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Abstract

Cameron-Liebler sets were originally defined as collections of lines (“line classes”) in
PG(3,q) sharing certain properties with line classes of symmetric tactical decompositions.
While there are many equivalent characterisations, these objects are defined as sets of lines
whose characteristic vector lies in the image of the transpose of the point-line incidence ma-
trix of PG(3,¢), and so combinatorially they behave like a disjoint union of point-pencils.
Recently, the concept of a Cameron-Liebler set has been generalized to several other settings.
In this article we introduce Cameron-Liebler sets of generators in finite classical polar spaces.
For each of the polar spaces except W(2n+1,¢q), n > 3 and ¢q odd, we give a list of character-
isations that mirrors those for Cameron-Liebler line sets, and also prove some classification
results.
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3-transitivity

MSC 2010 codes: 51A50, 51E30, 51E12, 05B25, 05C50, 05E30

1 Introduction

In [7], Cameron and Liebler investigated collineation groups of PG(n, ¢) having the same number
of orbits on points and lines. A line orbit of such a group possesses special properties, leading
to the notion of what are now called Cameron-Liebler line classes in PG(n,q). These line sets
have mostly been studied in PG(3, ¢) where many equivalent characterisations, both algebraic and
combinatorial, are known; we refer to [33] for an overview.

In recent years the concept of Cameron-Liebler classes has been generalised to many other
contexts, for example Cameron-Liebler k-classes in PG(2k + 1,¢q) were introduced in [36], and
Cameron-Liebler classes in finite sets were described in [I4]. The central problem for Cameron-
Liebler classes, regardless of the context, is to determine for which parameters x a Cameron-
Liebler class exists, and to classify the examples admitting a given parameter z. Constructions of
Cameron-Liebler line classes in PG(3, ¢) and classification results were obtained in [6} [7, 10} 21}
22, 23, 20 26, 27, B5]. For Cameron-Liebler classes in finite sets a complete classification has been
described in [I4]. Classification results for Cameron-Liebler k-classes in PG(2k + 1, ¢) were found
in 28], [36].

In this article we will introduce Cameron-Liebler sets of generators in polar spaces (we do not
call them classes to avoid confusion with the classes of generators on a hyperbolic quadric). Our
generalization will be motivated by the following purely combinatorial definition for Cameron-
Liebler line classes of PG(3, q).
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Definition 1.1. A set of lines £ in PG(3, ¢) is a Cameron-Liebler line class with parameter x if
any line ¢ € £ is disjoint to (z — 1)¢? lines of £, and any line £ ¢ L is disjoint to zq¢? lines of L.

The collection of lines through a fixed point (a point-pencil) contains ¢®> + q + 1 lines, and is
a Cameron-Liebler line class in PG(3,¢) with parameter 1. If we were able to take £ a disjoint
union of z point-pencils, a line £ € £ would be disjoint to (x — 1)g? lines of £, and a line ¢ ¢ L
would be disjoint to x¢? lines of £, hence £ would be a Cameron-Liebler line class with parameter
2. While it is impossible to have two disjoint point-pencils in PG(3, ¢q), a Cameron-Liebler line
class in PG(3, ¢) with parameter x can be thought of as a set of lines that combinatorially (with
respect to disjointness) behaves like a union of z disjoint point-pencils.

Section [2] will introduce the necessary backgroung while Section [3]|is devoted to proving the
characterisation results, which will differ among the polar spaces. In Section [ we will present
some examples of Cameron-Liebler sets of generators on polar spaces and in Section [f] we will
present some classification results. Section [5|is devoted to the rank 2 case, the generators (lines)
of generalised quadrangles.

2 Preliminaries

Distance-regular graphs and association schemes

Our work will rely on many tools from the theory of association schemes, which were introduced
in [4]. We also also refer to [5, Chapter 2] and [I5] as important texts on this topic. While
we will follow the approach given in [41], we will primarily focus on how these concepts apply
to the specialized case of distance-regular graphs. More information on this important class of
association schemes can be found in [5].

Throughout this paper, we will denote the matrix of all ones by J. The all-one vector of length
m will be denoted by j,,; we denote it by 7 if its length is clear from the context.

Definition 2.1. A d-class association scheme R on a finite non-empty set Q is a set {Ro, ..., Rq}
of d + 1 symmetric relations on € such that the following properties hold.

1. Ry is the identity relation.
2. R is a partition of Q2.

3. For z,z € Q with (z,2) € Ri, the number of y € Q such that (z,y) € R; and (y,2) € R;,
equals a constant pfj (and is thus independent of  and z).

Let T" be a graph with diameter d, and let 6(u,v) denote the distance between vertices u and
v of I'. The ith-neighborhood of a vertex v is the set I';(v) = {w : d(v,w) = i}; we similarly
define T'; to be the ith distance graph of I', that is, the vertex set of I'; is the same as for ', with
adjacency in I'; defined by the ith distance relation in I'. We say that I is distance-regular if the
distance relations of I" give the relations of a d-class association scheme, that is, for every choice of
0 <1i,j,k <d, all vertices v and w with §(v, w) = k satisfy |I';(v) NT;(w)| = fj for some constant
Pfj-

In a distance-regular graph, we have that pfj = 0 whenever i+j < k or k < |i —j|. A distance-
regular graph T is necessarily regular with degree p),; more generally, each distance graph T'; is
regular with degree k; = p. An equivalent definition of distance-regular graphs is the existence
of the constants b; = p§+171 and ¢; = p%_m for 0 < ¢ < d (notice that by = ¢y = 0). This collection
of values {bo,...,b4—1;¢1,...,cq} is called the parameter set of the distance-regular graph, and
all of the remaining pfj are determined by these values.

For the remainder of this section, I will be a distance-regular graph with diameter d and vertex
set Q@ ={x1,...,2,}. Let Ay be the adjacency matrix of T'y, for 0 < k < d, that is, Ay will have a
1 in the (¢, j) position if §(x;, ;) = k and 0 otherwise. This gives a set of d+1 symmetric matrices



Ag,..., Ag with Ag =1, Z?:o A;=J,and 4;4; = ZZ:O pfjAk. The ordering on 2 used to form
the matrices A; will be considered to be fixed, giving us an ordered basis for the vector space R.

The R-vector space generated by the matrices Ay, ..., Aq is closed under matrix multiplication
and so it is a (d + 1)-dimensional commutative R-algebra A, which is known as the Bose-Mesner
algebra of the association scheme. We can also obtain a second important basis for the Bose-
Mesner algebra. A matrix E is idempotent if E> = E, and an idempotent matrix is called minimal
if it cannot be written as the sum of two nonzero idempotent matrices.

Theorem 2.2. The Bose-Mesner algebra of a d-class association scheme on 2 has a unique basis
{FEo,...,Eq} of minimal idempotents. Moreover, E;E; = 0;;F;. The subspaces Vp, ..., Vg, with
V; = im(E;), form an orthogonal decomposition of R

Since |2 = n, we always consider Eg = = J. Since {A;} and {E;} are both bases for A, there
are values P;; such that A4; = Z?:o P;;E;. From this it is clear that A;F; = P;;E;, therefore
V; = im(Ej) is a subspace of eigenvectors for the matrix A; with corresponding eigenvalue P;;
(the P;,; are thus called the eigenvalues of the association scheme).

Note that V; is not necessarily an eigenspace for all incidence matrices as it could happen that
for a particular matrix A;, two eigenvalues coincide. E.g., for the matrix Ay there is only one
eigenvalue and hence R is the only eigenspace. However since it is true that each eigenspace is an
orthogonal sum of the Vj, and I' (with adjacency matrix A;) has exactly d+1 distinct eigenvalues,
we refer to the V; as the eigenspaces of the underlying association scheme.

The eigenspaces of an association scheme give us a powerful tool for working with the Bose-
Mesner algebra, as is shown by the following result which holds for any association scheme.

Lemma 2.3. Let R be a d-class association scheme on the set 2 and let A be the corresponding
Bose-Mesner algebra. If A € A, then im(A) = im(4?) is a direct sum of eigenspaces of the
association scheme.

Proof. All matrices in A are symmetric, so im(A) = im(A!). Let Ey,..., FEq be the minimal
idempotents of A, giving a corresponding orthogonal decomposition R® =V, L --- L V. Since
A e A, we can write A = Z?:o c¢;E;. We put Z to be the collection of indices for which ¢; # 0.
We will now show that im(A4) = (L;ez V;). If v € im(A) there is a vector w such that v = Aw,

and thus J

d
v=Aw = (Z ciEi> w = Zci(Eiw) € (Liez Vi)
i=0

=0
since V; = im(F;). On the other hand, for any v € (L;cz V;) we have v = )
v; € V;, and thus v = 5

icT Vi with each

ez Biw; for some collection of vectors w; € R, Thus we have that

d d
A (Z CliEiw,) — (S ¢E (Z 1Ew> =33 Yoy Bwi = Y Brwi—v.
€T j=0 €L i€Z j=0 €L

and so v € im (A). O

Polar spaces

Polar spaces of rank d > 2 are a kind of incidence geometries having subspaces of dimension
0,...,d — 1. In this article we will only discuss finite polar spaces (polar spaces having a finite
number of subspaces). The axiomatic introduction of polar spaces is due to Veldkamp ([43},[44]) and
Tits ([40]). Polar spaces of rank 2 are called generalised quadrangles. We define them separately.

Definition 2.4. A generalised quadrangle of order (s,t), with s,¢ > 1, is a point-line geometry
satisfying the following axioms.

e Two distinct points are incident with at most one line.



e Any line is incident with s + 1 points and any point is incident with ¢ + 1 lines.

e For any point P and line ¢, with P not incident with ¢, there is a unique tuple (P’,¢’) such
that P is incident with ¢/, P’ is incident with ¢ and P’ is incident with #'.

For any generalised quadrangle Q of order (s,t) we can define the dual generalised quadrangle
QP by interchanging the roles of points and lines in Q. The generalised quadrangle QP has order
(t,s).

The reason for introducing the polar spaces of rank 2 separately is the famous result by Tits
([40]) which states that all finite polar spaces of rank at least 3 are classical polar spaces. Therefore
we immediately introduce finite classical polar spaces.

Definition 2.5. A finite classical polar space is an incidence geometry consisting of the totally
isotropic subspaces of a non-degenerate quadratic or non-degenerate reflexive sesquilinear form on
a vector space Fp 1.

Throughout this article we will consider the finite classical polar spaces as substructures of
PG(n,q), and describe all dimensions as projective dimensions. The subspaces of dimension 0
(vector lines), 1 (vector planes) and 2 (vector solids) are called points, lines and planes, respectively.

A bilinear form for which all vectors are isotropic is called symplectic. A sesquilinear form on
V is called Hermitian if the corresponding field automorphism 6 is an involution and f(v,w) =
fw, v)e for all v,w € V. We now list the finite classical polar spaces of rank d.

e The hyperbolic quadric @7 (2d—1, ¢) embedded in PG(2d —1, ¢). Tt arises from a hyperbolic
quadratic form on V(2d, q). Its standard equation is X0 X7 + -+ + Xag_2X24-1 = 0.

e The parabolic quadric Q(2d, ¢) embedded in PG(2d, q). It arises from a parabolic quadratic
form on V(2d + 1,q). Its standard equation is X2 + X1 X + - -+ + Xo4—1X24 = 0.

e The elliptic quadric @~ (2d + 1,¢) embedded in PG(2d + 1,¢q). It arises from an elliptic
quadratic form on V(2d 4 2,q). Its standard equation is XoX7 + -+ + Xaqg—2X24-1 +
9(X24, Xoa+1) = 0 with g a homogeneous irreducible quadratic polynomial over F.

e The Hermitian polar space H(2d — 1,¢?) embedded in PG(2d — 1,¢%). It arises from a
Hermitian form on V(2d, ¢?), constructed using the field automorphism x — x9. Its standard
equation is X¢t' + X ...+ XIH =0

e The Hermitian polar space H(2d,¢*) embedded in PG(2d,q?). It arises from a Hermitian
form on V(2d + 1,¢?), constructed using the field automorphism x + 29. Its standard
equation is X¢t' + X¥H ... 4 XIH = 0.

e The symplectic polar space W(2d — 1, q) embedded in PG(2d — 1,¢). It arises from a sym-
plectic form on V(2d,q). For this symplectic form we can choose an appropriate basis
{er, ... earel, ... eq} of V(2d,q) such that f(e;,e;) = f(e},e;) = 0 and f(e;,e}) = d;j,
with 1 <4, <d.

Definition 2.6. The subspaces of maximal dimension (being d — 1) of a polar space of rank d are
called generators. We define the parameter e of a polar space P over F, as log, (v — 1) with x the
number of generators through a (d — 2)-space of P.

The parameter of a polar space only depends on the type of the polar space and not on its
rank. Table [I] gives an overview.
Now we discuss a remarkable property of the hyperbolic quadrics.

Remark 2.7. We define a relation ~ on the set Q of generators of a hyperbolic quadric Q% (2d +
1,q) in the following way: © ~ 7’ < dim(7 N 7’') = d (mod 2). This relation is an equivalence
relation and it has two equivalence classes, which necessarily partition the set 2. These equivalence
classes are commonly called the Greek and Latin generators.

We note that if d is even, then two generators in the same class cannot be disjoint. If d is odd,
then two generators from different classes cannot be disjoint.



| polar space [ e |
Q+(2d — 1, Q)
H2d—1.q) |12
W@d—1,q) | 1
Q(2d, q) 1
Hodq) |32
O (2d+1,q) 2

Table 1: The parameter of the finite classical polar spaces.

We now introduce the Gaussian binomial coefficient [ k} for positive integers n, k and prime
q

|:TL:| k qn7k+i -1 (qn _ 1) L (qn7k+1 _ 1)
q

power q > 2:

i1 @D

i=1
The number [ } equals the number of k-dimensional subspaces of the vector space Fy, equiva-

q
lently the number of (k — 1)-spaces in PG(n —1,¢). The Gaussian binomial coefficients admit the

following relation [Z] = { " il which follows immediately from duality. Another important
n—

q q
result regarding Gaussian binomial coefficients is the following analogue of the binomial theorem.

Lemma 2.8. For integers n, k > 0 and prime power ¢ > 2 we have

3 [Z]qq@m “Tla+d.

k=0

We can express the number of subspaces of a polar space given its parameter and rank using
Gaussian binomial coefficients.

Lemma 2.9 ([5l Lemma 9.4.1]). For a finite classical polar space P of rank d with parameter e,
embedded in a projective space over F,, the number of k-spaces of P is given by

d k+1
d+e—1 1
{k + J . H(q +1)-

i=1

In particular, the number of generators of a finite classical polar space of rank d with parameter
e, embedded in a projective space over F,, equals Hf;ol (¢°T*+1), and the number of points equals

mq(qd*e‘1 +1).

Corollary 2.10. For a finite classical polar space P of rank d with parameter e, embedded in a
projective space over Iy, the number of k-spaces of P through a fixed m-space is given by

H (qd7m+efi71 + 1)

k—m
q =1

e

In particular, the number of generators through a fixed point of a finite classical polar space
of rank d with parameter e, embedded in a projective space over Iy, equals Hf;OQ (¢°T +1).



Distance-regular graphs from generators of finite polar spaces

We can use the set of generators of a finite classical polar space to construct a distance-regular
graph.

Definition 2.11. For a finite classical polar space P of rank d we define the corresponding dual
polar graph as follows: its vertices are the generators of P and two vertices are adjacent if the
corresponding generators meet in a (d — 2)-space.

