stabilised (consider any “plane” of E(s,s’) through M; it
contains some point of S and hence M is stabilised). Hence « is pointwise fixed, contradicting our
assumptions on S. Our claim is proved.

We can now repeat the argument that we also used in the proof of Theorem 5.3.2: Suppose
that a plane 7 is stabilised by 6. Then as no line is fixed, there is a point of 7 mapped to a
distinct, necessarily collinear point, but then the line determined by these points is stabilised by
Corollary 5.2.2 (ii)(a), a contradiction.

This shows that 8 only fixes points and symplecta. Hence the fix structure is a generalised quadran-
gle as every fixed point not incident to a fixed symplecton is far from that symplecton (otherwise,
there would be a fixed line) and so there is a unique symplecton through that point intersecting
that symplecton. So the basic property of generalised quadrangles is satisfied. Since the fix struc-
ture in E(a, b) is a generalised quadrangle, the complete fix structure will also contain opposite
points and opposite lines, hence it is a generalised quadrangle.

Now we claim that 6 fixes an ovoid in each fixed symplecton and dually. Indeed, 8 can’t fix two
collinear points (giving rise to a fixed line), but there must be a fixed point in every plane (by
Lemma 5.2.1 combined with Theorem 7.2 of [28] using that there are no fixed planes). The claim
follows. So it remains to show that in I'y these ovoids arise as intersections of subspaces in their
natural embeddings in projective space, and in I'y these ovoids are closed under taking hyperbolic
lines. It suffices to show this in one symplecton of each duality type, and then by projection, this
is true in every fixed symplecton.

Note that S (defined earlier) is the intersection of E (a,b) with a subspace (in its natural embedding)
by Lemma 3.1.2(¢). It follows that the same is true for E(s,s’), as this is a part of E(a, b). Since
E(s,s') is canonically isomorphic to the symplecton of I'; corresponding to the point s of T'y, we
obtain the assertion for symplecta of I';.

Now we show that in I'y the said ovoids are closed under taking hyperbolic lines. Hence consider
two fixed points x,z’ in some symplecton £ of T'y. It is easy to find a fixed point y symplectic to
2’ and opposite . Then E(m,y) is stabilised and # induces a plane-domestic and solid-domestic
collineation in it. Then the set of fixed points of 8 in E(:E,y) is a subspace, except if 6 induces
a generalised homology (but we treat that case below), see earlier. Hence the hyperbolic line
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h(zx,x') is pointwise fixed and we obtain (i7). Remark that A # K in this case, i.e. we are in the
nonsplit case as otherwise the hyperbolic line h(z, z’) corresponds to a line of the projective space
underlying the symplectic polar space £&. Then a plane disjoint to this line gives rise to a fixed
point not contained in this line, but collinear to a point of this line, contradicting that the set of
fixed points form an ovoid.

Hence from now on we may assume that 6 induces a (possibly trivial) generalised homology in

~

E(a,b). Suppose @ is as such; in particular it fixes the points p1, p2, ps, P4, 41, g2, ¢3, g4 of a skeleton,
with p; opposite ¢;, ¢ = 1,2,3,4. Consider the symplecton £(p1,p2) and E(p1,q1). Then the fixed
hyperbolic plane {ps,p3,ps) in E(p1,q1) corresponds to some line L in &(p1, p2) through p;, which
is also fixed by 6. So is the point L N g¢;‘. Doing this for each plane (p2,ps,qs), (p2,qs,ps) and
(p2, g3, qa), we obtain a fixed skeleton (and consequently also apartment) in £(p1, p2). In particular
we find a fixed chamber C' in £(p1,p2). We find a fixed chamber D opposite C' by taking a locally
opposite flag to the {point,line,plane}-flag of C in the fixed apartment of £(p1,p2) and projecting
this on £(q1,¢2). It is clear that this chamber must be fixed and the opposition follows by the
analogue of Lemma 2.8.7 for symplecta. Hence we find a fixed apartment of I'y.

We now consider this situation in I';. Let x; and y; be two opposite points of a fixed apartment
A of T'y. Then 6 fixes an apartment A’ = AN E(z1,y1) of E(z1,y1). Let A’ consist of the points
X9, T3, Ta,Y2,Y3, Ys With x; opposite y;, i = 2,3,4. Consider the symplecton &(xy,z3). There is
a line L in &(xq,22) contained in o1 N z3 such that the plane (z;, L) corresponds to the “line”
xoxsg of E(x1,y1). Each line through x; intersecting L in some point x corresponds to a “plane”
of E(x1,y1) through zox3. Note that already at least two such planes are fixed, namely xox34
and zow3ys. If any such plane a were not fixed, then the point z := a N (y2y3)*t would be
mapped onto an opposite point 2/, as if z 1L 2’ the line zz’ would span a “solid” with zox3 in
E(x1,y1). But the imaginary line .#(z, 2) corresponds to the hyperbolic line through z and 2’ in
E(z1,y1) by Lemma 2.10.5, and the latter contains xoz374 N (y2y3)™ = {24}, which is fixed, and
2ox3ys N (yoy3)™ = {y4}, which is also fixed. Hence .#(z,2’) is stabilised. This contradicts our
assumption that a stabilised imaginary line is either pointwise fixed, or no point of it at all is fixed.
This shows that L is pointwise fixed. Likewise, every line of A is pointwise fixed, and hence every
plane of A is pointwise fixed.

Now let a be the “plane” spanned by x2, x3, x4 and let L,, be the line of I'; through x; corresponding
to a. Consider an arbitrary point u € a and assume that u is not fixed. Let £, be the symplecton
&(xy,u). Since u € o and « is fixed, the image £ intersects &, in a plane by Lemma 2.9.2. Then
Corollary 5.2.2(i) implies that the “line” uu? is stabilised and that it contains at least one fixed
point f (since at least one symplecton through &, N ¢ is fixed). According to Proposition 3.3 of
[19] (recalling that « contains three noncollinear fixed points), either  induces in « a homology,
or its fix structure in « is a Baer subplane. Of course, if no such u exists in «, then 0 induces the
identity in a. Hence there are three possibilities to consider.

(a) Suppose 6 induces the identity in «. Then the set of fixed points of 6 in E(z1,y1) is a polar
subspace of rank 3. This follows from the fact that in A’ there is a (stabilised) plane opposite
« and this is consequently also pointwise fixed. So the set of fixed points contains two disjoint
planes. The other axioms of a polar space are inherited from the polar space F(x1,y1) (keeping
in mind that a stabilised line is pointwise fixed by its projection on a pointwise fixed plane).
This fixed polar space necessarily has to coincide with F(x1,y;) since geometric subspaces of
that polar space conform with subspaces of the ambient projective space of dimension 5 (which
is generated by two opposite planes of the polar space). Now every line of £(x1,x2) through x;
is fixed and at least one plane through it belongs to A and is hence pointwise fixed. Since also
x5 is fixed, and hence zi{ N x5 is pointwise fixed, Corollary 3.2.3 asserts that 6 acts trivially
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on &(x1,x2). Lemma 5.1.4(i7) implies that 6 is a central elation. Since 6 fixes y;, which is
opposite x1, this elation is trivial by Lemma 5.1.2. Hence this case leads to the identity, which
contradicts clearly the opposition diagram.

Secondly we may assume that 6 induces a Baer collineation in «. As the residue of x; as a
symplecton of T'y is isomorphic to E(x1,y1) in T'y, we see that 6 induces a Baer collineation
in a plane of the symplecton z1. Now we see that € induces a generalised Baer collineation in
this symplecton as this is the only non-linear domestic collineation of a hermitian rank 3 polar
space by Theorem 7.2 of [28]. Remark that this is impossible in the split case by Lemma 3.3.6.

Then we claim that 6 induces a generalised Baer collineation in every stabilised symplecton
of T'y. This follows from the following connectivity argument. If two adjacent fixed symplecta
intersect in a fixed plane and # induces a generalised Baer collineation in one of them, then
f induces also a generalised Baer collineation in the other. Similarly, if two fixed symplecta
share a unique point x, and # induces a generalised Baer collineation in one of them, then
there is a fixed line through x in that symplecton, and hence some fixed plane sharing a line
through = with each of the symplecta. Since the plane is not pointwise fixed (the lines are
not), the contraposition of Corollary 5.2.2(i)(b) implies that all symplecta through that plane
are fixed and so the previous argument implies that # induces a generalised Baer collineation
in both symplecta. If the two symplecta are special, then we apply the first argument with
these symplecta and the unique symplecton adjacent to both. Finally, if the two symplecta
are opposite, then the fix structures are isomorphic by projection. The claim follows.

