TAUBERIAN THEOREMS FOR THE WAVELET
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ABSTRACT. We make a complete wavelet analysis of asymptotic prop-
erties of distributions. The study is carried out via Abelian and Taube-
rian type results, connecting the boundary asymptotic behavior of the
wavelet transform with local and non-local quasiasymptotic properties of
elements in the Schwartz class of tempered distributions. Our Tauberian
theorems are full characterizations of such asymptotic properties. We
also provide precise wavelet characterizations of the asymptotic behavior
of elements in the dual of the space of highly time-frequency localized
functions over the real line. For the use of the wavelet transform in
local analysis, we study the problem of extensions of distributions ini-
tially defined on R\ {0} to R; in this extension problem, we explore the
asymptotic properties of extensions of a distribution having a prescribed
asymptotic behavior. Our results imply intrinsic properties of functions
and measures as well, for example, we give a new proof of the classical
Littlewood Tauberian theorem for power series.

1. INTRODUCTION

The aim of this paper is to provide a local analysis of distributions through
the analysis of their wavelet transforms at boundary points. This will be
done via a Tauberian approach. Our Abelian-Tauberian type results imply
intrinsic properties of functions as well, for example, we will derive from
them the nowhere differentiability of the Weierstrass function even in an
average sense, Example 3, the celebrated Littlewood Tauberian theorem
[25], Example 5, while in Examples 2 and 4 we consider Fourier series with
gaps and in Example 6 we examine the asymptotics of monotone functions
and non-negative measures via their wavelet transforms. Applications are
also indicated in Remarks 1 and 2.

The wavelet transform is a powerful tool for studying local properties of
functions. Usually, the wavelet analysis presents two main important fea-
tures [4, 6, 18, 23, 28, 41]: the wavelet transform as a time-frequency analysis
tool, and the wavelet analysis as part of approximation and function space
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theory (see also [4, 16, 17, 27] and references therein for another approach to
the time-frequency analysis). The existent applications of wavelet methods
in local analysis are very rich. In [39], the wavelet transform is effectively
applied to the analysis of differentiability properties of functions; it is deeply
involved in the analysis of regularity notions. One could mention its vital
role for the analysis of various classes of spaces, for example, Zygmund-
Holder type spaces and 2-microlocal spaces (cf. [19], [35], [36], [21]-[23],
[28], [39]), and hence for the study of pseudodifferential operators within
such classes (see [3, 18, 20, 23, 28]).

In this article, we are mainly concerned with the Schwartz class of tem-
pered distributions. While it is totally clear what one means by the pointwise
regularity and the asymptotic properties of a function, it is not so clear for
a distribution. Schwartz definition of a distribution itself makes no allusion
to pointwise properties, and, at a first look, suggests that one could hardly
talk about them.

It is then interesting to mention that there are indeed local notions which
can be used to measure pointwise properties of distributions. One may even
talk about the value of a distribution at point, if one interprets it in the
sense of Lojasiewicz [26]. Naturally, not all distributions have a value at a
point. The Lojasiewicz notion admits a natural generalization, the quasi-
asymptotic behavior, which may be used to describe pointwise asymptotic
properties of distributions as well as asymptotic properties at infinity. The
quasiasymptotics were introduced by Zavialov [54] as a result of his investi-
gations in quantum field theory, and further developed by him, Vladimirov
and Drozhzhinov (see [7]-[10], [47]-[50]). Later on, the theory had its main
developments within the study of integral transforms, convolution equa-
tions, partial differential equations, multiresolution expansions and Abelian
and Tauberian theory (see [7]-[10], [13]-[15], [30]-[33], [38], [47]-[53]).

Ideas of quasiasymptotics have also important connections with problems
in Fourier analysis, especially the case of Lojasiewicz notion for point values
which has been widely used to study various problems of summability for
Fourier series and integrals ([12], [43]-[45], [52]).

The main goal of this paper is to provide a complete study of the quasi-
asymptotic behavior of distributions through the wavelet transform which
can be thought as a sort of mathematical microscope analyzing a distribu-
tion on various length scales around any point of the real axis. Therefore,
this transform is very suitable for studying the quasiasymptotic behavior,
which actually measures scaling self-similarities of distributions at an as-
ymptotic level. We would like to point out that our results are related to
those of Drozhzhinov and Zavialov, though with a different approach. In
fact, the Tauberians from [8] make use of wavelets with finitely many vanish-
ing moments, while here we employ wavelets with infinitely many vanishing
moments.

The examples mentioned at the beginning of this introduction show that
our analysis, connecting abstract notions from distribution theory with the
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wavelet transform, gives a powerful new tool for the local analysis of func-
tions as well. Main structural theorems based on our results from previous
papers are important and formulated in Theorems 1 and 2. Tauberian re-
sults are also given in the form of theorems; Theorems 3-7 are devoted to the
behavior at a finite point while Theorems 8-11 are dedicated to the behavior
at infinity. The Tauberian results for finite points relate the quasiasymp-
totics with asymptotics of the wavelet transform over cones with vertex at
the boundary and the Tauberian estimate:

(1.1) Wy f (2o + € cos ¥, esindd)| < C(si/;(z‘))m’
for a suitable comparison function p. The unbounded term (sind)~" in

(1.1) gives to the results a very general character with mild constrains.

The paper is organized as follows. We recall in Section 2 the basic
facts from distribution wavelet analysis, following Holschneider [18]; we also
briefly discuss the notion of quasiasymptotics. Section 3 connects the bound-
ary asymptotic behavior of the wavelet transform through Abelian theorems
and Tauberian characterizations of the quasiasymptotic behavior in S, the
dual of the space of highly time-frequency localized functions Sy [18]. In
addition, we provide examples related to point values of distributions which
correspond to Abelian type results and have some interesting consequences
when applied to the Weierstrass function. We study in Section 4 the conse-
quences of asymptotic relations in S} within the space of tempered distribu-
tions. Moreover, we shall study in Section 4 a slightly more general problem,
that is, the asymptotic properties of extensions to R of distributions initially
defined on R\ {0} and having a prescribed asymptotic behavior; here we
follow the approach from [42, 43], and complement some results. Notice
that the latter is also important from a mathematical physics perspective,
since it is of relevance for renormalization procedures in quantum field the-
ory [2]. Sections 5 and 6 are the most important ones; there we obtain the
Tauberian theorems for quasiasymptotics of tempered distributions in terms
of the wavelet transform. These Tauberian theorems are complete inverse
theorems to the Abelian ones from [32, 33]. They can also be considered as
generalizations of the results from [19] to our distributional context. Within
these sections, applications of the Tauberian results are given through ex-
amples and remarks. Finally, Appendix 7 contains the proof of a technical
lemma from Section 3 (Lemma 1).

2. PRELIMINARIES AND NOTATION

The set of positive real numbers is denoted by R and as usual its closure
is denoted by Ry = [0,00). Similarly, we use notation R_ and R_; Ry =
R\ {0}. The sets of positive and negative integers are denoted by Z, and
Z_; N = {0,1,2,...}. The set H denotes the upper half-plane, that is,
H=RxR,.



4 J. VINDAS, S. PILIPOVIC, D. RAKIC

The Schwartz spaces of tests functions and distributions on the real line
are denoted by D(R) and D'(R), respectively; the spaces of smooth rapidly
decreasing function and its dual, the space of tempered distributions, are
denoted by S(R) and S§’'(R) ([34]). The Fourier transform is defined by

F@)w) =) = [ T ot ¢ € S(R),

and extend to §’'(R) by duality. By a progressive distribution or function,
we mean one whose Fourier transform is supported by R ; similarly, the
term regressive refers to those whose Fourier transform is supported by R_.

We will follow [18] for the wavelet analysis of distributions. The space
of highly time-frequency localized progressive functions over the real line
S+ (R) is the set of those elements of S(R) which are progressive functions;
correspondingly, S_(R) consists of those ones which are regressive. The
space So(R) is defined then as Sp(R) = S_(R) & S+(R) and it is called
the space of highly time-frequency localized functions over R. Alternatively,
¢ € Sop(R) if ¢ € S(R) and

[e.9]
(2.1) / 2"¢(x)dx =0, for all n € N.
—o

We note that Sp(R) is a closed subspace of S(R). The dual spaces of S4(R),
S_(R) and Syp(R) (these spaces provided with the relative topology inhered
from S(R)) are S_(R) = (S4+(R)), SL.(R) = (S—(R))" and Sy(R), respec-
tively. It should be noticed that the space S’ (R) defined above is different
from the one used in [47], for example.