Theorem 2.12. The dual polar graph of a finite classical polar space over F, of rank d and with
parameter e is a distance-regular graph with diameter d and parameter set {by,...,bs_1;¢1,...,cd4}
with ,
i

1

o Td—i
bl-:q”e{ lz} , 0<i<d-1 and ci:{
q

] . 1<i<d.
q

Two vertices are at distance j if the corresponding generators meet in a (d — j — 1)-space.

Using the terminology of association schemes, we will take a finite classical polar space P of
rank d and parameter e and let  be its set of generators (with some fixed ordering). Note that,
by Lemma || = H?:_Ol (¢°T* +1). We will consider I" to be the dual polar graph of P, giving
d + 1 distance graphs I'; with adjacency matrices A; for 0 < i < d. This gives an orthogonal
decomposition R =V, LV; L--- LV, of R® where the V; are the eigenspaces of the association
scheme defined by T'. Recall that Vo = (). The remaining eigenspaces Vi, ..., Vg are ordered
using the following result described in [42], originating in [16].

Theorem 2.13. Let P be a finite classical polar space or rank d and, for 1 <t < d, let C} be the
incidence matrix between the (k — 1)-spaces and the generators of P. Then the eigenspaces Vi,
..., Vg of the association scheme of the dual polar graph for P can be ordered so that im(C}) =
Vo L -+ L V. In particular, Vj, = im(C}) Nker(Ck—1).

Then the eigenvalue of the ith distance graph I'; corresponding to the subspace V; is given by

min(j,d—1)

; d—j J uti—j\ (i—u .

P.. = -1 Jtu ( 5 )+( 5 )+e(u+z 7) .

7t Z o (=1) d—i—u) |ul ?
u=max(0,j—1) q q

The disjointness graph I'y will have special importance for our work, this is the graph for which

two vertices are adjacent if and only if the corresponding generators of the polar space have empty

intersection. The eigenvalues of I'y are given by
Pjg= (_1)jq(‘§)+(d—j)(e—j) ]

Lemma 2.14. Let P be a finite classical polar space over IF, of rank d and with parameter e.
d

The number of generators disjoint to a given generator equals q(2)+de.

Proof. This number is given by the eigenvalue of the disjointness graph I'y on the eigenspace Vj,

so the result follows from the above formula for P 4. O

We will frequently be interested in the eigenspace of the minimal eigenvalue of I'y. Most of
the following details can be found in the proof of [34, Theorem 8] and in [4I], Corollary 4.3.17].

Theorem 2.15. Let P be a finite classical polar space over I, of rank d and with parameter e.
Let Vo L Vi L --- L Vy be the orthogonal decomposition in eigenspaces of R with € the set of
generators of P, as above. The eigenvalue of the disjointness relation of the generators for the
d—1
subspace V7 is m = —q( 2')+e(d=1)
d

o If P =0Q%(2d — 1,q), with d odd, then the minimal eigenvalue —q(2) appears only for Vj.
The eigenvalue m only appears for V;.
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o If P=H(2d—-1,q), with d odd, then the minimal eigenvalue —q(Z) appears only for Vg, ¢ a
square. The eigenvalue m only appears for V7.

In all other cases m is the minimal eigenvalue. In three cases, there are two subspaces V; for which
it is an eigenvalue.

o If P=0Q"(2d —1,q), with d even, then the minimal eigenvalue m appears for both V; and
Vi_1.

o If P =Q(2d,q), with d odd, or P =W(2d — 1, q), with d odd, then the minimal eigenvalue
m appears for both V; and Vj.

In all remaining cases, namely P = Q(2d,q), with d even, P = W(2d — 1,q), with d even,
P=0(2d+1,q), P=H(2d —1,q), with d even and ¢ a square, and P = H(2d, ¢), the minimal
eigenvalue is m and it appears only for V.

We will also need the following result on the automorphism group of a finite classical polar
space and the automorphism group of its dual polar graph.

Theorem 2.16 ([5, Theorem 9.4.3 and Chapter 10, pp. 334-336]). The automorphism group of
a finite classical polar space acts transitively on pairs of disjoint generators. The automorphism
group of a dual polar graph is distance-transitive (acts transitively on the set of pairs of vertices
at the same distance).

These two groups coincide for all finite classical polar spaces except for the polar spaces
Q% (3,9).

For more information on dual polar graphs we refer to [5, Section 9.4]. The association schemes
for k-dimensional subspaces of finite classical polar spaces were studied in [I8| [38] 4] for arbitrary
kE<d-1.

Remark 2.17. For the polar space Q7 (2d — 1,q) the generators are naturally partitioned into
two sets €1 and € (the Latin and Greek generators, see Remark [2.7). For generators 7 € Q; and
' € Qy with (m,7") € R;, j,7’ € {1,2} and ¢ € {0,...,d}, we know that j = j/ if ¢ is even and
that j # j' if ¢ is odd. So, we can define a L%J—class association scheme for one class of generators
Q; of @T(2d—1,q), namely R’ = {R(, R}, ..., R/L%J} with R} = Ra;. The corresponding incidence

matrices are Ay = Ay, A] = As,.... Note that the eigenvalues P;; and P;_;; of the association
scheme of Q7 (2d — 1, q) are equal if 4 is even, so the eigenspaces of R’ are given by Vj/ NRY% with
Vj’ =V; LV4_;,5=0,..., ng Here R% is seen as the subspace of R of all vectors which have
non-zero entries only on the positions corresponding to the generators of ;.

Spreads and m-regular systems of polar spaces

We end this section by defining some substructures of polar spaces (including generalised quad-
rangles).

An m-regular system of a polar space P is a set S of generators such that any point of P
is contained in precisely m elements of S. A l-regular system is called a spread. Spreads of
polar spaces have been studied intensively in the past decades, but the existence problem has
not yet been solved for all polar spaces. An overview can be found in Table It includes the
classical generalised quadrangles (generalised quadrangles that are polar spaces of rank 2). For
those generalised quadrangles spreads are sets of lines.

The number of generators in an m-regular system of a finite classical polar space over F, of
rank d with parameter e equals m(q¢+¢~! + 1); this follows from basic counting. In particular, a
spread is a set of g?t¢~1 4+ 1 pairwise disjoint generators.



] Polar Space \ Spread? H Polar Space \ Spread? ‘

Q= (5,q) yes Qt(dn+1,q),n>1 no

Q (2d+1,q),d >3, q even yes one class QT (4n + 3,q), q even yes

Q (2d+1,q),d >3, q odd one class QT (4n + 3,q), n > 2, g odd
Q(4n,q), n > 1, q even yes W2d-1,q),d>2 yes

Q(4n,q), n > 1, q odd no H(2d —1,¢°),d > 2 no

Q(dn +2 q) n > 2, g odd H(2d,q%), d > 2

Q(dn+2,q), q even yes H(4,4) no

] Polar Space \ Spread? \
Q(6,q) q odd prime yes

g odd and ¢ Z 1 (mod 3) yes
q odd, ¢ non-prime and ¢ =1 (mod 3)

one class Q7 (7,q)

Table 2: Overview on the existence of spreads for the finite classical polar spaces. If the box in
the column ‘Spread?’ is open, no result on the existence is known. [I2] Table 3]

3 The characterisation theorems

As previously mentioned, the concept of a Cameron-Liebler set has been defined for finite sets
and for finite projective geometries. We will analogously introduce Cameron-Liebler sets for finite
classical polar spaces, and provide characterisations of these objects. These characterisations
however will vary depending on the particular polar space.

We will discuss vectors and matrices in this section and the following ones. Vectors will always
be column vectors. For sake of clarity we will denote vectors in boldface. For two vectors v, w,
the inner product (v, w) is the standard dot product v‘w. The characteristic vector of a subset
S’ C S is a vector whose positions are indexed by the elements of S and whose entries equal 1 if
the element corresponding to the position of the entry is in S’, and 0 otherwise. Throughout the
introduction to this section, P will be a finite classical polar space over [, or rank d and with
parameter e. Continuing with the notation used for the association scheme of the dual polar graph,
we will use €2 to denote the set of generators of P, and Vg, Vi, ..., Vi to denote the eigenspaces
as defined in Lemma 2.13]

Our main goal is to generalize Definition to sets of generators of P. The idea is, if £ is a
collection of generators of P, then we will call £ a Cameron-Liebler set with parameter x if any

7' )+e(d-1)

generator m € L is disjoint to (z — 1)q(d generators of £, and any generator m ¢ L is

H)+e(d-1) generators of L, i.e. taking x to be the characteristic vector of L, for

2 1) +e(d—1)

disjoint to a:q(
any generator ™ of P we have 7 disjoint from (z — (x)r) q(d elements of £. This main
property will lead to subtly different definitions in various polar spaces, but the following result
will be an important tool in investigating these objects.

Theorem 3.1. Let P be a finite classical polar space over I, of rank d and with parameter e,
and let K be the generator disjointness matrix of P. Let £ be a set of generators of P with

characteristic vector x. The number of generators of £ disjoint from each fixed generator 7 of P

equals (z — (X)W)q(d?)“(d—l)

450 )Fe(d=1)

if and only if x — W 7 is a vector in the eigenspace of K for

the eigenvalue —q(

Proof. Notice that the generator-disjointness matrix of P is the adjacency matrix A4 of the asso-
ciation scheme for the dual polar graph of P, and that —q(d51)+6(d_1) = P 4, the eigenvalue of Aq
corresponding to the eigenspace V7. Let V be the eigenspace of K associated with this eigenvalue
(which contains but is not necessarily equal to V7). The entry on the position corresponding to a
given generator m of the vector K is the number of generators disjoint to 7w that are contained



dgl +e(d—1

in £. Hence, this number is (z — (x)w)q( ) ) if and only if

(d;1)+e(d—1)(x

Kx =q J—X) -

The number of ones in a row of K equals the number of generators disjoint to a given generator,
so by Lemma we know that

Kj = q(8)+dej
Let V be the eigenspace of K for the eigenvalue —q(d;1)+e(d_1)
is contained in V if and only if

x a1 T
Kl —— " ) = () te@1) [ .
(X g1 4 1~7> q X~ yaret 117

d+e—1
d— . T .
= —q("2 e <X R 7)

. Now, the vector x — qd++1+1j

qd+e—1 + 1

_ (451 ) +e(d-1) . _ € N tde -

= q( 2) (zj —x) 7qd+671 n lq(z) j

(S ) Fed=1) s Y o .

=gl g = x) = e K
So, the vector x — Wj is contained in V' if and only if

Kx = gl )T @i — )

which proves the result. O

Definition 3.2. The set of all generators of a polar space through a fixed point is called a point-
pencil.

From Corollary the size of a point-pencil in P is given by Hf;ll(qd"’e_l +1). If we
let £ be a point-pencil, then the characteristic vector x of £ is a column of A, where A is the
point-generator adjacency matrix of P.

Before presenting the results, we first discuss some lemmas that build up to the main charac-
terisation theorems.

Lemma 3.3. Let P be a finite classical polar space over F; of rank d and with parameter e, that
admits spreads, and let m be a generator of P. Let G be an automorphism group of P that acts
transitively on the pairs of disjoint generators of P and let C be a set of generator spreads of P
which is a union of orbits of spreads under the action of G. Let £ be a set of generators of P with
characteristic vector x. If the intersection number |£ N S| equals z for every spread S € C, then

(i) 1£] =2 155 (¢ + 1);

(ii) the number of generators of £ disjoint to 7 equals (x — (x)ﬂ)q(d;1)+e(d_1).

Proof. Let n; be the number of spreads in C containing ¢ given disjoint generators, ¢ = 1,2, and let
ng be the total number of spreads in C. Now G acts transitively on the pairs of disjoint generators.
Consequently, the values n; are independent of the chosen generators (and thus well defined) for
i =0,1,2, since C is a union of spread orbits.

By counting the tuples (77,.5), with S € C and 7’ an element (generator) of .S, we find that

d—1 d—2
no(¢ct 4t +1) =ny H(q”i +1) & no=m H(qeﬂ' +1).
i=0 1=0

Now, let 7 be a generator of P. By counting the tuples (77, 5), with S € C containing 7, and 7" an
element of S different (and thus necessarily disjoint) from 7, and using Lemma [2.14] we find that

e+d—1 +de

niq = nag(®) e ny =gl vy,



In order to prove (i) we count the tuples (7’,S), with S a spread of P in C and 7’ a generator
of £LNS. On the one hand, we find ng spreads in C, each containing = generators that belong to
L. On the other hand, each generator of £ is contained in n; generators. Hence,

d—2
o :
L=x—= 1),
£l =m0 =2 [J(@ +1)
=0

Now we count the tuples (7', .S), with S € C containing 7w, and 7’ a generator of £N S disjoint
to m. On the one hand, there are n; spreads S in C containing 7 and by the assumption £LN .S
contains x generators, which are necessarily disjoint. So, there are  — (x), possible choices for
7' given S, namely z — 1 if 7 € £ and z if 7 ¢ £. On the other hand, for every generator 7’ we
choose, there are ns spreads in C containing 7 and 7’. Consequently, the number of choices for 7/
equals

ni a1 d—1
(7= ()0 = (= () )al =)

This concludes the proof of part (ii). O

Remark 3.4. For any finite classical polar space its full automorphism group acts transitively on
the pairs of disjoint generators by Theorem [2.16] so there are groups that fulfill the requirement
for the group G in the above lemma.

The following results will be useful in the proofs of the characterisation theorems.

Lemma 3.5. Let P be a finite classical polar space over F, of rank d and with parameter e,
and let A be the point-generator incidence matrix of P. Let S be a set of generators of P with
characteristic vector x.

(i) For any m € N, the generator set S is an m-regular system if and only if x — W]’ €
ker(A).

(ii) Let m be a fixed generator and let x, be the characteristic vector of the set {m}. If the
generator set S is the set of all generators disjoint to 7, then

d—1 _ 1 i
X — q( 2 )+e(d D) (r[d_QJ — Xﬂ> € ker(A) .

o (gt +1)

1=

Proof. We denote the number of points of P by n’ and the number of generators of P by n. It is
immediate that Aj, = (Hf;g (¢t + 1)) Jrn since every row in A contains H?;OQ(QCH + 1) ones
as this is the number of generators through a point.

Now, the set § is an m-regular system if and only if every point of P is contained in precisely
m generators of S, hence if and only if Ax = mj,,s. The first statement now follows from

m . m .
X — —H?:_Oz(qu n l)jn €ker(4) & Ax= —H?:_g(qu Y Ajn .

Let v, be the characteristic vector of = with the positions corresponding to the points of
P. Note that Ax, = v;. If the set S is the set of all generators disjoint to 7, then Ax =
q(d51)+c(d_1)(jnf — v,) since every point not in 7 is contained in q(d;1)+e(d_l) generators skew
to m by Lemma (looking at the quotient geometry of the point). The second statement now
follows from

ey (L s ) e
X T 2@y X ()

d—1 1
& Ax = q( 2 ) Feld=1) ———AJjn — AXx | - O
I (gt + 1)
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The polar spaces Q (2d + 1,q), Q(4n,q), QT (4n + 1,q), W(4n — 1,q) and
H(n,q°)

In this section we present the characterisation theorem for almost all classes of finite classical polar
spaces, namely the elliptic quadrics, the parabolic quadrics of even rank, the hyperbolic quadrics
of odd rank, the symplectic polar spaces of even rank and the Hermitian polar spaces. To simplify
the statement of the theorem we will use the following notation.

Notation 3.6. The polar spaces Q (2d + 1,q), Q(2d,q) with d even, Q*(2d — 1, q) with d odd,
W(2d — 1, q) with d even, H(2d — 1, q) with ¢ a square, and H(2d, q) with ¢ a square, are called
the polar spaces of type I

Now we present the characterisation theorem.