Now we can apply the arguments in the third and fourth paragraph of the nonsplit case

of the proof of Theorem 5.4.2 and conclude that 6 pointwise fixes a subspace isomorphic to
Fs.1(K,B), for B a subalgebra half the dimension over K of A. If A is a separable quadratic
extension of K, then we are dealing with the opposition diagram Fﬁ;l by Proposition 4.3.1.
Since A is not octonion either, it is quaternion and we find (iv).
Finally we may assume that 6 induces a central collineation in «. Since the point x4 is also
fixed, it must be a homology, and the centre is one of x5, x3,x4s. Without loss of generality,
we may assume that x, is the centre. Then no point of the “line” xox3 other than x5 and x3
themselves, is fixed by 6. In the symplecton &(x2,x3) this means that 6 fixes x5 and z3, it
also pointwise fixes the lines L, := &(z2,23) N and L, := &(x2, x3) Nyi-, and pointwise the
planes (Ly, 2), (Ly, z3), (Ly, x2) and (Ly, z3) (since these belong to the apartment A). Hence
6 induces a nontrivial linear collineation in &(z2, x3) and its ambient projective space PG(n, K),
with n € {6,7,9,13}. By Lemma 5.2.1, 6 induces a plane-domestic collineation in &(x2,z3)
and, as # induces a linear collineation in o and has a stabilised plane in A’, Theorem 7.2 of
[28] implies that £ contains a pointwise fixed hyperplane or subhyperplane (consisting of all
fixed points contained in a pointwise fixed line). This is the intersection of the quadric with a
hyperplane or subhyperplane H of PG(n, K), respectively, by Lemma 3.1.2(¢). Then H contains
the span of the four planes mentioned above, which has dimension 5, and must intersect the
space Ly N Ly, which has dimension n — 4, in a subspace W of dimension at least n — 6. We
now show that the dimension of W is 1, by looking at the intersection with the quadric Q.
First we prove that the intersection W N Q spans W. Let p € W be an arbitrary point. If p is
contained in @, then p is obviously contained in the span of Q). If p is now neither contained
in @ nor in the tangent space to @ at zo, then the line pxo intersects @ in two points and so p
is contained in (W N Q). If p is finally not contained in @, but contained in the tangent space
at xo to @, then every point of the line pxs distinct from p is contained in the span by the
previous arguments and so also p € (W N Q). By assumption W N Q only contains the points
z9 and 3, as every other point would be contained in £ N E(x4, x3), which is exactly the “line”
xox3 by Lemma 2.6.7. Hence the dimension of W is 1, which implies that n € {6, 7}.
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As it is clear that 6 can’t imply one of the previous two collineations (considered in (a) and
(b)) in the planes spanned by the triangles

{m2ax3ay4}7{x27y37x4}7{$25y37y4}a{yan3ax4}a{y27x3ay4}7{y27y37x4}7{y2ay35y4}7

we may assume that it induces a homology and consequently fixes exactly one line pointwise in
these triangles. It is now an elementary exercise to conclude that we may assume that the lines
T3T4,T3Ya, Y3r4 and Y3y, are pointwise fixed (use also the fact that, if a line is pointwise fixed,
then so is every opposite line that is stabilised). Now we consider the symplecton &, = £(x3,x4)
and denote L, = &(x3,24) Nt and Ly, := &(z3,24) Nyi-. Again 0 pointwise fixes the planes
(Ly,x3), (Ly,xa), (Ly, z3) and (L, z4), and these generate a (pointwise fixed) 5-space U in the
ambient projective space PG(n, K). Furthermore, § now also pointwise fixes W := (L3 N L;)
and this has dimension n — 4. Clearly U N W = x324 and so U and W generate PG(n, K).
Since both U and W are pointwise fixed and they are not disjoint, 8 pointwise fixes £(x3,x4).
Likewise 6 pointwise fixes the symplecta &(ys,y4), £(x3,y4) and &(ys,z4). This implies that
in the extended equator geometry E(s,t) defined by the points of F44(K,A) corresponding
to these symplecta, 6 pointwise fixes two perpendicular equator geometries. Hence in the
corresponding quadric E(s,t)7 one pointwise fixes (s Nt+) U (ut Nwvt), for points s, ¢, u,v
with s not collinear to ¢, u not collinear to v, and both s,t collinear to both u,v. This implies
that 6 acts trivially on E (s,t) using Corollary 3.2.3 taking a pointwise fixed line through s in
(ut Novt), and hence 6 also acts trivial on the corresponding tropics geometry. Remark that
this means that 6 does not fix any other point in I'y \ (E(s,t) U f(s,t)). This follows from
the fact that E(& t)u f(s, t) is a geometric hyperplane, by Proposition 3.10 of [8] and the fact
that a geometric hyperplane does not properly contain another geometric hyperplane in this
case by Proposition 2.5 of [9]. This leads to (7i¢), taking Proposition 4.3.1 into account.

The theorem is proved. O

Remark 5.4.4. Ovoids of C31(K,L) closed under hyperbolic lines have the property that they
arise as the intersection with a subspace in their unique projective embedding in PG(5,L). This
can be shown with some elementary calculations. However, this ovoids of C3 1 (K, H) closed under
hyperbolic lines do no longer necessarily have that property. In fact, our examples in Section 6.2.4
are examples of this phenomenon.

6. CONSTRUCTIONS

6.1. Outline of the methodology. In this section we prove that each type of domestic collineation
mentioned in the Main Result really exists. Despite the fact that it might look obvious for most
cases, a rigorous proof is required as, for instance, Lemma 5.1.5(i4¢) witnesses. Indeed, it is not
entirely clear that for certain fields or in certain characteristics, nontrivial collineations exist that
have the prescribed fix structure.

However, the most intriguing cases are of course those of (Dom14)(#ii) of the Main Result. Con-
cerning Class (M), the job has already been done in [23], where it is proved in Proposition 5.1 and
Theorem 6.3, that the fix structure of a collineation € of an inseparable building F4(K, K’) consists
of vertices of types 1 and 4 only, such that , for {k, ¢} = {1, 4}, the fixed vertices of type k incident
with a fixed vertex of type ¢ form an ovoid in the corresponding residual polar space of rank 3,
if, and only if, 6 is conjugate to a certain explicitly defined involution denoted 6 in Section 5 of
[23]. The corresponding fixed quadrangle is Moufang of mixed type. The full fix group is also
determined and is surprisingly large.
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So, for the Case (Dom14)(iii) we are left with Classes (L) and (H). Concerning the other cases, the
ones definitely requiring a proof are (Dom4), Class (L), and (Dom14)(ii) (Classes (L) and (H)).
Class (K) in Case (Dom4) has been treated in [18], and the existence of central elations in I'y,
so-called long root elations can be attributed to folklore, see also Chapter 2 and 3 of Timmesfeld’s
book [29]. For completeness’s sake we include a construction here.

All our existence proofs rely on Tits’ extension theorem 4.16 of [31]. We translate it to our setting
in Theorem 6.3.1. The method is then described in detail in Section 6.3.1. In short, it suffices
to find two collineations g, g’ acting respectively on the residues of a point p and a symplecton
£ > p, agreeing on the intersection of these two residues and two apartments A and A’ containing
this point and symplecton such that the union of ¢ and ¢’ is compatible with an isomorphisms
A — A’. Then we can conclude by Tits’ extension theorem that the union of these three maps
(9,9', A = A') extends uniquely to a collineation of the metasymplectic space. The only thing to
check then is that this collineation is indeed of the wanted form.

We carry out this scheme in detail for the most involved and most interesting cases, namely
(Dom14)(iii), Classes (L) and (H). It will then be clear how this works and we can treat the other
cases more quickly, only concentrating on the essentials.

Case (Dom14)(ii4) will occupy the first three subsections of this section. In the first subsection
we will construct a collineation in the residue of a point and a collineation in the residue of a
symplecton, which act well together, i.e. the point is contained in the symplecton and the actions
of the collineations coincide on the intersection of these residues. In the second section we will then
prove that such collineation extends to a domestic collineation fixing a generalised quadrangle as
in Proposition 4.2.1 and (i4) of Theorem 5.4.3. In the third subsection we will then identify the
type of these fixed quadrangles. Note that we not only get a collineation that fixes exactly the said
Moufang quadrangle, but a whole group of collineations. Nevertheless we do not determine the
full fix group, as this seems to require more detailed calculations which we did not perform (yet).

In the next three subsections, we assume A € {LL,H}, with L a separable quadratic extension of
K and H a quaternion division algebra over K. We denote e = dimg A € {2,4}. We will work in
some fixed metasymplectic space I'y = F41(K, A), where A will be obvious from the context, and
C:={p,L,m, &} will be a fixed chamber with p a point, L a line, 7 a plane and £ a symplecton in
le.

6.2. Residual collineations. As written above, we will construct some collineations in some
residues in this section. As in the statement of Proposition 4.2.1 these collineations will fix an
ovoid. Also, as required by Theorem 5.4.3, the ovoid in the symplecton arises as the intersection
with a subspace in the ambient projective space, considering the symplecton as a quadric in some
projective space. First we will determine a nontrivial group of collineations of the symplecton
pointwise fixing this ovoid. Afterwards, we will link the different residues in such a way that there
exist nontrivial collineations acting in the same way on the intersection of both residues.

6.2.1. Owoids and collineations of (the residue of) & in F41(K, A). By definition, (the residue of)
¢ is the polar space B3 1(K,A), i.e. a quadric in PG(5 + e, K) with equation

_ /=1
T_3T3 + T_oXo + T_121 = 20Z0 — b2, Zy, (3)

where we view the underlying vector space as isomorphic to K® @ L3 @ K3 and b = 0 if e = 2
(this makes it possible to threat the cases e = 2 and e = 4 at the same time here). Also, z — Z
is the Galois involution of the separable quadratic extension L /K. That extension is given by the
irreducible quadratic polynomial 22 — 2 4+ d. We denote one root of this polynomial in L as i, and
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then the other one is 7 = 1 — 4. The corresponding norm is the map N: L — K: 2 — N(z) = 2T
and b ¢ N(L).