Note that there is a continuous linear projector from S'(R) onto S|(R),
given by the transpose of the trivial inclusion from Sp(R) to S(R). Due
to the Hahn-Banach theorem, this map is surjective; however, there is no
continuous right inverse for this projection [13]. Note also that the kernel
of this projection is the space of polynomials; hence, the space S|(R) can
be regarded as the quotient space of S'(R) by the space of polynomials. If
f € S'(R), we will keep calling by f the projection of f to Sj(R).

By a wavelet we mean an element ¢ € Sy(R). The wavelet transform of
f € 8'(R) with respect to a wavelet 1 is given by the C°°-function on H

22) Wafb.0) = (£(b-+a0).60)) = (055 (57 ) ) = £00),
where () = Ly().

The wavelet 7 is called a reconstruction wavelet for the wavelet 1 if the

two constants
+ 0 = “ dz
(2.3) Copm = ; w(:tx)n(:lzx)? < 00
are non-zero and equal to each other; in such case we write

_ 1 [*°= . dx
Con=chu=y =3 | O

oo x|
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If ¢ admits the reconstruction wavelet 1, we have the desingularization
formula for f € S{(R) and ¢ € Sp(R)

o o
(o) == [ [ Wart.awiom. o™
Cwm 0 —c0 a
Therefore, the wavelet transform is injective on S{(IR); on the other hand,
the injectivity of this integral transform fails when it is considered over
S'(R) because the moment vanishing condition (2.1) gives that the wavelet
transform of any polynomial vanishes. Note that any wavelet admits a
reconstruction wavelet as long as suppiﬁ NRy # () and suppzﬁ NR_ # 0.
We will mainly use wavelets admitting a reconstruction wavelet. An explicit

example of one of such wavelets is v given in the Fourier side by 1&(:6) =

1
— || — 7= . . . . .
¢ 1o , * € R, which is itself its own reconstruction wavelet.

We now change our attention to the concept of quasiasymptotic behavior
of distributions [15, 30, 42, 43, 46, 47]. The idea of quasiasymptotics is
to look for asymptotic representations at either small scale or large scale.
Specifically, we look for asymptotics

(2.4) fz) ~ p(Ng(x), asA— 0T, or A — oo,

in the distributional sense, that is, holding after evaluation at each test
function

(2.5) (f(Az), ¢(x)) ~ p(A) {g(x), d(x)), for each ¢ € D(R).

If one assumes that p is defined, positive and measurable near 0 (resp.
o0) and that g is a non-zero distribution, then relation (2.4) forces p to be a
regularly varying function [1] and g a homogeneous distribution having the
degree of homogeneity equal to the index of regular variation of p [15, 30, 47].
Since any regularly varying function p can be written as p(h) = h*L(h),
where L is a slowly varying function, we may only talk about slowly varying
functions in the rest of our discussion. Recall [1] a measurable real valued
function defined and positive on an interval of the form (0, A] (resp. [A, 0)),
A > 0, is called slowly varying at the origin (resp. at infinity) if

. L(ae) . L(aX)
1 =1 1
coor Liz) TP IO
Observe that slowly varying functions are very convenient objects to be

employed in wavelet analysis since they are asymptotically invariant under
rescaling at small scale (resp. large scale). Recall,

= 1.

Definition 1. A distribution f € D'(R) is said to have quasiasymptotic
behavior of degree o at x = xg with respect to the slowly varying function L

if
(2.6) 51—i>r(§1+ L) (f (o + ex), P(x))

exists (and is finite) for each ¢ € D(R).
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Note that the Banach-Steinhaus theorem implies that there must be a dis-
tribution g € D'(R) such that the above limit (2.6) is equal to (g(z), ¢(zx)),
for each ¢ € D(R). As remarked before, if g # 0, then it must be a homoge-
neous distribution of degree ae. We recall that all homogeneous distributions
on the real line are linear combinations of either 2 and z%, if o ¢ Z_, or
6®=1(z) and =%, if « = —k € Z_. For these special distributions we
are following the notation from [15]; other special distributions that we will
use are H(x), the Heaviside function, sgnz, the signum function, and the
pseudo-functions Pf (H (+z) /z¥), k € Z..

Example 1. Point values of distributions. An important special case of
Definition 1 is the value of distributions at a point in the sense of Lojasiewicz
[26, 44], which is obtained when v = 0 and L = 1. A distribution f is said
to have a (distributional) point value at z( in the sense of Lojasiewicz if

lin% f(zo+ex) =~ in D' (R).
£—

In such a case we write f(zg) = 7, distributionally. Note ([26, 46]), when
f € L{ (R), the existence of f(zg) = =, distributionally, is equivalent to the

loc
existence of m € N such that

x m—1
limm/ Flzo+1) <1—t> dt = 1.
z—=0 T Jg x

Analogously to the quasiasymptotics at finite points, one defines the
quasiasymptotics at infinity.

Definition 2. A distribution f € D'(R) has quasiasymptotic behavior of
degree o at infinity in D' (R) with respect to a slowly varying function L if
there exists g € D'(R) such that

en Jin (006} = (e o), o€ D)

Contrary to the case at points, the quasiasymptotic behavior at oo is
not a local property, since any distribution of compact support satisfies the
Estrada-Kanwal moment asymptotic expansion [15]:

o0

o DT
Fow) ~ 3 E 500 asn o,
n=0 )

where p, = (f(x),a™).

We may also talk about quasiasymptotics in other spaces of distributions,
say A’ the dual of a suitable space of functions A, meaning that f € A" and
the test functions in (2.6), resp. (2.7), can be taken from .A. There is an
obvious dependence on the space of generalized functions to be employed, so
to denote the quasiasymptotics at infinity, we will indistinctly use the two
convenient notations

fOxz) ~X*L(\)g(z) as A — oo in A/,



TAUBERIAN THEOREMS FOR THE WAVELET TRANSFORM 7

and
FOx) = A*L(\)g(z) + o(A*L()\)) as A — oo in A'.
Likewise, an analogous notation will be used for quasiasymptotics at finite
points.
In this article we are mainly interested in tempered distributions. It is
very well known [46] that if f € S'(R) and it has quasiasymptotic behavior
at a point in D'(R), then it will have the same quasiasymptotic behavior

in 8'(R) at the point. The same assertion holds for quasiasymptotics at
infinity [42, 43, 47].

3. CHARACTERIZATION OF QUASIASYMPTOTICS IN S))(R)

3.1. Abelian Type Results. Recently, the asymptotic behavior of the
wavelet transform of a distribution having a quasiasymptotic behavior at a
point has been investigated in ([32, 33]). Indeed, it is fairly easy to show
that

(3.1) f(zo+ex) ~e*Lie)g(x) ase— 0T in S'(R),
implies
(3.2) Wy f(z0,a) ~ L(a)Wyg(0,a) = a®L (a) Wyg (0,1), a— 07,

The above result is of Abelian nature. Let us mention that to conclude
(3.2), it is enough to assume a weaker hypothesis. Indeed, if we only assume
the quasiasymptotic behavior of a tempered distribution in the space Sj(R),
we are still able to deduce (3.2). Actually, the angular asymptotic behavior
over cones with vertex at xg can also be obtained.

Proposition 1. Let f € S'(R) have quasiasymptotic behavior in Sy(R),
(3.3) f(zo+ex) ~e“Lie)g(x) ase— 0T in SH(R).

Then, given any 0 < o < /2 and r > 0, we have

(3.4) Wy f(zo+ercost,ersind) ~ e*L (e) Wyg(rcosd, rsind), — 07,
uniformly for o <9 <7w —o.

Proof. In view of (3.3), the Banach-Steinhaus theorem and the compactness
of the set

sin 9 sin ¥

(3.5) eg:{ ! &( '_COSQ9>GSO(R);U<19<W—U},
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we have, as € — 0,

Wy f(zo + ercosd, ersind) = (f(zg + er cos¥ + ersindz), ¥ (z))
1 - [x—cos?
B <f(x0 +era), sinﬁw < sin 9 >>

~ (re)*L(re) <g(w)a Siiﬂ <x siI(1:(2)9819> >

X 1 - /x—cost
=& L(re) <9(7’x)7 sinﬁw < sin )>
= %L (re) Wyg(r cosd,rsind)

~ %L (e) Wyg(r cos ¥, rsin ).