Theorem 3.7. Let P be a polar space of type I of rank d and with parameter e over F,. Let £

be a set of generators of P with characteristic vector x. Let A be the point-generator incidence

matrix of P, and let K be the generator disjointness matrix of P. Denote W by x. The
=0

four following statements are equivalent.

(i) x € im(AY).

(i) x € (ker(A))™.
(iii) For each fixed generator m of P, the number of elements of £ disjoint from 7 equals (x —
(30, )al"2 e,

iv) The vector x— -5 7 is contained in the eigenspace of K for the eigenvalue —q(dgl)“(dfl).
qdte=141

If P admits a spread, then also the next two statements are equivalent to the previous ones.
(v) |£LN S| =z for every spread S of P.

(vi) [£LN S| = z for every spread S € C of P, with C a class of spreads which is a union of
orbits under the action of an automorphism group of P that acts transitively on the pairs
of disjoint generators of P.

Proof. Statement (i) implies statement (i) since im(A*) = (ker(A))". Now, we assume that (i) is
valid. Let 7 be a fixed generator and let x, be the characteristic vector of the set {w}. Let &’ be
the set of all generators disjoint to = and denote its characteristic vector by xs/. By Lemma ii)
we can find a vector v € ker(A) such that

d—1 _ 1 .
Xs = v+ ("2 )Y (dQ-J —xﬂ> .
[Tizo ( )
The number of elements of £ disjoint from 7 equals |S' N £]|. We find

d—1 1
S AL = (xsx) = (v,x) + 2D [~
10 (geti + 1)

e <n<|q£++1> - <x>w> = (= (0,2,
=0

since (v, x) = 0 by the assumption. This proves (iii).
By Theorem statements (iii) and (iv) are equivalent. Now, we assume that (iv) is valid.
We consider the association scheme of the generators of P, with matrices I = Ag, Ay,..., 43 =K

and corresponding decomposition R® = Vo L Vi L --- L Vy, with Q the set of generators of P,
+e(d—1)

(3, x) — <xﬂ,x>>

d—
using the ordering as in Section The eigenvalue of K corresponding to V is —q< 2")

11



By Theorem V1 is the unique subspace in this decomposition admitting —q(d;)”(d*l) as

eigenvalue since P is of type I. It now follows from (iv) that x — ﬁ j € V1. Since 5 € V) we

know that x € Vo @ V1, and by Lemma Vo & Vi = im(A?"). So, statement (i) follows.

We have proved that the first four statements are equivalent. From now on we assume that P
admits a spread. We note that by Remark the existence of a spread of P implies the existence
of a class C as in statement (vi). This shows that statement (vi) is not an empty statement, which
is important for the following argument. We show that (ii) implies (v) and that (vi) implies (iii).
Since (v) clearly implies (vi), this shows that statements (v) and (vi) are both equivalent to the
statements (i)-(iv).

We assume that (ii) is valid. Let S be a spread of P, with characteristic vector xs. By

. _ 1 .
Lemma 1) we can find a vector w € ker(A) such that xs = w + 71—[?:_(]2(115‘*'77-‘,-1)'7' Then
1£08] = (x:x8) = (ow) + g ) A,
=X xs) =X —a 3 . W F =g, . =T,
[T (@ + 1) [T (@ + 1)
since (x,w) = 0 by the assumption. This proves (v).
By Lemma ii) statement (vi) implies (iii). O

Definition 3.8. Let P be a finite classical polar space of type I. A generator set £ that fulfils

one of the statements in Theorem (and consequently all of them) is called a Cameron-Liebler
|£]

set with parameter x = T2 (er 5D

It follows from the definition that there is a direct link between the parameter and the size of
a Cameron-Liebler set. Rewritten, we get the following.

Corollary 3.9. Let P be a finite classical polar space of type I over F, of rank d and with
parameter e. If £ is a Cameron-Liebler set with parameter x, then |£| = x H?:_g (¢°T" +1).

We have proved that the size of the intersection of a Cameron-Liebler set and a spread only
depends on the parameter of the Cameron-Liebler set. If a spread exists, this is a defining property.
We show that for regular systems a similar property holds, however it is in general not defining.

Corollary 3.10. Let P be a finite classical polar space of type I over F, of rank d and with
parameter e, that admits an m-regular system S. If £ is a Cameron-Liebler set with parameter
x, then [LN S| = ma.

Proof. Denote the characteristic vectors of S and £ by xs and x, respectively. By Lemma i)

we can find a vector w € ker(A) such that xs = w + WJ Then
£08]= (toxs) = (6 0) + oy e (x0) = e =g
=X Xxs) =X SR, S Dl w p e )
[T @+ + 1) ITio (@t +1)
since (x,w) = 0 by Theorem [3.7](ii). O

The polar spaces Q" (4n — 1,q)

In this section we present the characterisation theorem for one class of polar spaces, namely
the hyperbolic quadrics of even rank. The discussion of the Cameron-Liebler sets of generators in
these polar spaces heavily relies on the fact that there are two classes of generators on a hyperbolic
quadric. For the relation with spreads the following lemma is important.

Lemma 3.11. Let S be a generator spread of QT (4n—1,¢), and let ; and Q3 be the two classes
of generators. Then either S C Q1 or § C (),.

Proof. This is immediate, as two generators of a different class cannot have an empty intersection
since the rank of Q% (4n — 1,q) is even. O

12



Because of the previous lemma we present a characterisation theorem similar to Theorem [3.7]
for one class of generators instead of the complete set of generators. Some lemmas that we have
proved before have an analogue for this situation.

Lemma 3.12. Let G be a class of generators of the hyperbolic quadric Q% (2d — 1, ¢), d even, and
let A be the incidence matrix of points of QT (2d — 1, ¢) and generators in G. Let S C G be a set
of generators with characteristic vector x.

(i) The generator set S is an m-regular system of Q1 (2d —1, ¢) if and only if x — mj €
i=1
ker(A).

(ii) Let 7 be a fixed generator in G and let x, be the characteristic vector of the set {m}. If the
generator set S is the set of all generators disjoint to 7, then

d—1 1
X—q( =) — - J — Xn | Eker(4).
<Hf=f<qz +1) )
Proof. Analogous to the proof of Lemma for both (i) and (ii). O

Lemma 3.13. Let G be a class of generators of the hyperbolic quadric Q% (2d — 1, q), d even, and
let K be the disjointness matrix of G. Let £ C G be a set of generators of P with characteristic

vector x. The number of generators of G disjoint to a given generator 7 of G equals (z— (X)Tr)q(dgl)

if and only if x — ﬁj is a vector in the eigenspace of K for the eigenvalue —q( 2

Proof. Analogous to the proof of Theorem Note that all generators of Q" (2d — 1, ¢q), d even,
that are disjoint to a given generator w € G, belong to G. O

We also need a counterpart for Lemma

Lemma 3.14. Let G be a class of generators of the hyperbolic quadric P = Q*(2d — 1,q), d
even, and let Ag, Ay,..., A d be the incidence matrices of the corresponding association scheme.
Consider the eigenspace decomposition RY = Vyj L V{ L --- L V} related to this association

scheme introduced in Remark Let A be the incidence matrix of points of P and generators
in G. Then, im(A?") = Vy L V/.

Proof. Let P be a point of P and let v* be the corresponding row of A. The vector v is the charac-
teristic vector of the collection of generators of G through P. So, the entry of A;v corresponding
to the generator m gives the number of generators in G through P which have a (d — 3)-space

d—1 d—1
in common with 7. If P € 7, then this entry (4,v)_ equals [ 9 } q since there are { ]
q

2
q
different (d — 3)-spaces through P in 7, each contained in g+ 1 different generators of G, namely 7
and ¢ generators that have precisely this (d — 3)-space in common with 7. If P ¢ 7, then the entry

d—1
(A1v), equals [ 1 ] since there is a unique generator of G through the (d — 2)-space generated

q
by P and a random (d — 3)-space in the (d — 2)-space m N P+, with P+ the set of all points of P

collinear with P. So,
d—1 . d—1 d—1 d—1 d—1] .
Av=q 5 v+ (j—v) 1 =l4 5 -1 1 v+ ] J-
q q q q q

. d| .
A1J=CI{2} J -

q

Also,
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This implies that

(o) = (5,15 (=l 121

(e (e 1)),
(L2101
_ L) <v—qd_11+1j> .

d—1 d—1
Hence, v — ﬁ J is contained in the eigenspace of A; with eigenvalue q{ 5 } — { 1 } .
q

The eigenvalues Pfl of the incidence matrix A; for the eigenspaces V; (as in Remark D
are the eigenvalues Pjo = FPy_j» of the association scheme of the generators of P. So P},

d _ . . d _ o . d
equals ¢ ([ 9 ‘7} + B] ) - [ 1 j} [ﬂ for 2 <j < %, and further Pgl = q[Q} and Png =
q q al-dq q

d—1 d
q[ 9 ] — [ 1] . It is important to notice that V7 is the only eigenspace with eigenvalue Pg 1
q q

Consequently, v —
Vo L V.

Now, consider the matrix A*A. This matrix has the same image as A*. Furthermore A*A lies
in the Bose-Mesner algebra of the association scheme, since the entry (A*A)__, is the number of
common points of 7 and 7/, and so ’

ﬁj € V{ and so, v € Vj L V{ since j € V{§. This implies that im(A*) C

4_1
3 d—2i
t — .
AA—ZE_O[ 1 ]qAZ.

By Lemma[2.3] this implies that im(A?) = im(A*A) is a sum of eigenspaces V;. The image of A’

equals thus V{, V{ or VJ L V/ since im(A?) C VJ L V{ and it is non-empty. On the one hand, it
d

is clear that j € im(A?) because A'j = [1] J, hence V§ C im(A?). On the other hand, consider a

q
column v of A*. Then v — qd_++1 J is a non-zero vector of V; by the above and the observation

that v ¢ (j). Since both v and j are contained in im(A"), also v — ﬁj is contained in im(A")
and consequently V/ C im(A*). So we conclude that im(A*) = V§ L V. O

Now we present the characterisation theorem.

Theorem 3.15. Let G be a class of generators of the hyperbolic quadric P = Q*(2d — 1,q), d
even. Let £ C G be a set of generators of P with characteristic vector x. Let A be the incidence

matrix of points of P and generators in G, and let K be the disjointness matrix of G. Denote
|£]
[T=7(q'+1)

(i) x € im(A").

(ii) x € (ker(A))™

by x. The four following statements are equivalent.

14



(iii) For each fixed generator m € G the number of elements of £ disjoint from 7 equals (r —

(x),)a "2 ).

(iv) The vector x — J is contained in the eigenspace of K for the eigenvalue fq(dgl).

xz
qi-1T+1
If P admits a spread, then also the next two statements are equivalent to the previous ones.

(v) |£LN S| =z for every spread S of P whose elements are in G.

(vi) |[£LN S| =z for every spread S € C of P whose elements are in G, with C a class of spreads
which is a union of orbits under the action of an automorphism group that acts transitively
on the pairs of disjoint generators of G.

Proof. Statement (i) implies statement (ii) since im(A?) = (ker(4))". Now, we assume that (i)
is valid. Let w € G be a fixed generator and let x, be the characteristic vector of the set {w}. Let
S’ C G be the set of all generators disjoint to 7 and denote its characteristic vector by xs/. By
Lemma [3.12](ii) we can find a vector v € ker(A4) such that

xs' =v+q("7) <1j - X )
20 @ +1)

The number of elements of £ disjoint from 7 equals |S’ N £|. We find

/ = 7 = (v (dgl) ; ) —_ T
S"N L= (xs:x) = (v,x) + ¢ (Hf—_lz(qiﬂLl) {d,%x) — {x ,X>>
=¢("%) <d2|£| - (x),,) = (@ ()",
Hi:_1 (¢"+1)

since (v,x) = 0 by the assumption. This proves (iii).

By Theorem statements (iii) and (iv) are equivalent. Now, we assume that (iv) is valid.
We consider the association scheme of the generators in G, introduced in Remark with
matrices I = Ag, A1, ..., A% = K and corresponding decomposition RY = VJ L V{/ L --- L V}.

2
The eigenvalue of K corresponding to V] is fq(dgl). By Lemma and Remark Vi is
/'

the unique subspace in this decomposition admitting —q( ) as eigenvalue. It now follows from
(iv) that x — atd € V{. Since j € Vp we know that x € Vj @ V/, and by Lemma
Vi & V{ = im(A"). So, statement (i) follows.

We have proved that the first four statements are equivalent. From now on we assume that P
admits a spread. We note that by Remark the existence of a spread of P implies the existence
of a class C as in statement (vi). This shows that statement (vi) is not an empty statement, which
is important for the following argument. We show that (ii) implies (v) and that (vi) implies (iii).
Since (v) clearly implies (vi), this shows that statements (v) and (vi) are both equivalent to the
statements (i)-(iv).

We assume that (ii) is valid. Let S C G be a spread of P, with characteristic vector xs. By
Lemma i) we can find a vector w € ker(A) such that xs = w + mg Then

1£08] = (e xs) = bow) + g d) = e =
[T=r (g + 1) T2 (g + 1)
since (x,w) = 0 by the assumption. This proves (v).

Finally we assume that (vi) is valid. We denote the class of generators different from G by G’.
Any automorphism of P either fixes both G and G’, or else switches the sets G and G'. Let H
be the subgroup of G (necessarily of index 2) that fixes both G and G’ setwise. The subgroup H
acts transitively on the pairs of disjoint generators in G, since G acts transitively on the pairs of
disjoint generators of P. By Lemma [3.3|ii) statement (vi) implies (iii) since the set of all spreads
in C whose elements are contained in G is a union of orbits under the action of H. O
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As for the polar spaces of type I, we use this theorem to define Cameron-Liebler sets. Two
corollaries of this theorem, similar to Corollaries [3.9] and [3.10] follow.

Definition 3.16. Let G be a class of generators of the hyperbolic quadric Q% (2d — 1, q), d even.

A generator set £ C G that fulfills one of the statements in Theorem (and consequently all of
|£]

them) is called a Cameron-Liebler set with parameter x = —g—-——.
Hi=1 (¢*+1)

Corollary 3.17. Let G be a class of generators of the hyperbolic quadric @7 (2d — 1, q), d even.
If £ is a Cameron-Liebler set of G with parameter z, then |£| =z Hf;f(qZ +1).

Corollary 3.18. Let G be a class of generators of the hyperbolic quadric Q% (2d—1, q), d even, that
admits an m-regular system S. If £ is a Cameron-Liebler set with parameter z, then |£LNS| = ma.

Proof. Analogous to the proof of Corollary now using Lemma [3.12) O

Using the definition of Cameron-Liebler sets for a class of generators, we can define Cameron-
Liebler sets for the hyperbolic quadrics of even rank themselves. First we prove a characterisation
theorem.

Theorem 3.19. Let £ be a set of generators of P = Q1 (2d — 1,q), d even, with characteristic
vector x. Let 1 and €y be the two classes of generators of P and let K be the disjointness matrix
of the generators of P. For any x the three following statements are equivalent.

(i) LNy and £ N Qy are Cameron-Liebler sets with parameter = of 1 and Qs, respectively.
(ii) For each fixed generator m the number of elements of £ disjoint from 7 equals (m—(x)w)q(d;).

d—
(iii) The vector x — qdj.ii_;'_lj is contained in the eigenspace of K for the eigenvalue —q( 2),

If P admits a spread, then also the next two statements are equivalent to the previous ones.
(iv) |[£N S| =z for every spread S of P.

(v) |[£NS]| =z for every spread S € C of P, with C a class of spreads which is a union of orbits
under the action of an automorphism group that acts transitively on the pairs of disjoint
generators of G.

Proof. We define £; = LN, i =1,2. We know £ = L1 U Ls.