From Theorem 5.4.3(ii), we know that the fixed ovoid in 6 must arise as the intersection with
a subspace in PG(5 + ¢,K). Let now D be the subspace of codimension 2 of PG(5 + ¢,K) with
equations

r_3 = a(xs+ 2),

T_o = adxs,
where N(z1) — aN(z2) — ON(z3) = 0 if, and only if, z; = 20 = 2z3 = 0, for all 21, 29,23 € L. The
intersection of D with ¢ is the ovoid &, with equation

T_qx1 = 20Z0 — bzlZy — a(x3 + x3:0 + dT3),
x_3 = a(zsz+x2), (4)
T_o9 = adxs.

This is clearly an ovoid because it is a geometric subhyperplane as it is the intersection with a
subhyperplane of the underlying projective space, and it does not contain lines, since it can be
seen as a polar space of rank 1 due to the first equality in Eq. (4) and the choice of a.

We write zg =: 26 + iz7 and 2z =: x4 + ix5. We denote the point with all coordinates zero except
xz; = 1 with p;, j € {-3,-2,-1,1,2,3,4,5,6,7}. We order the coordinates according to the
following ordering of the indices: —2,2,-3,3,—1,1,4,5,6,7.

Let ¢ be a collineation of § pointwise fixing &, with matrix M (with respect to the basis in which
we write the equations of course) and field automorphism 7.

The intersection of O with the subspace (p_1,p1, ps, ps, D6, P7) has equations x_3 = x_5 = x9 =
x3 = 0 together with z_121 = 20Zp — bz{Zo, which is a quadric spanning this subspace. Since it
has to be pointwise fixed by ¢, we see that the corresponding submatrix is the identity (and the
companion field automorphism 7 is trivial). Also, since (p_1, p1, pa, Ps, Pe, P7)" = (p_3,P_2, D2, P3),
the matrix M is of the form
(5 L)
0 I2+e ’

where I, is the (24 €) x (2 + e) identity matrix and M’ is a 4 x 4 matrix.

Now we consider the subspace U spanned by p_1,p1,p—2, P2, P—3, 3, and it is convenient to rewrite
the coordinates in this order. The points with coordinates (1, —a,0,0,a,1) and (1 — ad, ad, 1, a,0)
are fixed under ¢, which results in M’ being of the form

1+ H —adH —aD D —aD
G 1—adG — aC C —aC
F —adF —aB 14+ B —aB |’
E —adE — aA A 1—aA

with A, B,C,D,E,F,G,H € K. Since this fixes the generic point (adzs,za,a(rs + x2),x3) of
(p—2,p2,p—3,p3), the matrix M as given above pointwise fixes 0, and it is a generic matrix doing
so. Now we express that the matrix M preserves £. This results in the identity

T_9Xg +T_3x3 =
(1+ H)x_g — (adH + aD)xa + Dx_3 — aDx3)(Gr_2 + (1 — adG — aC)xy + Cx_5 — aCx3)
+ (Fr_o — (adF 4+ aB)zo + (1 4+ B)x_3 — aBxs)(Ex_o — (adE + aA)zs + Az_3 + (1 — aA)zs),
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which is equivalent with the following system of conditions on the parameters:

0=G(+H)+EF, (
0= (adH + aD)(1 — adG — aC) — (adF + aB)(adE + aA), (
0=CD+ A(1+ B), (7
0=a’CD — (1 —aA)aB, (
0=C(1+ H)+ DG+ AF + E(1+ B), (
0=aC(l1+ H)+aDG - F(1 —aA)+ aBE, (
0=D(1 —adG — aC) — C(adH + aD) — A(adF + aB) — (1 + B)(adFE + aA), (
0=aC(adH + aD) —aD(1 — adG — aC) — (adF + aB)(1 — aA) + aB(adE + aA), (12
1=(01+H)(1—-adG - aC)— G(adH 4 aD) — F(adE + aA) — E(adF + aB), (
1=-aCD —aCD —aAB + (1 —aA)(1+ B). (
Combining (7) and (14), we obtain B = —aA. Then (7), (8) and (14) reduce to CD+ A —aA? = 0.

Combining (9) and (10), we obtain F' = —aE. Further, if we divide (6) by a and add ad? times
(5), a times (7) and ad times (9) to it, then we obtain

d(H 4 adG + aE) + (D 4+ aA + adC) = 0.
Also, if we add (11) to 2a times (7) and ad times (9), then D + aA + adC = 0. Hence we can set

D = —aA — adC,
H = —aF — adG.

Then (5) becomes G = a(E? + EG + dG?), (7) becomes A = a(A% + AC + dC?) and (9) becomes
C+ E =a(CE + AG +2(AE + dCQ)).

One can check that no other conditions can be derived from the above identities. Hence the above
system of conditions is equivalent to

—aA,

—akF,

= —adA—adC,

—aF — adG, (15)
a(A? 4+ AC + dC?),

a(E? + EG + dG?),

= a(CE+ AG +2(AFE + dCG)).

QL TOmW
I

C+
So we get the matrix

1 —aF —adG a%dE + a?d?>G + a?A + a?dC  —aA —adC a?A+ a?dC
G 1—-adG — aC C —aC'
—aFE a’dE + oA 1—-aA a’A ’
E —adE — aA A 1—-aA

(16)

which we only have to complete with an e x e identity part on the zp and z{ coordinates to have
the full action on the residual quadrangle Q¢ in PG(3 + e, K). Note that ()¢ is the common perp
of the points p_; and p;.
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6.2.2. Owvoids and collineations of the residue of p in Fq1(K,L). Now we consider Resr, (p). As
this is isomorphic to a symplecton &, in I'y, we will denote this residue by &,. This is a Hermitian
polar space of rank 3, C31(A,K). Although it should in principle be possible to treat both cases
(e = 2,4) at the same time, this would only make things less transparent and the computations
needlessly complicated. So we first consider the case e = 2, which will be done in this subsection.
In this case by the closedness under hyperbolic lines (see Theorem 5.4.3(i7)), the ovoid also arises
as the intersection with a subspace in the unique projective embedding (see Remark 5.4.4).

The equation of &,, which is a Hermitian polar space of rank 3 in PG(5,L), where L is as in the
previous subsection, is now

Y 3Ys Y o¥2+Y 1Y1 = Ys¥-3+YaY-2 +Y1Y-1.
Set t = 1—2¢, then = —t and tf = —t* = 4d—1. We intersect &, with the subspace with equations
Y-2 = (1 - i)yQ’
Yy-3 = _(1 - i)a’y?n
with a € L exactly as in the previous subsection. Then &), has equations
= 1Yyy2 — atyzys,

= (1—1)ys,
= —(1—-1)ays.

Y_1y1 — U1y-
y_
Y

[S R

Consider the order (y_1,y1,Y—2,¥2,Y—3,y3) of the coordinates and let ¢ be a collineation of &,
pointwise fixing €),. Then the points (1,0,0,0,0,0) and (0,1,0,0,0,0) are fixed, and so are their
perps, resulting in a 2 X 2 identity submatrix and trivial borders. Note that also the field auto-
morphism is trivial since the points (1,2,0,0,0,0) with € K and (1,7,1 —¢,1,0,0) are fixed. So
we concentrate on the part of the matrix involving the last four coordinates. Expressing that a
generic point with coordinates ((1 — )y, y2, — (1 — i)ays, y3) is fixed, we obtain the matrix

1+B —(1-4%9)B F (1 —4)aF
C 1-(1-9)C G (1-14%)aG
A —-(1-9A 14FE (1-4%)aFE ’
D —(1—-14)D H 1+ (1—14)aH
where A, B,C, D, E,F,G, H € L. Setting
Yoo = (14 B)y—2—(1—1i)Byz+ Fy_s+ (1 —1i)aFys,
Y = Cy2+(1-01-49)C)y2+ Gy—s+ (1 —i)aGys,
Y 3 = Ay,Q — (1 — Z)Ayg + (1 + E)y,3 + (1 — i)aEyg,,
Y3 = Dy_g — (1 — Z)Dyg + Hy_g + (1 + (1 — i)aH)yg,
we have the identity
Yoo —TYoY—2+Y_sys —Ysy—3 = Y 2Yo—YoV 5 4+Y 3V3— Y3V g, (17)

by expressing that ¢, is preserved. Equating the coefficients of ¥_,y_2, Tyy2 and 7_,y2, we obtain
the relations

B = iC,
c-C tCC + AD — AD.

Equating the coefficients of §_3y_3, J3ys and §_sys, we obtain the relations

F = —iaH,
H—-H = —taHH+ FG-FQG.



2715

2716

2717

2718
2719

2720
2721
2722
2723
2724

2725
2726
2727

2728
2729
2730

METASYMPLECTIC SPACES 71

Finally, equating the coefficients of ¥ ,y+3, we obtain the relations
A = —iaD,
F iG,
D-G = AH+BG-CF - DE.