We have a similar assertion at oo (with a similar proof).

Proposition 2. Let f € §'(R) have quasiasymptotic behavior at infinity in
So(R)

(3.6) f(Az) ~AX*L(\)g(z) as A — oo in S{(R).

Then, given any 0 < o < /2 and r > 0, we have

(3.7) Wy f(Arcosd, Arsind) ~ AL (X) Wyg(r cos ¥, rsindd), A — oo,
uniformly for o <9 <mw—o.

We now provide some applications of Proposition 1 to distributions given
by trigonometric series with exponential gaps. We will obtain (Example
3) a stronger conclusion than the usual nowhere differentiability for the
Weierstrass function. For this purpose, we first give Example 2 which is
interesting in itself.

Example 2. This example shows how to construct distributions with no
point values in the sense of Lojasiewicz (cf. Example 1).

Let {\,}22, be a lacunary sequence in the sense of Hadamard, that is,
a sequence of positive numbers such that there are a ng € N and ¢ > 1
such that A\p11/A, > 0 > 1, n > ng. Let f € S'(R) have a series rep-
resentation f(z) = Y 0% c,e®, where the series is convergent in S'(R).
Furthermore, suppose that at a given xg the point value f(x) exists in the

sense of Lojasiewicz. Then, by selecting ¢ € Sp(R) with supp E C [07%,0%]
and 1[)(1) = 1, the lacunarity of {\,}nen, implies that for m large enough,
1[1()\71 /Am) = 0 if m # n. After a quick calculation, we get

- S iIAnTo, 0 )‘TL IAm T
W¢f($0,Am1) _ che An 01/} <)\m) = cpe Am 0’

n=0
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So, the existence of the distributional point value f(xg) and Proposition 1
(with @ = 0, L = 1,W;1(0,1) = 0) imply that ¢,,e*m® = o(1), or,

(3.8) lim ¢, =0.
m—00

Therefore, (3.8) is a necessary condition for the existence of the distribu-
tional point value of f at xg. On the other hand, we have just shown: If
(3.8) is violated, then f cannot have distributional point values anywhere.
Note that exactly the same argument applies to distributions of the form
Yoo ncos(Apx) and Y07 cp sin(Apx). We refer to [44] for related results
to this example.

Example 3. A stronger conclusion than the usual nowhere differentiability
for Weierstrass’s function.
Recall the Weierstrass functions is

w(z) = Z’y*" cos(f"x), B>~>1.
n=0

It is continuous and bounded. We look at its first derivative (understood in
the distributional sense, of course!)

w'(z) = — i <f>nsin(ﬁ%).

n=0

Since obviously (8/7)™ # o(1), it follows from Example 2 that w’(zg) does
not exist in the sense of Lojasiewicz at any xzg € R. In particular, w is
nowhere differentiable.

It should be emphasized that the non-existence of the Lojasiewicz point
value of the derivative is much stronger than non-differentiability (example:
h(z) = 2~ !sinx is not differentiable at 0, in the ordinary sense, but h’(0) =
0, distributionally). In fact, for the Weierstrass function it means [26, 46|
that w is nowhere differentiable even in an average sense, namely, for any
xg and m € N

1 [* m
lim / (w(zo +t) — w(zo)) (1 - t) dt does not exist.
0

T

Example 4. Quasiaymptotics and series with gaps. Let again f(z) =
3%y ene?n® in S'(R), where {\,}°, is lacunary. Suppose that

f(zo+ex) ~e“Lie)g(z) ase— 0T in S'(R).

We will show in this example that if « ¢ N, then g = 0. Since supp fc
[0,00) , there must be C such that §(z) = CLz7* . If we use the same
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wavelet from Example 2 and apply Proposition 1, we conclude that

AL epetmTo AW (o, At
N TR 17 W
_ Gy [* i)

= x.
2 0 potl

However, we have some degree of freedom over the wavelet, and different

choices of i lead to different values of the right hand side of the above

equation; therefore, Cy = 0. In conclusion, we have shown that the only
behavior f can have is f(zo +ex) = 0(e*L(¢)) in S'(R) and

L(1/A
(3.9) Cm =0 (()\/%m)> as m — 0o
is a necessary condition for this to hold.

3.2. Tauberian Type Results. Our next goal is to provide inverse results
for the results of Abelian type given in Propositions 1 and 2, under some
natural additional Tauberian conditions. Actually, we characterize below
quasiasymptotics in Sj(R) in terms of the wavelet transform. Later, we will
use this characterization to study the quasiasymptotic behavior in the space
S'(R) (Sections 5 and 6). We begin with the case at cc.

Proposition 3. Let f € S{(R). Let ¢ € So(R) be a wavelet admitting a
reconstruction wavelet. The following two conditions:

1
1 lim ——— Ab, Aa) = My, , (b, H,
B10)  Jim WS (W da) = My < o0, (b.a) €
and the existence of constants v, 3, M > 0 such that
Wy f (Ab, Aa)| 17
3.11 S < M =) @+ p)P, o H, A > 1
( ) )\QL(A) < a+a ( +||) Y (7a)€ Y > )
are necessary and sufficient for the existence of a distribution g such that
(3.12) f(Az) ~ AX*L(\)g(x) as A — oo in S)(R).

In this case we have My, = Wyg(b,a), (b,a) € H.

Proof. That (3.10) is necessary follows from the Abelian result, Proposition
2. The necessity of (3.11) follows from the characterization of bounded sets
in S)(R) (c.f. [18, Thm. 28.0.1]). We now focus in showing the converse.
Let B = {¢pq :=a "¢ (a7'( - —b)),(b,a) € H}. We claim that the linear
span of B is dense in Sy(R). Let h € S(R). If we suppose that

<h(x), s (m - b>> = Wyh (b,a) =0, for all (b,a) € H,

a

then, by wavelet desingularization, we have that for every ¢ € Sy(R),

(h(z), o)) = ; Wyh (b, a), Wb (b, a)) = 0;
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and hence h = 0. Thus, by the Hahn-Banach theorem, we conclude that
the linear span of 9B is dense in Sp(R). Furthermore, let § = {fx; A > 1}
where fy = f(A-)/(A“L(\)). The estimate (3.11) and the characterization
of bounded sets in Sj(R) (c.f. [18, Thm. 28.0.1]) imply that § is a bounded
family in S{(R), which in turn implies, by the Banach-Steinhaus theorem,
that § is an equicontinuous set. It is known that for equicontinuous sets
the pointwise convergence over a complete test space and over some dense
subset coincide. But observe that (3.10) exactly gives us the convergence
over the linear span of B; so, for some g € Sj(R), we have f\ — g, A — oo,
in the weak sense. (|

We now consider the asymptotic behavior at finite points. The Tauberian
condition which we shall use may be referred as a Vladimirov-Drozhzhinov-
Zavialov type Tauberian condition. Actually, they have made extensive use
of these types of conditions in the study of Tauberian theorems for local
behavior of generalized functions in terms of several integral transforms, see
[7, 8, 47, 48].

We will use the following lemma in the proof of Proposition 4 below. It
essentially allows one to pass from a local Tauberian estimate to a global one.
Its proof is technically difficult, and we shall postpone it for the Appendix
at the end of the article.

Lemma 1. Let f € S§(R). Let ¢ € So(R) be a wavelet admitting a recon-
struction wavelet. Then

am

(3.13) limsup  sup

———— Wy f (xo + &b, ea)| < oo,
e—0T a2+4b2=1,a>0 €O‘L(€) v

for some m € R, if and only if there exist v, 3, M > 0 such that

Wy f (x0 + €b,ca

(3.14) L

1 Y
) <M <a+ ) (14 b))%, (b,a) e H, e < 1.
a
The Tauberian characterization of quasiasymptotics at finite points in
S| (R) is given by the following proposition.