Since d is even, two disjoint generators necessarily belong to the same generator class, see
Remark Hence, statements (i) and (ii) are equivalent by Theorem and Definition
By Theorem [3.1| we know that statements (ii) and (iii) are equivalent.

From now on we assume that P admits a spread. Recall from Lemma that each spread
of P is a subset of either £; or Q5. Then it follows immediately from Theorem that (i) is
equivalent with both statement (iv) and statement (v). O

Definition 3.20. A generator set £ of @1 (2d — 1,q), d even, that fulfills one of the statements
in Theorem (and consequently all of them) is called a Cameron-Liebler set with parameter x.

Corollary 3.21. Let £ be a Cameron-Liebler set of Q% (2d — 1,q), d even, with parameter x.
Then [£] = 2 [T{Z5 (4" + 1)

Remark 3.22. The characterisation of the Cameron-Liebler sets of the hyperbolic quadric P =
Q7 (2d—1,q), d even, is very similar to the characterisation of the polar spaces of type I. There is
however no characterisation based on the image or kernel of a matrix. One can easily check that
all generator sets whose incidence vector is contained in the image of the transposed incidence
matrix of points and generators of P are indeed Cameron-Liebler sets of P, but the converse is
not true: the image of the incidence matrix of points and generators of P does not contain the
incidence vectors of all Cameron-Liebler sets of P.
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For the Cameron-Liebler sets of the classes of P we find a characterisation similar to the ones
for polar spaces of type I including a characterisation using the image of a matrix. For this reason
we focus here and in the final section of this paper on the Cameron-Liebler sets of a class of the
hyperbolic quadric @ (2d—1, q), d even, rather than on the Cameron-Liebler sets of the hyperbolic
quadric itself.

The polar spaces Q(4n + 2,q), all ¢, and W(4n + 1,q), ¢ even

In this section we present the characterisation theorem for two classes of polar spaces, namely the
parabolic quadrics of odd rank and the symplectic polar spaces of odd rank over a field with even
characteristic. To simplify the statements of the theorem we will use the following notation.

Notation 3.23. The polar spaces Q(2d, q), with d odd, and W(2d — 1, q), with d odd and ¢ even,
are called the polar spaces of type I11.

Note that all polar spaces of type III have parameter e = 1.

Remark 3.24. There is a strong connection between the two classes of polar spaces of type II1
if ¢ is even. Consider the parabolic quadric Q(2d,q), ¢ even, and let N be its nucleus. This is
the unique point such that any line through N is a tangent line to Q(2d, q). Projecting Q(2d, q)
from N onto a hyperplane « disjoint to N yields the symplectic polar space W(2d — 1, q), q even.
For more information about this link between W(2d — 1, q), ¢ even, and Q(2d, q), q even, we refer
to [24, Chapter 22] and [39, Chapter 11].

Remark 3.25. Consider the parabolic quadric P = Q(2d,q) with d odd. Any non-tangent
hyperplane meets P in either a hyperbolic quadric Q7 (2d — 1, q) or in an elliptic quadric @~ (2d —
1,q). Let S be an m-regular system of P and let « be a hyperplane meeting Q(2d, ¢) in a hyperbolic
quadric @, necessarily also of rank d. We know that |S| = m(¢? + 1), and then by counting the
points of @), we find that precisely 2m of the generators in S are contained in Q). We know that
the generators of @ can be divided in two classes and since d is odd, any two disjoint generators
must belong to different classes. Hence, if S is a spread (m = 1), the two generators of S that are
contained in @ necessarily belong to different classes.

From the previous observation it follows that the set of all generators of one class of a hyperbolic
quadric @7 (2d — 1,q) embedded in Q(2d, q), d odd, has precisely one generator in common with
every spread. This generator set is called a hyperbolic class. Note that P does not necessarily
contain a spread.

By Remark we know the connection between the polar spaces Q(2d,q), g even, and
W(2d — 1,q), q even. Consequently, there are also hyperbolic quadrics of rank d embedded in
W(2d — 1,q), q even, and the hyperbolic classes can be defined in the same way. In particular
there is a 1-1-correspondence between the spreads of Q(2d,q), ¢ even, and W(2d — 1,q), ¢ even,
through the projection from the nucleus N of Q(2d,¢q). So the hyperbolic classes of W(2d — 1, q),
q even, also have precisely one generator in common with every spread.

Some lemmas using point-pencils that we have proved before have an analogue for hyperbolic
classes.

Lemma 3.26. Let P be a polar space of type III over IF; of rank d, and let B be the incidence ma-
trix of hyperbolic classes and generators of P. Let S be a set of generators of P with characteristic
vector x.

(i) If the generator set S is a spread, then x — i i+1)j € ker(B).

1

i

(ii) Let m be a fixed generator and let x, be the characteristic vector of the set {m}. If the
generator set S is the set of all generators disjoint to 7, then

N B S .
X—q <H?_11(qi+ 1).7 Xw) € ker(B) .
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Proof. We denote the number of hyperbolic classes of P by m and the number of generators of P

by n. It is immediate that Bj, = (Hf;ll(qi + 1)) Jm since every row in B contains H?;ll(qi +1)

ones as this is the number of generators in one class of a hyperbolic quadric Q*(2d — 1, q).

Firstly, we assume that S is a spread. By Remark [3.25] the spread S has precisely one generator
in common with every hyperbolic class of P and hence Bx = jm,. The statement now follows
from

1 . 1
X — T}"’ S ker(B) = BX =

; P W

ITi=i (¢ +1) [[ici (¢ +1)

Secondly, we assume that S is the set of all generators disjoint to m. Let v, be the characteristic

vector of m with the positions corresponding to the hyperbolic classes of P, i.e. on the position

corresponding to the hyperbolic class C' there is a one if 7 € C' and a zero otherwise. Note that
d
2

Bxr = v;. A hyperbolic class C' has no generators in common with § if # € C' and has q( )

Bjn < BxX=7Jm-

generators in common with S if 7 ¢ C. Hence, Bx = q(g) (Jm — vx). The second statement now
follows from

N CN er
e <H?_f(qi+1>h X”>€k )

d 1
< Bx=q(2) ————Bjn—BXxx | - O
i@+ "

Now we present a lemma regarding the image of the matrix B! that we introduced in the
previous lemma. This is an analogue of Lemmas and

Lemma 3.27. Let P be a polar space of type III of rank d over F,, and let Ag, A1,..., Aq be the
incidence matrices of the corresponding association scheme. Consider the eigenspace decomposi-
tion R? = V5 L V; L --- L Vy related to this association scheme using the classical order, with Q

the set of all generators of P. Let B be the incidence matrix of hyperbolic classes and generators
of P. Then, im(B%) =V, L V; L V.

Proof. Let Q be a hyperbolic quadric Q" (2d — 1,¢) embedded in P, and let G and £ be the two
classes of generators of (). Note that G, L C Q. Let vg and v, be the characteristic vectors of G
and L respectively. Then both v and v} are rows of B.

We now look at the vector Ajvg. The entry of A;vg corresponding to the generator m gives the
number of generators in G which have a (d — 2)-space in common with =. If 7 € G, then (A,vg).
equals 0 since two generators of the same class cannot have a (d — 2)-space in common. If 7 € L,

d [d
then (Ajvg), equals L] since there are J different (d — 2)-spaces in 7, each contained in a
q

q L
unique generator of G. If m ¢ G U L, so 7 is not contained in @), then the entry (A;vg). equals 1
since the (d — 2)-space m N Q is contained in a unique generator belonging to G. So,

d] .
Al’vg: |:1 v[;—i—(g—vg—v[;).
dq
Analogously,
d] .
Avp = [1 vg+(j—vg —vr) .

dq
This implies that
d

A (vg —vg) = [1

L(’Ugvt) :

d
and hence that vg — v, is an eigenvector of A; with eigenvalue — L] .
q
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We have noted before, in the proof of Lemma that the eigenvalues P;; of the association
scheme of a polar space are pairwise different. Hence, it follows that vg — v, € Vg since Py =

d
1 q'
Let A be the point-generator incidence matrix of P and let v%, be the row of A corresponding

to P, so vp is the characteristic vector of the point-pencil through P. Let H be the set of points
in @ and let H’ be the set of points of P not contained in Q. Then,

1)

d
since each generator in GU L contains [J points of H and no points of H’, while every generator
q

d—-1
in Q\ (GUL) contains [ ] } points of H and g%~ points of #'. Consequently, vg+v, € im(A?).

By Lemma we know tha(‘é im(A) =Vy L V4.

Since vg — vy € Vg and vg + vy € im(A?), we know that vg,v, € im(A') ® V;. The
vectors v and v are arbitrary rows of B since @ can be chosen arbitrarily. It follows that
im(BY) Cim(A%) LVy=Vy LV, LV,

Now, consider the matrix B*B. This matrix has the same image as B?. Furthermore,

d
B'B=Y ¢4,

=0

since the entry (B'B)_ _, is the number of hyperbolic classes containing both generators 7 and 7/,

which equals ¢“*1 if dim(m N 7’) = k. So, BB lies in the Bose-Mesner algebra of the association
scheme of P. By Lemma this implies that im(B') = im(B'B) is a sum of eigenspaces V;.
Since im‘(B) C Vi L Vi L Vg, the space im(B*) is a sum of some of the eigenspaces Vy, Vi, Vy. Let
G and L be as in the first part of the proof. We know on the one hand that vg — v, is a non-zero
vector in V; and hence im(B?) € im(A?). On the other hand, vg + v, is a non-zero vector in
im(A?") and since

Ay (vg +vg) = (m —2> (vg +ve)+ 27,

the vector vg + v, is not contained in V; or Vi. We conclude that im(B?*) = Vo L Vi L V. O
Now we present the characterisation theorem.

Theorem 3.28. Let P be a polar space of type III of rank d over F,,. Let L be a set of generators of
‘P with characteristic vector x. Let B be the incidence matrix of hyperbolic classes and generators

of P, and let K be the generator disjointness matrix of P. Denote % by x. The four
i=1
following statements are equivalent.

(i) x € im(B?Y).
(i) x € (ker(B))".

(iii) For each fixed generator 7 of P, the number of elements of £ disjoint from 7 equals (z —

(x),)a).

(iv) The vector x —

d

ﬁ 7 is contained in the eigenspace of K for the eigenvalue fq(2).
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If P admits a spread, then also the next two statements are equivalent to the previous ones.
(v) |[£NS| =z for every spread S of P.

(vi) |£LN S| =z for every spread S € C of P, with C a class of spreads which is a union of orbits
under the action of an automorphism group that acts transitively on the pairs of disjoint
generators of P.

Proof. Statement (i) implies statement (i) since im(B*) = (ker(B))*. Now, we assume that
(ii) is valid. Let 7 be a fixed generator and let x. be the characteristic vector of the set {7}.
Let &’ be the set of all generators disjoint to m and denote its characteristic vector by xs:. By
Lemma [3.26]ii) we can find a vector v € ker(B) such that

xs = v +q) <d_113 - xﬂ> :
[lici (@ +1)

The number of elements of £ disjoint from 7 equals |[S’ N L]. We find

1
[T (g +1)

N6 Y (R 7 — (z— (2)
¢ (H‘Z_f(qiﬂ) <x>ﬁ> (z — (x),)a) |

since (v,x) = 0 by the assumption. This proves (iii).

By Theorem [3.1} statements (iii) and (iv) are equivalent. Now, we assume that (iv) is valid.
We consider the association scheme of the generators of P, with matrices I = Ag, A1,..., 43 =K
and corresponding decomposition R® = Vy L V; L --- L Vy, with Q the set of generators of P,
using the ordering as in Section[2} By Lemma[2.15]there are two eigenspaces in this decomposition

SN L = (xsx) = (v,x) +q) ( G, x) - <xmx>>

admitting —q(g) as eigenvalue for K, namely V; and Vy, since P is of type I1I. It now follows from
(iv) that x — 7719 € Vi L Vq. Since j € Vo we know that x € Vo L V1 L V4, and by Lemma
Vo L Vi L Vy=im(B"). So, statement (i) follows.

We have proved that the first four statements are equivalent. From now on we assume that P
admits a spread. We note that by Remark the existence of a spread of P implies the existence
of a class C as in statement (vi). This shows that statement (vi) is not an empty statement, which
is important for the following argument. We show that (ii) implies (v) and that (vi) implies (iii).
Since (v) clearly implies (vi), this shows that statements (v) and (vi) are both equivalent to the
statements (i)-(iv).

We assume that (ii) is valid. Let S be a spread of P, with characteristic vector xs. By
Lemma Wl) we can find a vector w € ker(B) such that v = xs — mj € ker(B). Then

£08] = (0 xs) = Do) + g ) = =
X T I ) Y T I @
since (x,w) = 0 by the assumption. This proves (v).
By Lemma ii) statement (vi) implies (iii). O

We can now define the Cameron-Liebler sets for polar spaces of type III, analogous to the
definition for polar spaces of type I.

Definition 3.29. Let P be a finite classical polar space of type III. A generator set £ that fulfills
one of the statements in Theorem (and consequently all of them) is called a Cameron-Liebler
|£]
I (¢ +1)
The main difference between the polar spaces of type I and the polar spaces of type III is that
the hyperbolic classes have taken the role of the points (or more precisely the point-pencils); the
matrix B has taken the role of the matrix A.

set with parameter x =
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Corollary 3.30. Let P be a finite classical polar space of type III over F, of rank d. If L is a
Cameron-Liebler set with parameter xz, then |£]| = x 1—[;1:—11 (¢"+1).

The polar spaces W(4n + 1,q), q odd

In the previous subsections we defined Cameron-Liebler sets for all polar spaces except the sym-
plectic polar spaces W(4n + 1,q), ¢ odd. For these spaces we were not able to produce a charac-
terisation result similar to Theorems and This is the first open problem we want
to pose. The main problem is that the image of the transposed point-generator incidence matrix
does not correspond to an eigenspace of the generator disjointness matrix. We observed this non-
correspondence also in the polar spaces of type III, however for those we could use the incidence
matrix of hyperbolic classes and generators as a substitute, which we cannot do here, since no
hyperbolic quadrics are embedded in W(4n + 1, q), q odd.

Recall from Table 2| that the symplectic polar spaces W(4n + 1, q), ¢ odd, admit spreads. So,
one could hope to prove a characterisation result (weaker than for the other polar spaces) including
the disjointness statement, the eigenspace statement and the two spread statements. However, due
to the absence of a substitute for the point-generator incidence matrix, we were not able to prove
this in general. We remind the reader that the disjointness statement is the ‘central’ condition,
which should always be present.

In this section we only handle the symplectic polar space W(5,q), ¢ odd, for which we could
prove a characterisation result. We start with a lemma about spreads in W(5, q), ¢ odd.

Lemma 3.31. Let R =V, L V; L V5 L V3 be the eigenspace decomposition (using the classical
order) related to the association scheme corresponding to P = W(5,q), ¢ odd. If the generator

set S, with characteristic vector x, is a spread, then x — qq4__11 J e Va.

Proof. Given that § is a spread, we count the number of generators (planes) that meet an element
of S in precisely a line:

@+ +a+)g=(+ (@ +1)(g+1) — (¢ +1).

We conclude that all generators of P that do not belong to S meet an element of S in a line. Let
K be the generator disjointness matrix of P. For any generator m of P we now know that

@ TeS

(KX)TF_{q3_q2 ¢S

since a generator not in S meets one generator of S in a line and ¢? generators of S in a point. It
follows that

Kx=(¢*-¢")j+d*x -
We know that Kj = ¢%j and thus

g—1. ; qg—1 . q—1 .
K(x—q4_ J) =(q3—q2)3+q2x—q6q47_3=q2 (x—q4_ .7) :

1 1 1

So, x — qq4__11 j is an eigenvector of K with corresponding eigenvalue ¢2.
The eigenvalues of K corresponding to Vp, Vi, Vo and Vs are ¢%, —¢2, ¢? and —¢>, respectively,
see Section [2| Consequently, x — qq[fl 7 is contained in V5. O

Using this lemma we prove the characterisation theorem.