It can now be checked that Identity (17) is equivalent to the following system of conditions:

A = —iaD,
B = iC,
E = —iaH,
F = G, (18)
C—-C = t(CC—aDD),
H-H = HGG-aHH),
D-G t(CG — aDH).
This yields the matrix:
1+iC —=dC iG adG
C 1-12C G G
—iaD  adD 1-iaH —d’dH (19)
D —2D H 1+7aHd

This matrix acts on the residual quadrangle ), with equation ¥_,y2 —Joy—2+Y_3y3s —¥3y—3 =0,
that we get again as the common perp of p_; and p;.

6.2.3. Identification of the residual collineations in Fs1(K,L). We now need to find a duality
between the quadrangles )¢ and @, of the previous two subsections, in such a way that there
is at least one nontrivial collineation ¢ of ¢ fixing the corresponding ovoid pointwise, and one
collineation ¢, of &, fixing the corresponding ovoid pointwise, and such that the action of ¢ on Q¢
agrees with the action of ¢, on @, through the duality.

We start from the quadrangle @,, given by the equation ¥_,y2 — Yoy—2 +Y_3sy3 — Ysy—3 = 0 in
PG(3,L) and use the Pliicker transformation. One can calculate that the corresponding Pliicker
coordinates satisfy the equation

DP_29P—2,2 = P—2,-3P3,2 + P—2,3P2,—3- (20)

We check this for a generic line, the exceptional cases can be done similarly. For the first point we
assume that y_o # 0, then it is of the form (1,75y_s+7r,y_3,y3), with y_3,y3 € L and r € K. For a
generic point collinear with it, we may assume that y_o = 0, and we also assume that y_3 # 0, then
it has coordinates (0,75 — sy_s,1,s), with s € K. The Pliicker coordinates of the corresponding
line are now

(P—Q,zap—3,37P—2,73,p3,27p—2,37}72,73) =
(U3 — sY_3,5Y—3 — ¥3, 1, Y373 — 5(Y3y—3 + Y3y _3) — 7, 8,7 + 8Y_3Y_3),
which satisfy indeed Eq. (20). Furthermore, note that p_s _3,p32,p—23,p2,—3 € K, while p_o 5 =

—p—33 € L. So Eq. (20) corresponds indeed with the equation of Q¢ as the common perp of p_;
and pp in (3), with b =0 (as e = 2).



72 LINDE LAMBRECHT AND HENDRIK VAN MALDEGHEM

Now we calculate the corresponding matrix, applying the Pliicker transformation to the matrix in

(19).
1—-tC 0 G adG
0 1+taH -D —adD
adD —adG  1+4iC —iaH + i*a(DG — CH) a’d*(DG — CH)
D -G DG - CH 1 —12C +7aH +7%a(DG — CH)
—1D iG H+i(CH — DG) dC 4+ 1ad(CH — DQG)
iaD —1aG C +ia(DG — CH) a’dH +1a%d(DG — CH)
G —iG
—taD 2D
—a?dH +ia*d(DG — CH) —dC + iad(CH — DG)
—C+1a(DG - CH) —H +73(CH — DG)
1 +4iC +iaH + ad(CH — DG) d(DG — CH)
a’d(DG — CH) 1—-13C —iaH + ad(CH — DQ)
Since zp in (3) corresponds to p_s 2 in (20), and in the matrix extending the one in (16), the
corresponding base vector was fixed, we set G = D = 0 and C = —aH. We then obtain
1+taH 0 0 0
0 1+taH 0 0
0 0 1 —2iaH +i%a®H? ad®>H?
0 0 aH? 1+ 2iaH +7%a®>H?
0 0 H —iaH? —adH —1a%dH?
0 0 —aH + ia® H? a*dH +1a*dH?
0 0
0 0
—a?dH +ia3dH? adH — ia’dH?
aH +7a®*H? —H — aiH? ’
1 —iaH +7aH — a*dH? adH?
a’dH? 1 +2aH —iaH — a®>dH?
271 with (18) reducing to only one extra restriction H — H = —atHH, which we can also write as

2122 H(1+atH) = H. This implies H?(1+atH)™! = HH and (H —iaH?)(1+taH) ! = H —iaHH.
2733 Since the extra condition yields H — icHH = H - aLt +i)HH = H —aHH, the quantity
2134 (4 := H —iaHH belongs to K. Likewise (3 := H + 2aH H belongs to K. We then see that the

2735 above matrix is proportional to the blockmatrix

10 0 0 0 0

0 1 0 0 0 0

0 0 1—al —a’*dHH a*d*HH —a?d(; ad(y

0 0 aHH 14+ aly —a?dHH als —(3 ’
0 0 Cl —adCQ 1-— CLQdFH adﬁH

0 0 —a(y a’dy a*dHH 1—a?dHH

2736 which is a real matrix (meaning, all entries belong to K). Now we have to match the nontrivial
2737 4 x 4 block with the earlier obtained matrix in (19). However, we apply first an isomorphism by
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switching the coordinates p_o 3 and po _3. This way we obtain

1—al —a?dHH add®’HH ad(y —a?d;
aHH 1+al —a?>dHH —(2 ada — M
—a(y a’déy 1—-a?’dHH  o*dHH o '
1 —ad(s adHH 1—a?dHH
This matrix corresponds to (19), if you set there:

A = adHH,
¢ = 47§23
E = G,
G = aHH.

Indeed, this is obvious or easy for most entries; we do the explicit calculation for the a priori least
obvious one, namely

a*dE + a*d*G + a*A + a*dC = a*d((¢, — &) + (adHH + aHH)) =
a?d((—i —7)aHH +a(d+1)HH) = a*d*HH.
One also checks similarly the additional conditions in (15). To conclude that we now have indeed

obtained our goal, we need to verify that there really exists an H # 0, so that 1+ atH # 0 and
H — H = —atHH. This is for example satisfied by H = —(ad)~!i.

Remark 6.2.1. By the above collineations, no point is mapped to a collinear one (including
itself) in the quadrangle Q¢. This can be seen as follows. A general point x of Q¢ is given by the
coordinates (r_q, 22, x_3, 3, 2z0) with z; € K and 29 € L and satisfies _3x5 + z_229 = 29Zy. Now
this point is mapped to the point (y_s2,y2, y—3,y3, 20) with
(y—27y23y—37y3y :3A4*($_2,$2,I_3,$3%
which is a point collinear to z if, and only if (after some elementary calculations),
T_oy2 — Toy-2 + T_3Yys —x3y—3 =0

& N((z_2 — adxs) + (x_3 — axg — axs)i) =0

= rT_o—adreo=0 A x_3—arz—axrs =0,
with N the norm in L. So, recalling Eq. (4), the point must be fixed. But then this yields

T_3x3 +T_oTy = 2020 < aN(x3z+ x21) = N(2),

which contradicts the choice of a. We say that the collineation is anisotropic.

6.2.4. Ovoids and collineations of the residue of p in Fa1(K,H). Now the closedness under hyper-
bolic lines does no longer imply that the fixed ovoid in the residue of p in F4 1 (K, H) arises as the
intersection with a subspace of the underlying projective space. We know that &, is a Hermitian
polar space of rank 3 in PG(5, H), where H is a quaternion division algebra over K containing the
subfield LL of the previous sections. Let &), be the Hermitian surface in PG(5,LL) with equation

Y11 — U1y—1 = YoYo — ao¥o — bToyo + abiy' vy (21)
We now have to prove that this is indeed an ovoid in a polar space &, = C3 1 (H, K). It is immediately

clear that this does not contain lines. So it suffices to prove that it is a subhyperplane in a polar
space Cs1(H, K).

First we prove that &), is contained in such a polar space, by looking at the equation over H :=
CD(L, b) instead of L. The choice for b to be the primitive element of the Cayley-Dickson process
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is not coincidental. It is motivated by the fact that the quadrangle over H, which is the point

residual in &,, is dual to the orthogonal quadrangle appearing as point residual in &, which is a

necessary condition. Recall the definition of the multiplication and standard involution in H:
(@,y) - (u,v) = (zu+ byv, Tv + yu),

(3:7y) = (f’ _y)v

taking into account that L is commutative. To prove that Eq. (21) is indeed a hermitian polar space
over H, we rewrite the equation as a pseudo-quadratic form, since this is needed and unavoidable
in characteristic 2. This becomes

Y_191 = Yoiyo + aYoiyy + bYgiyy — ablly iy’ € K. (22)

This pseudo-quadratic form is indeed equivalent to (21) over L by expressing that the elements of
K are exactly those of L that are equal to their conjugate (under the standard involution).