Proposition 4. Let f € S{(R). Let ¢ € So(R) be a wavelet admitting a
reconstruction wavelet. The following two conditions:

. 1
(315) Eli)I(l;l+ gaT(E)Wwf (I'O + €b, €a) = Mb@ < oo, a2 + b2 — ]_, a > 0,

exists, and the existence of m € N such that the Tauberian estimate (3.13)

holds, are necessary and sufficient for the existence of a distribution g such
that

(3.16) f(zo+ex) ~e“Lie)g(x) ase— 07 in S)(R).

In this case we have My, = Wyg(b, a).



12 J. VINDAS, S. PILIPOVIC, D. RAKIC

Proof. Let us first show that (3.15) is valid for all (b,a) € H. Indeed, for
(b,a) € H fixed, write b = r cos ¥ and a = rsind, with r > 0 and 0 < ¥ < 7.
Then we have that

lim Wy f (eb,ea) ~ lim Wy f (er cos ¥, ersin))
e—0t+  e*L(e) e—0+ e L(e)
_ 0 lim L(e) Wyf(ecosd,esind) '
e L(&/’I“) EO‘L(E-:) =T cos ¥, sinv+

So, we are in the right to write M, = 7%“Mcosy9,siny- By Lemma 1, the
estimate (3.13) implies the stronger Tauberian estimate (3.14). Observe
that having now (3.14) and (3.15) valid for all (b,a) € H, the arguments
given in the proof of Proposition 3 may lead us to the converse, but we
choose to present an alternative version of the proof.

Let 1 be a reconstruction wavelet for ¢. Notice that the function given
by J(b,a) = My 4, (b,a) € H, is measurable and satisfies the estimate

1 v
90.0)| = Myl < 21 (a 2) (410D, u0) €

hence it is in S’(H). Moreover, because of (3.15) and (3.14), we can use
Lebesgue dominated convergence theorem and the wavelet desingularization
formula to conclude that for each ¢ € Sp(R

. f(ex) 1 Wy f (eb, ea) aa) dbda
gli%l+ <5°‘L( ),qb( )> B Cwn 5I—>I(I)1+/ / e L(e Wad(b,a) == a
dbda
= C¢7 / / Mba 77¢ b CL)

Since the last limit exists for each ¢ € Sy(R), it follows that f has quasi-
asymptotic behavior in the space S{(R) and that g satisfies (3.16) and
My o = Wyg(b, a). O

In conclusion, we have characterized the quasiasymptotic behavior of dis-
tributions in the space S{(R) in terms of the asymptotic behavior of the
wavelet transform at approaching points of the boundary. Our main aim
is now to extend these results to §’'(R), that is, we want to give Tauberian
theorems for quasiasymptotics (in S’'(R)) at points and infinity of tempered
distributions in terms of the behavior of the wavelet transform. We have re-
duced this question to the following one: If f € S'(R) has quasiasymptotics
at x = xp or x = oo in S)(R), what can we say about the existence of the
quasiasymptotics of f at x = 29 or £ = oo in §'(R)? A complete answer to
this question will be discussed in the next section.

4. QUASIASYMPTOTIC EXTENSION FROM S|(R) TO S'(R).

We reformulate the problem with the aid of the Fourier transform.
Let S(R.4), respectively S(R_), be the closed subspace of S(R) consist-
ing of functions having support in R, respectively R_. Note F(Sy(R)) =
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S(R;), F(S-(R)) = S(R_). The space D(R;) has different nature than
S(Ry); it is defined as the set of those elements of ¢ € D(R) such that
supp¢ C Ry (not R;). Similarly for D(R_). Their dual spaces are then
S(R_) = (SR.)Y, S'(R) = (S(R4)), D'(R_) = (D(R_)) and D'(R,) =
(D(R,))". Let Ry = R\ {0}. We also consider the spaces D(Ro), S(Rg) :=
S(R-) ® S(R4) and their dual spaces D'(Rg) and S’'(Ry), respectively.

The problem of extending distributions from Sj(R) to S’(R), together
with its asymptotic properties, can be reduced to that of extending distri-
butions from S’(Rg) to S'(R). For Sj(R) different extensions to S'(R) differ
by polynomials, and on S'(Rp) extensions to S'(R) differ by distributions
concentrate at the origin, i.e., finite sums of §, the Dirac delta distribution,
and its derivatives. Indeed, the images under Fourier transform of S’/ (R)
and S’ (R) are F(S (R)) = S'(R4) and F(S_(R)) = S'(R_), respectively;
finally the image of Sj(R) under Fourier transform is S’'(Ry).

We first analyze quasiasymptotics at finite points. Suppose f € S'(R)
and

(4.1) f(zo+ex) ~e*L(e)g(x) ase — 0" in S{(R),

then if we take Fourier transform and replace ¢ = A~!, we obtain the equiv-
alent expression

(4.2) 0% f) ~ ATICL(ATYg(z)  as A — oo in S (Ro).

Therefore the problem we are addressing is equivalent to the problem of
determining the quasiasymptotic behavior of a tempered distribution at
infinity upon knowledge of quasiasymptotics at infinity in S'(Rp). Since
S'(Ry) = S'(R_) & S'(R4) is enough to work in the space S'(Ry). We will
consider a slightly more general problem. The problem is basically solved
by the results of [42, Thm. 4.1-4.3], we state them and add new information
below.

We want to make some comments about extension of distributions initially
defined in Ry to R. Observe that this problem is of vital importance for
renormalization procedures in quantum field theory ([2, 24, 49, 50]). It also
has much relevance to the study of singular integral equations on spaces
of distributions [14]. For simplicity, we discuss the problem of extending a
distribution from Ry to R.

The spaces D(R;) and S(Ry) are defined as the restriction of the cor-
responding test functions to Ry. Their dual spaces D'(R;) and S'(R.)
are identifiable [47, pp.13-14] with the spaces of distributions and tempered
distributions supported by R, respectively. Therefore, in discussing exten-
sions of distributions defined on Ry to R is enough to consider the extension
to Ry. In general, it is not true that a distribution fo € D'(Ry) should have
an extension to D'(R.). The necessary and sufficient conditions [15] for a
distribution fo € D'(R,) to admit extensions to D'(R, ) is the existence of
8 € R such that

(4.3) folex) = O(®) ase — 0" in D'(Ry).
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We call fy € D'(R,) extendable to R if (4.3) holds. In relation to the
extendable distributions, the notation Ds3;(Ry) is used in [14, p.179] for
those test functions from D(R) having support on Ry. Its dual is Dj; (R;).
Notice that D(R4) is dense in D33 (R4 ); consequently, Ds; (Ry) C D'(Ry).
The space D31 (R) is closed in D(R ); hence every distribution of D, (Ry),
in view of Hahn-Banach theorem, admits an extension to D'(R, ). Moreover,
D4, (R4) coincides with the extendable distributions from D'(Ry).

At extending distributions and asymptotic relations, new terms in the
asymptotics could appear. In fact, for some cases, we need to consider the
so called associate asymptotically homogeneous functions from [42, 46]. A
positive measurable function c is said to be associate asymptotically homo-
geneous of degree zero at infinity, resp. at the origin, with respect to a
slowly varying function L if it is defined in some interval of the form [A, co)
(resp. (0, A]), A > 0, and there exists § such that

(4.4)  clax) = c(x) + BL(x)loga + o(L(x)), = — oo (resp. xz — 07),

for each @ > 0. These functions are also known as de Haan functions [1].
After all these preliminaries, we can state our first theorem.

Theorem 1. Let fo € D'(Ry) be an extendable distribution to Ry. Let
a € R and L be slowly varying at infinity. Suppose that

(4.5) foAx) ~ X*L(N)g(x) as A — oo in D'(Ry).

Then fo € S'(Ry) and the quasiasymptotics holds in S'(Ry). Moreover, let
f €S (Ry) be any extension of fo.

(i) If « > —1, then f has the quasiasymptotic behavior (4.5) in S'(R).

(i1) If « < —1 and o ¢ Z_, then there exist constants ag, ... ,an—1, 1 < —a,
such that

<, V@) . o
(4.6) fOz) =) i T ATLNg(@) + o(ATL(V))

§=0

as X\ — oo in §'(R). The constants depend on the choice of the extension f.