Theorem 3.32. Let £ be a set of generators of P = W(5, q), ¢ odd, with characteristic vector x.
Let K be the generator disjointness matrix of P and denote 4 by x. The four following

L]
q+1)(¢>+1)
statements are equivalent.
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(i) For each fixed generator 7 of P, the number of elements of £ disjoint from 7 equals (z —
(X))

(ii) The vector x — qfﬁ j is contained in the eigenspace of K for the eigenvalue —g3.

(iii) |£LN S| =« for every spread S of P.

(iv) |£LN S| =z for every spread S € C of P, with C a class of spreads which is a union of orbits
under the action of an automorphism group that acts transitively on the pairs of disjoint
generators of P

Proof. Before starting we note that Remark [3.4] implies the existence of a class C as in statement
(iv). This shows that statement (iv) is not an empty statement, which is important for the proof.

By Theorem statements (i) and (ii) are equivalent. Let R® = V5 L Vi L Vo L V3
be the eigenspace decomposition (using the classical order) related to the association scheme
corresponding to P. Now, we assume that (ii) is valid: let v be an eigenvector of K corresponding
to the eigenvalue —¢3 such that x = v + qg.%j. Then v € Vi L V3. Let S be a spread of P with

characteristic vector xs. By Lemma we can find a vector w € V; such that xs = w+ %j.
Then

q—1

q—1 q—1 T
¢t —1¢*+1

|£m8| - <X3XS> = <X,w>+q47_1<X7.7> = q4_1

(v,3) + (4,9) ==,

Here we used that (x,w) = 0 since x € Vo L V1 L V3 and w € V5, and that (v,j) = 0 since
ve V) LVzand 5 € V. This proves (iii).

By Lemma ii) statement (iv) implies (i). Since (iii) clearly implies (iv), all four statements
are equivalent. O

We can now define the Cameron-Liebler sets for the symplectic polar space W(5,q), ¢ odd,
analogously to the definitions for other polar spaces.

Definition 3.33. A generator set £ of W(5,q), ¢ odd, that fulfills one of the statements in
Theorem (and consequently all of them) is called a Cameron-Liebler set with parameter

|£

= G-

Corollary 3.34. If £ is a Cameron-Liebler set of W(5, ), ¢ odd, with parameter x, then |£| =
2(g+ 1) (g% +1).

4 Properties and examples

The following properties of Cameron-Liebler sets can easily be proved.

Lemma 4.1. Let P be a finite classical polar space of type I or III, or one class of generators
of @7 (2d — 1,q), d even. If £ and £’ are Cameron-Liebler sets of P with parameters z and z’
respectively, then the following statements are valid.

(i) 0 <z <gtat 41,

(i) The set of all generators not in £ is a Cameron-Liebler set of P with parameter ¢°T¢ 1 +1—x.
(iii) If LN L =0, then LU L' is a Cameron-Liebler set of P with parameter = + 2.
(iv) If £ C L, then £\ £’ is a Cameron-Liebler set of P with parameter z — z’.

Now we present some examples of Cameron-Liebler sets.
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Example 4.2. Let P be a finite classical polar space of type I or III, or one class of generators of
QT (2d —1,q), d even. The set L of all generators of P through a fixed point is a Cameron-Liebler
set with parameter 1. Note that this is a point-pencil if P is a polar space of type I or III.

For polar spaces of type I and a class of generators of Q7 (2d—1, q), d even, this is immediate as
the incidence vector of £ is a row in the point-generator incidence matrix. For polar spaces of type
IIT this follows from the observation that the image of the transposed point-generator incidence
matrix is a subspace of the image of the transposed incidence matrix of hyperbolic classes and

generators (see Lemmas and [3.27)).

Remark 4.3. A set of points in a polar space such that each generator contains at most one
point of the set is called a partial ovoid; it is called an ovoid if each generator contains precisely
one point of the set. It is immediate that an ovoid of a finite classical polar space of rank d with
parameter e over I, contains q¥te~1 + 1 pairwise non-collinear points. Ovoids and partial ovoids
of polar spaces are well-studied and many (non-)existence results are known. There is a close
connection between ovoids and spreads. We refer to [12] Sections 3 and 4] for more background,
details and results.

We note here that it follows from Lemma iii) and Example that a finite classical polar

d+e—1
space of rank d with parameter e over I, that admits a partial ovoid of size {%J has a

Cameron-Liebler set for all possible parameter values. In particular all polar spaces that admit
an ovoid have a Cameron-Liebler set for all possible parameter values.

Example 4.4. Let P be a finite classical polar space of rank d with parameter e over F; and let
P’ be a finite classical polar space of the same rank with parameter e —1 over F, that is embedded
in P, e > 1; all examples of such polar spaces P and P’ are listed below. Let £ be the set of
generators contained in P’ and let x be its characteristic vector. We denote the point-generator
incidence matrix of P by A and for any point P € P we denote the corresponding row of A by
vh, so vp is the characteristic vector of the point-pencil through P. Let H be the set of points in
P’ and let H’ be the set of points of P not contained in P’.

d—1
A generator of P that is not contained in P’ has at most [ 1 ] points in common with P’.
q
However by double counting the tuples (P, 7) with 7 a generator of P that is not contained in P’

and P € m a point in P’, we find that the generators of P that are not contained in P’, contain
on average

d-2, ; d—2/ jte_
I (qd+(efl)71 +1)- [licg (¢ +1) —T[iZg (¢t ' +1)
1, [0 (e + 1) = TS (@ +e ' + 1)
e— e— d—3/ jte
(™2 4+ 1) (g™ 2 —¢q 1)1_[3:02(?* +1)
L1 q (gdte=1l — ¢ 1) Hi:o (¢"te+1)
_[d] gt -1 [d — 1}
7d — =
1, @1 i

d—1
points of P’. Consequently, any generator of P that is not contained in P’ has precisely { ]
q

L,

XLZLZUP_i Z vp,
RG]

points in common with P’. Then,

qd— 1 PeHI

. : . |d : . .
since each generator in £ contains [1] points of H and no points of H’, while every generator
q

d—1
not in £ contains { 1 } points of H and ¢?~! points of H’. Consequently, x . is contained
q
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in im(A?%). So, if P is a polar space of type I or type III, then £ is a Cameron-Liebler set with
parameter ¢¢~ ! 4 1.
We give all examples that arise from this construction.

e Consider the elliptic quadric P = Q= (2d + 1, ¢), which is of type I. Any non-tangent hyper-
plane meets P in a parabolic quadric Q(2d, q). The set of all generators in such an embedded
parabolic quadric is a Cameron-Liebler set of P with parameter q + 1.

e Consider the parabolic quadric P = Q(2d, q), which is of type I if d is even and of type IIT if
d is odd. Any non-tangent hyperplane meets P in either a hyperbolic quadric Q7 (2d — 1, q)
or an elliptic quadric @~ (2d — 1, ¢). The embedded hyperbolic quadrics have the same rank
as P. The set of all generators in such an embedded hyperbolic quadric is a Cameron-Liebler
set of P with parameter 2.

e Consider the symplectic variety P = W(2d — 1, q), ¢ even, which is of type I if d is even and
of type III if d is odd. By Remark we can see that P contains a hyperbolic quadric
Q1 (2d—1, q) since the parabolic quadric Q(2d, q) contains hyperbolic quadrics Q1 (2d—1, q),
see the previous bullet point. The set of all generators in such an embedded hyperbolic
quadric is a Cameron-Liebler set of P with parameter 2.

e Consider the Hermitian polar space P = H(2d, ¢?), which is of type I. Any non-tangent
hyperplane meets P in a Hermitian polar space H(2d — 1,¢?). The set of all generators in
such an embedded parabolic quadric is a Cameron-Liebler set of P with parameter g + 1.

Example 4.5. Let P be a finite classical polar space of type III. In Remark we introduced
the hyperbolic class. Any hyperbolic class of P is a Cameron-Liebler set with parameter 1. This is
immediate as the incidence vector of a hyperbolic class is a row in the incidence matrix of points
and hyperbolic classes.

Example 4.6. Let P be a finite classical polar space of type III of rank 3 over F,, hence P =
W(5,q) or P = Q(6,q). Let m be a generator (a plane) and let £ be the set of all planes meeting =
in a line or a plane. It is easy to see that all elements of £ meet each other. A plane 7 ¢ L either
meets 7 in a point or else has an empty intersection with 7. If 7 N 7 is a point, then 7 meets 7
and the ¢ planes through a line of 7 passing through #N 7. If 7N 7 = ), then through every point
of 7 there is a unique plane of £. So, in both cases the number of elements of £ meeting 7 equals
q*> + q + 1. By Theorem iii) L is a Cameron-Liebler set of P with parameter 1.

Example 4.7. Let P be one class of generators of the quadric Q7 (7,¢). Let m be a generator
(3-space) belonging to the other class and let £ be the set of generators of P meeting 7 in a plane.
It is immediate that the elements of £ pairwise meet. A generator 7 € P\ £ meets 7 in a point.
If 7 and an element p € £ meet non-trivially, then the intersection 7 N p must be contained in
7. Hence, 7 meets the ¢ + g + 1 elements of £ through a plane of 7 containing 7 N 7. It follows
from Theorem [3.15(iii) that £ is a Cameron-Liebler set of P with parameter 1. We call this set of
generators a base-solid (with center ).

Recall that we defined the parameter = of a Cameron-Liebler set £ as a fraction in Defini-
tions and If the polar space admits a spread, each spread has x generators in
common with £, and so it is clear that x has to be an integer. Now we prove that x is always an
integer.

Theorem 4.8. Let P be a finite classical polar space of type I or III, or one class of generators
of @7 (2d — 1,q), d even. Let £ be a Cameron-Liebler set of P with parameter 2. Then = € N.

Proof. We present the proof for a finite classical polar space of type I. It is (very) similar for a
polar space of type III and for a class of generators of Q% (2d — 1, ¢q), d even. We denote the rank
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of P by d and its parameter by e. We denote the underlying finite field by F,. By Theorem [3.7](iii)
the number of elements of £ that are disjoint to a given generator m equals

Vd q(d;1)+e(d71)
[Iizo(a e +1)
with § equal to 1if m € S and 0 if 7 ¢ S. Hence
|z:|q(d§1>+e(d—l)
[0 (e + 1)
must be an integer. We know that ged(q?,¢” 4+ 1) = 1 for integers a,b > 0. Since e # 0 for polar

spaces of type I, then gcd(q(d;)“(d*l), H?;OZ (¢te+1)) =1. So H?;(]Q(q”e +1) must be a divisor
of |£| and hence z is an integer. O

— 5q("3")Fetd=1)

?

Lemma 4.9. Let P be a finite classical polar space of type I of rank d with parameter e and
let £ be a Cameron-Liebler set of P with parameter . The number of elements of £ meeting a

generator 7 in a (d — i — 1)-space, i = 0,...,d, equals
d—1 ) d—1 i )
<(x -V { ] +ql+€_1[ ' } ) g(2)+0=Ve i rer
i—1 q iy,
z {d - ﬂ g("2)Hi=De ifrd L
i—
q

Proof. Let x be the characteristic vector of the generator set £ and denote the generator dis-
jointness matrix of P by K. By Theorem [3.7] we know that there is a vector v in the eigenspace
of K for the eigenvalue —q<d;1)+€(d_1) such that x = v + ﬁg Using the ordering as in
Section [2] the vector v is contained in Vi, a common eigenspace of the matrices Ag, ..., Ag of the
association scheme related to P, by Theorem [2.15] The matrix A; is the incidence matrix of the
relation R; which describes whether the intersection dimension of two generators equals d —¢ — 1
or not. Hence on the position corresponding to a generator 7 the vector A;x has the number of
generators in £ meeting 7 in a (d — i — 1)-space. We find

Aix = Av + . Poig

xr .
e A = vt o

x
d+e—1 + 1

d—l] (3)+ie [d—l} (“)+(i—1)e> z ﬂ (3)+ie;
= | g q\ > vt e[| 1Y
<{ i, i—1], gttet+ 1],
d=11 @rie _ [4= 1] (346 AN W S L PO
([ i Lq i-1],! X~ @y t! ) et ] 1
_ T (131)+G—1)e d—1 _ d—1 ite—1 d ite—1\ -
1411 (L’_l . i qq T qq J
d—1] d—1 4
N[ ) P
i, 1—1 q
d—1 d—1| d—1 N
(o ([ e [ )t
1—1 . i, 1 —1 q

The lemma follows. ]

When applying the previous lemma for ¢ = 0, we need to calculate (_21) = = 1.
Obviously, we find in the lemma 1 if 7 € £ and 0 otherwise.

For the Cameron-Liebler sets of one class of generators of a hyperbolic quadric Q% (2d—1,q), d
even, we can prove a similar result. Recall that two generators in the same class necessarily meet
each other in a j-space for some j =d —1 (mod 2) (see Remark [2.7).
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Lemma 4.10. Let G be a class of generators of the hyperbolic quadric QT (2d — 1, q), d even, and
let £ be a Cameron-Liebler set of G with parameter . The number of elements of £ meeting a

generator 7 in a (d — 2i — 1)-space, i =0, ..., %, equals

((w -1) Ldi_ﬂq +q% ! [d;i 1} q) ") ifrer

d—1 @) .
2 f
sc[%qu ifm¢ L

Proof. Let x be the characteristic vector of the generator set £ and denote the generator disjoint-
ness matrix of G by K. By Theorem [3.15] we know that there is a vector v in the eigenspace of K

for the eigenvalue —q(dgl) such that x = v + ﬁj. Using the ordering as in Remark [2.17] the

vector v is contained in V{, a common eigenspace of the matrices Aj, ..., A’; of the association
2

scheme related to G, by Theorem The matrix A} is the incidence matrix of the relation R
which describes whether the intersection dimension of two generators equals d — 2i — 1 or not.
Hence on the position corresponding to a generator 7 the vector A} x has the number of generators
in £ meeting 7 in a (d — 2i — 1)-space. We find

T ) .
Aix = Ajv + A1 id = P1ov+ Po,2ig

T
A _
+1 ¢t +1

[ ]d—1 (22i)_-d—1_ SR P d
L2 )] 2i 1) T+ 12

[ [d-1 () _ [d—1] (351 B T A T d (%) ;
L2 ]! 2i 1] ! X)) gty ae) U
_ i 5 [d—1] _ d—1] 44 dl i1 .
Tt (_Qi—l_q { 2 |0 Tl )?

(e ) s
(B

The lemma follows. O

5 Generalised quadrangles

In Section [2[ we introduced the generalised quadrangles (polar spaces of rank 2) separately from
the polar spaces of rank at least three (see Deﬁnition as for rank 2 there are also non-classical
examples. In this section we will introduce the Cameron-Liebler sets for generalised quadrangles
as line sets with specific properties. Recall that the dual of a generalised quadrangle arises by
interchanging the points and lines. A spread of a generalised quadrangle is a set of lines such that
any point is on precisely one of them.