We now prove that the residue of p; (or the common perp of p; and p_1) is a generalised quadrangle
by coordinatising it as in Chapter 3 of [34]. This residue, which we denote (quite suggestively) as
Qp, is given by the following pseudoquadratic form

f(z—2,22,2_3,23) := Z_oiz_9 — bZaizg — aZ_giz_3 + abZzizz € K,
and the collinearity is given by the Hermitian form:
T_oiy_o — bToiys — aT_3iy_3 + abT3iys — T_o1y_o + bTolys + aT_31y_3 — abT3lys.
We order the coordinates as (z_2, 22, 2_3, 23). We make the following assignments of coordinates,

with the convention that v := (0,4),u,u’,v € Hand ¢,¢', X € L:

Coordinates in PG(4, H) ‘ Coordinates in @,

(b,7,0,0) (c0)
(bu, yu, b, ) (u)
(bu', yu', bi, 1) (0,u)

Now we define the points in the common perp of (0,0) and (0). It is easy to see that the point
(0,0, 0) with coordinates as in the following table is part of @), and collinear to both. Remark also
that this point is not collinear to (co) in this polar space. However in the underlying projective
space, these points are collinear and as the images of (0,0) and (0) under the defining polarity are
two distinct planes, all points collinear to both must be contained in the line of this projective
space through (0,0,0) and (co). Expressing that these points must also be contained in @, gives
us that these points can be labeled by (0, ¢,0) with ¢ € K, corresponding to the coordinates below.
The reason for the factor a=! is to obtain later the same incidence relation as for the quadrangle

Qe-

Coordinates in PG(4, H) ‘ Coordinates in @,
(bi,77,0,0) (0,0,0)
(bi +a=14b,v1+ a"14v,0,0) (0,4,0)

We can now calculate the coordinates of the points (u,?¢,0) as the unique point on the line
((0),(0,2,0)) collinear to (u), and also of (u,?,u’) as the unique point on the line {(u,¥,0), (u))
collinear to (0,u’), in the standard way and we obtain:
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Coordinates in PG(4, H) ‘ Coordinates in @
(bi + a=1eb, 71+ a= 1y, a" biw, a i) (u,£,0)
(u, £,u’)

(abi + £b — but’, a1 + by — yut’, biu — bu', yiu — yu')

We now calculate the coordinates of the point (¢/,0) with ¢ € K as a point collinear to (co0) and
(0,0,0), similar to those of (0,¢,0). With the standard way to calculate the coordinates of (¢',u’)
as the unique point on ((c0), (¢,0)) collinear to (0,0,u") we then get:

Coordinates in PG(4, H) ‘ Coordinates in @,
(0,0,bi — bl ,v1 — ') (¢,0)
(bul7 ’YU/, bi — elbv Y — él’)/) (6/7 u/)

Now we define the lines, one can check that these are indeed lines of Q,:

[o0] := {(0), (0)),
[€] := ((c0), (¢, 0)),
[¢,v] := ((v), (v, £,0)),
[0,v,0] .= ((¢,v),(0,¢,v))

This coordinatisation proves that (), is indeed a generalised quadrangle and consequently the
space defined by the pseudoquadratic form (22) over H is a polar space of rank 3. Since it lives in
5-dimensional space PG(5,H), Eq. (22) implies that it is isomorphic to the polar space C3 1 (H, K)
as in Definition 2.3.2, so we can denote it by &,.

Now we prove that &), is a subhyperplane. Let 7 be an arbitrary plane in &,. If all points of 7 are
collinear to pi, then 7 must contain p; € &,. So we may suppose that x € 7 is not collinear to p1,
then the coordinates of x are of the form:

X ::(17k'+’f(2727227273723)7272722a273723%

with 249,243 € H and k € K. Denote by M the projection of p_; on m and by L the projection
of p; on (p_1,M). Then L is a line of the quadrangle @),. We suppose that L is of the general
form [¢, v, '] (the other cases are similar). Then L is spanned by the points with coordinates (¢, v)
and (0,¢',v) in Q,. Projecting these points onto M yields two points y and z with the following
coordinates in PG(5, H):

y = (0, a, bu, yv, bi — £b,~v1 — L),

z=(0,8,abi + £'b,ayi + £'y, —bv, —v),
where o and 8 are completely determined by expressing the collinearity to z. By the definition of
0}, it suflices now to prove that there exists a point with coordinates in L in this plane. We prove
this by taking a linear combination of the coordinates of x,y, z with the property that the first
coordinate is 1 and the last four coordinates are contained in L. Then the second one will also be

contained in L since the plane is contained in £,. So with the map Im : H — L : (v1,v3) — v we
have to show that the system of equations corresponding to

Im((bv, yv,bi — bl,v7 — L) - u+ (abi + €'b,ayi + 'y, —bv, —yv) - w) = Im((2_2, 22, 2_3, 23))

has a solution in u,w € H for every v,z_s,22,2_ 3,23 € H and every ¢,/ € K. Writing w as
(w1, wz) and w as (u1,us2), this is a linear system of four equations in four variables, so it has a
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solution if, and only if, the corresponding determinant is not zero. One now calculates that this
corresponding determinant, when writing v = (v1,v3), is equal to

bug buy 0 blar+ ')

1 by ar+ V' 0 T N
0 ba—0) bu by =b*(vo+ (1 —€)(ar + ¢'))".
-4 0 —7 b

One gets then easily that the above expression is zero if, and only if, N(v) = aN(¢ — ¢), which
implies that a = N(h) for some h € H. If we write h = (hy, ho), we see that a = hihy — bhohs,
which is impossible by the choice of a in the first subsection. This concludes the proof of the fact
that &), is a subhyperplane, and hence an ovoid, of &,.

Now we determine the collineations of §, fixing &), pointwise. As p_; and p; and their perp are
fixed, the corresponding matrix must be of the form

hl; O
0 M)’

where I, is the 2 x 2 identity matrix and h € H. By possibly conjugating the associated auto-
morphism 7 of H with h, we may assume that h = 1. Also every point of the form (1,z,0,0,0,0)
with 2 € L must be fixed, and consequently 7 fixes L. Since also the points (1,4,1,0,0,0),
(1,—a4,0,1,0,0), (1,—bi,0,0,1,0) and (1, abi,0,0,0,1) are fixed, we now see that also M must be
the identity matrix. Now 7 is completely determined by the image (A, B) of (0,1) and expressing
that 7 is a morphism yields A = kt with & € K (and still t = 1 — 2i) and A? + bBB = b. These
collineations clearly fix all points of the ovoid and preserve the polar space.

However since one nontrivial collineation will suffice in the following, we will only consider a special
type of such collineations, i.e. those with A = 0 and B = «~'% with u € L. It is easy to see that
these correspond to collineations with associated matrix ulg and trivial associated automorphism
7. Since we only need the nontrivial collineations and they are determined up to a factor of K, we
can write v as i+ A with A € K. In the following subsection, we will denote this collineation by 6.

6.2.5. Identification of the residual collineations in Fa1(K,H). In F41(K,L), we could use the
Pliicker transformation to define the duality between @), and Q)¢, however this is impossible in the
present case. So we will use coordinatisations of these quadrangles as in Chapter 3 of [34].

For @, this coordinatisation was done in the previous paragraph and by the theory of coordinati-
sation as in Chapter 3 of [34], all incidences follow immediately from the coordinates, except for a
point (u, A, u') and a line [¢,v,¢']. One calculates that these are incident if, and only if,

{ wo= v+ lu,

/= X\—uv—ovu — fuu. (23)

Now we coordinatise the quadrangle Q¢ given by the equation
T_3T3 + T_oTy = 20z — b2z,
where we previously set zg = xg + ix7 and z{, = x4 + ix5. Hence the equation becomes
T_3%3 + T_oXy = 1’% + xgx7 + da:% — b(z? + x4z + d:cg)

We order the coordinates as (x4, ¢, T_3, T_2, T2, T3, X7, Z5). We make the subsequent assignments,
after elementary calculations similar to those of the previous section. Set u := (x4, x5, xg, x7), v/ :=
(zly, 2k, g, 2%), N(u) = 23+ 2425+ da2 —b(zi+x6yr +da?) and N(u,u’) := N(u+u')—N(u) —N(u').
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Coordinates in PG(7,K) Coordinates in Q¢
(0,0,1,0,0,0,0,0) (00)
(0,0,¢,1,0,0,0,0) (0)
(0,0,¢,0,1,0,0,0) (0,¢)
(0,0,0,0,0,1,0,0) (0,0,0)
o (x4,26,N(u),0,0,1, 27, 25) (0, u,0)
(z4,26,N(u),0,—0,1,27,25) (¢, u,0)
(x4, 26,N(u) — 0", —0',—0, 1,27, x5) (L, u, l)
(2}, 25,0,N(u'), 1,0, 2%, xf) (u',0)
(xh, x5, ¢/ N(u), 1,0, z%, %) (u/, )

2814 The lines here are similarly defined as in the previous coordinatisation and also now we only have
2815 to verify the incidence of a point (¢,v,¢') and a line [u, A, uv'] := {(u, A), (0,u/, A — N(u,u))) (note
2816 that this is really again the line through (u, \) intersecting the line ((0), (0,u’,0))). This incidence
2817 18 indeed again equivalent with

v = v+ lu,
¢ = X—N(u,v) — €N(u).
2818 This is exactly (23) and so the coordinatisation of both quadrangles is indeed dual.

2810  We now want to verify whether there is a nontrivial collineation of Q)¢ from the previous subsection
2820 that induces through this duality a collineation of @, from the first subsection. By the above
2821 coordinatisation it suffices to know the images from (¢,0,¢') and (u,0) in Q¢. So we determine
2822 the action of the collineations € in Subsection 6.2.4, i.e. scalar matrices M, with elements of the
2;23  form ¢ + A on the diagonal, on the lines [¢,0, '] and [u,0] of Q,.