(iti) If « = —k, k € Zy, then g is of the form g(z) = C Pf (H(z)/z¥)

and there are (k — 1) constants ag, . ..,ax_2 and an associate asymptotically
homogeneous function c of degree 0 with respect to L satisfying
(_1)k71
(4.7) claz) = c(x) + WC’L@) loga + o(L(x)), x — oo,
such that
(4.8)

L (s (A k=2 56 (2 L\
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as A — oo in S'(R). The constants and the function ¢ depend on the choice
of the extension f.

Proof. The statements (i), (ii), and (iii), are direct consequences of [42,
Thm.4.1-4.3], it also follows that f is a tempered distribution. Since fy is
the restriction of f to D(R4), we infer that fy € S’'(R4); furthermore, by
the same reason, the quasiasymptotic behavior (4.5) holds in that space. [

Corollary 1. Let f € S'(R). Let a« € R,zg € R and L be slowly varying at
the origin. Suppose that

(4.9) f(zo +ex) ~e*L{e)g(z) ase— 0 in SH(R).

(i) If a < 0, then f has the quasiasymptotic behavior (4.9) in S'(R).

(i) If « > 0 and o ¢ Z, then there exists a polynomial p, of degree less
than o, such that

(4.10) f(zo+ex) = p(ex) +e“L(e)g(x) + 0o(e*L(g)) ase — 0T in S'(R).
(iii) If o = k, k € N, then g is of the form g(x) = C_x* +Ciak + B2 log ||,
and there are a polynomial p of degree at most (k — 1) and an associate
asymptotically homogeneous function ¢, satisfying (4.4), such that

(4.11) f(zo + ex) = p(ex) + c(e)e"z® + ¥ L(e)g(x) + o(e¥ L(¢)).

as e — 07 in §'(R).

Proof. As in (4.2), take Fourier transform to f(zo + -). In S{(R), we
have unique decompositions e®%f = f_ + f, and § = g_ + g;, where

fe,9+ € S'(Ry). A direct application of Theorem 1 to fi,g+ and L(1/))
yields the result on the Fourier side. U

We now extend Theorem 1 to quasiasymptotics at the origin. The proof
of the next theorem is an adaptation of the arguments from [42, Sec.4] to
our context.

Theorem 2. Let fy € D'(Ry) have the quasiasymptotic behavior

(4.12) fo(ex) ~e*L(e)g(z) ase— 0T in D'(Ry).

Then fo is extendable to R... Moreover, if f € D'(R.) is an extension of fy
to Ry, one has that:

(i) If ¢ 7Z_, then there exist constants ag, a1, ...,am—1 such that
m—1 ;
N 5@ (2 N
(4.13) flex) =e*L(e)g(x) + Z a:jgj_’(_l) + 0(e“L(¢))
§=0

as e — 07 in D'(R).
(it) If o« = —k,k € Z., then g is of the form g(z) = C Pf (H(z)/z*) and
there exist an associate asymptotically homogeneous function c satisfying

k=1
(4.14) clazr) = c(x) + ((k:l—)l)!CL(x) loga + o(L(z)), = — 0T,
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for each a > 0, and constants ay, ags1,.-.,am—1 Such that
(4.15)

L) o (H@)Y | @) sgny ), S~ 8D@) (L)
flex)=C e Pf< e + e st )(x)+j:§k:1aj s +o e

as e — 07 in D'(R).
Furthermore, if one assume that fo € S'(Ry), then f € S'(Ry) and the
asymptotic expansions (4.13) and (4.15) hold in S'(R).

Proof. (i) Since « is not a negative integer and the quasiasymptotic behavior
(4.12) holds on the positive part of the real line we have that

(67

g(z) = C’ﬁ for some constant C.

In [46, Prop.4.1], we may replace the space D’'(R) by D’'(R..); as in the proof
of [46, Thm.4.2], we have that there are a positive integer m > —«, an m-
primitive F,,, of fo in D'(R4 ), which is continuous on the interval (0, 1), and
a polynomial p such that
J’_
(ex)§™™

Fa+m+1)
as ¢ — 07, uniformly for z € [1/2,1]. Setting x = 1 and replacing z by &,
we obtain that

(4.16) F(ex) = C1L(¢e) +0(e*T™L(¢))

a+m

Fon(z) = muwm + o(x® T L(x)),

in the ordinary sense. Therefore, F' is actually continuous on [0,1) and the
asymptotic formula (4.16) holds in D'(R). Let f; = 7, differentiating
(4.16) m-times, we see that f; has the quasiasymptotic behavior (4.12) in
D'(R), and f; is an extension of fy. The rest follows from the observation
that f — fi is a distribution concentrated at the origin, and hence it is a
sum of the Dirac delta distribution and its derivatives.

(ii) Let us observe that if we take the space D'(R) instead of D'(R) in [46,
Prop.3.1] and [46, Prop.4.3], they still hold. Hence, the arguments given
in [46, Section 5| are still applicable to conclude the existence of m € N,
m > k, and F,,, an m-primitive of fy in D'(Ry) , which is continuous on
the interval (0, 1), such that

xm—k xm—k

Fo(z) = cl(x)m — C'L(a:)m ;L +o(z™ *L(x)), z— 0T,
=1

in the ordinary sense, where the function ¢; satisfies (4.14). Notice that F,
is then continuous in [0,1). By [46, Lemm.5.1], we have
—k
(e

F(ex) = Cl(@m + Ce™ P L(e)lm—k () H(z) + o(™ " L(¢)),
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as ¢ — 07 in D'(R), where
m—Fk M=k m—k

l—x(x) = =R logx — =R

Differentiating the last expression (m — k)-times, we get
(4.17) Fm=R)(ex) = ¢1(e)H (x) + CL(e)H () log z + o(L(e)),

as ¢ — 07 in D'(R). Set now f; = F,glm), k more differentiations of (4.17)
and the formula

K <Pf (Hf)» — (—1)F(k — 1)!PE (Z@) w3

=17
imply that
L&) ne (Hx) | ) s L(e)
f1(533) = C 5]{: Pf( xk + 5]{: 6( )(.I) + o0 ET
1
with ¢(x) = ¢1(x) — CL(x) Z —. Since f; is an extension of fy, then f — f;
— J
j=1
is concentrated at the origin, and hence we obtain (4.15). O

The same arguments given in the proof of Corollary 1, but now using
Theorem 2, lead to the following corollary.

Corollary 2. Let f € S'(R). Let L be slowly varying at infinity and o € R.
Suppose that

(4.18) fAz) ~ A*L(N)g(z) as A — oo in SH(R).

(i) If @ ¢ N, then there exists a polynomial p, which may be chosen to be
divisible by ™0 [ad+1} gy ch that

(4.19)  f(Ax) =p(Ax) + A*L(N)g(z) + o(A*L()\)) as A — oo in S'(R).

(ii) Ifa = k, k € N, then g is of the form g(z) = C_a* +C 2% + Bz log ||,
and there are a polynomial p, which may be chosen divisible by z**1, and an

associate asymptotically homogeneous function c, satisfying (4.4), such that
(4.20) f(zo + Ax) = p(Ax) + (M)A 2P + AFL(\)g(z) + o(AFL(N)),

as A — oo in §'(R).

5. TAUBERIAN THEOREMS FOR QUASIASYMPTOTICS AT POINTS.

As a consequence of our analysis from Sections 3 and 4, we obtain the
Tauberian theorems for quasiasymptotics at points of tempered distribu-
tions. The proofs of the next three theorems follow at once by applying
Proposition 4 and Corollary 1.
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Theorem 3. Let f € S'(R) and o < 0. Suppose that the wavelet 1) €
So(R) admits a reconstruction wavelet. Necessary and sufficient conditions
in terms of the wavelet transform for f to have quasiasymptotic behavior
at T = g of degree o with respect to a slowly varying function L are the
existence of the limits

) 1
(51) 5141,%1-&- gaT(g)W’d}f (1170 + Eb,Ea) = Mb7a < oo, a2 + b2 — 1, a > 0,
and the existence of m such that

am

(5.2) lim sup sup

—— Wy f (z0 + €b, ea)| < .
e—0t a2+4b%2=1,a>0 EO‘L(&)

In such a case there is a homogeneous distribution g of degree v such that

Mb,a = ng(bu CL).

Theorem 4. Let f € S'(R) and a > 0, a ¢ N. Suppose that the wavelet
Y € So(R) admits a reconstruction wavelet. Conditions (5.1) and (5.2) are
necessary and sufficient for the existence of a polynomial p of degree less
than « such that f —p has quasiasymptotic behavior of degree av with respect
to L at the point © = xg. In such a case there is a homogeneous distribution
g of degree o such that My, = Wyg(b, a).