Also in Section 2] we introduced the dual polar graph for classical polar spaces. For an arbitrary
(not necessarily classical) generalised quadrangle we can define similarly a distance-regular graph
whose vertices are the lines and such that two vertices are adjacent iff the corresponding lines
meet each other in a point; it is in fact a strongly-regular graph. This graph gives rise to an
association scheme. The following result is stated implicitly in [5] Section 6.5], but more clearly
in [41, Theorem 6.3.3(i)]. However, in both cases the association scheme on the points has been
described; the association scheme on the lines can easily be found by dualising.
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Theorem 5.1. Let Q be a generalised quadrangle of order (s,t) and consider its association
scheme on the lines defined through the distance relations in the line graph (two vertices are
adjacent if the lines meet in a point). The P-matrix of this scheme is given by

1 t(s+1) st?
P=[(1 t-1 —t
1 —s—1 s

where the columns correspond from left to right to the equal relation, the adjacency relation and
the disjointness relation.

We first prove analogues for Lemmas [3.5] and

Lemma 5.2. Let Q be a generalised quadrangle of order (s, t), and let A be the point-line incidence
matrix of Q. Let S be a set of lines of @ with characteristic vector x.

(i) The line set S is a spread if and only if x — t%j € ker(A).

(ii) Let £ be a fixed line and let x, be the characteristic vector of the set {¢}. If S is the set of
all lines not meeting ¢, then

t
it ker(A) .
X t+1m+Xe€ed)

Proof. We denote the number of points of Q by n’ = (s+1)(st + 1), and the number of lines of Q
by n = (t+ 1)(st + 1). It is immediate that Aj, = (¢t + 1)7,,/ since every row in A contains t + 1
ones as this is the number of lines through a point.

Now, the set S is a spread if and only if every point of Q is contained in precisely one line of
S, hence if and only if Ax = j,,». The first statement now follows from

1
Jn€ker(A) & Ax=—2A4j,=7,. -

X tr1

Ct+1

Let v, be the characteristic vector of ¢ with the positions corresponding to the points of Q.
Note that Ax, = vy. If the set S is the set of all lines not meeting ¢, then Ax = t(j,,» — v¢) since
every point not in ¢ is contained in ¢ lines not meeting ¢. The second statement now follows from

A<Xt+tlj+txz> :t(jn/fvg)fH%(t+1)jn/+tvz:0. O
Lemma 5.3. Let Q be a generalised quadrangle of order (s,t), and let Ay, A1, A be the incidence
matrices of the corresponding association scheme as in Theorem Consider the eigenspace
decomposition R? = Vi L Vi L V5 related to this association scheme using the ordering as in
Theorem [5.1] with © the set of all lines of Q. Let A be the point-line incidence matrix of Q. Then,
im(AY) = Vy L V.

Proof. Let P be a point of Q and let v* be the corresponding row of A. The vector v is the charac-
teristic vector of the set of lines through P (the point-pencil). So, the entry of A;v corresponding
to the line ¢ gives the number of lines through P which have a point in common with ¢. It follows
immediately that A;v = tv + (j —v). We also know that A5 = (s + 1)tj.

This implies that

st+t . 1
=(t-1 -
st+17 ( )(U 5t413> ’

and hence that v — T}H j is contained in the eigenspace of A; for the eigenvalue ¢t — 1.
It follows directly from Theorem that the eigenvalues of A; are pairwise different, hence
that v — T}HJ € Vi. So, v € Vy L Vj since Vy = (j). Consequently, im(A*) C Vy L V5.

Ay (v—1j>:(t—1)v+j—

st+1
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Now, consider the matrix A*A. This matrix has the same image as A'. Furthermore A'A
lies in the Bose-Mesner algebra of the association scheme, since the entry (A'A) ¢, 1s the number
of common points of any two lines ¢ and ¢, and so A'A = A; + (s + 1)I. By Lemma this
implies that im(A?) = im(A%A) is a sum of eigenspaces V;. It is clear that 7 € im(A*) because
Atj = (s +1)7, and that the rank of A is larger than 1 because A has two different rows. So, we
must have im(A?) = Vo L V;. O

Using the previous lemmata we can now present a characterisation theorem for line sets in

generalised quadrangles similar to Theorems 3.15] [3.19], [3.28] and [3.32]

Theorem 5.4. Let Q be a generalised quadrangle of order (s,t) and let £ be a set of lines of Q

with characteristic vector x. Let A be the point-line incidence matrix of Q, and let K be the line

12|
t+1

disjointness matrix of Q. Denote by z. The five following statements are equivalent.

(i)

(ii) x € (ker(A))™

(ili) For each fixed line £ of Q, the number of elements of £ disjoint from ¢ equals (x — (x),)t.
)

(iv) For each fixed line ¢ of Q, the number of elements of £ meeting ¢ in a point equals x +
(x),(t = 1).

(v) The vector x — 5577 is contained in the eigenspace of K for the eigenvalue —t.

Proof. Statement (i) implies statement (ii) since im(A!) = (ker(4))". Now, we assume that (i)
is valid. Let ¢ be a fixed line and let x¢ be the characteristic vector of the set {¢}. Let S’ be the
set of all lines not meeting ¢ and denote its characteristic vector by xs/. By Lemma ii) we can
find a vector v € ker(A) such that

t
= — —t
XS v+t 1] Xe -

The number of elements of £ disjoint from ¢ equals |[£ N S’|. We find

t
[S"0 L] = (xsr,x) = (v, x) + 77 G0 — tH{xex) = m\ﬁ\ t(x), =tz — t(x),:
since (v, x) = 0 by the assumption. This proves (iii).

The entry on the position corresponding to a given line £ of the vector Kx is the number of
lines not meeting ¢ that are contained in £. Assuming statement (iii), this number is (z — (x),)t,
hence Kx = t(x7 —x). The number of ones in a row of K equals the number of lines not meeting
a given line, so Kj = st?j. It follows that

x x x
K(x-— =t(xj —x) — t25 = —tx— j
(X st+17 > (@5 =) st+1 7 (X st + 1‘7> ’

so the vector x — st"’”ﬁ j is an eigenvector of K for the eigenvalue —t, which is statement (v).
Now, we assume that (v) is valid. We consider the association scheme of the lines of Q, with
matrices I, A1, K — here A; is the incidence matrix of the adjacency relation (meeting relation) —
and corresponding decomposition R? = Vy L Vi L Vs, with Q the set of all lines of Q, using the
ordering as in Theorem The eigenvalue of K corresponding to V; is —t. It also follows from
this theorem that V; is the unique subspace in this decomposition admitting —t¢ as eigenvalue. It
now follows from (iv) that x — sig1J € Vi. Since j € Vo we know that x € Vo L Vi, and by
Lemma Vo L Vi =im(A"). So, statement (i) follows.

We have proved that the four statements (i), (ii), (iii) and (v) are equivalent. We now finish
the proof by proving that statements (iii) and (iv) are equivalent. Let £ be a fixed line of Q, let
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Ay be the number of lines in £ meeting £ in a point and let B; be the number of lines in £ disjoint
to £. It is immediate that A, + By = [£] — (x), = «(t + 1) — (x),. Hence,

Ai=z+x)(t=1) < Bi=(=— X))t
which proves the equivalence of statements (iii) and (iv). O

This theorem allows us to introduce Cameron-Liebler classes for arbitrary generalised quad-
rangles.

Definition 5.5. Let Q be a generalised quadrangle. A line set £ that fulfills one of the statements

in Theorem (and consequently all of them) is called a Cameron-Liebler set with parameter
— 1£]
r = £l

Corollary 5.6. Let Q be a generalised quadrangle of order (s,t). If £ is a Cameron-Liebler set
with parameter x, then |£| = z(t + 1).

Compared with the characterisation theorems for Cameron-Liebler sets of polar spaces of rank
at least 3, we see that there is no characterisation through spreads in Theorem This is due
to the fact that in general we have no information on the automorphism group of a generalised
quadrangle, while we have Remark [3.4] for classical polar spaces.

For all generalised quadrangles that admit spreads we can prove that a spread and a Cameron-
Liebler set have a constant number of lines in common, but the converse implication we can only
prove for certain generalised quadrangles. We first need the following analogue to Lemma [3.3

Lemma 5.7. Let Q be a generalised quadrangle of order (s,t) that admits spreads, and let ¢ be
a line of Q. Let G be an automorphism group of P that acts transitively on the pairs of disjoint
lines of P and let C be a set of line spreads of P which is a union of orbits of spreads under the
action of G. Let £ be a set of lines of Q with characteristic vector x. If the intersection number
|£ N S| equals = for every spread S € C, then

(i) [£] = a(t+1);
(ii) the number of lines of £ disjoint to ¢ equals (z — (x),)t.
Proof. The proof is analogous to the proof of Lemma [3.3 O

Theorem 5.8. Let Q be a generalised quadrangle of order (s,t) and let £ be a Cameron-Liebler
set with parameter x of Q. For every spread S of Q, we have [LN S| = z.

Moreover, if Q admits a spread and has an automorphism group G that acts transitively on
the pairs of disjoint lines of P and L is a set of lines such that |£ N S| = « for every spread
S € C of Q, with C a class of spreads which is a union of orbits under the action of G, then L is a
Cameron-Liebler set with parameter x.

Proof. We denote the point-line incidence matrix of Q by A as in Theorem[5.4] Let S be a spread
of Q, with characteristic vector xs. By Lemma i) we can find a vector w € ker(A4) such that
1

Xs =w + t-le' Then

1 . |L]
since (x,w) = 0 by Theorem [5.4{ii) and Definition This proves the first part of the theorem.
The second part of the proof follows from Lemma i), Theorem [5.4{iii) and Definition
O

The Cameron-Liebler sets for generalised quadrangles which we just introduced analogously to
the Cameron-Liebler sets for polar spaces, are closely related to tight sets of generalised quadran-
gles, introduced in [3I]. We refer to [2] for a good introduction. For a generalised quadrangle we
use Pt to denote the set of points collinear with P, the point P included.
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Definition 5.9. A point set 7 of a generalised quadrangle of order (s,t) is an i-tight set if for

any point P we have
;. Pe
piaTi={*tt PET
i Pé¢T
The following theorem is immediate.

Theorem 5.10. The line set £ in the generalised quadrangle Q is a Cameron-Liebler set with
parameter z if and only if the point set £ is an z-tight set in QP.

Proof. This follows directly from Theorem (v), Deﬁnitionand Deﬁnition The difference
between =+ (x),(t —1) and 2+ (x),pt is a consequence from the fact the line itself is not included
in Theorem [5.4] (v), but its dual is included in Definition O

We present a classification result on tight sets of generalised quadrangles. This yields an
equivalent result for Cameron-Liebler sets of generalised quadrangles, but we will state it here in
the context of tight sets. We first recall a known result.

Theorem 5.11 (|31, 11.5]). Let Q be a generalised quadrangle of order (s,t). If T is an i-tight
set, with i < s, then a line of Q is contained in 7 or contains at most i points of 7T .

Theorem 5.12. Let Q be a generalised quadrangle of order (s,t), with s > t. If 7 is a tight set
of @ with parameter z < £ +1, then T is the union of the point set of x disjoint lines, or x = 7 +1
and the points of 7 form a subquadrangle of Q of order (%, t).

Proof. We assume that 7 is non-empty and does not contain a line, hence on every line there is
a point not in 7. We consider the point P € 7. We know that there are x + s — 1 points in T
collinear with P, not including P. By Theorem [5.11] there are at most = — 1 points of 7 \ {P} on
a line through P since on this line there must be a point not in 7. Consequently,

cts—1<(z-1)(t+1) & x2§+1. (1)

If # < §+1, we find a contradiction. So, if 7 is a non-empty tight set with parameter z < +1,
then it contains the point set Ty of a line £. It follows that 7\ Ty is a tight set with parameter x —1,
and moreover on each line meeting ¢ there is a point not in 7. We can proceed using induction.
We find that 7 is the union of x disjoint lines.

If z =  + 1, we can have equality in if and only if on each line through a point of T there
are precisely x points of T, equivalently on each line there are 0 or x points of 7. If T is a tight
set with parameter z = 7 + 1, then either it contains the point set of a line or else it does not. In
the former case T is the union of a line and a tight set with parameter 3, hence the union of § +1
lines. In the latter case we denote the set of lines containing 7 +1 points of 7 by £. Now the lines
of £ and the points of T do form a subquadrangle of Q of order (%, t) since each point of T lies
on ¢ + 1 lines of £, on every line of £ there are £ + 1 points of 7 and |T| = (£ + 1) (s+1). O

Remark 5.13. For the generalised quadrangles of order (s,s) this coincides with the classical
result from [3T), II.3 and II.4], which classified the i-tight sets with ¢« = 1,2 for all generalised
quadrangles.

By the previous remark we will focus on generalised quadrangles of order (s,t) with s > ¢ in
the discussion of Theorem [5.121

Remark 5.14. Theorem [5.12] does not improve the known classification results for the classical
generalised quadrangles with s > ¢, except for H(3,¢?), with ¢ = 2,3,4. See Table [3| for an
overview. For the non-classical generalised quadrangle 'H(4,q2)D of order (¢?,q¢*) Theorem
gives the best known result.

The non-classical generalised quadrangle T3(0), with O an ovoid of PG(3, ¢), has order (g, ¢°).
For its construction we refer to [32], 3.1.2]. It is known that T3(O) is isomorphic to Q~ (5, ¢) if and

30



only if O is an elliptic quadric (see [32, 3.2.4]), so T3(O)D is isomorphic to H(3, ¢?) if and only if O
is an elliptic quadric. It is a classical result that all ovoids in PG(3, q), ¢ odd, are elliptic quadrics
(see [3,130]), but in PG(3, q), g even, ovoids that are not projectively equivalent to elliptic quadrics
are known. For the generalised quadrangles T3 (O)D, with O an ovoid that is not an elliptic quadric
(hence not isomorphic to (3, ¢?)), Theorem gives the best classification result for tight sets.

In Table [3] we give an overview of the classification results for tight sets. Recall that the
complement of an z-tight set in a generalised quadrangle of order (s,t) is an (st — x + 1)-tight
set, so we restrict to the results for z < % We only include the generalised quadrangles for
which there is a classification result for the tight sets with parameter at least 3 (as for generalised
quadrangles the classification of 2-tight sets with z < 2 is given in [3], I1.3 and II.4]). Recall that
Q(4,q) 2 W(3,q)", that Q(4,q) = O(4,q)" iff ¢ is even, and that Q~ (5, q) = ’H(S,q2)D (see [32,
Section 3.2]).

’ z-tight set \ classification condition Reference \
grid complete trivial
dual grid complete trivial
2 Va1
H(3,q°) r< Y5 g>9odd [29, Theorem 2.17]
x < 47\/‘35 +1 qg>4 [11, Theorem 3.9
r<ep=q+1 [1, Theorem 15]
r<qg+1 Theorem lm
Q9 (5,2) complete [31 IV]
Vo
Q(4,9), geven | xz< = T 1 g square  [I1l Theorem 3.12]
x < € [1, Theorem 15]
complete q=2 [B1, TV]
<3 qg=4 [B1, VII]
9(4,3) complete [31L V and VI|
W(3,q), q odd x < @ q>81 [29, Corollary 2.24]
T < 87\/55 +1 g square  [1Il Theorem 3.12]
z < € [1, Theorem 15]
complete qg=3 [31, V and VI
H(4, q2)D r<qg+1 Theorem [5.12
T5(0)” r<qg+1 Theorem [5.12

Table 3: Overview of the results on z-tight sets in generalised quadrangles, equivalently Cameron-
Liebler sets. Here O is an ovoid in PG(3, q), ¢ even, that is not an elliptic quadric. The value ¢,
is such that g + ¢, is the size of the smallest blocking set in PG(2, ¢) not containing a line.

6 Classification results

In this section we present some classification results for Cameron-Liebler sets of generators in polar
spaces. We obtain a strong result in the case of polar spaces of type I with e > 1.