We start with the line [¢,0,¢']. This line is spanned by the points (¢,0) and (0,¢,0) in Q,. We
denote the transpose of a matrix by a prime. Now we calculate the image under y:
0x((£,0)) = My - (0,0,bi — bl,~v1 — £v)’
=(0,0,(1 =24+ XNbi— (d—\)b, (1 — £+ N)vi— (d+ £N)y)
_ ( d—+ oA 0> )
1—0+ ) ’
05((0,£',0)) = My - (abi + £'b,ayi + £'7,0,0)’
=((1+a " + Nabi + (M — ad)b, (1 + a= ' + Nayi + (M — ad)y)’

B (M — ad)a )
_(0’a+€’+a/\’0 ’
d+0x (M —ad)a
9A([€,07m)_[1_€+)\’ a4+ 0 +aX|’

So under the duality this €, which we denote by 6%, acts on a point (¢,0,¢') of Q¢ as follows:
d+4X 0 (M —ad)a

1—C0+ XN 7 a+l+a)

(oo 4+ (M —ada (M -ada d+er oo '

S\ L=l N a+lHaN a+l+aN 1—C+ N

0;‘\((6707£/)) = M; : (0707 _€€/7 _6/7 _67 1707 0), = (
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Now one sees that the (4 x 4)-submatrix of M} determined by the coordinates x+o, 13 is of the
form

aX? ad\ —a?d\ 242

—aX aA(1+N) a’d a?d(1+ ) (24)
A d aX(14+ X)) —ad(l1+X)
I —(14+X) a(l+X) (1+X)?

Now we look at the action of 6 on the line [u, 0]. This line is spanned by the points (u) and (u, 0, 0)
in @p. Remark that the equalities between vectors are equalities in homogeneous coordinates, so
must be interpreted afterwards as up to a scalar.

Ox((w)) = My - (bu,vu,b,v)’
= (b(i + Nu,y(@+ N)u, b(i + X),v(7+ )

(abi—ka/\(l—au*l Db — blau=1)(—aru~1),

ayi 4+ a\(1 — au " u=1)y — y(au=1)(—alu=1),

!

bi(au=1) — b(—aru~1), vi(au=1) — ’y(—a/\F))
= (aF, ar(1 — autu~T), —a)\F) ;
0x((u,0,0)) = My - (abi, avz, biu, viu)’
= (ab(i + N)i,ay(@ + N7, b(i + N)iw, v2(7 + N)u)’

B . d(uw —a) du d(uu — a) du
_(ab“’ 1A O T T Y T

du
()
—(u d(uu — a) du)

14N T1+N)0

We now determine on which line [k, v, k'] these two images lie. Using Eq. (23), one obtains

(A2 + X\ + d)uu

bit — b——

b= (14 X)(uu —a) —
 —a(NH+ A+ d)u
1+ N (uu—a)’

W a(ad—|—)\(1—|—/\)uﬂ).

I+ N (uvz —a)
So we can look at the dual action of 85 in Q¢ on the point (u,0)
05 ((u,0)) = My - (z4,26,0,N(u), 1,0, 27, 25)
(N + X+ d)un —a(XN + X +d)u alad + M1 + \)ua)
S \A+Nwu—a) 7 A+ Nwu—a) (14N (ut—a)
ad\uit — a?d)\ aX(1 + \)ut + ad
= (x4,
IO AN F A+ D) a2+ A+d)
dut + a1+ X)) —(14+ Nuz+a(l+A) .
aX+A+d) T aN+Art+d) 7
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This shows that we can extend the submatrix from (24) to the matrix M} by setting the other
diagonal elements equal to a(\? 4+ X + d) and filling the empty places then with zeros. We now
show that this is indeed a matrix as at the end of the first subsection, i.e. as in Eq. (16). This is
done by first applying an isomorphism to £, corresponding to cyclically permuting the coordinates
(r9,7_3,23). Then one sees that Eq. (24) divided by a(A\? + X + d) corresponds to Eq. (16) by
setting
d
a(A24+2+d)’
—(14+X))

a()\z—i)-\A+d)’

W’

a(ZZFA+d)

Q=3 Qe
|

Also the extra conditions in Eq. (15) are satisfied by these choices.

Remark 6.2.2. Completely similar to Remark 6.2.1, one verifies that also these collineations are
anisotropic, that is, they do not map any point of Q¢ to a collinear one (nor itself).

6.3. Extension to domestic collineations. Now we prove that the collineations and duality
defined in the previous section, give indeed rise to a domestic collineation of type (i¢) in Theo-
rem 5.4.3. We will use Tits’ extension theorem in the first paragraph to extend the collineations
in that way. In the second paragraph we will then prove that the obtained collineation is indeed a
domestic collineation fixing a quadrangle. In the next subsection we will then finally identify these
quadrangles.

6.3.1. Tits’ extension theorem. First we translate Theorem 4.16 of [31] to our situation. Therefor,
let C = {p, L, w, &} be a chamber of F4 1 (K, A) (the chamber chosen at the beginning of this chapter)
and let A be an apartment containing C. Let &, be the symplecton of Fs44(K, A) corresponding
to p, let pe be the point of Fs4(K, A) corresponding to £ and let o, be the plane of Fq4(K,A)
corresponding to L. Let @ be the generalised quadrangle with point set the lines in £ through p
and line set the planes in £ through p and let @ be its dual. Let C’ be a second chamber, contained
in a second apartment A’ and denote everything for C’ the same as for C, but furnished with a
prime.

(i) Denote by F1(C) the union of the set of all points of L, the set of all lines of 7 through p,
the set of all planes through L in £ and the set of all symplecta containing 7.

(74) Denote by E2(C) the union of the set of points of 7, the set of lines of , the set of points
of @, the set of lines of @, the set of points of o, and the set of lines of oy, (all viewed as
elements of Fs 1(K, A)).

(#i7) Denote by E3(C) the union of the set of points, lines and planes of £ and the set of points,
lines and planes of &, (all viewed as elements of F4 1 (K, A)).

Notice that, with the above conventions, we have E1(C) C Eo(C) C E3(C).

Theorem 6.3.1 (Tits [31, 4.16] applied to F4). Let 0 be a type-preserving and incidence-preserving
bijection from E3(C) and the set of points, lines, planes and symplecta of A onto the union of
E5(C") and the set of points, lines, planes and symplecta of A'. Then 0 uniquely extends to a
collineation of Fa1(K,A).

The uniqueness part of the previous theorem follows from Theorem 4.1.1 of [31]. We also need the
specification of that theorem to polar spaces of rank 3.
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Theorem 6.3.2 (Tits [31, 4.1.1] applied to B3 or C3). Let A be a polar space of rank 3 and let
A ={p1,p2,p3,P-1,P-2,P—3} be a skeleton of A, with p; not collinear to p; if, and only if, i = —j.
Let 61 and 05 be collineations of A which agree on A, on the set of points of the line p1p2, on the
set of lines of the plane py1paps through the point p1 and on the set of planes through the line pips.
Then 91 = 92.

Now we will use these theorems to extend our collineations from the previous section. The idea
is that we have, by the previous section, specific collineations acting on the residues of p and of
&. By the identifications in the previous section and Theorem 6.3.1, it suffices now to find some
type-preserving and incidence-preserving bijection from the apartment A to another apartment
compatible with the two collineations from the residues of p and &, respectively, which coincide
under the identification, to extend these collineations to a collineation of the metasymplectic space.
In the rest of this subsection, we construct such a bijection.

Let G be the group of collineations g of &, = C31(A,K) pointwise fixing the ovoid €, > pe and
such that there is a collineation h of & = B3 1(K, A) pointwise fixing the ovoid & > p and an
identification of Res¢(p) and the dual of Res¢, (p¢) on which h and g coincide. For each such g € G,
we may extend the domain of definition of g with that of the corresponding h and denote by g the
common extension. Then G is a group of type preserving and incidence-preserving permutations
of Eg(C)

Now let g¢ € O¢ \ {p} and ¢, € O, \ {pe} be arbitrary. We restrict each element g of G to
E5(C) and denote this restricted bijection by g*. Since E;1(C) C E5(C) C E5(C), it follows from
Theorem 6.3.2 that g is determined by ¢g* and the assumptions g(g¢) = ¢¢ and g(gp) = gp. This is
because we can choose the skeleton A of Theorem 6.3.2, say with respect to £, containing p and g¢
and the point p; of that skeleton equal to p.

We select a skeleton S = {p, e, T1, ro,7_1,7_2} in & such that vy € L and r € 7 (and we use the
convention that r; is not collinear to 7_; and 73 not collinear to r_s). Then {qg¢, ger—1,qer—17—-2}
is a chamber of £ opposite {p, L, 7} in &.