Theorem 5. Let f € S'(R) and k € N. Suppose that the wavelet 1 € Sy(R)
admits a reconstruction wavelet. Conditions (5.1) and (5.2) with o = k
are necessary and sufficient for the existence of a distribution of the form
g(z) =C_a* +C’+1:Ii + Bz*log |z|, a polynomial p of degree at most (k—1),
and an associate asymptotically homogeneous function c, satisfying (4.4),
such that

(5.3) f(xo+ex) = plex) + c(e)ekz® + ¥ L(e)g(x) + o(e* L(¢)),
as € — 07 in §'(R). Moreover, My, = Wyg(b,a).

Remark 1. Theorems 3-5 have an interesting variant involving uniformity.
Let {f¢}, be a family of distributions indexed by t € A. For instance, in
the case of Theorem 4, (5.1) and (5.2) with f = f; with uniformity in ¢
are necessary and sufficient for the existence of polynomials {p;}, such that
ft — p+ have uniform quasiasymptotics with respect to ¢, namely, for each
¢ € S(R) there holds

lim <ft(xg +ex) — p(ex)

e—0t €O‘L(€)

In fact, straightforward modifications of our arguments lead to the desired
uniformity. Similar considerations are valid for Theorems 3 and 5. Such
results can be used to study local properties of distributions at different
points simultaneously, they will be the subject of our further investigations of
vector-valued wavelet transforms with applications within various function
spaces.

,<p(:c)> = C}t,,, uniformly for t € A.
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5.1. Applications of the Tauberian Theorems. We now give an appli-

cation of our Tauberian theorems. We provide a new proof of Littlewood’s

Tauberian theorem for the converse of Abel theorem on power series [25].
The celebrated Littlewood’s Tauberian theorem states that if

(5.4) lim Z cne M =1x
=0

ot
y=ur =

and if the Tauberian hypothesis ¢, = O(1/n) is satisfied, then

(5.5) ch =".
n=0

We will give a “wavelet proof” of this theorem based on Theorem 5.

Example 5. Proof. Let M > 0 be such that |¢,| < M/n, n > 1. Set

f(]?) = Z Cne’inx and F(b7 CL) = F(b + ZCL) — Z cnein(b+ia)'
n=0 "0

Then, F is analytic in z = b+ ia, for a > 0. Observe that (5.4) tells us that
F(ia) — v, as a — 0". We actually have a stronger assertion under the
Tauberian hypothesis, namely, non-tangential convergence.

Lemma 2. There is C > 0 such that

C
(5.6) |F(eb,ea)| < E(l +a)(1+1b]), (b,a) € H.
Furthermore, for each (b,a) € H we have that
5.7 lim F(eb,ea) = A.
(5.7) lim F(eb, ea) = v

Proof. Let s(x) = 4<,<, Cn- First, we prove that s(z) = O(1) as z — oc.
Indeed, by (5.4) and the condition |c,| < M/n, we have that for suitable
positive constants Cy and Cy

i l—e = 1
< —F(= < E - E Zes
|s(z)| < |s(z) = F (x)‘+C’0 <M - +M e +Co
0<n<zx z<n
M Cy [
g—g 1+ 2 6_édt+C()<C, for some C' > 0.
x x
n<w z

We now show (5.6). We have

‘F<6bv 6a)| =

/ e—at(a—ib) dS(t)'
0

<éela— ib|C/ e e dt < 9(1 +a)(1+ b)),
0 a

where C' does not depend on a, b, and e. In particular, F' is bounded over
cones with vertex at the origin. It is well known that for bounded analytic
functions the existence of radial limits is equivalent to non-tangential limits

5|; hence (5.7) follows. O
[5] (5.7)
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Our plan is to apply Theorem 5 to show the existence of ¢ such that
(5.8) f(ex) = c(e) +o(1) in §'(R),
and later to use (5.4) and deduce that indeed f(0) = 7 in the sense of
Lojasiewicz (cf. Example 1). This will imply (5.5), as we shall see.

~ 1
Let ¢1(x) = ¢ 17%1 and choose ¢ € S(R) such that ¢ is real-valued and
o(x) = e *, for x > 0. Consider the wavelet v = px 1. If 0 < a < 1 and
e < 1, we have with a suitable constant Cy

i)

X

oo 1. 00
b M — C
Wy f(eb,ea)| < nz:l n@/}(&@ﬂ) < 2/0

so the Tauberian estimate (cf. (5.2)) for the wavelet transform of f has been
established. Next, a quick calculation shows that for fixed (b,a) € H (here
Pa = ail(p( +/a))

Wy f(b,a) = /Oo D1 (t)(f * 0a)(b+at)dt = / F(b+ at,a)yy(t) dt.

—o0
Therefore, Lemma 2 gives us the right to apply Lebesgue’s dominated con-
vergence theorem to conclude that

o

lim Wy f(eb,ea) = lim F(eb+ cat,ea)yy (t) dt = 'y/oo Y1(t)dt = 0.

e—07t e—0t J _~o

So, (5.8) follows now from Theorem 5. On the other hand, if we evaluate
(5.8) at ¢, we have
[ee)

lim c(e) = lim (f(ex),p(x)) = lim cpe " =y

g, e(9) = li (7 (eo). (o)) =l 3 cne™" =
Our conclusion from this wavelet analysis is that f(0) = ~, distributionally.
Here comes the final step in our argument. Let o > 0 be an arbitrary positive
number. Choose an even test function § € S(R) such that 0 < 6 < 1,
supp 0 C [-1 — 0,1+ 0] and 0(x) = 1, for x € [0, 1]. Then, since

v = lim (f(ex),0(x)) = lim ché(sn),
=0

e—0t e—0t
n

we obtain then

lim sup | Z ¢n — 7y < M lim sup Z

e—0% ngé e=0F cen<ito

D>

(

140 §
gn):M/ 0 4o < o1,
n 1 X

Since o was arbitrary, we conclude that >~ >° ¢, = 7, as required.

Remark 2. The presented Tauberian results and Remark 1 give a new
approach for the investigations of local properties of functions, for example
in the Holder and Zygmund classes involving 2-microlocal characterizations,
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through their wavelet transforms. We will give examples which correspond
to the classical ones in our forthcoming papers.

5.2. Tauberian Conditions for a > 0. We may formulate Tauberian
conditions in order to guarantee quasiasymptotic behavior in the case a > 0.
We also point out that test functions can always be found satisfying the
hypothesis of the next two corollaries [11].

Corollary 3. Let the hypotheses of Theorem 4 be satisfied. Let n = [a]. Let
¢ € S(R) be such that its moments pj == [* @I p(x)dx #0, for 0 < j < n.
The condition

(5.9) (f(xzo+cx),0(x)) = O (e*L(€)), e— 0T,

implies that f has quasiasymptotic behavior of degree o with respect to L at
the point x = xq.

Proof. By Theorem 4, there exist (n + 1) constants co,c1,...,¢, and a ho-
mogeneous distribution g of degree o such that

flex) = Ecjejxj +e%L(e)g(x) +0(e“L()) ase — 0" in S'(R).
=0

Evaluating the last asymptotic expansion at ¢ and comparing with (5.9),
one has that

Y eejuj=0(e"L(e))
=0
which readily implies that ¢; = 0, for each 0 < j < n. (]

Corollary 4. Let the hypothesis of Theorem &5 be satisfied and ov = k. Let
¢ € S(R) be such that its moments pj := [*° alp(x)dx # 0, for 0 < j < k.
The condition

(5.10) (f(xo 4 ex), p(z)) ~ CeFL(e), & — 0T,

for some constant C, implies that f has quasiasymptotic behavior of degree
k with respect to L at the point x = x.