In the arguments we will rely on results about Erd&s-Ko-Rado sets of generators in polar
spaces. The Erdés-Ko-Rado problem is a well-known problem in combinatorics, which finds his
origins in [I9], but which has been studied in many contexts. For background on the Erdés-Ko-
Rado problem for generators of polar spaces we refer to [34] [41]. As we will see below it is closely
related to the Cameron-Liebler problem.

Definition 6.1. An Erdés-Ko-Rado set of generators of a polar space is a set of pairwise not
disjoint generators.
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The following lemmata will be useful in the proof of the first classification theorem.

Lemma 6.2 ([34, Lemma 4]). Let 71, m2 and 73 be pairwise non-disjoint generators in a classical
polar space. The intersections 7y N w2 and 7, N 73 cannot be complementary subspaces of 7.

Lemma 6.3 ([25, Corollaries 5 and 12]). Let m and 7’ be two generators of a polar space P that
meet in a v-space.

e If P=Q%(2d+1,q) and v = d (mod 2), the number of generators disjoint to both 7 and
7’ equals
(dtv+2)(d+v) (dv)/2
v v v+1 .
q 1 _( J'zr) H (qzl_l—l),

i=1

o If P = H(2d +1,4?), the number of generators disjoint to both 7 and 7’ equals
2 d—v+1 d—v . .
ARSI | (UENCE DR
i=1

We present a first classification theorem, for Cameron-Liebler sets with parameter 1.

Theorem 6.4. Let P be a finite classical polar space of type I or III, or one class of generators
of @7 (2d — 1,q), d even, and let £ be a Cameron-Liebler set of P with parameter 1.

e If P is a polar space of type I, then £ is a point-pencil.

e If P is one class of generators of Q7 (2d — 1,q), d even, then L is a point-pencil, or d = 4
and L is a base-solid (described in Example .

e If P is a polar space Q(4n+2, q) or a polar space W(4n+1, q), g even, then £ is a point-pencil
or a hyperbolic class, or n = 1 and L is given by Example

o If P =W(5,q), ¢ odd, then L is a point-pencil or £ is given by Example
Proof. Tt follows immediately from Theorems [3.7](iii), iii), iii) and i) that the ele-

ments of £ pairwise meet, hence £ is an Erdés-Ko-Rado set (which is not necessarily maximal).
Moreover, we know that |£] is the size of a point-pencil of P by Corollaries [3.17 [3.30] and [3.34]

If P is a generalised quadrangle (or one class of lines of Q% (3,q)), then any Erdés-Ko-Rado
set is a subset of a point-pencil. The theorem is thus immediate in this case. Now, we assume
that P is an elliptic quadric @~ (2d+ 1, ¢), d > 3, a parabolic quadric Q(2d, q), d > 3, one class of
generators of a hyperbolic quadric Q" (4n —1,q), n > 2, a symplectic variety W(4n —1,q), n > 2,
a symplectic variety W(4n+1,q), ¢ even, a symplectic variety W(5, q), ¢ odd, a Hermitian variety
H(4n —1,¢%), n > 2, or a Hermitian variety H(2d,q?), d > 3. In these cases the theorem follows
immediately from [34, Theorems 15, 21-24], summarized in [34], Section 9]. Note that we know by
Examples [£.2] [L.5] 1.6 and [4.7] that the described Erdds-Ko-Rado sets are indeed Cameron-Liebler
sets with parameter 1.

Now we assume that P is either a hyperbolic quadric @*(4n + 1,¢) or a Hermitian variety
H(4n + 1,q), q a square. Note that P is a classical polar space of type I with rank d = 2n + 1.
First we prove the following claim: for any generator 7 in £ the subset of £ of generators meeting
7 in precisely a point or in precisely a (d — 2)-space is the set of all generators through a fixed
point P, that meet the given generator in precisely a point, or the set of all generators through
P, that meet the given generator in precisely a (d — 2)-space, respectively.

Let 7 be an element of £. Denote the subset of £ of generators meeting 7 in a (d — 2)-space
by £’ and the subset of £ of generators meeting 7 in precisely a point by £”. By Lemma [4.9
we know that £” is non-empty. Let 7’ be a generator of £” meeting 7 in a point P. Then, by
Lemma any generator in £’ and 7’ meet non-trivially in 7. Hence, all elements of £’ contain
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P. By Lemma

d—1
we know that |£'| = [ g } q°. So, L' is the set of all generators of P that

meet 7 in a (d — 2)-space through P by Lemmam Now, again by Lemma [6.2]all elements of £
pass through P, and by Lemmas [2.14] and [£.9] we know that any generator meeting 7 in precisely
P is contained in £"” C L. This finishes the proof of the claim with P, = P.

We consider the case in which P is a Hermitian variety H = H(4n + 1,q), ¢ a square. Let «
be an element of £. We know that £ contains all generators through P, meeting 7 in precisely a
point. Assume that o is a generator in £ that does not contain P. Let e be a (4n — 1)-space in
the tangent space Tp_ to H(4n + 1,q) at P, such that P, ¢ « and such that &« D o NTp, = 7.
Denote the Hermitian variety o NH by H'. Note that 7 is a generator of H’. Furthermore, any
generator T of H through P, corresponds to the generator a N7 of H'; let T be the generator of
H' corresponding to m. By Lemma we know that there is a generator o’ of H’ disjoint to both
7 and &. The subspace o’ = (¢, Pr) is a generator of % meeting 7 in precisely the point P, and
disjoint to o. By the above claim ¢’ is a generator in £, however ¢’ is disjoint to o, a contradiction
as we assumed o € L. We conclude that all generators in £ must contain the point P, hence £
is a point-pencil.

Finally, we consider the case in which P is a hyperbolic quadric @ = Q% (4n + 1,q). By
Remark we know that there are two classes of generators on Q, which we will denote by 2
and 5. Let m be an element of £. Without loss of generality we can assume 7 € ;. We know
that £ contains all generators through P, meeting 7 in precisely a point; all generators meeting
7 in precisely a point belong to Q1. Let ©’ € £ be a generator such that = N 7’ is the point P.
Then P, = P, by the above claim since 7 is a generator in £ meeting 7’ in precisely a point.

Now, let « be a (4n — 1)-space in the tangent space Tp, to QT (4n + 1,q) at Py, such that
P ¢ a. Denote the hyperbolic quadric N @ by Q’. Any generator 7 of Q through P, corresponds
to the generator Nt of Q’; let T be the generator of H' corresponding to w. Consider a generator
o € Q) containing P, and let @ be its corresponding generator in Q’. Since 7 and o belong to
the same generator class of Q, the generators ™ and @ belong to the same class of Q. Hence,
by Lemma we know there is a generator & of Q' disjoint to both @ and &. The subspace
o' = (7, Py) is a generator of Q meeting 7 in precisely the point P, hence ¢’ € L. We observed
before that P,s = Py. So, since ¢’ meets ¢ in precisely P, (because & and & are disjoint), o is
contained in L.

So far, we conclude that the set £, of all generators of the class 2; through P, is contained
in £. By the above claim we also know that £ contains generators of the class {25, namely those
meeting 7 in a (2n — 1)-space containing P,. Let p be such a generator of 5. Analogously, we can
prove that the set Lo of all generators of the class 2y through P, is contained in £. It is immediate
that |£| = |£1| + |L2| as |L£] is the size of a point-pencil. Consequently, £ = L, U Ly. If P; # P,
then £ contains clearly pairwise disjoint generators, contradicting that £ is an Erdds-Ko-Rado
set. We conclude that Pr = P, and that £ is a point-pencil. O

For the polar spaces of type I with e > 1 we extend the previous classification result. We
classify all Cameron-Liebler sets with parameter at most ¢°~! + 1. First we prove a lemma.

Lemma 6.5. Let P be a finite classical polar space of type I of rank d and with parameter e, and
let £ be a Cameron-Liebler set of P with parameter x. Let 7 be a generator not in £ and let P
be a point in 7. Now, let z; be the number of elements of £ meeting 7 in a j-space through P,

d—2 5\ 4 s
0 <j<d-—2. Then, zdjgzzdg[ ) ] q(2)ﬂe, for j=0,...,d—2.
J g
Proof. We prove this lemma using induction. It is trivially fulfilled for j = 0, so we prove the

induction step: assuming the lemma is true for all values up to (and including) j — 1, we prove it
for 7.

d—1 AT
By Lemmawe know that there are = { , ] q(é)ﬂe elements of £ meeting 7 in a (d—j—2)-
J 1q
space, z4—j—2 of them through P. We want to count the elements of £ meeting 7 in a (d —j —2)-

space not through P. Denote the number of (d — 2)-spaces in 7 not through P that are contained
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in i elements of £ by ¢;. Then it is immediate that > ,o,t; = ¢! and that Y_,o,it; = z — z4—2.
We perform a double counting of the following set: -

T={(o,a) |ceL,dim(cnNn)=d—j—2,P¢o,dim(a)=d—2,aCm,P¢a,conmCa}.

For a generator o € £ with P ¢ o and dim(oN7) = d—j —2 we can find ¢’ different (d— 2)-spaces
in 7 passing through ¢ N 7 and not containing P. Now, we look at a (d — 2)-space o« C 7 not
containing P. Denote the number of elements of £ through a by i. Let 7 be a generator of P
meeting 7 in a. For a generator p meeting 7 in a (d — j — 1)-space, there are three possibilities:

e pNmisa(d—j—2)-space contained in T N7 =« ((p, 7, @) is of sort 1);
e pNmisa(d—j— 1)-space contained in a ((p, T, ) is of sort 2);
e pNmisa (d— j)space that meets o in a (d — j — 1)-space ((p, T, @) is of sort 3).

By Lemma [4.9] we know the number of elements of £ meeting 7 in a (d — j — 1)-space, hence the
number of tuples (p, 7, @) with « a (d — 2)-space in 7 not through P, 7 a generator meeting 7 in
a and p an element of £ meeting 7 in a (d — j — 1)-space:

> ot lﬁ <(I -1 B_ ﬂ +glte! [dj 1] > g2 )HG=De 4 (e — e [‘;_ ﬂ q(j;l)wl)e]

i>0

— ,U3)+G-De e [d - 1] ‘ jte—1 {d - 1} _ {d - 1} ”
=q xq-| . it |q ) ) it
J—1 Z J 1y -1, Z

q4>0 i>0

e Y N e A L)

We denote the set of these tuples (p, 7, a) by T’. Note that for any tuple (p,«) € T the generator
T D «, meeting p in a (d — j — 1)-space is uniquely determined; hence for any tuple (p,a) € T
there is a unique tuple (p,7,«) € T’ of sort 1.

If (p,7,a) € T' is of sort 1, then (p,«) € T. If (p,7,c) € T' is of sort 2, then (p, ) ¢ T and
there are ¢¢ — 1 choices for 7 given p and a. The number of tuples (p,7,«) € T’ of sort 2 is

(m |:d — 1:| q<j;1)+(j_1)e . Zd—j—l) qj—l(qe ~1),
q

j—1

d—1] 1y,
since there are CU[ } q(JZ‘l)Jr(J*l)e — Z4—j—1 elements of £ meeting 7 in a (d — j — 1)-space

not through P by Lemma and there are ¢/~! different (d — 2)-spaces in 7 not through P,
containing a given (d — j — 1)-space.

If (p,7,a) € T' is of sort 3, then (p,a) ¢ T. To count the number of these tuples (p, 7, ) € T’
of sort 3 we must distinguish between the generators p that meet P and the generators p that do

d-1 N
not. The total number of generators p such that dim(pN7) = d — j equals = [ i 2} q(] 27)+H(i=2e
J q

by Lemma of which z4_; pass through P. If p passes through P, there are g%~ choices for
« and for a given a and p precisely ¢° choices for 7. If p does not pass through P, there are
q%1 — ¢?~2 choices for a, and for a given o and p there are precisely ¢¢ choices for 7. The number

of tuples (p, 7, ) € T’ of sort 3 hence equals

_ d—1 J=2) 1 (i_9)e _ o
za—q" ' + (x L B 2} gUz)=2e zdj) (@ =)
q

. d— j—2 ) .
— Zd_qu72 e _|_1_|:j :| q(72 )+(]—2)e(qd71 _ q]72)qe )
q



Consequently,

O e Y 2 I ey N L)

_ (m {d - ﬂ g3 +G=De _ zdj1> g — 1)
J— 1

, d—1] (=2, 4
— Zd_jq]_Qqe _ [] ] q(J22)+(J—2)e(qd_1 _ qj_z)qe
q

B o e Ry e Rt |
(g — ) B B ﬂ ) _ qUa)+G-De <qj+e1 [d; 1] B [;i: ﬂ ) ”_

H ()i {d - 1} _ U HGDe [ gite {d' 1] _ {d 1] s
J g J 1 J—1l,

d— 2] q(j;2)+(j—2)eqj—2qe
q

= zq(B)Hieg {dj 1} — za_aqU2 SO (qj+61 ([dj 1] - [(Ji - ﬂ >
(1)

_ aqBtiegi [d - 1} O CARE {d - 2} ,
J g J g
We find that the number of generators o € £, with P ¢ ¢ and dim(oc N7) =d — j — 2, equals
[T1_ @ie [d - 1] o B {d - 2} _
¢’ il il
Now it follows from the arguments at the beginning of the proof that

x |:d _ 1:| q(g)+je =2Z4—j-2+ xq(@*je l:d _ 1:| — deQq(;‘)+je |:d _ 2:|
J q J q J q

i, |d—2
A Zd—j—2 = Zd—zq(Q)ﬂe [ . } .
J 1

This finishes the proof of the induction step. O

Before presenting the main classification theorem, we first mention a characterisation result
about embedded polar spaces.

Theorem 6.6 ([9, Theorem 1.7]). Let P be a finite classical polar space of rank d > 3 and with
parameter e > 1, embedded in a projective space over Fy, and let S be a set of generators of P
such that

(i) for every i =0,...,d the number of elements of S meeting a generator 7 in a (d—i— 1)-space
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equals

d—1 Td—1 i1y
q } W{ ' Dq(ﬂﬂe—l ifres
71— 1 q 7 q )

@ nf{D g e s

(ii) for every point P of P there is a generator m ¢ S through P;
(iii) for every point P of P and every generator 7 ¢ S through P, there are either (¢°~! +
d—2 Ny
1)[ . } q(%)ﬂe generators of £ through P meeting 7 in a (d — j — 2)-space, for all j =
J g

0,...,d— 2, or there are no generators of £ through P meeting 7 in a (d — j — 2)-space, for
all j=0,...,d—2.

Then S is the set of generators of a classical polar space of rank d and with parameter e — 1
embedded in P.

Theorem 6.7. Let P be a finite classical polar space of type I of rank d and with parameter
e > 1, and let £ be a Cameron-Liebler set of P with parameter z. If z < ¢! + 1, then L is the
union of & point-pencils whose vertices are pairwise non-collinear or z = ¢! + 1 and £ is the set
of generators of an embedded polar space of rank d and with parameter e — 1 (Example [4.4)).

