Colloquium Coding Theory and Cryptography

Small weight code words
in the code of points and hyperplanes in PG(n, q)

Lins Denaux
Joint work with S. Adriaensen, L. Storme and Zs. Weiner

GHENT
UNIVERSITY



1 Preliminaries

The code C,,_+(n, q)

Vector space over [, spanned by the rows of the incidence matrix
of hyperplanes and points in PG(n, q). Vectors = ‘code words’.




1 Preliminaries

The code C,,_+(n, q)

Vector space over [, spanned by the rows of the incidence matrix
of hyperplanes and points in PG(n, q). Vectors = ‘code words’.

points
(/11100 0 0
1001100
g 10000 11
={]Jo101010
€l lo 100101
= 0011001
0010110




1

Preliminaries

hyperplanes

The code C,,_+(n, q)

Vector space over [, spanned by the rows of the incidence matrix
of hyperplanes and points in PG(n, q). Vectors = ‘code words’.

points
(/1 1. 1.0 0 0 O
10 01 1 0O
10 0 0 0 1 1
01 01T O0T1TUO
01 0 01 0 1
0 01T 1T 0 O0 1
0 01 01T T1TO




1 Preliminaries

The code C,,_+(n, q)

Vector space over [, spanned by the rows of the incidence matrix
of hyperplanes and points in PG(n, q). Vectors = ‘code words’.

points
(/1110000
1001100
g 10000 11
={]Jo 101010
€l lo 100101
= 0011001
0010110

red+b|ue:(0110011):&



2 \ Known results in the plane: C,(2,q)




2

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

wt(c) = p + 1 Z
mo=w) [




2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

wt(c) = p + 1 Z
mo=zw) [




2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

L=
[>T

wt(c)=p+1
wt(c) = 2p (+1)

wt(c) =3p — 3

wt(c) =3p — 2

=@

p#2

o



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

wt(c) = p + 1 Z
mo=zw) [

p#2

wt(c) =3p — 2 =e/ TN

wt(c) = 3p (:|:1)/4/_\.(//At/

wt(c)=3p — 1 wt(c)= 3p

------------ wt(c) < max{3p + 1,4p — 22} ecccccccccc--



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

wt(c) = p + 1 Z

wt(c) = 2p (+1)

wt(c) =3p — 2 A
wi(c) = 3p(i1)/mék//ét//mw //“ /

------------ wt(c) < max{3p + 1,4p — 22} ecccccccc--



2

weight

Known results in the plane: C,(2,q)

Small weight code words = few hyperplanes (= lines)?

The case g = p prime (Szonyi & Weiner):

wt(c) = p + 1 Z

wt(c) = 3p — 3 L/ 5

wt(c) = 2p (+1)

wt(c) = 3p (i1)/,/;\k//Ae//;%§ //*

7/

wt(c)=3p — 1 wt(c)= 3p wt(c)= 3p tc)=3p+1

------------ wt(c) < max{3p + 1,4p — 22} ecccccccc--



2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

?




2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Xo = X




2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

(0,0,1)

Xo = X




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

0,0,1)




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

0,0,1)

Xo = X




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

0,0,1)

Xo = X




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):




2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Proposition: C,(2, p)* < G(2,p)



2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Proposition: C,(2, p)* < G(2,p)
Proof. dim(C:(2,p") = (1) + 1.
(C1(27 q) N C1(2) q)J_) S1= C1 (2’ q) O



2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Proposition: C,(2, p)* < G(2,p)
Proof. dim(Cy(2,p™M) = (P;H)h + 1.
(C1(27 q) N C1(2) q)J_) S1=0CG (27 q) O



2 Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Proposition: C,(2, p)* < G(2,p)
Proof. dim(C:(2,p") = (1) + 1.
(C1(27 q) N C1(2) q)J_) S1= C1 (2’ q) O



2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

Proposition
wt(c) = 3p — 3, every (2/3)-secant — a + 3 (+ ) = 0.