Proof. Comparison between (5.10) and (5.3), evaluated at ¢, gives that the
polynomial vanishes and the asymptotic relation

c(e) ~ L;k)(c C_ Fo(—z)dz — C; /000 2*o(x)dz

—B / x)log |z| dz,
from where we obtain the result. O

Our next Tauberian theorems makes use of quasiasymptotic boundedness
[43] as the Tauberian condition. We call the distribution f quasiasymptotic
bounded of degree o at x = zo with respect to a function L, slowly varying
at the origin, if f(xo +¢-)/(e*L(e)) is a weak bounded set in S'(R), for ¢
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small enough. In this case we write f(zg + ex) = O(e*L(¢)) as € — 07 in
S'(R).
Theorem 6. Let f € S'(R), 29 € R, a ¢ N, and L be a slowly varying

function at the origin. Let ¥ € Sy(R) be a wavelet admitting a reconstruction
wavelet. Suppose that the following limits exist:

(5.11) glir(l)l+ saLl(e)Wwf (zo +eb,ca) = My, < o0, a*+b*=1, a>0.
Then, the Tauberian condition

(5.12) f(zo+ex) = O(e®L(e)) ase— 07 in S'(R),

implies the existence of a homogeneous distribution g of degree o such that
My, = Wyg(b,a) and

(5.13) f(xo+ex) ~e*L(e)g(x) ase — 07 in S'(R).

Conversely, the quasiasymptotic behavior (5.13) implies (5.11) and (5.12).

Proof. The converse is clear; indeed, Proposition 1, implies (5.11), and,
obviously, quasiasymptotic behavior implies quasiasymptotic boundedness.
On the other hand, relation (5.12) holds in particular in Sj(R), hence, the
characterization of bounded sets of Sj(R) [18, Thm.28.0.1] implies that (5.2)
is satisfied. If o < 0, then Theorem 3 implies (5.13). Now, if a > 0, we can
always select a test function ¢ such that its moments p; := [ 27p(z)dz #
0, for 0 < j < [a]. But if we evaluate (5.12) at ¢, we obtain (5.9), and thus,
Corollary 3 yields the result in this case. ([

Theorem 7. Let f € S'(R), g € R, k € N, and L be a slowly varying
function at the origin. Let ) € So(R) be a wavelet admitting a reconstruction
wavelet. Suppose that the following limits exist:

) 1
(514) 51—1>I(I)1+ EkT(E)Wwf (130 + Eb, E(I) = Mb,a < 00, (12 + b2 = 1, a > 0.
Then, the Tauberian condition
(5.15) f(zo+ex) = O0(E*L(e)) ase— 0T in S'(R),
implies the existence of a distribution, having the form g(x) = C_z*F +
C+:cﬁ + Bk log |x|, and an associate asymptotically homogeneous function
¢, satisfying (4.4), such that My q = Wyg(b,a) and
(5.16) f(zo+ex) = c(e)e®a*+*L(e)g(x)+o(e"L(e)) ase — 07 in S'(R).
Moreover, c(e) = O(L(e)). Additionally, if there exists ¢ € S'(R) satisfying
(5.10) and having non-zero k™-moment, i.e. pp = [*5_ xFp(z)dz # 0, then
f has quasiasymptotic behavior of degree k with respect to L.

Proof. As in the proof of Theorem 6, we obtain that (5.14) and (5.15) imply
f satisfies an asymptotic expansion of the form (5.3); furthermore, evalu-
ating the asymptotic relation (5.3) at a ¢ with non-zero first & moments
and using the quasiasymptotic boundedness (5.15), we obtain (5.16) and
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c(e) = O(L(e)). Evaluating (5.16) at ¢, we obtain that c(e) ~ BL(¢), for
some constant B. This completes the proof. O

6. TAUBERIAN THEOREMS FOR QUASIASYMPTOTICS AT INFINITY.

We now state the Tauberian theorems for asymptotic behavior at infinity,
the proofs of Theorem 8 and Theorem 9 follow immediately from Proposition
3 and Corollary 2. The proofs of Corollaries 5-6 and Theorems 10-11 are
analogous to those of Corollaries 3-4 and Theorems 67, and then we choose
to omit them.

Theorem 8. Let f € S'(R) and o ¢ N. Suppose the wavelet 1p € So(R) ad-
mits a reconstruction wavelet. Necessary and sufficient conditions in terms
of the wavelet transform for the existence of a polynomial p such that f —p
has quasiasymptotic behavior at infinity of degree o with respect to a slowly
varying function L are the existence of the limits
1

6.1 lim ———
( ) A—00 )\O‘L()\)
and the existence constants of v, 3, M > 0 such that

Wy f (Ab, Aa) = My 4, for each (b,a) € H,

X
(6.2) AaLl(A) Wy f (Ab, Aa)| < M <a + i) (1+ [5])%,

for all (bya) € H and A > 1. In such a case there is a homogeneous distri-
bution g of degree a such that My, = Wyg(b, a), (b,a) € H.

Theorem 9. Let f € §'(R) and k € N. Suppose the wavelet 1 € Sy(R)
admits a reconstruction wavelet. The conditions (6.1) and (6.2) with o = k
are necessary and sufficient for the existence of a distribution of the form
g(z) = C_aF + C'Jra:’j_ + BxFlog|x|, a polynomial p, which is divisible by
21 and an associate asymptotically homogeneous function c, satisfying
(4.4), such that

(6.3) f(Ax) = p(Az) + c(A)z" + NL(A)g(z) + o(A*L(N)),

as A — oo in S'(R). Moreover, My o = Wyg(b, a), (b,a) € H.

Example 6. Let f be an non-decreasing functions having tempered growth
and being supported by [0,00). Assume also that a > 0. In this case,

the conditions (6.1) and (6.2) are necessary and sufficient for f to have
asymptotic behavior

f(x) ~ Cx®L(x), for some C.

Indeed, the necessity follows at once. For the sufficiency, observe the support
condition imposed to f leads to the quasiasymptotic behavior

f(Az) ~ CX*L(\)z§ as A — oo in S'(R),
for some C, which implies the asymptotic behavior in the ordinary sense (cf.

[47, p. 124]). Of course, similar conclusions hold for non-negative measures
and their primitives.
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Corollary 5. Let the hypothesis of Theorem 8 be satisfied. Set n = [a]. Let
¢ € S(R) be such that its moments pj = [0 alp(x)dz # 0, for n < j.
The condition

(6.4) (f(Az), p(2)) = ONL(N)), A — oo,

implies that f has quasiasymptotic behavior of degree v with respect to L at
infinity.

Corollary 6. Let the hypothesis of Theorem 9 be satisfied. Let ¢ € S(R) be
such that its moments pj := ffooo xlp(x)dx # 0, for k < j. The condition
(6.5) (f(Az), () ~ CAL(N), A — oo,

for some constant C, implies that f has quasiasymptotic behavior of degree

k with respect to L at infinity.

Theorem 10. Let f € S'(R), a ¢ N, and L be a slowly varying function
at infinity. Let ¢» € Sop(R) be a wavelet admitting a reconstruction wavelet.
Suppose that the following limits exist:

(6.6) 1' )\all/( )Wwf (Ab, Xa) = My 4, for each (b,a) € H
Then, the Tauberian condition
(6.7) fOz) =O0(\L(N\)) as A — oo in §'(R),

implies the existence of a homogeneous distribution g of degree o such that

My o = Wyg(b,a) and
(6.8) fOz) ~X*L(N\)g(z) as X — o in S'(R).
Conversely, the quasiasymptotic behavior (6.8) implies (6.6) and (6.7).

Theorem 11. Let f € S'(R), k € N, and L be a slowly varying function
at infinity. Let b € Sp(R) be a wavelet admitting a reconstruction wavelet.
Suppose that the followz'ng limits exist:

(6.9) l )\kL( )W¢f (Ab,Aa) = My 4, for each (b,a) € H

Then, the Tauberian condition

(6.10) fOz) =O0M\“L(N\)) as A — oo in §'(R),

implies the existence of a distribution having the form g(z) = C_z* +

C+a:ﬁ + Bx¥log |x| and an associate asymptotically homogeneous function
¢, satisfying (4.4), such that My q = Wyg(b,a) and
(6.11) f(Ax) = c(A)NzF + A\F LN g(x) + o(A*L(N\))  as A — oo in S'(R).

Moreover, ¢(A\) = O(L())). Additionally, if there exists p € S'(R) satisfying
(6.5) and having non-zero k™-moment, i.e. pp = [ a*o(x)dx # 0, then
f has quasiasymptotic behavior of degree k with respect to L.