Since ¢, € 0, and 0, is a set of points of {,, which is isomorphic to the residue at p, we can
associate g¢ to a symplecton ¢ of Fs1(K, A). Denote by M the line of ¢ all points of which are
collinear to 71, and by a the plane of ( spanned by M and the points of { collinear to ro. Then
{qe, qer—1,qer—17—2,&} and {p, M, o, (} are two chambers of F41(K,A), and so we can consider
an apartment A (without confusion with the previously used A) containing both chambers, since
there exists always an apartment through two chambers (by the very definition of a building in
[31]). Since A contains & and M, «, it also contains L and 7 as the “projections” of M and « on &.
Hence it contains S, after some more projections. Let & be the unique symplecton of A opposite
€andlet D= {p/,L',n',¢'} and D* = {p/, L*,7*,£'} be the projection of {ge, qer_1,qer_17_2,¢}
and {qe, ger? 1, qer? 17,5, &}, respectively, onto . By the dual of Lemma 2.8.7, the chambers C
and D are opposite in Fq1(K, A), and so are the chambers C? and D*, as g induces a collineation
of £&. Hence €Y and D* define a unique apartment A’ of F4 1 (K, A). There is a unique isomorphism
g : A — A mapping C to C? and hence D to D*, as this morphism is completely determined by
the image of these two opposite chambers.

We now claim that g and ¢’ agree on the intersection of their domains. Note that the intersection
&N A is the apartment in £ spanned by the opposite chambers C and {g¢, ger—1, ger—17—-2,&}, since
an apartment can never intersect a residue in more than an apartment of the residue itself. Then
it is clear that g and ¢’ agree on the intersection of their domains in &, as the projection of D*
onto & is {qe, qer? 1, qer? 1775, €}, which equals {ge, qer_1,qer_17_2,£}9 and C9 = C9'. Now we
consider Resr, (p). First we note that ¢ belongs to A’ as it is the projection of & onto p, since
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it is the only symplecton through p of A locally opposite £. Since D is mapped to D* under g’
and also p is fixed by ¢, we now see that also ¢ and consequently ( are fixed under ¢’. Since the
intersection Resr, (p) N A is a “dual” apartment determined by ¢ and pr;, i = —2,—1,1,2, and ¢
coincides with ¢’ on these elements, we find that g and ¢’ coincide on Resr, (p) N A.

Hence we can extend g* to A using ¢’. Now we claim that this extension preserves incidence. Let
A C B be two incident elements of A U & U Resr, (p). If both elements are contained in A or in
& UResr, (p), then the claim is true, as g and ¢’ preserve incidence. So we may suppose without
loss of generality that A € (£ UResp,(p)) \ A and B € A\ (£ U Resr, (p)). This means (again
without loss of generality) that A C ¢ and B € €. Denote now C' := BN ¢, then C is contained
in (£ UResr,(p)) N A and as now the incidence between A and C is preserved under g and the
incidence of C' and B is preserved under ¢’, the incidence of A and B is preserved under g*.

Now g* satisfies the conditions of Theorem 6.3.2 and extends consequently to a unique collineation
0 of F41(K, A). So we only have to check that 6 equals g on E5(C). This follows by the second
paragraph of this reasoning and the fact that ¢*(q¢) = g¢ and ¢*(gp) = ¢p.

6.3.2. Domestic collineation fixing a quadrangle. Now we will verify that the obtained collineation
6 is indeed a domestic collineation with opposition diagram Fs» with fix structure points and
symplecta forming a generalised quadrangle.

Proposition 6.3.3. The collineation 0 does not fiz any line of F41(K, A). Dually, it does not fix
any plane either.

Proof. We first prove that g does not fix any line of £&. Suppose for a contradiction that L € & is
stabilised. If L is not coplanar with p, then the unique line through p intersecting L gives rise to a
fixed point in Q¢, contradicting Remarks 6.2.1 and 6.2.2. So L must be collinear to p, but then the
plane spanned by L and p gives rise to a stabilised line in )¢ again contradicting Remarks 6.2.1
and 6.2.2.

Furthermore we claim that all the lines through p in ¢ are mapped to noncoplanar lines by g¢.
Suppose again for a contradiction that some line is not mapped to a coplanar one. By projecting
onto £ we may suppose that the line is contained in &, but then it gives again rise to a point of Q¢
mapped to a collinear one, contradicting Remarks 6.2.1 and 6.2.2.

As we have a self-dual setting, it suffices to show that no line is fixed. Let, for a contradiction, K
be a fixed line. Then K is not contained in £ (since g does not fix any line in £). Also, K does
not have a unique point in common with £ as otherwise the line K’ of £ all points of which are
collinear to K is also fixed by g, again a contradiction. If every point of K is far from &, then
the set of points of ¢ symplectic to a point of K is a line K’ of £ fixed by 6 and hence by g, a
contradiction. If a unique point u of K is close to &, then u is fixed and so is the line u N¢&, again
a contradiction.

Hence the only remaining possibility is that each point of K is close to €. Let u1, us € K be distinct.
Then at least one point v; € ui N¢ is collinear to and distinct from some point vy € uz N¢. Then
there is a symplecton &15 containing uq L v1 L vo L us L uq, and &5 is clearly adjacent to &, hence
shares a plane 8 with it. Tt follows that there is a unique point v of £ (in ) collinear to all points
of K. Naturally, v is fixed and hence belongs to 0¢. However, v # p as this would contradict the
action of g on Resr, (p) and clearly v is not collinear to p, as this would give rise to a fixed line in

&.
Recall now the above defined symplecton . This is a fixed symplecton through p locally opposite
. Since all the lines through p in ¢ are mapped to locally opposite lines by g, no line of ( is fixed
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by 6. Consequently we can repeat the arguments of the previous paragraph with ¢ in place of £
and find that K is collinear to a unique point w € (, with w # p necessarily symplectic to p. It
follows that v is symplectic to w and so, by the point-symp relations (Axiom 2.4.5), v is close to
¢, again leading to a fixed line v N ¢ in ¢, a contradiction. This proves the proposition. O

Now let &2 be the set of fixed points of 8 and let .Z be the set of fixed symplecta of 6.

Theorem 6.3.4. The point-line geometry T' = (P, .L) is a Moufang generalised quadrangle.

Proof. We start by showing that distinct fixed points are either symplectic or opposite. Indeed, if
two fixed points were collinear, then the corresponding line would be fixed, contradicting Proposi-
tion 6.3.3. If they were special, then their centre would be fixed and we obtain two fixed lines, again
the same contradiction. Hence distinct fixed points can only be symplectic or opposite. Dually,
two distinct fixed symplecta either intersect in a unique (fixed) point, or are opposite.

Furthermore, we claim that for each fixed point x there exists an opposite fixed point y. This is
trivial for x = p as we can take y = p/, and for any fixed point = opposite p (as then we can take
y =p). So we may assume = 1L p. If x € £, then we can take y = ( N¢’ (these symplecta indeed
intersect in a unique point inside the apartment A). If x ¢ £, then the symplecton £(p, x) intersects
¢ exactly in p and so x is opposite g¢ € 0.

We now prove the main axiom for generalised quadrangles. Let x be a fixed point and v a fixed
symplecton not containing z. If x were close to v, then 2 N v would be a fixed line, contradicting
Proposition 6.3.3. Hence x is far from v and the unique point of ' N v is fixed, as is the
corresponding symplecton through it and x.

We conclude that (£, %) is a generalised quadrangle (a polar space of rank 2). Since & contains at
least three fixed points (the points of &), and through p there exist at least three fixed symplecta
(the members of &),), we obtain a thick generalised quadrangle. Since no pair of distinct fixed
points is collinear, Main Result 1 of [26] asserts that (£2,.%) is a Moufang quadrangle. O

6.4. Identification of the fixed quadrangles. In this subsection we finally identify the quad-
rangles () fixed by the collineations constructed in the previous two. In the following theorem, we
will determine their so-called Tits index, see [30].

Theorem 6.4.1. The fix structure of 6 in F4 1(K, A), with A either a separable quadratic extension
L of K or a quaternion division algebra H over K, is a Moufang quadrangle of type Ds or Eg,
respectively. More exactly, it are Moufang quadrangles with Tits indices 2D5(3?% and 2Eé,62,, respectively
in F4(K, L) and F4(K,H), respectively.

Proof. First of all, if we restrict in the above construction F, 1 (K, A) to B4 (K, A) (by taking the
intersection with a suitable extended equator geometry in the corresponding dual metasymplectic
space), and consequently also &), to the hyperbolic line of &, through p¢ and g¢, then we obtain a
(Moufang) subquadrangle @’ fully embedded in Ba 1 (K, A).

An equation of By 1(K, A) is given by
T_4Tg + T_3%3 + T_oTo + T_121 = 20Z¢ — bz(Zy,

where we view the underlying vector space as isomorphic to K* Lz @K* and b = 0 if e = 2. Also,
recall that z — Z is the Galois involution of the separable quadratic extension L./K and recall also
that this extension is given by the irreducible quadratic polynomial z? — = + d.
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Given the fact that O is a point residual in this quadrangle @', we see that the quadrangle Q' is
obtained from B (K, A) by intersecting with the subspace of codimension 2 of PG(7 + e, K) with
equations

r_3 = alxsz+ x2),

T_o = adxs,
where a and b are as before, that is, N(z1) — aN(z2) —bN(z3) = 0 if, and only if, 21 = 20 = 23 = 0,
for all z1, z9, z3 € L. This intersection has equations

- —
T_qx1 = 20Z0 — bzl Zy — a(x3 + x310 + dT3),
x_3 = alxsz+x2),
T_9 = adxs.

Splitting these equations, that are defined over K, over IL, we see that Q' is obtained by Galois
descent (more exactly, a Galois involution) from a hyperbolic quadric in PG(5 + e,LL), that is, a
building of type Ds;./2. The Tits index of Q" as a Moufang quadrangle is hence

DY) ife=2,

D{) ife=4.