2

Known results in the plane: C,(2,q)

An ‘Odd’ code word for q=p prime (Bagchi; De Boeck & Vandendriessche):

(0,0,1)  (0,1,0)

Proposition
wt(c) = 3p — 3, every (2/3)-secant — a + 3 (+ ) = 0.



Known results in the plane: C,(2,q)
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For every k-space k C PG(n, q) and code word ¢ € C,_1(n, q):

Ck € Ck—1(k7 q)

The case C;(3, q), wt(c) small:

» Find a 2-secant.

> Find lots of characterized planes.

> Force the red lines to be coplanar.
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First result: classification of the third smallest weight

wt(c)=2¢"" "+ ---+q+1

The case C,,_1(n, q), wt(c) small: 4

» Each line intersects in
0, 1,2, gor g+ 1 points.

» Non-characterized spaces: contains
affine part.

> lots of points!

[k]

> Force all red points into two hyperplanes.
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First result: classification of the third smallest weight
[n]

wt(c) =2¢" '+ ---+q+1

for all c with 2¢"~" < wt(c) < g -1 %q"_z.
And further...?

> ‘Weird’ code word c in plane 7 (for ¢ = p prime).

[n —3]

» Chose a disjoint (n — 3)-space k. K

If c =3, il then ¢ == 3" (L, k) is a

linear combination of hyperplanes; / $ = /
Wt(C’) = Spn—I _ 3pn—2‘ - p #2
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Small weight code words = few hyperplanes (= lines)?

The case ¢ = p prime (Szonyi & Weiner):

wt(c)=p + 1

wit(c) = 2p (+1) /" = //ﬁ "/
oopoocoooooee
)
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wt(c) = 3p — 3 oo

[/ X/
e =3p (00 ESIPS [

wt(c) =3p — 2

w()=3p — 1 wi(c)=3p

wt(c)= 3p

wt(c) < max{3p + 1,4p — 22}

wt(c)=3p + 1
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5 A quiet moment to think things through

Small weight code words = few hyperplanes (= lines)?

The case ¢ = p prime (Szonyi & Weiner):

Conjecture (g = p prime, p > 7)

Code words up to weight 3p" "+ p™ 2+ ...+ p+ 1 ¢
~ linear combinations of at most three hyperplanes Y
or a generalization of the ‘weird’ code word right.
- oo oo oo oo ooaoaoaooae e e

We can likely do better.
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6 The Budapest effect

Before Budapest After Budapest

Bl
Proof in C,(3, q). (= [/10q])-secants. @
(0,1,2]| g, g+ 1)-secants. %_/ (0,1,2]| g, g+ 1)-secants. %_/

ol g
Proof in C,—1(n, q). Proof in C,—1(n, q).

Bound: wt(c) < gq”*1 — %q”*z Bound: wt(c) < 3¢" ' —30,_,
Using all information, we can proof all lines are

(0,1,2,3| g — 1, g, g+ 1)-secants,
for all code words ¢ € C,—1(n, q),

wt(c) 49" — V109" % /q.
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are all characterized.

are all of the same green type, or... / - l ;
... can be divided into two types:
a green type and another type.
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[~ /»;A*//”A*/




8 Results & further research

Our result: all small code words are cones



8 Results & further research

Our result: all small code words are cones
If:
Prime power ¢ > 17, q ¢ {25, 27,31, 32,49, 121}.



8 Results & further research

Our result: all small code words are cones

If:
Prime power ¢ > 17, q ¢ {25, 27,31, 32,49, 121}.
Code word ¢ € C,—_1(n, q),

3
wt(c) < (4q — /10 — ?)9,.—2 + /10q — >



8 Results & further research
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Sz6nyi & Weiner: the plane (g = p, h > 2, ¢ > 27)

Code words of weight lower than (”_1)(’2’;%, when h =2,

(lval + 1)(g+ 1= [\/q]), when h > 2,

correspond to linear combinations of exactly [“;z(r?] lines.

Our result: further classification (g = ph, h>2,q>27)

Code words up to weight (LG ,\/_J ) h—1, when h = 2,
(LZ,,—Z\/_J — 1) n—1s when h > 2,

correspond to linear combinations of exactly ( wh(c )] hyperplanes.
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