TAUBERIAN THEOREMS FOR THE WAVELET TRANSFORM 25

Remark 3. We give several remarks about progressive and regressive dis-
tributions. In the case of a progressive wavelet ¢ we say that n is a recon-
struction wavelet for it if just the positive frequency part of (2.3) is satisfied.
Analogously for regressive ones.

Suppose first that f € S’ (R). Since only the positive frequency part of
a wavelet is relevant for the wavelet transform of f, and any non-vanishing
P € S4(R) is its own reconstruction wavelet, it is enough to assume in
Propositions 3 and 4 that ¢ is an arbitrary non-zero element of Sy (R).
Likewise, if f € S’ (R), Propositions 3 and 4 hold for an arbitrary non-zero
regressive ¢ € S_(R).

Assume now that f € S'(R) is a progressive distribution, that is, supp fc
[0,00). Then, Theorems 3-11 hold if ¢ is an arbitrary non-zero element of
S+(R). Similarly, for a regressive distribution, they hold for a arbitrary
non-zero regressive ¢ € S_(R).

7. APPENDIX: PROOF OF LEMMA 1

Before going over the proof, we need some additional wavelet concepts
[18].

The space S(H) of highly localized function over H is defined as those
smooth functions on H such that

sup (a + 1)m (1+70°)

(b,a)eH a

akJrl(I)
T "
PR ALY

|3

< 00,

for all m,n,k,l € N. It is topologized in the obvious way. We will also
consider its dual space, S'(H). Any locally integrable function F' of “slow
growth” on H, that is,

L 1\
|F(b,a)|§0(1+b2)2<a+a> , (bya) € H,

for some C' > 0 and integers m,l € N, can be identified with an element of
S'(H). Our convention for identifying it with an element of S’(H) is to keep
using the notation F' € 8'(H) and the evaluation of F' at ® € S(H) is given
by
dbda

—

(F(b, a), ®(b, a)) = /OOO | reaspa
One defines the wavelet synthesis My, : S'(H) — S)(R) by
(MyF(z),¢(x)) = (F(b,a), Wyé(b,a)) .

Suppose 1 is a reconstruction wavelet for i, we will make use of the pro-
jection operator of S'(H) onto the image of the wavelet transform [18], it is
given by the projector

1
—WyM,,.
Cyn
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If the distribution F' is a locally integrable distribution of slow growth on
H, it is possible to write the projection by the integral transform

WyM,F(ba) b=V Y py gy W
(7.1) = CM/ / W¢n< Fa)

Cym

Proof of Lemma 1. Clearly (3.14) implies (3.13). Thus, we will prove that
(3.13) = (3.14). We assume that xy = 0 for simplicity. Let n be a recon-
struction wavelet for 1.

Let F' = x;Wyf where x; is the characteristic function of the set I =

b <1, 0 <a <1 Let G =Wyf—F. C0n51derf0:c ./\/lFand
h = c_l./\/l G. Notice that Wy f = Wyh + Wy fo, and hence f = h+ fo.
The plan is to show that each Wyh and W, fy satisfy an estimate of type
(3.14).

We will show first that Wy,h(b, a) = 0 () uniformly for b in a neighbor-
hood of the origin as a — 0T. Let o be a positive real number. Find n € N
and B > 0 such that

Gl <5 (ot 1) @+

and
—1-2n—0c

1 —2-n
ol <8 (a+ 1) sl
If [b| < § and a < 1, then, by (7.1),

b—0b a db'da’
- - = V.oad)—/——
[b'[>1 W¢n< a 761/) G, ) (a)?

1
a \*™" ayt2nte db'dd
< 4nB2 b/ ” TL g
/ /'>1 <‘b bl‘) <a’> (a')?
covmpn ([ I (Y
< Yol (|b’] B 7)n+2 L ()t

=o0(a%).
We use the characterization of the singular support of distributions given in
[18, Thm. 27.0.2], and conclude that h is C*° in (—1/2,1/2). In particular,
h(ezx) = 0(e>), and so the wavelet characterization of bounded sets in S{(R)
(18, Thm. 28.0.1] implies that Wy,h satisfies an estimate of the form (3.14).

Let us now show that W, fo satisfies an estimate of the form (3.14). Ob-
serve that (3.13) implies

ey ) Wyh(b, a)| =

am

e*L(e)

for some M; > 0 and . After rescaling, i.e., replacing if necessary fo(z)
by foleg'v2x), we may assume g9 = /2. Let a’ € (0,e71) and ¥ €

Wy f (eb,ea)| < My, for all a®* +b* =1, a >0, 0 < e < &,
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(—e~!,e7!) . Then we have for ¢ < 1 that e1/(a ")? + (1) < V2. So, if we re-

place a,b and € by a’/\/ + (v)? b’/\/ a')? + (1)* and &4/ (a/)* 4 (),
we obtain that for a’ € (0, ) Ve (—etel)

(@)™ Wy f (eV/, ea)|
eo < (a)? + (b’)2>m+aL (5 (a')? + (b/)2>

(72) < M;, 0<e<1.

In addition, we can assume that a4+m > 1. We also need to make a technical
assumption over L which can be always made since only the values of L near
0 matter for our considerations; indeed we can assume ([46, Section 2],1,
p.25]) that there exists a constant My > 0 such that

L 1 2
(7.3) L((ej)) < M> max{x,xil} < M> Zx , forall e,z > 0.
Let
(7.4) B=a+m+3, y=max{m+2,a+[+1}.

Find now a constant M3 > 0 such that

1 -
(75) Wanva)l < 842 (a+5) o)
In the following, we will also make repeated use of the elementary inequality

(7.6) L+ lz+yl < (T [f) (T+Jyl) .
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Then for 0 < e <1, we have from (7.2), (7.3) and (7.6) that

b—t db'da’
|y Wy fo(eb,ea)| = ‘/ / Wy <(€ Ea) F(V,d) s ’

" a (a')?
— . - an <b > Wy f (el sa’)d(l:,(;(;/
<M15/ /_5 (Ve o)
L <5 T 2) Wyn (b;,b/,c(i) (df))/ii

< My Mae®L(e / / T (b2 ) ot

Y 137
(14 @)+ ¥)") ]mn(b ,"fi) il

a a (a/)erQ

e—1 e—1
<peLe) [ [ ) ) ()
0 —e—1

b—0bV a
'Ww”< 7 ’w)

< My Mye®L(e) (Al + 415 4 277 I5)

dv'dd’
( a/)m+2

where

1 / /3,1

b—b «a dbv'da
I:// 1+ )™ iw, < > :

1 o Jpwi<i ( | D oy 7 )| (@)t

1 b—V a dbv/da’

L= 1+ [p))e =

2 / /<b | ( + | D Wyn a d )| (a)ymt2

ol
/ / (14 (6™ g (ba,b ,;)‘db’da’.

To estimate the last three integrals, we make use of (7.4), (7.5) and the
elementary inequality (7.6). We have

1 ot I\ Y db/d /
nn [ ae )t (L) S
0 Jp|<1+b| a/) (a)

1\” 1 o
<o (5 ) e BT [ @) e

1 Y
< 2042 N (a + a) (14 [b])%;
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for I,

1 N\ Y / I} dv'da’
I, < M 1+ p)ermt! <a) ( @ >
2= 3/0 /1<|b—b’ ( ’ ‘) a a +b—V| (a/)m+2

1\"” 1 e 1 Y a+m+1
< M3 (a + > </ (a/)%% 2 da’> / a+ )= 3 dy
a 0 1<[b—b/| |b—b|

1\ 1+ ||+ |p))etmtt
§M3<a+>/ (Lol )
a 1<|v| /|

1 Y 0 (1 + b/)a+m+1
< 2M, -] @ a+m+1/ b
< 3(a+a> (1+1b]) 1 ) db

1 Y
< gotmi2, ( ; ) (1 + b))
a

and finally I3,
(a/)a-i-ﬁ—’y—l (1 + |b/|)a+m+1

I SMcﬂ/ / dbv'da’
A Y S (@ + [b—v])°
1\"” o (1 % a+m+1 0o da’
<un (o) () (o)
a oo (14— ¥)° 1 (a)rtiopre

1" > dy
< M a+> 1+bﬂ/ —
s(ars) aemn [ T

1 v
§2M3 <a—|—a) (1+’b’)ﬁ

Hence (3.14) is satisfied with M = 22+ +6 0 My M.
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