Proof. We proceed by induction on x. The statement is trivially fulfilled for x = 0, so we consider
the case x > 0. Let m € £ be a generator. By Lemma we know that there are

((fﬂ -1 B_ ﬂ +qte! [di 1] > g('2")+i-De

elements of £ meeting 7 in a (d — i — 1)-space. So, the number of tuples (Q, ) with o € £ and Q
a point in 7 N o equals

N = Z < z—1 { ﬂ 4 gitet [d; 1} > g3+ e {dzz]

where the term for i = 0 corresponds to the tuples with o = 7, so

d—1 d—1
-1 d—1 , 1 N, d—1 ;
N: +(7, 1)e |: :| d—z_l =+ (2)+ze|: ] :| d—z_l
11 zflq<q ) qflgq i q(q )
d— d—1
x—1 ( )+w |:d 1:| d—i—1 1 1 (’v)—i-ze |:d 1:| d—i
= +— ~1
2 q( ) qfli;q . q( )
d—1
r—1 d—1 _1:| i(e—1) |: :| 76]
= q q . q\?
-1 [ Z ; a
d—1 _1 d—1
— qdzq |: :l i(e—1) _ Zq |: :| 1(:|
i=
Lem_mx_1+q d— 1H j+e 1 = J+e+1
q—1 g
_ z d—1; -1 dte—2 d—1/ e—1 e e
(5 @ ) - @) e +1>)H(qﬂ 1)
j=0
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a1t
It is immediate that there is a point P € w which is contained in at least N L] of these tuples,

q
—1

hence in at least N { } elements of £ meeting 7 non-trivially. Assume there is a generator T
q

through P that is not contained in £. Let z; be the number of elements of £ meeting 7 in a j-space
d—2 A e
through P, 0 < j < d—2. By Lemma §| Zd—j—2 = Zd—2 { . ] q(Z)”e, for j =0,...,d—2. So,
J g

the number of elements of £ meeting 7 in a subspace containing P equals

d—2 d—2 d—9 N Lem. B d—3
szfj—z = sz—2 . } Q(Q)ﬂe = 2d—2 H((J‘7+e +1).
j=0 j=0 q j=0

J

It follows that

d—1 L
<w[ ) ] +q' @+ 1>> IT=5 (¢ +1) i3 -3
. ,

Note that z4_» < = by Lemma Now,

(x [dz 1} . +q (g + 1)> =6 (@ +1) .,

e ¢ 41,

If £ < ¢° ' 4+ 1, then this is a contradiction. Consequently, in this case all generators through
P are contained in £; let £’ be the point-pencil with vertex P. Then £\ £’ is a Cameron-Liebler
set of P with parameter  — 1. This finishes the induction argument. Note that no element of
L\ L' contains P, hence none of the vertices of the z — 1 point-pencils in £ \ £’ is collinear with
P.

If x = ¢°~ ! 4 1, then either all of the previous inequalities are equalities or some of them are
not. In the latter case, we can repeat the argument of the case x < ¢°~! +1 and we find the union
of x point-pencils with pairwise non-collinear vertices. In the former case we find that £ is a set
of H?;il(q]“ +1) = H;l;é(q]*(e’l) + 1) generators admitting the relations of Lemma for
x = ¢°~ ! +1 such that for any point there is a generator not in £ through it and such that for any

d—2 A
point P and generator 7 ¢ £ containing P there are either (¢¢~! + 1)[ . } q(é)” ¢ generators
J

q
of L through P meeting 7 in a (d — j — 2)-space, for all j =0,...,d—2, or there are no generators

of £ through P meeting 7 in a (d — j — 2)-space, for all j =0,...,d — 2. By Theorem L has
to be a polar space of rank d and with parameter e — 1 embedded in P. O

The previous result deals with Cameron-Liebler sets in polar spaces of type I. Now we look
at the hyperbolic quadrics of even rank. The classification of the Cameron-Liebler sets in (one
class of generators of) Q1 (3,q) is trivial, so we will look at Cameron-Liebler sets in one class of
generators of Q1 (7,q).

We recall from Theorem that the automorphism group of a finite classical polar space
acts transitively on pairs of disjoint generators. We will now look at triples of pairwise disjoint
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generators. The following result seems to be known among geometers, but the authors did not
find direct proof. It does follow from [8, Proposition 8 and Remark 9]. However, the proof there
uses Segre varieties. For sake of completeness we will provide here a direct proof.

Lemma 6.8. The automorphism group of Q% (4n — 1,q), n > 1, acts transitively on triples of
pairwise disjoint generators.

Proof. Without loss of generality we can assume that @ = Q% (4n —1, q) is given by the quadratic
form Q(zo,...,%Tan—1) = ToZan + - + Top_1Tan—_1, represented by the matrix (3 /), where all
blocks are (2n x 2n)-matrices. Let G be the collineation group (automorphism group) of Q; its
elements are given by a (4n X 4n)-matrix and an F,-automorphism. Let H < G be the subgroup
of isometries of Q, the collineations whose corresponding field automorphism is trivial. We will
prove that for four pairwise disjoint generators 7y, mo, w3, 74 there is an element of H that fixes
w1 and 7y, and that maps 73 onto m4. Since, by Theorem G acts transitively on the pairs of
pairwise disjoint generators of Q, we can choose m = col ((})) and 72 = col ((9)).

The elements of H that fix both m; and 7y are given by the matrices A = (‘%1 122 ), with A
and A, non-singular (2n x 2n)-matrices. For A to be an isometry, moreover we must have

0 I\ (A 0\ /[0 I\[4 0\ [0 AA}
00/~ {o 4)\oo/\o 4) "o o )"

hence A; A4 = I. Any generator that is disjoint to both 71 and 75 can be described as col (( £))
with X a non-singular (2n x 2n)-matrix. A (2n — 1)-space col (( %)) is a generator of Q if and

only if
o (0 1 I\ t
(1 X)(I o)\ x =0 & X+X'=0,

where X, I and 0 are (2n X 2n)-matrices. It follows that X is an alternating matrix. Note that
(97) is the matrix of the bilinear form associated with Q.

Let C and C’ be the non-singular alternating (2n x 2n)-matrices such that 73 = col (({)) and
w4 = col (( CI,, )) Since two non-singular alternating matrices of the same dimension are conjugate
(up to isomorphism there is only one symplectic polar space of a given rank), there is a non-singular
matrix D such that C’ = DCD!. Now,

(0 B)(6)= (6 maca((527)) =ea (")) =l 20

So, the isometry defined by the matrix ((Dtoy1 g) maps 73 onto my, and it fixes both m; and 5.
This finishes the proof. O

From [8, Proposition 4 and Remark 5] the analogous statement for the Hermitian varieties
H(2d — 1, ¢?) follows. The proof in [8] also uses Segre varieties, but it is probably possible to give
a proof similar to the above. We do not go into detail because we do not need this result in this
paper. It is immediate that an analogous result cannot hold for the polar spaces QT (4n + 1, q),
n>1,0904n,q),n>1 Q9 (2d+1,q),d>1, and H(2d,q?), d > 1.

In the next lemmata we will consider those hyperbolic quadrics QT (4n — 1,q) that admit
spreads. Recall from Table [2| that we know that the hyperbolic quadric Q% (4n — 1,¢q) admits a
spread if ¢ is even. If ¢ is odd, it admits a spread in case n = 1 or in case n = 2 and ¢ is prime
or ¢ # 1 (mod 3); if ¢ is odd and n > 3, or if ¢ = 1 (mod 3) is non-prime and odd and n = 2,
no existence or non-existence results are known, up to the knowledge of the authors. Also, recall
that two disjoint generators in Q% (4n — 1, ¢) belong to the same class.

We first prove two lemmas.

Lemma 6.9. Let P be one class of generators of a hyperbolic quadric @ (4n — 1,¢) that admits
spreads, and let m and 7’ be two disjoint generators of P. If £ is a Cameron-Liebler set of P with
parameter x, with characteristic vector x, then the number of generators of £ disjoint to both 7

and 7' equals (2 — (x), — (x))a"" D TS 6 — 1),
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Proof. The proof is similar to the proof of Lemma [3:3] Denote the number of spreads of P
containing ¢ given pairwise disjoint generators by n;, ¢« = 2,3. By Lemma [6.8] we know this
number is independent of the chosen generators.

We count the tuples (7,.5) with 7 a generator of P disjoint to both 7 and 7’ and S a spread
of P containing 7, 7’ and 7. Using Lemmas and we find that

n—1

n
n— n(n— i— n nln— i
L T | (e | (A VB
=1 i=1

Now we count the tuples (7,.5) with 7 a generator of P disjoint to both 7 and 7’ that is contained
in £, and S a spread of P containing 7, 7’ and 7. On the one hand, there are n, spreads containing
7w and 7', and by Theorem v) there are  — (x),. — (X), elements of £ disjoint to both 7 and
7’ contained in this spread. On the other hand, for a given 7, there are n3 spreads containing T,
7’ and 7. So, the number of generators of £ disjoint to both 7 and 7’ equals

n—1
N2 i
;3(‘% - (X)Tr - (X)Tr’) = ((E - (X)Tr - (X)ﬂ—/)q"l(n"rl) H(quL ! - 1) . D
i=1
Lemma 6.10. Let P be one class of generators of a hyperbolic quadric Q7 (7,q) that admits
spreads, and let £ be a Cameron-Liebler set of P with parameter x. If

c+1

2 ) +alar 1),

(&~ )¢ < clg® + o(q® + g+ 1)) - (

then there are no ¢ + 1 pairwise disjoint generators in L.

Proof. We follow the approach from [36, Lemma 5.2 and Lemma 6.5] and [28, Lemma 2.4].
Assume that m,..., 7. are ¢ + 1 pairwise disjoint generators in £. We denote the set of
generators in £ that have a non-empty intersection with m; by S; and the set of generators that have
non-empty intersections with both m; and 7; by S5;;. It follows immediately from Theorem
and Lemma [6.9] that |S;| = ¢* + 2(¢® + ¢+ 1) for all i = 0,..., ¢, and that |S;;| = 2¢* + z(q + 1)
forall 0 <i#j<c.
Using the inclusion-exclusion principle we find that

> 1Si= Y 1Sul,
=0

0<i<j<c

c

Us.

=0

|| >

and hence,

c+1

g+ 1@+ 1) 2 (4 D+l + 1) - (]

)<2q2 g+ 1)

c+1

& -0 zed ol +ar ) - (7]

)<2q2 Falg+1)),

a contradiction. O

Before presenting the classification theorem for Cameron-Liebler sets of a class of generators
of Q7(7,q), we recall the Erdés-Ko-Rado theorem for a class of generators of Q1 (7, ¢q).

Theorem 6.11 ([34, Theorem 22] and [I3, Remark 2.3.2]). A maximal Erdés-Ko-Rado set of
generators of one class P of a hyperbolic quadric Q¥ (7,¢) is a point-pencil (restricted to P) or a
base-solid (described in Example 4.7)).

Theorem 6.12. Let P be one class of generators of a hyperbolic quadric Q1 (7, q) that admits

spreads, and let £ be a Cameron-Liebler set of P with parameter . If z < @q, then L is the
union of x point-pencils whose vertices are pairwise non-collinear or £ is the union of x base-solids
whose centers are pairwise disjoint.
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Proof. We follow the approach from [36, Lemma 5.3, Theorem 5.4 and Corollary 5.5] and [28]
Lemma 2.5, Lemma 3.1 and Theorem 3.2]. Let m be the largest integer such that there exist m

pairwise disjoint generators 7y, ..., T, in £. First we prove that m < b = (1 — ?) q, by showing

that there cannot be |b| + 1 pairwise disjoint generators in £. We want to use Lemma and
for this we have to prove that f(|b]) > 0 with

c+1

@) = cla* + ata? +a+ 1) - (°

)<2q2 Falg 1)~ (- 1)

As f is a quadratic function with a negative leading coefficient, it is sufficient to check that f(b) > 0
and f(b—1) > 0. A straightforward calculation shows that

V31 (2+V3)¢* + (2v3 - 3)q

fO) >0 & < and

¢+ filg) with fl(q):4q2—(\/§—1)q—3+\/§
Vo1 . _ (5-2v3)¢® — (6 —3V3)¢*> — (3V3 —3)q
=120 & o< =——q+falg) with fo(g) = 4 + (VB+1)g> + (3V3—3)g+6

Since f;(g) > 0 for ¢ > 2 and ¢ = 1,2, we find the statement to be true: we have m < b.

We denote the set of generators that have a non-empty intersection with both m; and 7; by
Sij, 1 <i# j <m, and we denote the set of generators in £ that are disjoint to 7;, for all j # 1,
by Li,i=1,...,m. We know that |S;;| = 2¢> + z(g+ 1), for all 1 <i # j < m, by Theorem
and Lemma [6.9

It is easy to see that m; € L; for any i = 1,...,m. Moreover any two generators in L; must have
a non-empty intersection since there are no m+ 1 pairwise disjoint generators in £ by assumption.
Hence, the set L; is an Erdés-Ko-Rado set of generators, and consequently, L; C L;, with £; a
maximal Erd6s-Ko-Rado set of generators. It is straightforward that L; contains all elements of
L meeting m; that are not in U;£;S;;. Hence, |L;| > ¢ + z(¢*> + ¢+ 1) — (m — 1)(2¢*> + z(q + 1))
by Lemma

Assume that there exists a generator m € £; \ L; for some i. Again by Lemma we know
that m meets x(¢? + ¢ + 1) generators of £ non-trivially. But, as 7 is contained in the maximal
Erdés-Ko-Rado set £;, it meets all generators in L; non-trivially. Consequently,

CHa(@+q+1)—(m-1)2¢ +2(q+1) <z(®*+q+1)
& ¢ <(m-1)2¢ +z(qg+1))

However,

(m—1)(2¢* +2(¢+1)) < ((1 — ?) q— 1) <2q2 + \/32_ 1q(q+ 1)>

(g

2 3

<q3.

We find a contradiction. Hence, L; = £; for all i = 1,...,m. So, £ is the union of the maximal
Erdés-Ko-Rado sets £;, ¢ = 1,...,x, which necessarily have to be pairwise disjoint.

By Theorem [6.11] each of these sets L; is either a point-pencil of P or else a base-solid. Two
point-pencils in P are disjoint if and only if their vertices are non-collinear. Analogously, two
base-solids in P are disjoint if and only if their centers are disjoint. Finally, a point-pencil and a
base-solid in P cannot be disjoint. This finishes the proof of the theorem. O

In the previous theorem we did not discuss the hyperbolic quadric Q% (4n — 1,q) for general
n, but only the hyperbolic quadric Q% (7,q). We know that the largest Erdés-Ko-Rado sets of
QT (4n — 1,q), n > 3, are point-pencils. So, to apply the approach that we used in the previous
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proof, we need a result that gives an upper bound on the size of the maximal Erdés-Ko-Rado
sets of Q1 (4n — 1, q) different from a point-pencil. However, such a result is not available at the
moment.

Summary

We summarize the classification results of this section in the following table.

’ Polar space \ condition classification Reference ‘
Q (2d+1,q) r<qg+1 z point-pencils or Theorem
Examplelﬂl (x=q+1)
Q(4n,q) <2 x point-pencils or Theorem
Example (r=2)

Qdn+2,q9),n>2 =1 point-pencil or hyperbolic class ~ Theorem 6.4

Q(6,q) z=1 point-pencil, hyperbolic class Theorem 6.4

or Example o

Ot (4n+1,q) z=1 point-pencil Theorem 6.4

one class of QT (4n + 3,q) =1 point-pencil Theorem [6.4

one class of Q7(7,q) x < ‘/‘3’2*1q z point-pencils or Theorem |6.12

that admits a spread x base-solids

H(2d —1,¢°) x = point-pencil Theorem 6.4

H(2d, %) r<q+1 x point-pencils or Theorem [6.7]

Example (x=q+1) T

W(4n +1,q), g even, n > 2 z=1 point-pencil or hyperbolic class  Theorem 6.4

W(5,q), q even z=1 point-pencil, hyperbolic class Theorem |6.4

or Example T

W(4n + 3, q), q even x <2 x point-pencils Theorem

Example (x=2)

W(4n + 3, q), q odd <2 x point-pencils Theorem

Wn+1,q), n > 2 no characterisation known

Table 4: Overview of the classification results
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