Now (Q is an extension of @’ and as such a wide Moufang quadrangle. Given the rules explained
in Appendix C of [34], the Moufang quadrangle @ must be of type 1D,, or 2D,,, for certain n > 5
if e = 2, and in case e = 4, there is no other possibility than type ?Eg. Given the fact that O is a
Hermitian variety in a projective space of dimension 1+ e and hence has Tits index

2AL (e=2)  and  2A{} ¢ (e =4),

respectively, we can compare and glue the “anisotropic kernels” of the previous diagrams (that is,
the uncircled nodes). It follows that the only possibilities for @ are the Tits indices

2D§2 (e=2) and 2E(13?2/ @—C: (e =4).

This concludes the proof of this theorem. O

Pictorially, these are

respectively.
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Remark 6.4.2. In the previous section, we made certain choices that may have seem to be
artificial, or at least, predestinated. For instance the use of twice the parameter a might seem
to generate only a special case. However, the subquadrangle @’ is completely generic. Then,
the arguments leading to the Tits indices only depend on @’ and the isomorphism class of the
symplecta of I'y. Hence we know that at the end we must obtain the Moufang quadrangles of
given type. Our choices now show that this is possible, and that we can obtain all of them this
way. What is not proved by our method is that isomorphic fixed quadrangles are also isomorphic
via an isomorphism of the metasymplectic space.

6.5. Other domestic collineations.

6.5.1. Central elations.

Lemma 6.5.1. Let U, be the root group with centre ¢ of a metasymplectic space T'y. Let K be
a line with exactly one point z collinear to ¢ and all the other points special to c. Then U, acts
sharply transitively on K \ {z}. Consequently, U. acts sharply transitively on #(c,x) \ {c}, for
each point x opposite c.

Proof. Let k, k' be two points of K \ {z}. We apply the method outlined in Section 6.1 to prove
that there exists a unique central collineation with centre ¢ that maps k to &’. In particular, we
need a chamber {p, L, 7, £} and two apartments A and A’. Let A be an apartment containing ¢, k
and K. Such an apartment exists as we can extend the flags {c} and {k, K} to two chambers. Take
now p = ¢ and let g be the identity on the residue of this point. Let L be the unique line through
¢ intersecting K and note that L belongs to A. Let & be an arbitrary symplecton of A through
L and let ¢’ also be the identity on £. Denote by C a chamber of A extending the flag {c, L, &}
and let C* be the locally opposite chamber through ¢ in A. Denote by K* the line opposite K in
A (note that this line intersects the line of C*) and denote by k*, k” the unique point collinear
to k, k', respectively, and to a point of K* (then k* and k" are opposite ¢). Now let C’ be the
projection of C* on k”. Then C" is opposite C' by Lemma 2.8.7 and we define A’ to be the unique
apartment through the chambers C and C’.

Now by Theorem 6.3.1, we get a unique collineation 6 extending ¢ and ¢’ and mapping A to A’.
As L is fixed under this collineation, and K is contained in A’ as the unique line intersecting L
and having a point collinear to k”, also K must be fixed under this collineation as the unique line
locally opposite L through L N K. Hence k is mapped to k¥’ and similarly also k* is mapped to k”.

So there is only left to verify that 6 is a central collineation with centre ¢. By Lemma 2.10.4 and
the fact that k* is mapped to k", we see that F(c, k*) is stabilised under 6. As 6 extends g, we
see that it is in fact pointwise fixed. As 6 also extends ¢/, we see that it pointwise fixes £&. Then
Lemma 5.1.4(i%) ensures that 6 is a central elation with centre c. 0

This theorem takes care of the Cases (Doml), (Dom4)(M), (Dom14)(i) and (Dom14)(i") of the
Main Result.

6.5.2. (Weak) subbuildings. Finally we prove existence for the Cases (Dom4)(K), (Dom4)(L) and
(Dom14)(éi). All the corresponding collineations pointwise fix an apartment, which implies that
we can always take A = A’, which simplifies the verification that the various local collineations
have compatible actions.

Proposition 6.5.2. Suppose we are in the separable case and dimg A < 2. Then there exists
a collineation of Fa4(K,A) with as set of fixed points exactly the union of an extended equator
geometry and its tropics geometry.
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Proof. Let A = A’ be an apartment of 'y, let p and ¢ be two opposite points of A and let £ be
a symplecton of A through p. Let g be the identity on the residue of p. Let p’ be the point of
&N A opposite p. Then we can choose a basis for £ such that £ is the symplectic polar space
corresponding to the alternating form

T_3Y3 + T3Yy—3 + T _2Y2 + Tay—2 +T_1y1 + X1Y—1
if A =K, and the polar space given by
T_ 323+ 7T _oxo+7T 121 €K

if A # K, but in both cases p = (e_1) and p’ = (e1). Let then ¢’ be a collineation acting on this
polar space, with respect to the ordering x_1,x1,x_2, x2, x_3, 3 of the coordinates, by the matrix

(L]é 0
0 L)’

with a = =1 if K = A and a € A\ {1} with a@ = 1 otherwise. These collineations are clearly
compatible, as they act both trivial on their common domain. It is also clear that their union is
compatible with the identity in A. Hence there exists a unique collineation 6 extending ¢g and g’
and fixing A.

We only have to check that 6 pointwise fixes an extended equator geometry. Indeed {p, ¢} U E(p, q)
is pointwise fixed as 6 extends g and A = A’. Also, as 6 extends ¢, the hyperbolic line h(p,p’)
is pointwise fixed. Now Corollary 3.2.3 implies that E (p, q) is pointwise fixed. Consequently also
its tropics geometry is fixed. Since ¢’ is nontrivial, and E(p, q) U T(p, q) is a hyperplane, the
proposition follows (see also the last paragraph in Case (¢) of the proof of Theorem 5.4.3). O

The next proposition also uses the identification between quadrangles from Subsection 6.2.5. Note
that not all the details are worked out here, as these are similar and even easier than the ones in
the previous subsections.

Proposition 6.5.3. Suppose that A is a separable quadratic extension of K or a quaternion
division algebra over K. Then there exists a collineation of Faq1(K,A) with as fix structure a
metasymplectic space canonically isomorphic to Fa1(K,K) or Fsq1(K,L) (where L is a subalgebra
of A of dimension 2 over K fized under some automorphism of A), respectively.

Proof. Let A = A’ be an apartment of I'1, let p a point of A and let £ be a symplecton of A through
.

We first assume that A is a separable quadratic extension of K. Then let g be the collineation
acting on the residue of p (=2 C31(4A,K)) by the identity matrix and the standard involution as
field automorphism. Let now g’ be the collineation given by the trivial field automorphism and
the matrix (with respect to the ordering of the coordinates x_y,x1,2_2, 2, x_3, T3, o, z( of the
defining equation z_1z1 + 2 _9x2 + T_373 = 3 + T} + dx62)

Is 0 0
01 1],
0 0 -1

where I denotes the 6 x 6 identity matrix. By identifying p with p_; in this last polar space,
one verifies easily that the restriction of ¢’ to the residue @), of p (in ) is the only nontrivial
collineation of the quadrangle @, fixing the subquadrangle @}, over K. As also g’ acts nontrivial
on the dual of this quadrangle and fixes this subquadrangle, they must have the same action on
this Qp.
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Assume now that A = H is a quaternion division algebra over K. Denote by Q¢ a copy of a point
residue in a symplecton in Fq1(K,H) and by Q’5 a copy of a point residue in a symplecton in
Fs.1(K,L), with L in H canonically as usual. Similarly for @, and @, in F4 4(K, H) and F4 4(K, L),
respectively.

We use the notation of Subsection 6.2.5. In the ambient projective space of Q¢ we consider the
collineation induced by u +— u?, with o : (29, () — (20, cz{)), with 1 # ¢ € L and ¢¢ = 1. It is clear
that this defines a linear collineation (with 4 x 4 identity matrix in the middle) and that it preserves
Q¢ (as N(u) = N(u%)); (x4, x5, T6, x7) transforms to (x4, x5, c126 — dcaxr, caxs + (c1 +c2)a7), with
¢ = ¢1 + ica. Hence, more precisely, it maps the point (£, u,¢') to the point (¢,u?,¢'), and hence
the line [u, ¢,u'] to the line [u?,¢,v/7]. The fix structure in Q¢ is hence precisely the quadrangle
Qe

It suffices now to exhibit a collineation in @, that maps the point (u, /¢, u") to (u”,£,u'”). This is
obtained by the following collineation of PG(3,H):

Z_9 1 0 0 0 Z_9
29 0 w2 0 0 | =
Z_3 ~ 0 0 1 0 Z_3 ’
23 0 0 0 vy ° 23

which can easily be shown to stabilise @), and act as desired.

Extending these collineations to the whole residue of p and £, we get also some g and ¢’, respectively,
in this case.

In both cases the union of g and ¢’ is clearly compatible with the identity on A. So we obtain
a collineation extending g and ¢’ and fixing A. This must be a nontrivial collineation of the
desired form, by similar arguments as in the second last paragraph of Case (b) in the proof of
Theorem 5.4.2. g
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